On the holomorphically projective correspondence
between Kahlerian spaces preserving
- complex structure

By Toshio SAKAGUCHI

Introduction.

Let (M”,¢) and (M'™,¢')(n>2) be n-dimensional Riemannian spaces
with positive definite metric tensors ¢ and g¢’, respectively. The celebrated
Beltrami’s theorem (see [1]V §40) of classical differential geometry states
that if (M™, ¢) is of constant curvature then the space which is in projec-
tive correspondence with it is necessarily of constant curvature. N. S.
Sinyukov has generalized the above theorem to the non-affine projective
correspondence of (M™, g) with (M, ¢) which is locally symmetric. Further
W. Roter and J. Robinson and J. D. Zund have generalized N. S.
Sinyukov’s theorem to the case when (M'™, ¢’) is recurrent.

On the other hand T. Otsuki and Y. Tashiro have studied holo-
morphically projective correspondences between Kihlerian spaces. Let (M”,
9, F) and (M™ ¢',F') be Kihlerian spaces of real dimension 7(=2m>2)
with the structures (g, F) and (¢’, F’), respectively. Then they have proved
the generalization of Beltrami’s theorem, that is, if (M”", ¢, F) is of constant
holomorphic sectional curvature then the space which is in holomorphically
projective correspondence with it preserving complex structure is necessarily
of constant holomorphic sectional curvature.

The purpose of the present paper is to investigate what restrictions
the requirement that (M", g, F) and (M™,¢', F') be in holomorphically pro-
jective correspondence preserving complex structure imposes on these spaces.
An example of such a restriction is given by the above result of T. Otsuki
and Y. Tashiro.

The author wishes to express here his sincere thanks to Professor
Yoshie Katsurada and Doctor Tamao Nagai for their kindly guidances and
advices.

§1. Preliminaries.

We shall first give preliminary formulas on the Kahlerian space and
the holomorphically projective correspondence between Kahlerian spaces.

1) Numbers in brackets refer to the references at the end of the paper.
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Let us consider an n(=2m>2) real dimensional K#hlerian space with local
coordinates {x’}. Then the positive definite Riemannian metric g,; and the
complex structure Fy* satisfy the following equations

F'Ff=—df, g B F =gy,
ViF#=0, Vigss=0,
where F; denotes the operator of the covariant differentiation with respect
to the Christoffel symbols {th} constructed from g,.

The Riemannian curvature tensor of g, is defined by

Rt =, (- )3 22 o-ome

We put Rijin=Ri;’darn, Rus=Ru;*=Ru 9™, R=R,,g® and
S;=F;R,,
then the following identities are valid
R, Fe = —Reul Fy, R, Ff = Ryt F2
Reijin= Ry Fi* FY,
(1. 2) Ry =R, F/F* FfR,=—R;F* FR)=R/F},
Su+8Siu=0, Su=Sul*F?, FfSu=—S8;F"=—R,;,
Su=—"%5 F® Ry =F" Ry

(1.1)

(1. 3)

The holomorphically projective curvature tensor P,," is given by

1
n+2

We can obtain easily the following identities
Pl +Pyul =0, Pl +Pyl+P,t=0, P, =0,
ijiaFah":PchahEa, PajthIca =Palcthja,

(1. 4) P/cﬁthqu;h'l' (Rk¢5jh—Rj¢6kh+Sk¢th"_SﬂF/ch+2S/ch¢h).

(1.5)

from which we get
(1' 6) ij(;‘:(), Paj‘ibea=:O) P/cj(tbea—__O'

A necessary and sufficient condition for P,,*=0 is that the space is
of constant holomorphic sectional curvature, i.e., a space whose curvature
tensor R,;" takes the form

Ry =k(910,"— 940+ Fo Ff —Fu F+ 2F ; FY),

where we put
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_ R
Cn(n+2)

Let (M~”, ¢, F) and (M™, ¢, F') be Kihlerian spaces of real dimension
n(=2m>2) with the structures (g, F) and (g’, F’), respectively. A necessary
and sufficient condition for a correspondence f from (M", g, F) to (M'*, ¢,
F") to be holomorphically projective is that there exists a vector field ¢,

defined -on (M™, g, F) such that

k:

(1.7) {]f;} = {;}i}+¢j5zh+¢¢51h—sszih_Jszh,

where {]hz} is the Christoffel symbols constructed from g=f*¢’ and ¢,=

o Fi".

From (1.7) we know that ¢, is necessarily gradient. Especially if
¢,=0, then the correspondence is said to be affine.

For convenience’ sake we put “—” over the quantities induced from
the quantities on (M, ¢', F') by f. From (1.7) we have

(1.8)  Ris = Rl +9udf — 93" ~(PraF P~ 1 PO B~ (PraF 7 — 3 Fi) B,
where ¢; is a symmetric tensor defined by
Pu=Vipi— s+ P ;9.
Contracting A and % in (1. 8), we get |
(1.9) R,,=Ry;—nd;—2FF2¢y, .

We assume henceforth that the holomorphically projective correspon-
dence preserves the complex structure, i.e., f¥*F'=F=F. Then we have

(1' 10) Fij=F¢j, VkEj=Oy

where V. denotes the operator of the covariant differentiation with respect
o)

On the other hand we know that R, and R;; are hybrid by (1. 10), i.e.,

Ru=RoFfF?,  Ru=R,FyF?. |
Taking use of this fact, we obtain by means of (1.9)
(n—2)(¢u—dua FSF)=0,

which implies because of n>2 that ¢, is hybrid, i.e.,
(1.11) =P FfFL.
Substituting (1.11) into (1.8) and (1.9) we find
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(1.12) Ry = Regd +0ni0 ) — 030 — § 1 Ff + § 5 Fi— 23, F
(1. 13) R;u=R,—(n+2)¢,,
where ¢, is a skew-symmetric tensor defined by
Pu=0nuF= Vj‘/jz"‘%@‘“szﬂl’a .
From (1.11) we have that ¢, is hybrid, i.e.,

(1. 14) (;[7_”=§ZaijaFib.
By transvecting (1. 13) with F,’ we obtain
(1. 15) Se=Swu+n+2) @,

where S;; is a skew-symmetric tensor defined by
Slcd = F/caRai = Fk“Rai .

Kihlerian space is said to be recurrent if there exists a vector field K,
satisfying the following identity

4 z Rkﬁh = Kz Rkah .

In this case, we shall call K; the recurrent vector. We know that the
recurrent vector K, is locally a gradient one. If K,=0, then a recurrent
Kihlerian space is said to be locally symmetric.

§2. A holomorphically projective correspondence preserving
complex structure.

In this section we shall prove the following

THEOREM. Let (M”, 9,F)(n>2) be an arbitrary Kdéhlerian space and
(M, ¢', F') a recurrent Kéhlerian space. If there exists a non-affine holo-
morphically projective correspondence between (M™, g, F) and (M™ ¢', F')
preserving complex structure, (M", g,F) and (M'™, ¢', F') are of constant
holomorphic sectional curvature.

We shall first prove the following

LeMMA. Let (M”, g, F) and (M'™, ¢', F')(n>2) be two Kihlerian spaces
such that there exists a holomorphically projective correspondence between
(M", g, F) and (M™, g', F') preserving complex structure. If (M™, ¢, F)
satisfies

VoV i Ris"—ViVuRiy* =0,
where V), denotes the operator of the covariant differentiation with respect

’
to {]i;} constructed from ¢' and R;;* the Riemannian curvature tensor of
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g5, then one of the following two conditions must be satisfied.

where 4=g®¢y,.

ProoF. From our assumption we have

(2.1) Vil Ry —V,V, Ry =0.
By the Ricci’s identity we find
R,/ Rui +Ri’ R+ Ry R — Ry R = 0.
Using (1.12) we now replace R,;” by R, transvect the result with ¢*

and lower the index A. The symmetric part in the indices m,j and %, h
of its result can be written as

(2- 2) thlcm + ijlzm = O ’
where

thlcm = Grj ¢/m Rma + 9rm ¢'lza Rja - th ¢km
—Rlcm ¢Izj - th ¢ka Sma - F/cm ¢ha Sja + Slzj ‘Zlcm =+ Slcm &Izj ’

after some complicated calculation.
Contracting 7 and A in (2. 1), we have

(2. 3) V.V:R;—V,V,,R;.=0.
By the Ricci’s identity we find
R.R,.+R,R,.,*=0.
Using (1.12) and (1.13) we replace R,;* and R,; by R,;* and R,; and
transvect the result with g?*. Then we have

(2 4) ¢ma Rla = ¢la Rma ’

after some cal_culation.
Transvecting (2. 4) with F}}, we obtain

(2.5) DmaSi® = —PraSn’.

We put Qujim=Ansim+ Brjrm »
where

Ahj/cm = g1 Pta R, 4+ 0im Dra Rja - th Dem— Rin ¢hj ’
Blzjlcm = - th ¢ka Sma - F/cm ¢ha Sja + Shj S’[;km + S/cm ‘/’~hj .
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By (2. 4) and (2.5) we have

(2 6) Ahjkm = Ajlucm = Alcmhj ’
thkm = _thkm = Bkmhj .
By a straight computation, we obtain

F, n F jb Qablcm = thkm s F ja F, ch lebm = - ijlcm .
From (2. 2) and these equations we get
0=F ha F jb (Qabkm + kaam) = thlcm - ijhm .

Hence, from (2. 2) we obtain

thkm =0.
From (2.6) we have

0 = Qujim AMH" = Ay jum A5,
Hence we get

(2.7) Assim = GriPra R + Gim Pra Rs"— RaPam— RemPrs = 0.
Transvecting (2.7) with ¢*, we obtain
nPra R’ + Gim Py R*— RPpn— AR, =0,
which upon further transvection with g*” yields
ndapR™ = 4R .

The last two equations enable us to write (2.7) in the following con-
venient form

v R R
(an"“7 ghj) (Agkm_n¢km>+<ka_7gkm> (Ag,,,—ngb,,j) =0,

which clearly means that either

R
sz—7 g3 = 0,

or

Agﬁ—ngb”=0. Q. E. D.
PROOF OF THE THEOREM. '

Since (M'™, ¢, F’) is recurrent, we have by definition
(2. 8) ViR = Ki Rz,
Let us consider the integrability conditions of (2. 8):

VaViRis' =Vl Rigi* = Vo Ki— Vi K5) Rigi* + KoV Rigi® — KoV Rasi
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Since K; is locally a gradient vector and by (2.8), the right-hand of the

last equation vanishes. Hence, by the lemma we have one of the following
two cases.

Case A: R”——f%g,”:O.

Case B: 49,;—ndy;=0.
Let us consider first the case A. By (2.8) we have

71 Rtjlch = Kz Rz’jkhy Vz Rﬂ: = Rz lec s _V_z So:j = Kz Sij
and hence 3
Vsz/ch = KZPMkh-

By construction the holomorphically projective curvature tensor is in-
variant under a holomorphically projective correspondence and hence in
the last equation we can replace P,,* by P,;" i.e.,

71 Pu/ch = Kz Pz‘jkh .
This equation may be written out explicity giving
ViPijl* + o Py, — o Py Fyt— 20, Pisi* — s Py — ¢ Piyi®
— i Pog + (@i Pasi” + & s Poai® + @ Pija®) Fi* = K, Py

If we lower the index 2 and symmetrize the result over k2 and A, we
find that

(2 9) gba Pijka g+ ¢a Pijha Jor— Ja Pijlca Flh - Sza Pz;jha Fllc _¢’Ic delh
—Sthm/c + ‘Z;IcptjahFla + Jh-PijalcFla =0 s

since in the case A P, is skew-symmetric with respect to 2 and 4. By
transvecting (2. 9) with ¢** and taking use of (1.5) and (1.6), we find that
Ga Py =0 and ¢,P,;*=0 which allow us to reduce (2.9) to

(2. 10) — e Pisin— O Pisii+ 91 Pijar Fi*+ @1 Py Fi* =0 .
By transvecting (2. 10) with ¢* P*¥** we find that
(Sb/c th) (¢* P mh) =0.

Since we are considering only non-affine holomorphically projective cor-
respondence, we have clearly P,;,,=0, which implies that (M" ¢, F) is of
constant holomorphic sectional curvature. But since the holomorphically
projective curvature tensor is invariant under holomorphically projective
correspondence, P,;»=0 and hence in the case A, (M™ ¢', F') is also of
constant holomorphic sectional curvature.

Consider now the case B, and let
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’ 4
(2. 11) Hij;ch = Rij/ch+'_n_(g¢k61h_gjk65h+E/chh“-ijFih'l' ZE;ijh) .

Using (2.11) we see that
(2- 12) Hu/ch = Riﬂch’ Vz Hijlch = Kz Hijkh~
By a straight computation, we have
H«ijka Jar = Hijkh = _”jil;h = _”e:jhk ’ Hijkh = Hkhij ’
Hijlch. + I]-jm + chijh =0 s
”ajka =Rjk—(n+2)¢jka Hijaa=0’

<2. 13) Hijlca Fah = Hijah Fka; Hajkh Fia = - ”ia/ch Fja ’

,;’F*=2 {SM"‘ (n+2) SZM} > I, F = ‘—{Sﬂc"’ (n+2) Szjlc} ,

Fij”ijabea = R_(n+ 2)A .

From the second equation of (2.12) and (2.13) we get
(2. 14) VoIl "+ dall; " alh“JanzjkaFlh'—2¢'l”ijkh—"¢inlj/ch_¢'jnilkh
. — 15"+ (@i Il oy + Gl + @il ") By = K, I,;".

If we lower the index % and symmetrize the result over k2 and h,

taking use of the first equation of (2.13) we get
(2 15) ¢a”¢jkaglh+¢a”ijhagllc—‘Za”ijlcaFlh—Szaﬂijh,aFlIc
. "‘Gl’knum_ﬂbnﬂmlg‘*'Szicﬂzjatha"‘;f;h”uasza=0-

By transvecting (2. 15) with ¢** and taking use of (2. 13), we obtain
(2. 16) nQaIl 11+ @ ll 3" F* =0
Transvecting (2. 16) with ¢,/1**° we have

7 (Pall;36") (P11 “"")+s{'617 i’ §EII B =0

If we can show that ¢, M1, @42 F,*=0, then we have ¢ull;;*=0 and
Jall,;;*=0 which allow us to reduce (2. 15) to

_¢k”$jlh—¢hﬂijlk+ Jk”z‘jahFla-F Jh”‘ijaicFla = O .

Then we can repeat the argument which was previously used in the case
A to deduce that I1,,,,=0. Hence, from the first equation of (2.12) this
means that (M™, ¢', F") is flat Kahlerian space and by (2.11) we see that
(M*, g, F) is of constant holomorphic sectional curvature.. By (2.11) in this
case the holomorphically projective correspondence preserving complex struc-
ture must satisfy 4=constant.

Now we shall prove that ¢ I1,;°¢*II*, F,*=0. Transvecting (2. 16)
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with F* and taking use of (2. 13), we obtain
(2.17) ngu{Se+(n+2) 3, — 5. [R—(n+2)4} =0.
Transvecting (2. 17) with $* and taking use of ¢“¢,=¢"¢,,welhave
(2.18) 1§ 9o [S+(n+2) F,— 4" gu [R—(n+2) 4} = 0.
Substituting (2. 16) into -%gb(, (I, + I ;.. + IT,;,;/)=0 and transvecting the
result with F“¢* we obtain
(2. 19) ¢ G {R—(n+2) ) —25* . (S + (n+2)§.) = 0.
From (2. 18) and (2. 19) we have
(n—2)3* ¢ (S +(n+2)#:7} =0,
which implies because of #>2 that
P dalSit +(n+2) 3,4} =0
Therefore, from the last equation, (2.18) and ¢,#0 we obtain
(2. 20) R—(n+2)4=0,
which implies the following relations by (2. 17)
bulS++2)5:1 =0,  gu{Rr—(n+2)¢7} =0,
G {Se+n+2)F} =0, G {Rr—(n+2)¢}=0.

Contracting ! and % and transvecting with ¢’* in (2. 14) and taking use;of
(2. 20) and (2. 21), we obtain

7o (R —(n+2)¢s} = K {R—(n+2)¢},
7S +(n+2)3,) = K {Sj+(n+2) 8,7}

(2. 21)

2. 22)

On the other hand, operating F* to the third equation of (2.21) and
taking use of (2.21) and (2. 22), we have

(2. 23) F{Su+(n+2)Fuw)=0.
From (2. 3) we have

V. V.8:;;,—V.,V,8:;;=0.
By the Ricci’s identity we get

Saj Rmna + sm leja =0.
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Using (1.12) and (1. 15) we now replace R,;* and S, by R;* and S; and
transvect the result with g% ¢™¢? then by (2.20) and (2. 21) we have

(2.24) Oy P Rum? {7 +(n+2) 5%} =0 .
Hence, by (2.11), (2. 21), (2.23) and (2. 24) we get
Sbcﬂijkcszk”“abea =0. Q E. D.

The following corollary is trivial from our theorem.

COROLLARY. Let (M", g,F)(n>2) be an arbitrary Kdihlerian space
and (M™, o', F') a locally symmetric Kihlerian space. If there exists a non-
affine holomorphically projective correspondence between (M*, g, F) and (M'™,
g', F') preserving complex structure, (M™, g, F) and (M, g’, F) are of con-
stant holomorphic sectional curvature.
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Hokkaido University
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