Discrimination of the space-time V, IL
By Hyobitir6 TAKENO

This paper is a continuation of [6]". There, we have developed a theory
by which we can discriminate the space-times belonging to Vi, Vi and Vi,
which are not V,. Now, in the present paper, we first deal with the same
problem assuming that the given V is Viy or Vy, which is not V,, and
then proceed to the problem of V;. The same notations, terminologies,
numbers of sections, of equations and of references as those in [6] are used.

§14. Discrimination of Viy.

Now we deal with the problem of discriminating Viy, assuming that the
given U is a Upy. Just as in the case of Vi, we further assume that the

1
Uy is not U, and that #; is known. Viy’s are classified into two subclasses
Vive and Vivs, each of which is defined by {v,=w,#v;=v,} (or v =vs# v, =v,})
or {v,=v,#v,=v,} respectively. Corresponding to this, we classify all Up’s

into two subclasses. A Ujy is Uy, or Uy, according as the two-dimensional
1

eigenspace E, composed of only space-like eigenvectors of K;? contains u,
or not respectively. It goes without saying that the other two-dimensional
eigenspace E, contains space-like, null and time-like eigenvectors.

First we consider Upy,’s. Determine the unit vector which is contained

1 2
in E, and orthogonal to the #;, and denote it by #,. Let v, and w; be an
arbitrary pair of mutually orthogonal space-like and time-like unit vectors

a 1 2
belonging to E,. Then by the c.v. test in which (u;)=(u;, u;, v*, w*,),
where v*, and w*, are given by (5.2), we can determine whether the given
Upa is @ Viye or not. In the latter case, the Uy, is not V.
1
Next we consider U,’s. In this case, u, must belong to E,. Since

4 1
u, must be orthogonal to %;, we can easily determine it. Then, if v, and

w, are any pair of mutually orthogonal unit space-like vectors belonging to
a 1 4

E,, the c.v. test in which (u)=(u,, v*;, w*;, u;), where v*, and w*; are

given by (5.1), is sufficient for the discrimination.

1) Numbers in brackets refer to the references at the end of the paper.
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§ 15. Discrimination of F5y.

Lastly, we deal with the discrimination of Vy, assuming that the given
U is a Uy, i.e. a U whose four principal values are the same. In other
words, the U is a space-time which is an Einstein space in the sense of the
differential geometry. As 1n the former sections, we further assume that

the Uy is not U, and that uz is known.

Such Vy’s are studied in detail in §§8, 9 and 10 of [2], and the properties
of their c.s. are made clear in §10 of [3] The most important results are
as follows: Such a Vy is neither S(A) nor S(B). The scalar curvature K
is a constant. These Vy’s are classified into the following four classes:

(A;)) Vy's satisfying K=0 and appearing in Proposition 9.2 of [2].

(4,) » » K=0 and » in (7Z,) of Proposition 9.4

of [2]
(B) » » K<0 and » in Proposition 10.1 of [2]
(C) » » K>0 and » in (C) of §10 of [2]
{2}’s of these space-times are of the form {9,, #,, 0;, 0;, 0., 0}, where £,’s
are non-constant (and accordingly, non-vanishing) functions which do not
satisfy ©,=0,=0,. In other words, {1} is of type {three double eigenvalues}
or {one quadruple and one double eigenvalues}, or if we use the notations

in §13 of [6],
(15.1)  (5) {a, a1, @, @y, a3, @i}, or (9) {a, a, a1, a1, @y, @)},
where a,#a, when P+g.
Now we shall show that, in the case of type (5), all z:,; s are determined

by the use of ui and w, s, and that, in the case of type (9), one of J;s
is determined and the remaining two are determined to within a transfor-
mation of the type (5.1) or (5.2), although in both cases the numberings
of the vectors are not determined uniquely.

As is seen in §8 of [2], the condition that a V be Vy is given, in terms
of 2,’s, by

(15- 2) 212 = 234 ’ 213 = 124 ’ 214 = 223 .

Hence, when (43, 413, 414 #), the six-dimensional eigenspace is composed of
three two-dimensional eigenspaces, each of which is of signature type (+ —).
The eigenvectors corresponding to, for example, 4, (=1y), are given by

(15. 3) U= AU 4+ DU 4, (wu'=a’—b,

or, in terms of four-dimensional expressions,
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1 2 3 4
(15. 4) Uy = AUrU 5 +bu[¢uﬂ s

where a and b are arbitrary scalars. Thus we have

1 2

. U U = au
(15. 5) 2ugu’ ‘s

2 1
which shows that we can determine #; from #, and «,. Similarly, we can

3 4
determine %, and u, by using the eigenvectors corresponding to A3 and A,
4

respectively. We can distinguish #; from the other two by the condition
that it must be time-like. If we consider the fact that we cannot distinguish
beforehand A;,, 4;; and A, from {1} only, we can conclude that when a Vy
a 2
of type (5) is given, we can determine #,s to within the interchange of u,
3 1
and u; by using u, and the six-dimensional eigenvectors corresponding to
a,, a, and a,.
Next we consider the case of (9), i.e. the case in which two of A, A3
and A, are equal. In this case by dealing with the two-dimensional eigen-

a
space in the same way as the above, we can determine one of #;s. Then

1 a
the remaining two, which are orthogonal to both #, and the determined u,,

are determined in the form of (5.1) or (5.2) according as the determined
a 4 2 3

u; is u; or u; (or u;) respectively.

Now we shall show that 1,’s are determined from @,s. As the result
of §10 of [3], we can find that (%, 4, 4,) is a permutation of (&', 4, &),
where A}’s are determined from 0©,’s by

(15. 6) (BT = 00005 (A5 = 03040y, -5 B[ = Xf25, -
Thus when a Uy which is not U, is given, we can determine to a great

extent the quantities which must be identical with z;’s and 1,’s when the
Uy is a Vy. Therefore it will not be difficult to execute the c.v. test. We
shall omit the discrimination theorem, which is evident, for brevity’s sake.

We have completed the discriminations of Vi and Vi, and those of
Vi, Viv and Vy which are not V.

§ 16. Discrimination of ¥, 1.
1
As is frequently stated, when a V is not V,, we can determine %; as

the unit space-like vector proportional to the gradient of any non-constant
A But if we consider a V,, this method cannot be applied. This is the
reason why we deal with the problem of discriminating V, separately. In
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the present section, we shall make some preparatory investigations.

It is shown in Proposition 3.1 of that Vs are classified into the
four types (I), (I), (III) and (IV). The types (II) and (III) are further clas-
sified into subtypes {(IL.,), (IL,), (IL;)} and {(IIL,), (IIL,), (IIL.)}, (e=2, 3, 4),
respectively. The actual forms of (8, 7, 8), (B, C, D), A,’s and A,’s in the
standard coordinate system for the c.s. are given in detail in [2]. Of these
Vio's, those of type (IIL,,) or (IV) are nothing but the flat space-time S(B),
which is characterized by K;;”*=0, or, in terms of c.s., 2,,=0. Hence we
shall assume hereafter that the V, is non-flat. In other words, the Vy’s
dealt with in the following are restricted to those belonging to (I), (IL,), (IL;),
(IL,), (IIL,;) and (IIL,.).

It is also shown in the same Proposition that 2,5’s of these space-times
are given respectively by

(I) (5, 5, P85 Dspos Pabrs P23} s (P2psps#0).
(IL) {5 1,0, 0,0, pops} (p2s70).

(IL,) or (I, {P,P,0,0,0, P}, (P=£p*+0).
(IlL,) or (IIL,) {0, 0, P, 0, 0, 0}, (P=+p*+0).

Those for {(IL,,), (L), (), (Is,), (ILs,), (I5.)} and {(I11,,), (IIL,,), (I11,,), (I1Ls,.)}
are given by the expressions similar to those for {(Il,,), (Il,,), (IL,.)} and {(IIl,,),
(IIL.)} respectively. The p,’s .and P are constants satisfying the conditions
in brackets respectively.

The 4,5’s in the above are written in the order {Aizs Ai3y Awas Aass Aazy Aos)
respectively. If we change the orders sultably, the types of the {A}’s are
given by the following four:

(a) {e, &, e, e, 05, ), | P=1,2,---,6; e, e, &;>0).

(b) {0,0,0,e,e,e}, (6,0, £=1,2,3; e, >0).

(c) {0,0,0,e,e,é, (e£0).

(d) {0,0,0,0,0, ¢, (e#0).

Here e’s are arbitrary constants satisfying the conditions in the brackets
respectively.

Now we consider the problem of determining p,’s from {2}, or, in other
words, from e’s. If we consider the properties of {1}, at the same time,
the results will become more useful in the discrimination theory. But we
start only with the values of 1,/’s for brevity’s sake. (See the next section.)

First we deal with the case of type (a). Then the V; is of type (I) and
its line element in the standard coordinate system stated above is given by

(16. 1) dst = —d2—cfredy’ — e de + cdedl,  (pypupi#0),
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and we have 1,= —p,. Our present problem is to solve

(16.2) " e=¢’, &=qi, es=q¢, ea=qQ, &=q, &=,

and to determine g,’s and then p,’s. Here it should be noted that we use
the notations g¢,’s.in place of p,’s, since, as will be seen in due course, g,’s
do not necessarily coincide with p,’s. As a matter of course, g,’s are
assumed to be real. As is easily seen, we have ¢,¢:¢;#0. When (g,, g5, )
are solutions of (16.2), (—q,, —¢s, —q,) are also solutions. (This corresponds
to the fact that the transformation #'=—xz, by which the V; is kept in-
variant, changes the signs of p,’s in the line element (16.1).) Therefore
we can assume without any loss of generality that we have either (g,, ¢s,
g:.>0) or (two of g,’s are positive and the remaining one negative).

First we consider the case in which (e,, e, ,>0) holds. Then we have
(¢25 g3, ¢.>0). By eliminating g¢,’s from (16.2), we have

(16. 3) e4=«/a, eszﬂ/?e;, ee=~/—€&72-

Conversely, when (16.3) is satisfied,

(16. 4) . QZ=«/;1—, Q3:*/_ez_> Q4=«/;3—a
satisfy (16.2). Hence we have

ProposiTION 16.1. A necessary and sufficient condition that {e,} of
type (a), in which €,>0 for all P, admit (q,), which satisfies q,>0 for all
a, is given by (16.3).

Next we consider the problem of the freedom of (g,), i.e. the problem
of determining, when {e,} satisfying ¢,>0 and (16.3) is given, whether we
have any solution other than that given by (16.4). If we consider the fact
that the numberings of e’s are arbitrary, we can restate this problem in
more precise form: Let a set of six positive constants {e,} be given, and
(1',2',---,6") be any permutation of (1,2,:--,6). Then the problem is to
determine all sets of positive constants (q,, ¢s, q,) satisfying

(16. 2" ev=q', e =g, ", € =qq.

To solve this problem, we must make clear whether or not we have a solution

of (16.2) of the form, for example, (g,=+4 ¢, , gi=+ €, Q=+ 6) After ex-
amining all possible cases, we obtain

PROPOSITION 16.2. The set (q,) stated in the above problem is deter-
mined uniquely to within the freedom of the numberings of q.s. If we
remove the condition “q,>0 for all a”, the set obtained by changing the
signs of all q,’s also gives a solution.
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If we elucidate the first part of the Proposition in more detail, the
‘circumstances are as follows: If we have some relations among e,’s (for
example, e,=¢,=-- =¢;), we may have some other solutions (g,)’s (for example,

@:=v e, gz=+ e, q=4 ¢ ) formally different from (g,) given by (16.4). But
all solutions are the same if we disregard the numberings of ¢,’s and regard
each (q,) as a set of three posistive constants.

(Note that if we consider {1}, together with {1}, or, in terms of ¢/,
{e.}, together with {¢}, the six e’s are classified into two classes, each of
which is composed of three e,’s, according as the corresponding eigenvectors
are minus or plus respectively, and the results take more complicated but
useful forms. We omit such considerations, however, as is stated in the
above.)

Next we consider the case in which two of (e, e, &) are negative and
the remaining one is positive. In the same way as before, we can prove

PROPOSITION 16.3. Let {e,}, (e, &, e, &>0; e, €<0), be given. A
necessary and sufficient condition that there exist (q,) satisfying (16.2) and
(@2, :>0, ¢,<0) is given by

(16. 5) e=—yee, e=—qyee, € =4ee .

When (16.5) holds, a set of solutions (q,) is given by We , Je, —Je)
PROPOSITION 16.4. When (16.5) holds, the set (q.) satisfying (q,, q:>
0, ¢:<0) and (16.2") with (e, €, , ey, €5 >0; ey, €5 <0), is determined uniquely
to within the interchange of q, and gq;.
For example, if we consider the case in which ee=e holds, e,
Je, , —y e ) gives a set of solutions, but this is identical with the above
We , e, —+ e ). If we consider the fact that (16.2) and (16.2') are sym-

metric with respect to g,’s, Propositions [6.2 and [6.4 can be rewritten in
the following form:

PROPOSITION 16.5. When (16.3) or (16.5) holds, the solution of (16.2)
are determined uniquely to within the freedom of numberings of qJs and
that of the change of signs of all q.s.

Now we come back to the problem of the discrimination of V,. From
the above we can conclude that, when a V, of type (a) is given, its {4}
must be one of the following two types:

(&) e, e, -, >0, (ay) e, e, e, 6>0; e, <0,

by changing the numberings of e,’s when necessary. Then (16.3) or (16.5)
must hold respectively. Thus we have
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ProprosiTION 16.6. When a U, is given, calculate its {e,}. If it satis-
fies the conditions stated above, it has a possibility of being a candidate for
Vi of type (a), and if it does not satisfy, it is not V, and accordingly is
not V.

The actual method of the discrimination for U, satisfying the conditions
in the Proposition will be considered in the following sections.

Lastly, we touch on a special kind of V; of type (a). We consider a
V, satisfying

(16. 6) e=e =" -=¢ ép2(>0), ie. {2} ={p" -, p%.
In this case, the V, satisfies
(16.7) K =p0ro;—03087),  (K=-—12p°<0),

and the V, is nothing but the S(A) whose scalar curvature is negative.
(Compare this result with (8.7) of [2]. The p in the (8.7) is —2p in terms
of the present p.)

§ 17. Discrimination of ¥;, 2.

Now we consider V, whose {4} is of type (b). In this case, the V,
belongs to (IL,), and the line element is given by (16.1) with p,=0. The
equation corresponding to (16.2) is

(17.1) a=q', =q¢', 6=q¢%, (a=6=6=0; ¢=0).

Similarly to Propositions and 6.2, we have

ProPOSITION 17.1. A necessary and sufficient condition that {e)} of
type (b) admit a solution of (17.1) is given by

(17. 2) el =ee,.

When this condition is satisfied, the set (q,) is determined uniquely to within
the freedom of the numberings and the change of all signs of q.'s.

Hence, when a U, of type (b) satisfies the condition stated above, it has
a possibility of being a candidate for V, of type (II,,). The actual method
of the discrimination will be considered in the following sections.

In the above investigations, if we consider the case in which e,=¢,=e¢;,
holds, {e,} is of type (c) with ¢>0, and the V, belongs to type (II,;) at the
same time. The V, is nothing but the S(C) or S(C). This is also seen
from the fact that the line elements of (II,,) given in §3 of can contain
those of (IL,,) if we consider the special case in which a=0 or =0 holds.
In connection with these circumstances, we give the following Proposition,
written for 0=4:
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ProrosiTION 17.2. A necessary and sufficient condition that a V, of
type (11,,) given by (p,, ps, 0) be of type (11,,) (i.e. S(C)) at the same time
is given by p,=ps.

The proof is easy if we use the facts: (1) 6% is the unique parallel
vector field, and (ii) a necessary and sufficient condition that the three-
dimensional space orthogonal to this vector be of constant curvature is given
by pl=pi=pps, together with Proposition 19.1 below.

As a matter of course, we have similar Propositions for =3 and 2, in
which cases S(C) should be replaced by S(C).

Thus we have completed the investigations of the problem of deter-
mining p,’s from {1} assuming that the V, belongs to (I) or (IL,). The dis-
cussions have been made only from the values of 1,s. As is stated in the
last section, however, the consideration of {2}, together with {1} will be
of use in determining the numberings of p,’s and, as a result, in the dis-
crimination process itself. If the given U, is a V,, the six-dimensional
eigenvectors corresponding to three e,’s must be plus and those corresponding
to the remaining three must be minus vectors. Therefore, when {2}, does
not satisfy this condition, the U, is not V,. Next, as an example, we con-
sider a U, whose {1} is of type (a). When, for example, ¢ is a simple
eigenvalue and the eigenvector e, is plus, the e, should be identified with
one of pf, p and p,p;. On the contrary, if e, is minus, the ¢ should
be one of pZ, p.ps and psp,. It will be easily understood that such con-
siderations are of use in determining the numberings of p,’s. Similar cir-
cumstances also hold for all cases belonging to (a) or (b). But we stop here
for brevity’s sake.

§ 18. Discrimination of Vj, 3.

Let a V, belong to type (I) or (II,,). From the formulas in §2, we
find that such a V, has a c.s. satisfying

(18.1) b= —p,, A= —pP3y, W= —ps;

w=—(p+p’+pl), vu=—ppetpstpi),
v3= —ps(prtpstp), vi= —puptDstD).

As a matter of course, these v,’s are constants, and we can determine them
as the eigenvalues of the Ricci tensor K;?. Further, the eigenvectors of
K;7 corresponding to v, are time-like, and those to v,’s are space-like. On
the other hand, p,’s are almost determined from 4,’s by the methods stated
in the preceding sections. If we consider these circumstances, it is evident

(18. 2)



34 H. Takeno

that (18.2) is of use in determining p,’s more precisely.
From Proposition 3.2 of [2], we have the following table concerning
the relation between the type (I) or (IL,,) and the classification (Vy, Vi, -+, Vy).

(I), (IL,)  weeerersrrmrrmesemminreeeneeeiiiiieeeeeseenneeeeeeann 174
(I)  covvrereennnneens Vita, Viess Vige, Vigg eoeeeeveees Vi
(I)  cvveeeevreeiineens Viirs L v
(ILg)  eevveeeeesrnnnenes Vita, Vires Vire | m
(I)  coevvreeeennenens S(A) vrrreeeeiieee e Ve

From this table, we find, for example, that V, belonging to V; is of type
(I) or (IL,), and that the only V, belonging to Vy is S(A), which is of
type (I).

Now we come back to the problem of the discrimination. When the
given U, is U; or Uy, the discrimination is easy by using the theory de-
veloped in §4 and §5. In this case, the execution of the c.v. test will
become much simpler if we use the values of 2,’s obtained from (18.1) by
using p,’s almost determined by the methods studied in the preceding sec-
tions. On the other hand, S(A) is characterized by (16.7), or, in terms of
{2}, by (16.6). Thus the method of the discrimination is evident. Hence,
if it is known that the given U, is of type (I) or (IL,), the only remaining
case to be studied is that in which the U, belongs to Uy;.

By virtue of the circumstances stated above, we consider in the fol-
lowing the Vi’s, which are of type (I) or (II,,) and belong to Vi;. The
line element of such a V; in the coordinate system of (1.1) is given by
(16.1) when the V, is of type (I), and by the same expression in which one
of p.’s is 0 and the remaining two are non-zero when it is of type (IL,).

First we consider the case of Vy;,. From the definition of Viy., we
have y,=y,=u;#y,, or, in terms of p,’s,

(18.3) PP Pl =Pt Pt ) =P 2 YEP( 2 ),

from which we can obtain |

(18. 4) p=p(=p), pi=0; vi=v, =y =—2p"%#y,=0,

(18.5) {2}=1{0,0,0,P, P, P}, {A}y={———, + + +}, (P=p*>0)
Therefore the V; is nothing but the S(C) studied in detail in §5 of [2], and

the method of its discrimination is given by Proposition 19.1 below.

Next we consider the case of Vy;,. In the same way as in the above,
we can obtain from v =v;=y,#v, (Or v;=v,=v,#v,),



Discrimination of the space-time V, II. 35

(18' 6) P3:P4(EP), P2=0; V) = VY3 = Yy = _2P2¢V2=0>
and
(18.7) {a}=1{0,0,0,P, P, P}, {A}s={+ + —, + — =}, (P=p">0).

The equation for the case (v;=y,=yv,#v;) corresponding to (18.6) is evident.
The V, is nothing but the S(C), whose discrimination theorem is given by
the same Proposition 19.1 below. ,

Lastly we deal with V, belonging to Vin,. In this case, we have y,
#y,=v;=y,, Or, in terms of p,’s,

(18. 8) PP PIFED P+ pstp)=ps( 2 )=p( > ),
from which we have
(18.9) Petpstp=0.

Considering the case p,p;p,#0, we can easily prove from these equations

ProrosiTION 18.1. When a V, of type (1) belongs to Viy., its {1} is
of type stated in Propositions 16.3 and 16.4. Further, a necessary and
sufficient condition that {e,} have a solution of (16.2) and (18.9) is given
by that in Proposition 16.3 and

(18. 10) . 33+e4+e5=0.

When this condition is satisfied, p,s are determined from A.ss uniquely to
within the interchange of p, and p; and the change of all signs, if we take
the {2}, into consideration.

For example, (p, and p;) or (p; and p,) (or p, and p,) are of the same
sign according as the eigenvectors corresponding to e;, which is positive,
are plus or minus vectors respectively.

Next we proceed to the case in which one of p,’s, say p,, is 0. From
(18.9), we have

(18. 11) Pr=—p:(=p)#0; v=v,=y,=0%1,=2P, (P=p?),
(1812) {2}={O’O,O,P>P7—P}, {'2}8={++_, +__}

Considering similarly the cases p;=0 and p,=0, we have

ProrosiTION 18.2. When a V, of type (11,,) belongs to Vi, its {1}
is of type given in (18.12). When this condition is satisfied, p,’s are deter-
mined by 2.5's uniquely to within the interchange of p, and p; and the
change of all signs, if we consider {1},. (It should be noted here that one
of pg’s is 0.)



36 H. Takeno

Now we shall show a theorem which is of use in discriminating V,

1
which belongs to Vi, and is of type (I) or (IL,). In such a Vi, u; is
known from K,’ by considering the unit eigenvector corresponding to the
simple eigenvalue.

ProrosiTION 18.3. Let a V, defined by (16.1) be given. Then the

equations
1 1

(18. 13) V%-u,- = —"qu@uj s udui = —1 R uiuiz 0 ,
determine u; uniquely to within its sign, provided p,#p; and p,#p,. Here

1
u; and u, are known and unknown quantities respectively. In other words,

we have u, —eziz in this case. When pz—ps—p4 or pz—p3¢p4 or DPr=psFDs

3
holds, we have ui—au¢+bu¢+cui or uz—au.,+buz or ui—au.,+bu¢, where a,

b and c are arbitrary constants satisfying a*+b*—c*=1 or a®+b*=1 or a*
—b*=1 respectively. Similar Propositions hold if we replace p, by p; or p,
n (18.13), and, in the case of py, the second equation by uu'=1.

It is evident that the existence of the arbitrariness of (a, b, ¢) and (a, b)
correspond to the freedoms of the generalized w- and w-transformations of
c.s. respectively. The proof is evident if we calculate the actual expression

1
of (18.13) in the coordinate system of (16.1), and use the relation w«,=4:.
From the above considerations, we can conclude that when a V; of type
(I) or (IL,,) is given, and it is known that it belongs to Vy;,, we can de-

termine its p,’s, 1,1L7; and Zt;s by using K;?, {1} and {4}, and solving (18.13).
On the other hand, both Vi, and Vi, (generically called Viy,) are
characterized by the fact that the eigenvector v; of K;? corresponding to
the simple eigenvalue is space-like. Further, if we use Proposition 2.1 of
[2], we can determine whether a given Vi, is Vi, or Vi, as follows:

ProprosiTioN 18.4. A Vi, belongs to Vi, when and only when
v V;v;=0 and V,v;#0. Thus, when v*'V,v;#0 or V,v;=0 holds, the Vi,
belongs to Vin,.

Now we come back to the problem of the discrimination. Let a U,
belonging to Uy be given. We assume that it is known to belong to Uyy.,
by examining the sign of the magnitude of the v, and trying the test stated
in the above Proposition. Further we assume that its {1} be of type (a)
or (b). (It is evident that the U, is neither S(C) nor S(C), since they belong
to Vine and Vi, respectively, and accordingly that the {1} of the given U,
cannot be of type (¢).) Then from the discussions in §16 and the present
section, we can conclude that, if the U; is a V,, it must be of type (I) or
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(ILs), and its {2} and {4}, must satisfy the conditions stated in Proposition
18.1 or 18.2. (If this is not the case, the U, cannot be a V,.) Determine

1
pa's from A,s as is stated in these Propositions, #, from K,/ by putting

1 a
u;=v;, and u,’s by the method stated in [Proposition 18.3, Then try c.v.
test. If the U, fails anywhere, it is not V,. It should be noted here that

a
in the process of finding #,’s, we may have some arbitrariness given by a
and b stated in Proposition 18.3. It is evident in this case, however, that

any pair of ziz and zji, for example, will be of use in the c.v. test. More-
over, we cannot have the case in which p,=p,=p, holds, since the relation
(18.9) must hold.

Thus we have finished the investigations concerning the discrimination
of U,, which belongs to any of U;, Uy, Uy and Uy, and whose {4} is of
type (I) or (IL,). But we will not restate the results in the from of Pro-
position for brevity’s sake.

§19. Discrimination of V;, 4.

In the previous sections, we have completed the discussions for the cases
in which {4}’s are of type (a) or (b). Now we consider the case of type (c).
As is stated in §17, the case of (c), in which e>0 holds, is a special case
of (b), and gives S(C) or S(C). Now we shall give a theorem characterizing
S(C) and S(C), which naturally includes the case e<0 also.

ProrosiTioN 19.1. An S(C) (or S(C)) is characterized by the conditions
that (i) it admit one and only one parallel time-like (or space-like) vector
field v; to within an arbitrary constant multiplier, and that (ii) it be con-

formally flat.

Proor. We prove the theorem for S(C). The necessity is evident by
the direct calculations. (Cf. Proposition 5.6 of [2]) Conversely, we assume
that (i) and (ii) are satisfied. Just as in [3.1] of [1], the line element can
be brought into the form

(19. 1) ds* = —h,dx’dx’+dt*, v'=v;=23d;,

where h,,=h,(x) and P, ¢, =1, 2, 3. Then it is easy to prove that the
condition that the space-time be conformally flat is equivalent to that the
three-dimensional space defined by A, be of constant curvature. Thus the
space-time is S(C)." Similarly, we can prove the theorem for S(C).

Thus we can conclude that when a U,, which belongs to U, or U,
and whose {1} is of type (c), is given, we can determine whether it is a V,
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of type (IL;) or (ILy), i.e. S(C) or S(C). As a matter of course, the special
case of type (b) stated in the above is included in the above discussions.

Proposition 19.1 is written in an invariant form, and is of use as a
discrimination theorem for S(C) and S(C). Moreover, it is shown in Propo-
sition 3.1 of that a V, of type (c) is necessarily S(C) or S(C). There-
fore we can conclude that we have completed the discrimination theory for
Vs of type (c).

ReEMARK. The invariant characterization of S(C) was investigated in
detail by the present author in from the standpoint that it is a special
type of the spherically symmetric space-time. Another method is seen in
by the same author.

Lastly, we consider the case of V, whose {2} is of type (d). Such Vy’s
are studied in detail in §3 and §7 of [2] The main results are as follows.
We have only three kinds of such Vs, i.e. those satisfying (,,=P, other
As=0), (33=P, other 2,,=0) and (4,=P, other 1,=0). The first one belongs
to Viy, and the remaining two to Viy,. Each class is further classified
into two subclasses according as the sign of P. They are {(IIL,), (IIL,)},
{II1,), (I,,)} and {(IIL;), (Ill;.)}. The indices & and & correspond to the
cases P>0 and P<O0 respectively. The last two classes are (23)-conjugate
to each other and their space-times are the same. Hence we can consider
that these two classes are the same.

From these considerations, we arrive at the following results. When
a V, of type (d) is given, we can discriminate to which of Viy, or Viy, it
belongs by the condition (v=—P, v'=0) or (=0, v'= — P) respectively, or
by the condition that the six-dimensional eigenvector w, corresponding to
P be plus or minus vector respectively. Here v is the double eigenvalue of
K,? whose eigenspace is composed of only space-like eigenvectors and v is
the other double eigenvalue. In other words, when a U, belonging to Uy
is given (or when U, of type (d) is given), and if the U, is a V,, we can
determine the subclass to which the U, belongs by the method stated above.

Now we assume shat a U, belonging to Uy is given, and that it is
found by the method stated above that it belongs to Viy,. If this U, is

@ 2 2 3 3
a Viva, its u,’s are given by (u,=u*;, u;=u*,) and

1 1 4 4 1 4
(19. 2) u;=u*; cosh 6 +u*;sinheo, wu;,=u*;sinho+u*, cosho,

2 3 1 4
where ¢ is an arbitrary scalar and (u*;, «*,) and («*;, «*,) are any pairs of
the unit eigenvectors of K;’ corresponding to —P and 0O respectively, and
satisfying the orthonormal condition (F;). Further, as a result of §7 of [2],
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we must have 4,=2,=0. (This is the reason why we can take any pair of
2 3 2 3
(u*;, u*;) as (u;, u;).) Thus we can determine whether the given U, is a

Vive or not by the c.v. test using these z;[s and 1,s. Similar results can
be obtained with respect to the case of Viy,, but we omit them for brevity’s
sake. »

Thus we have completed the discrimination theory for V, of type (d).
As an appendix we add a proposition concerning Vi’s of type (IIL,;) or (I1I,,/)
and corresponding to Proposition 19. 1.

ProrosiTION 19.2. The V, of type (IIL,) or (1l is a direct product
of two-dimensional flat space (whose signature is —2) and a two-dimensional
space of constant curvature (whose signature is 0). The two-dimensional
flat space is the linear space spanned by the two mutually orthogonal parallel
vector fields, which are both space-like. Similar propositions hold for the
cases of (11l,,), (I1Ly.), (IIl5;) and (IIls,).

The proof is easy if we use the results of §5 and §7 of [2] As a
matter of course, we can use this Proposition in the discrimination process
of the V, under consideration.
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Hiroshima University,
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