Compact orientable submanifolds
_in a Riemannian manifold of constant curvature
admitting certain tensor fields
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Introduction.

It has been proved by H. Liebmann that an ovaloid with constant
mean curvature in a 3-dimensional Euclidean space is a sphere. The analo-
gous problem for a closed hypersurface in a Riemannian manifold admitting
an infinitesimal conformal or homothetic transformation investigated by Y.

Katsurada [3], and K. Yano [15]. In [4], Y. Katsurada proved the fol-
lowing theorem by making use of integral formulas.

TueoreMm 0.1. (Y. Katsurada) Let M"*' be an Einstein manifold
which admits a vector field & generating a continuous one-parameter group
of conformal transformation in M~ and M™ a closed orientable hyper-

surface in M™*' such that

(i) H,= const.,

(ii) C,& has fixed sign on M".
Then every point of M" is umbilic, where H, and C, denote the first mean
curvature and covariant component of a unit normal vector of M™ respec-
tively.

Certain generalization of [Theorem 0.1] for a closed orientable submani-
fold of codimension greater than 1 in a Riemannian manifold have been

studied by Y. Katsurada [5], [6], H. K6jy6 [5] and T. Nagai [6], [II] They
have given the condition that the submanifold be pseudo umbilical by making
use of integral formulas.

On the other hand M. Okumura [12] proved the following theorem.

THEOREM 0. 2. (M. Okumura) Let S***! be an odd dimensional sphere
with the natural normal contact structure (¢, &, 1) and M*~' a compact
orientable submanifold of codimension 2 in S**' such that

(i) the mean curvature vector field H* of M*™' is parallel with respect
to the connection of the normal bundle,

(i) ¢,,C*D* has fixed sign on M*™".
Then M** is totally umbilical, where C* and D* denote mutually orthogonal
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unit normal vector fields of M™ .

To prove the above theorem M. Okumura made use of the fact that
the structure tensor ¢,, is a conformal Killing tensor of order 2 which has
been defined by S. Tachibana [14].

In the previous paper [9], the present author studied on a submanifold
of codimension p in a sphere by making use of the existence of a conformal
Killing tensor field of order p which has been defined by T. Kashiwada [2].

In this paper, the author studies a submanifold of codimension p in a
Riemannian manifold of constant curvature admitting a conformal Killing
tensor field of order p and proves that the submanifold is totally umbilical
under certain assumptions by making use of integral formulas.

The author wishes to express his hearty thanks to Professor Yoshie
Katsurada for her kind guidance and advice.

§1. Conformal Killing tensors.

Recently S. Tachibana has introduced the notion of conformal
Killing tensor of order 2 in a Riemannian manifold and T. Kashiwada
has given the definition of conformal Killing tensor of order p in a Rie-
mannian manifold. They discussed such the tensor and obtained some

results. .
Let M™*? be a (n+p)-dimensional Riemannian manifold with the metric

tensor G,,. We call a skew symmetric tensor Fj.. a conformal Killing
tensor of order p if there exists a skew symmetric tensor f; ., _, such that
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where 1, means that i, is omitted. This Saya,_, is called the associated
tensor field of F, ... From (1.1), we have
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§ 2. Submanifolds in a Riemannian manifold of constant cur-
vature.

Let M™** be a (n+p)-dimensional Riemannian manifold of constant cur-
vature with the metric tensor G,,. Then the curvature tensor R,,,. of M™*?
has the form ‘

2.1) R,.. = k(G,G,,—G,G..), k=const..
Let M™ be an orientable submanifold of codimension p in M"**. We denote
by {X%, 2=1, ---,n+p, the local coordinates of M"*? and by {z}, i=1, -+, n,

the local coordinates of M™. Then the submanifold M” is expressed by
the equation ’ ‘

' =1, n+p,
2.2) X=X, ?
, 1=1,-,n.
We put
(2. 3) B/ =0X"*lox".
Then 7 vectors B;* span the tangent plane of M™ at each point of M" and
the Riemannian metric tensor g, on M™ induced from G,, is given by

(2. 4) gji == Gzl,szBiﬂ .

Next we choose p mutually orthogonal unit normal vectors N (A=n+1,
cyn+p). Let Hy, (A=n+1,---,n+p) be the second fundamental tensor
with respect to N, and L,z, the third fundamental tensor. Then the Gauss
and Weingarten equations are written by '

VjB:zz = 4; HAjiNAz ’

2.5
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The mean curvature vector field H* of M* is given by
(2.6) H'= =5 H,/N/,
n q

and H* is independent of the choice of mutually orthogonal unit normal
vectors.

For a normal vector N*, if the normal part of V;N* vanishes identically
along M™, then we say that N* is parallel with respect to the connection
of the normal bundle.

When there exists mutually orthogonal unit normal vector fields N/
(A=n+1,---,n+p) such that L,;,;=0, we call that the connection of the
normal bundle is trivial.

Since the curvature tensor R,,. of M"*? has the form (2.1), the equa-
tions of Gauss, Codazzi and Ricci are written as

(2.7) Rijin = k(91ng 56— 9149 2) + ZA: (HanH 50— HariH 452
(2- 8) Vk HAj'z:— Vj HAM + % (HBjiLBAIc _HBMLBAj) =0 ’
(2.9) H, ‘Hp;—H, fHppi+ Vi Lyg;—V 5 Lz

+ ; (LADJLDBk _LA.DIcLDBj) =0.

The following lemmas are given in the previous paper [9].

LEMMA 2.1. A necessary and sufficient condition for M™ to be totally
umbilical is that the following relations are satisfied:

(2. 10)  H G H# = %(HA,’)Z . A=n+l, - n+p.

LeEMMA 2.2. In order that the mean curvature vector field H* of M™
is parallel with respect to the connection of the normal bundle, it is necessary

and sufficient that
(2. 11) VjHAtt = - § HBttLBAj .

LeMMA 2.3. If the mean curvature vector field H* of M™ is parallel
with respect to the connection of the normal bundle, then the mean curvature

of M™ is constant.

LEMMA 2. 4. Assume that the mean curvature vector field H* of M*
is parallel with respect to the connection of the normal bundle. Then there

exists the following relation

(2. 12) VjHAIc = é: HBkjLBAj .
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LemMMA 2.5. The connection of the normal bundle is trivial if and
only if that the following relation is satzsﬁed

(2. 13) HAkHBji"—HAjHBk'IJ'

ReMARK. When p=1, the connection of the normal bundle is trivial
under no assumption. When p=2, the connection of the normal bundle is
trivial under the condition that the mean curvature vector field H* of M™
is parallel with respect to the connection of the normal bundle.

§ 3. Integral formulas.

Let M™** be a (n+ p)-dimensional Riemannian manifold of constant
curvature admitting a conformal Killing tensor field F; . 4, of order p with
the associated tensor field fipr,_, and M™ a compact orlentable submanifold
of codimension p in M”*». In this section, we assume that the mean curva-
ture vector field H* of M™ is parallel with respect to the connection of the

normal bundle and the connection of the normal bundle is trivial.
Now we put

(3. 1) r= Fll-~-len+lzl Nn+p1p
(3 2) Z Hn+ai Fl-nl pNn+121“'tha“'Nn+pzp H
(3- 3) ' Z Hn+at Fz 1Ry n+1 'Bz'j“"'Nn+pr

Then we see that 7, v, and w, are independent of the choice of mutually
orthogonal unit normal vectors in the previous paper [9].

Differentiating (3.2) covariantly and making use of (2.5), we have
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by, virtue of our assumption, (1.2), (2.12) and (2.13), from which we obtain
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where N,,./s means that N,/ is omitted. Consequently we have the fol-
lowing integral formula
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~
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by virtue of Green’s theorem.
Differentiating (3.3) covariantly, we have

N, i -Bja-- Ny 9

Igp

»
ij@ = “Z=leHn+attF‘ll'"

n
2 2
+ ZlHn+attszVAFllmi Nn+12""Bz' “"‘Nn+p »
a=

'7,’22)

Y4 y

z: Z: 2 1 2

+ lHn"r'att 1F11-~'1c"'1a"'2yNn+1 1---(""'Hn+cj Bh a
a= c=

c#a




66 M. Morohashi
+ 2; L, 1onsNge)---Bie-- N, v

»
2
+ ZlHn+attE1---1a N, ZHBﬂN @ Ny p'?

?Me

(V H, ..+ Z HBttLBn+aj)F11---A v, Npii'e-Bfae 'Nn+p1p

1 @

+ ﬁ H,..'B}V, Fz,---z cagNpp 't Biae N, o

p

2 2 2 2
— Z H, . Hn+c,7 Fxl---zc---zau-zp w1t Bytoe Bilac N, v

a,c=1
a#c

Y4
+ rZI Hn+attHn+aji ’
from which we find

1 p
ijj = 2 Zl Hn+attB‘ﬂ (Vx F‘x"']a"'ip_*_Vza F‘)l...z...;‘l‘)Nn_).lzl'"sza"'Nn-l-pzp
a=

+ 7‘%: (H4')
= 5 5 Hout B {=2(=11f,
9 & Hinta Ryedgedy ua
- El(_ 1>b(ﬁ1"'ib"'2a"'lpG“b +ﬁ‘...2b...z...xsz“1b)} Nn+111“ 'sza' . 'Nn+p‘p
b#a
+r R

by virtue of our assumption and (1.2). Thus we have

A
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Therefore we obtain the following integral formula
e | {rzay
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by means of Green’s theorem.

1

From (3.4) — — (3.5), we have the following integral formula

(3.6) gmr > {HMHA” — %(Hg)?} dM=0.

A
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THEOREM 3. 1. Let M™*? be a (n+p)-dimensional Riemannian manifold
of constant curvature admitting a conformal Killing tensor field of order
p and M™ a compact orientable submanifold of codimension p in M™*?.
Assume that the mean curvature vector field H* of M™ is parallel with
respect to the connection of the normal bundle and the connection of the
normal bundle is trivial. If the function r has fixed sign on M™, then the
submanifold M™ is totally umbilical.

Proor. Since H,;;H Aﬁ——};(H ') 1s non negative, we find

HAjz'HAj""‘ - %(HA;)Z =0

from (3.6) and our assumption. This shows that M” is totally umbilical
by means of Lemma 2.1l

Since a conformal Killing tensor field of order 1 is considered as a con-
formal Killing vector field, we obtain the following corollaries by virtue of
Remark in §2.

CoROLLARY 3.2. Let M"*' be a (n+1)-dimensional Riemannian mani-
Sfold of constant curvature admitting a conformal Killing vector field F, and
M™ a compact orientable hypersurface in M™'. If the mean curvature of
M™ is constant and F,C* has fixed sign on M", then the hypersurface M™
its umbilical, where C' denotes a unit normal vector of M™.

The above corollary is included in [Theorem 0.1 of Y. Katsurada.

COROLLARY 3.3. Let M™** be a (n+2)-dimensional Riemannian mani-
fold of constant curvature admitting a conformal Killing tensor field F,,
of order 2 and M™ a compact orientable submanifold of codimension 2 in
M~ Assume that the mean curvature vector field H* of M™ is parallel
with respect to the connection of the normal bundle. If F,C'D" has fixed
sign on M™, then the submanifold M™ is totally umbilical, where C* and D*
denote mutually orthogonal unit normal vectors of M™.

Department of Mathematics,
Hokkaido University
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