Operational calculus for tensor products of

linear operators in Banach spaces™

By Takashi ICHINOSE

Introduction

Given two matrices A and B and a polynomial P(§, )= )] c;:.&/-7*
.k

(c;+ complex numbers) in & and 7, a polynomial operator P(A®I; I® B)=
2 ¢ A’ ® B* is defined, where I is the identity matrix. Stéphanos proved
Jk

(éee [13]) that the set of the eigenvalues of P(A®I, I® B) coincides with

the set of the complex numbers }; ¢;;a’B* with a eigenvalue of A and B
ik &

eigenvalue of B.

The aim of the present paper is to extend this result and to prove the
spectral mapping theorem for tensor products of densely defined closed linear
operators in complex Banach spaces. We develop an operational calculus
defined for holomorphic functions of several variables in a neighbourhood
of the product of the extended spectra of those operators, which may be
considered roughly as the tensor product of the operational calculi defined
for holomorphic functions of one variable developed by I. Gelfand, Dunford
and Taylor ([15], [3], [20], [8]. Brown and Pearcy have proved for
bounded operators A and B on a Hilbert space and P(§, )=¢-7 that the spec-
trum of the tensor product A®B is the set of the products of the spectra
of A and B. Ichinose has extended it for some unbounded operators
A and B in Banach spaces. The result of Stéphanos for several bounded
operators in Banach spaces has also been obtained by Schechter [19]. Our
results include those of Brown and Pearcy, Schechter and partly Ichinose.
The spectral mapping theorem enables us, in particular, to find the resolvent
of a polynomial operator defined for tensor products of closed operators,
from the knowledge of the spectra of those operators.

Section 1 deals with the basic notions about linear operators, their
maximal extensions and their spectra, and tensor products of spaces and
operators.

* This research was supported in part by the DAAD at University of Frankfurt.

t This paper was primarily received by the editors of the Scripta Mathematica September
1970, accepted by them and transferred to this Hokkaido Mathematical Journal, since
that journal does not seem to be able to publish it immediately.
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In Section 2, we.develop an operational calculus for tensor products of
Banach algebras with unit elements. Generalized tensor products are defined
by the use of the Cauchy integral for functions holomorphic in a neigh-
bourhood of the product of the spectra of Banach algebra ' elements. We
prove the spectral mapping theorem first for tensor products of operator
algebras and then for tensor products of general Banach algebras, by con-
sidering a left regular representation of a Banach algebra to some operator
algebra.

In Section 3, we extend the previous results and present an operational
calculus for tensor products of closed operators .in a similar way to that of
Taylor [20]. For polynomials of several varlables we define polynomial
operators with closable operators and prove thelr closablhty and the spectral
mapping theorem for polynomials continuous at the product of the extended
spectra. In particular, our results give a precise knowledge of the spectrum
of the tensor product A® B of two densely defined closable operators in
Banach .spaces.

In Section 4 we give an apphcatlon to the initial value problem of
a partial differential equation.

The author would like to express his hearty thanks to Professor
Gottfried Koéthe for his constant encouragement and to Professor G.
Trautmann, Dr. N. Adasch and Mr. G. Biebinger for many valuable
discussions. -

1. Basic notions

1.1. Linear operators

We shall recall the definitions and properties of the spectrum and its
parts of a linear opetator in a normed linear space (see e.g. [31, [11], [9)):

Let X be a complex normed linear space. For a linear operator 7T':
D[T]c X— X with domain D[T] and range R[T] both in X, we define
the (resp. extended) resolvent set 0(T) (resp. 2,(T)) and the (resp. extended)
spectrum o(T) (resp. a.(T)) of T which are subsets of the complex plane
C (resp. the extended complex plane C* = CU{}). ©(T) is the set of all
A€ for which T—2I has a densely defined bounded inverse in X, where
I is the identity operator in X. ¢(7T) is the complement in € of (T), and
closed in C. 0,(T) is defined as @(T)U{oo} if T is densely defined and
bounded in X, and otherwise, we set £,(T)=0(T). o.(T) is the complement
in C* of 0,(T), and a non-empty compact subset of C* considered as the
Riemann sphere.
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The approximate point spectrum =(T) of T is the set of all. 2€ C' for
which there exists a sequence {z,}%, in D[T] with |lz,|=1, v=12, -,
such that |[(T—al)z,]| >0 as v— 0. ' The point spectrum P,(T) of T is
a subset of z(7T), and clearly #(T)Ca(T), The boundary of ¢(T) is shown
to be a subset of the boundary of z(T), so that the set 7(T)=a(T)\x(T)
is open in C. ‘ -

The compression spectrum I'(T) of T is the set of all 1€ C for which
the range of T—Al is not dense in X. Clearly I'(T)Ca(T).

We refer now to the spectra of linear extensions of 7.

- Lemma 1.1 Le X and T be as above. If X is a subspace of another
complex normed linear space Y and'T,: D[T\)cY-Y is a linear operator
with Tyx=Tx in D[T]CD[Tﬂ;then we have

=(T)=(T|Y)C=(TY),

where (T) and z(T\|Y) denote the approximate point spectra of T considered
respectively as an operator in X with domain D[T], as one in Y with the
same domain D[T]. :

We denote the graph of T by G(T) and its closure in XxX by G(T).

An extension T of T is called maximal if T satisfies G(T)=G(T) and if

7

7T has no proper extension T such that G(T)=G(T). Every linear opeartor
T has in virtue of Zorn’s lemma a maximal extension 7 in X. The domain
D[T] of T is the projection Hp of G(T)cXx X into the first X. All
maximal extensions of 7T have the same domain D[T]. T is maximal iff
D[T]=H,. The closure, the smallest closed extension, of a closable operator
T, in particular, the continuous extension of a bounded operator T' to the
closure of D[T], is a unique maximal extension of 7, so that we shall
employ the same notation T for the closure of a closable operator T (cf. [11]).

It is shown ([9]) that under extensions of a linear operator T the spectra
and their parts may change, but under maximal extensions the spectrum,
approximate point spectrum and compression spectrum remain the same as
those of T, i.e. o(T)=0(T), n(T)==(T), rT)=r.

If T is a densely defined linear operator in X, so that the adjoint 7"
of T is well-defined in the dual space X’ of X, then we have

 ProposITION 1. 2. |

1) o(T)=p0(T"), oT)=0(T").

2) 1(T)=o(T\n(T)cI'(T)=P(T")C=(T").
3) 1(T=e(T'\xe(T"C=(T).

1.2. Tensor products
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We formulate some basic results on tensor products, following Grothen-
dieck [5], [6], Schatten and Ruston [17]. For the facts on topological
linear spaces used here, see Kothe [10].

For j=1,2, ---,n, let X, be a complex Banach space, X} be its (topolo-
gical) dual space and X, ® X, ® --- ® X,, be the algebraic tensor product of
X, X, -, X,.

A norm a or || ||, on X;®---®X,, is called a crossnorm if

QL Qx,) = | 1R 1R Rzl = ||| - [l 2] - || 2

for (z,, x,, ---,x,,)efIXj. A norm a or |||, on Xi®---®X,, is said to be
=1

reasonable if a is a crossnorm on X;®---®X, and the dual norm «' induced
by the dual space of X;®-.-®X, equipped with « is also a crossnorm on
Xi® - QX,.

We define the norms ¢, 7 as follows :
6(e) = [lue]], = sup {|<x, H® @ ; e Xy, |z<1, 1Sj$ﬂ}Q

w(u) = llull, = sup {|[<wv)|; veB(X,, -, X,) [0 <1},

for ueX,®--®X,. B(X, -, X,) is the space of all continuous multilinear

forms on II X; which is a Banach space with the usual norm. The norm
i=1
7 is also equivalent to

m(u) = inf {Zkl -l e - 2] w= 2 20 ®zP}.

Every crossnorm a>¢ on X;® - ®X,, is reasonable. The norm =z is
the greatest reasonable norm and the norm ¢ the smallest reasonable norm
on X;®:--®X,. Therefore every norm a with e<a<r is reasonable.

The dual norm &' of a reasonable norm « is also a reasonable norm
I

on Xi®--®X,. Given a crossnorm or a reasonable norm a, X, ®-;-® X,
denotes the completion of X, ® ---® X, with respect to the norm a and

X{@Xn the completion of X{® --®X], with respect to the dual norm
o' (when a is reasonable) which is identified with a closed subspace of the
Banach space (X, 67);\@ X)) =(Xi® ;- ®X,).

We define tensor products of linear operators as follows. Let A,:
D[A,Jc X,—»X,, j=1,2,---,n, be linear operators. The mapping (x;, 2, -+, Z,)
—Ax, @ - @ Az, is multilinear of D[A] X --- xD[A,] into X,®Q - ® X, ;
the corresponding linear mapping of D[A,]® --- ®DI[A,] into X,® - ®X,
is denoted by A, ®:--® A, and called the tensor product of A, -+, A,.
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A,®---®A, is a linear operator in X;®:--®X, with domain D[4,®--®A4,]
=D[A]® - ®DI[A,], and will often be considered as an operator in the

T
completed tensor product X;®-;-® X, for a reasonable norm a with the
same demain. We can consider a maximal extension of A4, ®--® A, in

T T
X, ®-:-® X, which is denoted by A, ®-;-Q A,.
For j=1,2, -, n, L(X,) denotes the Banach algebra of all continuous
linear operators of X, into itself. A crossnorm or a reasonable norm « on

X, ® - ®X, is said to be wuniform, if for any (4, -, A,)¢€ EIL(XJ) we

have .

sup {[(A® @A) ul.; ueX, @ @X.,, llul.<1}
= [ Al - | Aefl--- | A1l -

If « is a uniform reasonable norm on X;®---®X,, so is the dual norm
a on XI® - ®X,. The greatest and smallest reasonable norms 7 and ¢
are uniform. .

A reasonable norm a>e¢ on X, ® - ® X, is sald to be fazthful if the
/\\

natural linear mapping j* of X, ®-;-® X, into Xl® ®X,,, obtamed by

extending the identity mapping : X1®-(;-®Xn—>Xl®-;-®X,,CX1®.;.®X71

by continuity to the entire space X1®/-‘,-~\®Xn is one-to-one ([4], [14]). In
case a=m, this yields the “probléme de biunivocité” ([5]).

For locally convex topological linear spaces X,, 1<j<#n, we can define
also a tensor product topology on X;®:--®X, compatible with the structure

of the tensor product X;®:--®X, ([5]).

Finally we refer to the space ©(K) of the germs of functions holomor-
phic in a neighbourhood of a compact subset K of the Riemann sphere C*.

For an open neighbourhood U of K, let ©(U) be the linear space of
the holomorphic functions on U equipped with the topology of compact
convergence. @& (U) is a nuclear (F)-space and a commutative topological
algebra. @(K) is defined as the topological inductive limit of the spaces
@& (U) when U runs in the directed family of the open neighbourhoods U
of K in ¢*. &(K) is a complete barrelled (DF)-space (see [5]).

ProposiTION 1.3. Let Uy(resp. K;), j=1,2, ---,n, be open (resp. com-
pact) subsets of the Riemann sphere C*. Then it holds

e(fiv)-ewmesow)s g0,
—BU)®-®6U,)
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“

6(fiK) - 6(K)8 6(K)& & O(K.)
T
=0K)R-®O(K,),
where the tensor products are completed with respect to the projective tensor
product topology T, which amounts in this case to the topology X, of uniform
convergence on the sets MiQM;Q--- @M, with M} equicontinuous subset of
X}, for j=1,2, -, n
Proof. We note only some facts. The topologies €, and E, have the
associative character. If both X and Y are (F)-spaces or barrelled (DF)-
spaces, the inductive tensor product topology ¥; on X®Y coincides with
the topologies ¥, and ¥,. The second relation follows from the first by
the properties of the inductive limit of the inductive tensor products (5]
Chap 1. §3. N°1. Prop. 14. p. 76).

2. Operatlonal caIculus for Banach
algebra elements

2.1. Tensor products of Banach algebras

For j=1,2, .-, n, let B, be a complex Banach algebra with unit element
e, and a>e¢ be a crossnorm on B,R - @B, compatible with multiplication,
i.e. a crossnorm satisfying a(u-v)<a(u)-a(v) for u, ve%l® ‘®3B,. Then

the completion %l® ‘®%B, of B,®:--®B, with respect to a turns a com-
plex Banach algebra with unit element ¢,Q---®e,. The norm 7 is known
to be compatible with multiplication ([4]).

Given a=(ay, --+, a,)€ H B, the spectra o(a;) of a; are compact subsets

of C. We shall develop an operational calculus of the germs in @(jII a(aj)>

for the tensor product a®--Qa,, which has some analogy with that due
to Waelbroeck ([21], [1]).

By a morphism of a complex algebra into another one, we mean a
mapping between them which transforms sums to sums, products to products
and products by a complex number 1 to products by A

8,(-; a;) denotes the continuous morphism of the algebra &(s(a ;) into
the Banach algebra B, which was first investigated by I Gelfand : if &)
is a holomorphic function in a neighbourhood U, of a(a;) and f is the
germ of f in @(o(a;)), we have

6,(7 5 @)= flay=(@ri)* || AC)Crer—aiy*dty,
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where the contour I'; consists of a finite number of rectifiable, positively

oriented Jordan curves lying in U,\a(a,) (cf. [3], [8], [15]).
THEOREM 2.1. Let a>¢ be a crossnorm on B, Q- ®B, compatible

with multiplication. Given a=(a, -+, a,)€ II B,, there exists a unique con-
tinuous morphzsm 6(-; a) of the algebra @(H o(aj)) into the Banach alge-

bm B ®Q§ whzch transforms the germ of the function 1 to e1® ‘Re,

and the germ of the function (§y, -+, §)—C; to 6@ Qe;_1Qa;Qe;1 Q- Qe,,
Jor j=1,2, -
If f(&, - C,,) is a rational function or a polynomzal holomorphzc in

a neighbourhood of 3'[[ o(a;), then we have
=1

68(F; a)=f@® ®en e @ Qa,
where f denotes the germ of fin the neighbourhood of H o(ay).

Proof. Let U, be a bounded open neighbourhood of o(a,), for j=1,2,
., n, and choose a contour I, in Uj\e(a;) consisting of a finite number
of rectifiable, positively oriented Jordan curves.

For fe @(E1 U j) eU)®- ®@( ), the integral

(Zﬂi)_nSr ”.Sr f(CI’ HREY Cn) (Clel-—_al)-l®”'®(Cnen—an)‘ldC1dCZ"'an

. — T
defines an element in the Banach algebra 8,®-;-®%3,, and does not depend
upon the choice of I, j=1, 2, ---, n, but only upon the germ f of f in the

neighbourhood of jﬁa(a,). By this integral we define 8(f; a).
=1

2.1 follows from the properties of 6,(-; a;) using Proposition 1.3. The
uniqueness follows from the fact that the rational functions are dense in
&(U,. 6(-;a)is exactly the continuous extension of 6y(-; a)®---®6,(+; a,)

to @(ﬁlo(a,))———@(a(al))@@(a(a,,)).

2.2. Tensor products of bounded operators

Applying our result in §2.1 to the operator algebras, we shall prove
the spectral mapping theorem.

Thoughout, for j=1, 2, ---, n, let L(X;) be the complex Banach algebra
of the continuous linear operators on X,;. L(X;)®---® L(X,) is considered
‘in the natural way as a complex algebra. The following lemma and theorem

are due to Gil de Lamadrid [4] for n=2.
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LeEMMA 2.2. Let a be a uniform reasonable norm on X, ® - Q@ X,.
Then there exists a canonical injective morphzsm of the algebra

LX)®-- ®L( X.,) into the algebra L(X,®-; ®X)
Proof. We assign to each A,®---®A, of the algebra L(X,)®---QL(X,)
a linear operator on X|® - ®X,: u = f_} x§"’®---®.z;§f)——>(A1®---®An)u

m
=2 A4,2P®+-Q®A,z, which is bounded by the uniformness of the norm
k=1
a. This bounded linear operator can be extended continuously to the entire
'—-/\ . 3 A '.
space X;®-;-®X, ; the continuous extension 4;®-.-®A, is an element of

L(X, ®/"\®X ). Since all the A,®--®A, generate the algebra L(X,)®--
®L(X,), this mapping can be extended by linearity to the entire algebra
L(X)®-®L(X,); we have only to check that the representation

4=F AP ®AD

of an element Ae LXHR - ®L( .) defines the zero operator in
LX,®-, ®X ) iff 4=0. '
In fact, suppose 4 = f,‘ AP ®...® A® defines the zero “operator in
k=1

T . ’ n n
L(X,® ;- ®X,). Then forall (z, -, x,)€ 411 X, (1, o+, 2,) € jI_[lXQ, we have

¥ (AP 2, 2y (AP 2, 2 - (AP 2, 21> = 0.
k=1

For each pair (z;, ;)€ X;x X}, j=1,2, ---, n, define a continuous linear form
¢; on the Banach space L(X;) by (A, i) ={A,x;, x;), A,;€ L(X,).

Then the above relation is equivalent to

2 AW, iy CAP, iy - (AP, phy = 0.

The set of the continuous linear forms p; with (z,, xj)€ X;x X}, is total
over L(X,;), for j=1,2,---,n, so that its linear hull is dense in the dual
space L(X;) with respect to the weak topology defined by the dual pair
(LX), L(X,), for j=1,2, -, n

If follows by the separate weak continuity that
Y (APQAP®--QAP, iy =0,
k=1
for all e L(X,))®---QL(X,). Since {L(X)® -QL(X,), LX)®--QL(X,)>
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n

is a dual pair, we have )] APQR---QA¥=0. It is easily verified that the

k=1 .
products of elements in L(X,)®: --®L(X,) go into the compositions of the
. '/\ ot .
corresponding operators in LX®.;®X,). Q.E.D.

From Lemma 2.2, we see thé_t if « is a uniform “reasonable norm on
X:® - ®X,, an operator norm can be induced on L(X,)® :--® L(X,) as
T
a subspace of L(X,;®-;-®X,), denoted by a. Since &' is also uniform rea-
T
sonable with a on X|®- - ® X, L(i({@;,-@XL) induces on its subspace
L(X})®---®L(X;) an operator norm «'.

THEOREM 2.3. If a is a uniform reasonable norm on X,Q---QX,, then

a is a crossnorm on L(X,)® - @ L(X,) compatible with multiplication.
LT

Therefore the completion L(X,)® -, ® L(X,) with respect to a is a Banach

- algebra. The same is true for o'.

In virtue of [Theorem 2.3, we observe. that the same assertion for
A=(4, -, A,,)Ejf_ilL(X,) as in [Theorem 2.1 is true for B; replaced by
L(X,) and a; by A, j=1,2,--,n. We denote the continuous morphism
of @(j[_[la(A,)) into L(X)®»®L(X,) by 6(-; A).

We are now in a position to state the spectral mapping theorem for
tensor products of bounded linear operators. For j=1,2, .-, n, I; denotes
the identity operator in X;. For an element a of a Banach algebra B with
unit element, ox(a) denotes the spectrum of a with respect to ®B.

THEOREM 2.4. Let be a uniform reasonable norm on X;® - ® X,
and A=(A,, -, A,)€ i[lL(Xj). For Fe '@(jﬁlo(Aj)), we have
g L(X1®/-Z®Xn) (Q(f 5 A)) = f1 (‘7 (A1), =, 0 (An>> .

Proof. If 2& f(a(A)), -+, 6(A,)), then (f(&, -+, L) — A" exists and is
holomorphic in a neighbourhood of ﬁla(Aj). Therefore from [Theorem 2. 1

for %j=L(Xj), 1<j<n, we have
6(F:; A)6(fit; A)=6(fi'; A)-6(F:; A), fi=f—1,
7 : N
—
where I means the unit element I;®--®1I, of the algebra L(X,)®-. ®(X.,),
T T
which will also denote the identity operator I,®-;-®1, in L(X;®-; Q@ X,,).
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Since 6(f,; A)=6(F; A)—aI, the above 1dentity shows that 9(}' A)—iI

has a bounded inverse 6(f;'; A) in LX)®:: ®L( ) CLX®-; ®X)
Thus & O'L(xl®/-:-®xn)(6(f§ A))

We show now the inclusion
F(o(4), -+, 0(A)) Coralor,y (8(F 5 A)).
We may assume f2 constant.
Let (a, -+, @,)€ jllilo(A,). Then there exist §,€ @(jI;ila(Aj)), 1<j<n,
(see [7]) such that |

S oo C)—flay, -+, @)
= (Gi—a) :(Cp, -+, L)+ o+ () 9a(Css -5 Ca)

where f and g, are representatives of f, g,, respectively, in some common
bounded open neighbourhood II V; of II ¢(A4,).
i=1 i=1
. From [Theorem 2.1 we have

[6(F; A)—fla, -, @) (@ BL)| (:® -+ Q)
=6 AAi—aul) x1®a--®x,,}+
+6(7.; A{n® QA —a,l,) 2.},
for (xy, -, x,)€ jfzilXj.

The proof is divided into three cases. We shall often use Proposition
1.2. For simplicity we assume n=3.

3
(1) Case: (ay, @y a3) € H n(A,;). For j=1, 2, 3, there exists a sequence
of unit vectors {z{} 1CXJ such that (A;,—a;I;) 23’—0 as v—>oo.

-Since a is a reasonable norm on X1®X2®X3,

[6(F; A)—fla, @ ) (LOLOL)| (2" @8 @ 4)

converges to zero in the norm a as v—>oco0 and
2 @2 @2l = 2] - |282]| - 122 = 1.
It follows that flay,aa:)€ n(@(f A)ca(O(f; A)).
2) Case (al, 0y, 0t3) € ]I T(A,) This 1mp11es (o, a3, 0t3) € ]I P(A)C ]I n(A})

in virtue of IProposmon 1 2. Since o' is also a reasonable norm on
X’®X’®X§, we obtain in a similar way to (1)
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flew, o, a)€ P,(6(F ; AN)cx(6(F; AY),
where 6(-; A’), A'=(Aj], Aj, A;), is the continuous morphlsm of @(H a(A,))

J=1
T ~
into L(X’)®L(X’)®L(X-’). The restriction of 6(f; A consid'ered as an

operator on X’®X' ® X! to the dense subspace X'®X’ ®X; is given with
the relations a(Aj)—-a(A,) 7=1,2,3, by

6(f; A)(Z®x®x)
= e | AGGORG: A)2ORE; A
®R(Ls; Aj) xydC,dG,des, |

— e[ [ [ AGGORE: A d@RG; A 5
®R(Gs; As) x4dG,dE,dL;, '
where R(C;; A,)=(C,1,—A)" € LX), R(C;; A)=(,L—A) e LX), 1<;

<3, and for j=1, 2, 3, each contour I'; consists of a finite number of recti-
fiable, positively oriented Jordan curves lying in V,\¢(4,).
The densely defined bounded operator R({;; A,YQR({:; Az) QR(Ls; As)

/\,
in X]®X,® X} can be considered also as an operator in the Banach space

o~
(Xi®X,®X;)=(X,®X,®X;) with the same domain X{®X§®X§. The ad-
joint of the densely defined bounded operator R({;; A;))®R({;; A,)QR(Ls; As)

T T
in X; ®X,® X; is a bounded operator on (X; ®X,® X;) =(X;®X,®X;) which
is clearly an extension of the operator R({;; A,YQR({,; As) ®R(Es; As).
~ T

Thus we see that the adjoint operator 6(f; A) on (X;®X,®X;) of

6(F; A) is an extension of 8(F; A"). In virtue of and Propo-

sition 1.2 we obtain
flew, o, as)€n(6(F; A))
cz(6(F; A))
co(8(F; AY)=a(6(F; A)
(3) Case: (@, &, a)€n(A,) x T(A) X T(AL) of (@, @, @) € 7(A,) X

n(A,)x7(A,), where s= C‘ f f) is an arbitrary permutation. We shall see
1 92 93 . .
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that we have only to consider the latter case, to which the former case is
reduced. Without loss of generality, we may assume that s is the identity
permutation :

(a): (o, ay o) €m(Ay)xT(Ag) xT(A;) or
(b): (a1, @z as) € m(A;) x w(A,;) X T(Ay).

We need the following lemma due to Remmert-Stein on analytic sets
in a bounded domain of C" ([16] 2. Satz 7, p. 288).

LEMMA 2.5. Let GCC"n>1) be a bounded domain (open but not
necessarily connected) and M be an analytic set in G. Then if M is not
pure zero-dimensional, there exists a boundary point of G which is an
accumulation point of M. '

If g, -, ) is holomorphic in Gc €*(n>1), then the set M(g)=
{{=@, -+, L,)eG; ¢(Q)=0} is a principal analytic set; principal analytic sets
in C™ are pure (n—1)-dimensional, therefore not pure zero-dimensional.

End of Proof of [Theorem 2.4 We assume (a). Set fo({i, &2 &3)
=&, & &) —flay, an, as).  7(A,) and 7(A,) are bounded open subsets in €' and
the boundary of 7(A,) is contained in that of n(A,), since the boundary of

. 3
o(A,) is a subset of the boundary of z(A,). Since f, belongs to @C[La(Aﬁ),

the function ¢(&, &) = folay, &, &s) is holomorphic in an open neighbourhood
of 7(A,)x7(A;)CC? where the 7(A,), j=2, 3, are the closures of 7(A;) which
are compact subsets of o(A4,). Set M(g)={(C, {)€T(As)xT(As); 9(&e §3)=0}.
M(g) is a prinicipal analytic set of pure one-dimension in the bounded
domain 7(A4,;)x7(A;). In virtue of there exists a boundary point
(a}, @) of the domain 7(A,)x7(A4;) which is an accumulation point of M(g):
aen(A,) or ade n(A,).
By the continuity of g up to the boundary, we obtain

g (a3, a3) = fola, ag, a3) =0,
so that
f(al’ g, a3) =f(a1, aga ag) .

Thus, considering (a, ), al) instead of (a;, @, a;), we can reduce the case (a)
to the case that two of the numbers aj, a,, a; belong to the approximate
point spectra of the corresponding operators.

Thus, we have now only to consider the case (b). For the pair (a;, a»)
and the approximate point spectra of the adjoints of the corresponding
operators, we shall make an argumeiit similar to before.
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If (@, a)en(A) x (49, then (@, o, a)e I 7(A}) by Proposition L2 In
this case the required assertion follows frorjn (2). , :
Otherwise, we have (a’): (ay, ay)€7(A])) x T(A3) or (b’): (@, &) € w(Al) x
7(Az) or (¢): (e, a)€7(Al)xn(A;). We show the case (a’) is reduced to
the case (b') or (c).
Assume (a;, a;)€7(A]) X T(A)), i.e.

(ar, @z, ;) € w(Ay) x w(Az) x T(A)NT(AD X T(AD) X C.

Set g(£y, &) =f(&, & as)—flay, @y, ;). Then g(m, a;)=0. 7(A]) and 7(A;) are
bounded open subsets of € and the boundary of 7(A}) is contained in that
of n(A}). ¢(, &) is holomorphic in a neighbourhood of 7(A})x7(A)cCC?
The set M(g)={(C,, L)€ T(A}) x7(As); 9(L, &)=0} is a principal analytic set
of pure one-dimension in the bounded domain 7(A!)x7(A;). In virtue of
Lemma 2.5, there exist a boundary point (), af) of the domain 7(A!) x7(A3)

and a sequence (@, a3”)>, in M(g) converging to (a) a): al€=x(A}) or
o€ t(A;). By the continuity of g, we have

g(atl), ag) = g(ag‘O, ag”)) =0 > V= 1’ 2, Y
so that under this procedure the value of f is invariant :

flad, &, ag) = flot?, &y 03)  (v=1,2, )
=f (ab Qay, as) . _

Since (af”, &f”)e7(A}) x 7(A) Cn(A) x n(4,), v=1,2, -+, in virtue of
IProposition 1.2 and the approximate point spectrum is closed in €, we
have, by tending v—o0, (af, al) € (A4, x 7(A,).

Thus, considering (a}, @), a;) instead of (a;, a;, a3), we can reduce the case
(a’) to either the case (b') or (c¢/).

We may consider now the case (b’); (¢/) will be treated similarly.
Thus, the remaining case to treat turns altogether

(a1, @, as) € (A1) X w(A) xT(A) N (AN xT(A)) % C.

Set g(&,, ) =f (e, & Ca)_f (a1, az, as). 7(A;z) and 7(A,) are bounded open in C.
Set M(g)={({, L)er (A xT(As); g(&, &) =0}. Making a similar argument
and using we find a boundary point (a), @3) of the bounded

domain 7(Aj;)x7(A;) which is the limit of a sequence in M(g). It follows
as before that '

€ n(A,) and a3€ n(A3)
and that , o _
. aden(A)) or aSern(A,).



Operational calculus for tensor products of linear operators in Banach spaces 319

By the continuity of g up to the boundary we have fla,, a3, a3)=flay, az, as).
If ajen(Aj), then (ay, a3, ad) € ]31 n(Aj}) in virtue of Proposition 1.2, The
assertion follows from (2). -
If a3en(As), then (o, a, ad)€ I3[ n(A;). The assertion follows from (1).
" Q.E.D.
REMARK 2.6. From the proof of [Theorem 2.4 we see

g L(x,éf:@xn) <@(f ; A)) = GL(X1)®/§®L(X,,) (9(f > A)) .

:f<0(A1)7 R U(An)> .
By the aid of [Proposition 1.2 we have

- CorOLLARY 2.7. Under the same assumptions as in Theorem 2.4 we
have

f(=(A, -+, 2(A,)cx(6(F; A)),

f(P.(A), -+, P(A)CP(6(F; 4)),

AT (A, -, T(A)) = F(PAL, -+, P.(A3))
CP,(6(F; A7)
CP.(8(F; AY)

=TI(8(F; A)).

If f=C-C- - -L,, the fact that the spectrum does not change under the
continuous extension yields ([9], cf. [2])

COROLLARY 2.8. Let a be a uniform reasonable norm on X,®---®X,.
For j=1,2,---,n, let A, be a densely defined bounded linear operator in X;.
Then we have

o(A)-0(A) - a(A) = 0(AR ®A,) = 0(4, B~ BA,),

_A
where A\ Q- Q A, is considered as an operator in X, ®-.;-QX, and
/\ ] . . ’/‘\
A®-;-®A, its continuous extension to X,®-;-®X,.

REMARK 2.9. In [Theorem 2 4, in particular, if f is a polynomial, it
may be considered as an extension of Stéphanos’ results for A; being matrices
(see VII Th. 43. 8). Brown and Pearcy proved: [Corollary 2.8 for
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bounded operators defined on the same Hilbert space. Schechter proved
[heorem 2.4 for polynomials.

2.3. The spectral mapping theorem for tensor products of Banach algebras

On the basis of Remark 2.6, it is expected to show the validity of the
spectral mapping theorem not only for the tensor product of operator
algebras but also for the tensor product of general Banach algebras.

For a complex Banach algebra B with unit element e and a€®B, we
consider the left regular representation A corresponding to a of B into the
Banach algebra L(®B) of the continuous linear operators on B considered as

a Banach space (cf. [15], [12]).

Then we have
LEmMma 2.10. og(a) = o (A) ([12]).

THEOREM 2.11. Under the same assumptions and notations as in
Theorem 2.1, we have for f € @(ﬁ a(@))
F=1

03,68, (0(F; @) = fo(a), -+, o(an).
Proof. Clear from Lemma 2.10 and [Theorem 2.4,

3. Operational calculus for tensor products
of closed operators

3.1. The spectral mapping theorem for tensor products of closed operators

We extend our previous results in §2.2 and develop an operational
calculus for tensor products of closed operators in an analogous way to that
by Taylor ([20], [3], [8). |

For j=1,2,---,n, let X; be a complex Banach space and A,: D[A}]
cX,—X, be a closed linear operator with domain D[A4,] in X, with non-
empty resolvent set 0(A,). Set A=(A4,, ---, A,).

6,(-; A,) denotes the continuous morphism of the algebra ©(s.(4;))
into the Banach algebra L(X;) which was investigated by Dunford and
Taylor : if £(¢,) is a holomorphic function in an open neighbourhood U; of
the extended spectrum ¢.(4,) in €* and £ is the germ of f in &(a.(A,)),
we have

6,(75 4= Al = floo) L+ (2| AIL) R(Css A) s,
where the contour I'; consists of a finite number of rectifiable, positively ori-
ented Jordan curves lying in U,\6.(4,). We assume f{c0)=0, if ¢,(4,;)=0a(A)).
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THEOREM 3.1. Let a be a uniform reasonable norm on X,®--®X,.
Given a closed linear operator A, in X, with non-empty resolvent set P(Aj),
Sfor j=1,2, .-, n, there exists a unique continuous morphism 6(-; A) of

@<,ﬁ ae(Aj)> into the Banach algebra L(Xl)@)/-&--\@L(X,,) which transforms
=1 .

the germ of the function 1 to I,®---®1, and the germ of the function
(&, -+ )= (B3 — L))" for some fixed (B, -, .Bn)ejf:IlP(Aj) to L® - ®,®

R(‘Bj; Aj)®Ij+l®"'®In fOT j=1, 27 /(2
In virtue of [Proposition 1.3 we see that ©(-; A) is the continuous
extension of 6,(-; A)®:--®6,(-; A,) to the space

&([10.(4)) = 6(0.(4) 8B O (a(4).

Now we state the spectral mapping theorem for tensor products of
closed operators. Its proof will be reduced to Theorem 2.4 just as the
operational calculus for closed operators was reduced to that for bounded
operators, by the device of considering the resolvent of the resolvent of
A, for a fixed value of the parameter in the latter resolvent.

THEOREM 3.2. Under the same assumptions and notations as in The-
orem 3.1 we have for f e @(fl oe(A,)>
j=1
0ax &0, (O(F 5 A)) = 0200, wr0x,y (6(F; A))

= flo.(A), -+, 0.(AL).

ReMARK 3.3. It will be shown that [Corollary 2.7 is also valid under
the same assumption as in [Theorem 3.2

3.2. Polynomial operators and their closability

There are in @(fl ae(A,)> no germs of polynomials P({,,---,{,) of degree
i=1

>1 in some {j, if ¢,(A;) contains oo, or if A& L(X,). For a comprehensive

operational calculus, it is important to include a theory of polynomials.
For j=1,2,...,n, let X; be a complex Banach space and A,: D[A,]

CX,;—X; be a closable linear operator with resolvent set #(A;). Let

P(Cl, B Cn)': ;akaEk Zlc ak.,'--,kan"Cf" et ﬁn )
akEC, k=(k19 Y kn)’ C=(C1, T Cn):

be a polynomial of degrees m, in {, m, in &, ---,m, in {,. For P, we



322 : T. Ichinose

define a polynormial operator P(A;®---®1L,, -+, [®--®A,) in X; ®/.,\®Xn
(with a reasonable norm ) with domain D[A]QD[A7]|®---Q@D[A?"] as

P(A1®'“®Im T Il®“'®An)
= 3 s ALDA®- @A,

By a property of algebraic tensor products (e. g. Lemma 4.20), it is
verified that this domain coincides with N (D[A¥]QD[A%] ®---QD[A%A)).
k

ar+0

We denote by O(P; A) a maximal extension of P(A,® - QIL, -

—
L®--®A,) in X;®-;-®X,. If the closures of the A’ coincide with (A ,)
1<y;,<my, 1<j<n, O(P; A) is also a maximal extensmn O(P; A) of
PA® Q®L, -, Q- ®A,), where A, denotes the closure of A, for
j= 1’ 2’ c,

Let f=(B, B¢ [ P(4) and (@)= IL(&—B)™. T 6(pi'; 4)

=(A—pL"Q-; ®(A —B,.1,)"» is a maximal extension of (A,—B, )™ ®
Q(A,—B,.1,)"» in Xl® -®X,, it has a bounded inverse and its domain
D[6(p;'; A)] is independent of the choice of 8¢ II P(A,). In particular, if

(A, =B L"® - Q(A,—B,L)™ is closable in Xl®-;-®Xn, the domain of its
closure coincides with the range of the continuous exten/iion 6(@s; A) of
(A—B L) ™® - ®(A,—B.1,) ™ to the entire space Xl®-;~®Xn.

In general, the domain of 6(¢;'; A) is contained in the domain of
6(P; A).

We show that the closability of operators is one of the properties of
permanence for tensor products equipped with a faithful reasonable norm

(cf. [9]).

THEOREM 3.4. Let a be a faithful reasonable norm on X,®---Q®X,.
If for j=1,2,---,n, A; is a closable linear operator in X; with non-empty

T —
resolvent set P(A;), so is P(A,Q - QL, -+, 1Q--QA,) closable in X,®-;-RX,.
In particular, if all A; are closed, so is P(A1® ®L, -, [[Q-RA,) closable
in X, ®/\®X '

Proof. If for j=1,2,---,n, A, is the closure of A4, P(A,® --®IL, ---,
I[®---®QA,) is an extension of P(A,®-QL, -, ®---®A4A,). So we may
assume all A; closed. We shall give two proofs of [Theorem 3.4, one of

which is-made with the additional condition that « is uniform.
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(1) Recall that, X and Y being Banach spaces, a densely defined linear
transformation of D[T]CY into X is closable iff D[7"] is total over X,

or equivalently, iff D[7"] is dense in X’ with respect to the weak topology
defined by the dual pair (X', X). The space X’ equipped with this weak
topology is denoted by X!.

Set Y;=D[A,], j=1,2,---,n. Y, are Banach spaces. Let ¥,® - ®Y,

T
be the closure of ¥,®--®Y, in X;®-:-® X,, which is a Banach space.
In virtue of the Hahn-Banach theorem, we see that for j=1,2, ---,n and
v=1,2,---, Ajis a densely defined closed linear transformation of D[Aj]CY
into X. The domian D[(A})] is dense in (X}),.
. T~ T

Since the natural linear mapping j* of X,®-:-®X,, into Xi®:-QX, is
one-to-one by the faithfulness of a and every element of Xi®:-®X, is
considered to be a separately continuous multilinear form on (X?), x }-\X(X:,),,
the domain of the operator P(AI®---QL, ---, [®--®A,) in (Xi®-:-®X.Y,

T
ie. D[(A)™]®:--QD[(AL)"], is total over X;®-:-®X,. PAR---RIL, -+
I ®---®A,) with domain D[A]® - ® D[A?s] is densely defined in
Y®-,®Y,, and so the adjoint P(A;® - ®1, ---) in (X;®-:-®X,) is well-
defined and an extension of P(A;®---QI,, ---). It follows that the domain
—

of PA® @1, ) is total over Xi®-.®X,. Thus P4, ® - QL, -,

T /~\
I®--®A,) is closable in Y,®:;-®Y,, therefore in X;®-.-®X,.
(2) We give now another proof of [Theorem 3.4 when « is a uniform

faithful reasonable norm.

For (B, -+, B.)€ i{lp(A,) rewrite

P(A1®"'®Im Tt Il®®An) = Z bkl,m,lcn(Al—ﬁlll)kl®"'®(An_ﬁnln)kn.'
Let quD[A;ml]®'"®D[A;nn], uu—_)O and P(A1®"'®In, RS Il®”'®An) u,—>‘b

in the norm a as v—>oc0. We shall show v=0. Applying the continuous
operator 6(@;; A), gp,(C):}IZII(Cj— B;)"™4, which is the continuous extension
of (A= L) ™® - ®(A,—B.1,) ™ to the entire space Xlé)‘/,-,-\@Xn, we have
by continuity
6(@s; A)v |

=685t A6yt Ay -0(G AP =0, Cp=0,—6,,
where 9((’:';‘;1; A), -+-, are the continuous extensions of (A4, —pL)'RLR ---
&1, ---, to the entire space leXn. . S
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If a=¢, the operators G(ij:;l; A) are one-to-one. Moreover, if « is faith-
ful, they are also one-to-one (see [9]. Thus v =0, which implies the
closability of P(A;®---®L,, .-, I®--QA,).

Q.E.D.

When P(A,® - QL, -, LR - ®A,) is closable in X;®-.-®X,, 6(P; A)
is nothing but the closure of P(A,®:--®1,, ---). Its domain D[O(P; A)] is
the completion of D[A™]®---®D[A7~] with respect to the graph norm of
PAR-®L, ).

3.3. The spectral mapping theorem for polynomial operators

We shall determine how the spectra of a polynomial operator P(A,®
o ®I, -, [®--®A,) and of its maximal extension (P; A) are related to
the spectra of the A, -, A,.

Given 7n subsets G; of C, 1<j<n, we can define the set P(G,, -+, G,)
in an obvious way if P({,, ---, {,) is a polynomial independent of those vari-
ables {, for which the G, are empty, and otherwise we set P(G,, -, G,)=4.

On the other hand, given n non-empty subsets G, of C*, 1<j<n, we
define P(G,, -+, G,)=P(G\{c0}, -+, G,\{o0}) if P(C, -, L) is independent of
those variables {; for which the G, contain oo, and otherwise we set

We show first that the set P(a(A,), -+, 6(A,.)) is contained in the spectrum
of P(A,®--+®LI,, --+). They do not coincide in general without any additional
conditions on polynomials P(cf. [9]).

We need

LemMA 3.5. Let T: D[T)CX— X be a closed linear operator in a
Banach space X with non-empty resolvent set P(T). If 2€x(T), and m is
a positive integer, there exists a sequence {x,};7.,C D[T™] with |z|=1 such
that the sequence {S(T)zx,)} is bounded for any polynomial S({) of degree
<m and such that Q(T)(T—il)x, converges to zero as v—>oo for all
polynomials Q(C) of degree <m—1.

Proof. By assumption there exists a sequence {y,};x,CDI[T], |v.][=1,
v=12 - such that (T'—al)y, converges to zero. For pep(T) fixed,
(T—pl)'e L(X). Then |(T—pl) ™ Vy,| is bounded away from zero. Set

z, = |(T—pl) Py | (T—pl) ™y, v=12--.
The sequence {z,} is a required one.

THEOREM 3.6. For j=1,2,---,n, let A;: D[A;JCX,—~X; be a densely
defined closed linear operator in a complex Banach space X, with non-empty
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resolvent set P(A;). Let a be a reasonable norm on X;Q---Q®X,. s
If P, -+, &) is a polynomial of degrees m, in &, ---,m, in {,, then
we have for the spectra of the operator P(A,Q---QI,, -, [[Q---QA,) and

/\
its maximal extension O(P; A) in X,Q-,-®X,
P<0(A1)7 ) U(An)>C0<P(A1®'”®Im Tt Il®"®An)>
= a(6(P; A)),

provided that none of the ¢(A)), ---, a(A,) are empty.

Proof. The fact that the spectrum does not change under maximal
extensions yields the last equality.
We may assume P((,, -+, {,)# constant.

Let (ay, -+, a,) € ﬁ o(A,). Then there exist polynomials P,;({,, -+, {.) of
i=1
degrees<m; in {;, i+j and <m;—1 in {, 1<j<n, such that

P(Cl’ T Cn)—P(ab *tY an)
= (Cl_a) Pl(Cb HEY C'n)+ T +(C'n_an) an((l, Y Cn) ’

to which corresponds by definition the operator
P(Al®®1m Sty Il@'“®An)_P(ab e a’n) (Il®'”®ln)
=P(A®QL, -, [[®QA,) {(A1~a111)®~~®1n}+---

o+ P(A® @, -+, [[®QA,) (LQ- ®(A,—a, L)}

Our proof will proceed in an analogous way to that of [Theorem 2.4
by the aid of [Proposition 1.2 The proof is divided into three cases. For
simplicity we assume n=3 again.

3
(1) Case: (aj, ay, as)€ Il 7(A,). In virtue of Lemma 3.5, there exists
=1

sequences of unit vectors {z{}2,CD[A74], 1<j<3, such that for each j
1Q,(A)(A;—a,1,) 9| -0 as v—co, for all polynomials Q,({;) of degree
<m,—1, and |S;(A,) 2’| is bounded for any polynomial S;({;) of degree
<m;y.

By the reasonableness of @, we obtain

[’ @z @i« = llat”|| - ]| - |7 =1, »=1,2, -,

and

{P(A1®Iz®13’ L®ARL, LQL,®As)—Pla, o, ;) (11®Iz®13)} (xi”’®x§')®x§”)_)
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converges to zero in the norm a as v— oo, since P,;({;, {,, C;) is of degree
<m; in {, i#j, and <m,;—1 in {,. It follows that

Pla, a, )€ 7( P(A®LRL, LO AL, LQLOA)
C0'<P(A1®Iz®[3, L,®ARL, I1®12®A3)) .

(2) Case: (ay, a, as)€ ]§I 7(A;). This implies (ay, s, a;)€ f[ P,(A)c
Jj=1 F=1

3
1T =(A}) by Proposition 1.2. The dual norm a’ is reasonable on X{®X;&®X;,
i=1

so we obtain in a similar way to (1)

Pley, s, a0) € P.(PLAI®LRT, LR AR, ERLOAY)

cr(PAIQLRL, EQ AR, IR LR Aj)
If the A; are densely defined closed in X, with non-empty resolvent sets,
then the D[A7%4] are also dense in X;, 1<j<3, so that D[A™]®---Q@ D[A7"]
is dense in X, ® X,®X;. Then the adjoint of AA®L®L,L;® A,QL, LOL® Ay)

is well-defined in (X, ®/25®X3)', which is an extension of P(A{QLQL, ---),

if the latter is considered as an operator in (XIQ/)/)E®X3)’ with domain
D[(A)™)® D[(A)™] ® D[(A})™]. In virtue of and Proposition
1.2, we obtain
Play, a, a)€ 7 (P(A,QLRL, LQARL, LOLRA,))
Co(P(ARLRIL, LQARL, LOLRA;))

=o(PARLYL, [®ARL, LQLRA;).

(8) Case: (as, as, as)€n(A,) x T(A,) xT(A,) or (as, a., a,)€n(A,) %

7(A,)xT(4,), where s= C .

We shall be able to treat this case just in the same way as in the
proof (3) of [Theorem 2.4, making use of the following lemma instead of

LEmMA 3.7. Let Gy, G,CC be open sets and suppose the boundary 0G,
X .

) is an arbitrary permutation.

or 0G, has an infinite number of points. Let P((,, ;) be a polynomial in
Ly, & and Play, ay)=0 for some (ay, a,)€ G, x G,. Then there exist a boundary
point (o}, a3) of G, x G,CC? and a continuous contour (a,(t), a,(t)), 0<t<1,
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such that (a,(£), ,(2))€ G, x G, for 0<t<1, ;(0)=a, 0,(0)=a;; a,(1) = o,
a;(1)=a), and such that Pla(t), a,(t))=0 for 0<e<1.

Proof. Suppose 9G, has an infinite number of points. Without loss
of generality, we may assume G, and G, connected. Let p=7(¢) be a root
of P&, 7)=0 with the property 7(a;))=a,. Since 7(¢) is defined for all £ and
has only a finite number of poles in €, that subset G] of G, which excludes
all these poles is an open connected set with non-empty boundary and
(a1, a2) € (GiNGy)x G,. There exists a boundary point af of G] which is
also a boundary point of G,, but which is no pole of »=%(¢), and a con-
tinuous contour a;(¢), 0<¢<1, such that a()€ G, 0<t< 1, and a;(0)=ay,
a;(1)=a3. Set a,(£)=n(ay(¢)). Then a,(¢) is obviously continuous for 0<#<1.
We have by continuity P (2), ay(2)) = Play(2), (e (£)))=0, 0<z<1. There
exists 0<% <1 such that (a;(¢), &,(2))€ G, x G, for 0<t<#, and such that
(ay (%), ay(2,)) is a boundary point of G; x G,. We have only to make a suitable
transformation of the parameter z.

Q.E.D.

End of Proof of [[heorem 3.6. We shall give only the proof of reducing
the case (ay, ay, as)€ w(A,) xT(A,) xT(A,) to the case (ay, ay, a;) € m(A;) X w(A,)
X T(A;) or (ay, ay, as)€m(A) X T(A;) xw(As). 7(A,) and 7(A;) are open subsets
of C, the boundary of 7(A,) is contained in that of z(A,) and the polynomial

Q(Cz, Cs) =P (011, G2 C3)_P (ab ay, as)

in {,, {; satisfies the condition of So there exist a boundary
point (a3, a3) of 7(A,)X7(A;) such that Q(a, al)=0 and such that aj€ 7 (A4,)
or a3€n(A;). Thus, considering (a;, a), o)) instead of (ay, @, ;) yields the
desired reduction.

We omit the remaining proof which will proceed just in the same way

as in the proof (3) of [Theorem 2.4, by the aid of like above.

Since the approximate point spectrum and compression spectrum do

not change under maximal extensions, we have from the proof of
3.6 and [Proposition 1.2

CoROLLARY 3.8. Under the same assumptions as in Theorem 3.6, the
Sfollowing relations hold

P(P.(A), -+, P{A,))CP(PAR-®L, -+, L@ ®A,))

| cP,(6(P; A));

P(z(4y), -+, n(A,))Cr(PA®®L, -, L®+®A,)) =z(0(P; A));
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P(I'(A)), -+, T(A,)) = P(P.(A)), -, PA}))

N

P(PAI®®L, -+, [[®®AL)
P(PA® - ®I, ---,L@---@An)')
=I'(PA®®L, - h®®A,)
=I(6(P; A)).

N

REMARK 3.9. Since the spectrum and the approximate point spectrum

are closed, we see further from [Theorem 3.6/ and [Corollary 3.8 that the
closure of the set P(s(A,), -+, 6(4A,)) is contained in ¢(P(A,®---®1I,, ---) and
the closure of the set P(z(A,), ---, n(4,)) in 7(P(A,® - QL,, ).

The following Lemma and Corollary are concerned with the existence
of inverse operators. We assume a is a uniform reasonable norm on

Xi®-®X,.
LEmMA 3.10. For j=1,2,:-,n, let A;: D[A;J]cX;— X, be a closed
linear operator with non-empty resolvent set P(A;). Let f E@(II oe(Aj)>
Jj=1

and F=p;*-f. oi€)=TL(C,—B)™™ for a fized §=(By -+ B)e I p(4). If
F and F' belong to @(II ae(Aj)), then each maximal extension 6(p;'; A)

T
of (A,—pB L) ®- ®(A —B.L,)™ in X1® -® X,, determines a maximal oper-

ator F, D[F]CX1® RX,—~ X ®X with domain D[ F}=D[6(¢;'; A)]
and dense range R[F'] such that

6(F; A-Fu=u, wueD[F].

Proof. The continuous extension @ (%; A) of (A4,—FL)™® &

RA,—B,.1,) ™ to X1®/-?-®X,, may not in general be invertible (cf. Proof
(2) of [Theorem 3.4). However, by the properties of maximal extensions, we
have, if O(p;'; A) is a maximal extension of (A,—f L) @ - Q(A,—B.1,)""

T
in Xl ®';'® Xna

(@5 A)-6(p;'s A)u=u, ueD[6(g;"; )]
6(¢s's A)-6@; Ajv=v, veR[6(g"; A)

Here we note that all the maximal extensions O(g;'; A) have the same
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domain D[O(¢;'; A)] which is independent of ,BEijP(Aj), but they may
=1

have in general different ranges R[O(p;!; A)].
In virtue of [Theorem 3.1, we obtain

OF; A)-60(F1; A)=60(F1; A)-0F; A)=T

and
O(F; A)=6(F:; A)-6(F; A)=6(F; A)-6(G; A),
T
where all the elements are considered as ones of the algebra L(X,)®-:-® L(X,,).
Set .F-—*@(f: '; A)-6(p;'; A). Then F is maximal, since O(gp;!; A) is

maximal and @(IF: '; A) is an automorphism of Xl®-;-®Xn. The range
R[F] of F is dense, since R[O(p;'; A)] is dense.
It is clear that for ue D[F]=D[B(¢;'; A)]

6(F; A)- Fu=[6(F; A)-60(F; A)]-0(p5'; A)u
=675 A)-6lp;'; Au
=u. Q.E.D.

CoRrROLLARY 3.11. Let A; be as in Lemma 3.10. Suppose P(() is
a polynomial of degrees m; in {; 1<j<n, such that P()™ exists and is

holomorphic in an open neighbourhood of fI o.(A;) in C**, Then every
j=1

T
maximal extension 6O(P; A) of P(A,Q---®L, -, [R--®A,) in X;Q-;:®X,
has the same domain with any maximal extension 0(p;'; A) of (A,—BL)™®

T
@A, —B. L) in X\®-.-Q X, and admits a densely defined bounded
inverse.
Proof. Among maximal extensions of (A;—p, )" ® - R(A,—B,L,)™ in

T

X,®-:-®X,, we take an arbitrary one and denote it by Ops'; A).
Since P({)™' satisfies the condition of f in Lemma 3.10, F=6(F'; A)
N —

-O(p;'; A) where F=¢;'- P! is a maximal operator in X® ---®X,, with dense
range R[F] which has a densely defined bounded inverse @(P'; A)|R[F].
Since we have with P({)=73] b,({—B),

PA® R, -, [[®---RA,)
= {Z bk(Al_:Blllf(m*_"t)@--'®(An—ﬁnln)"(mn“"n)}

{A=8 L@ (A, — . L)},
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F is an extension of P(A;®--®I, --+). By the maximality, it follows that

F is a maximal extension of P(A4,®--®I, ) in chg,,-\@X,,, which we
denote by @(P; A). Thus O(P; A) has a densely defined bounded inverse
Q(ﬁ: 1. A)|R[F]. By the properties of maximal extensions this is true for
another maximal extension @(P; A) of P(A,®:--QL,, ).

Q.E.D.

We shall state the spectral mapping theorem for polynomial operators
continuous at the product of the extended spectra.
DEFINITION 3.12. Given 7 non-empty compact subsets K; of C%,

1<j<n;, a polynomial P({) is said to be continuous at 11 K; (as a mapping
J=1.

of C*" into C*), if for any open neighbourhood V in C* of the closure of
P(K,, ---, K,) there exist open neighbourhoods U; is C* of K, 1<j<n,
such that P(U, ---, U,) is contained in V.

It is seen that P({) is continuous at [I K; iff P({) is continuous at
i=1

every point { of f[ K;. Consequently, P(K,, ---, K,) is compact in C* or
=1 ‘ :
P(K,, -, K,)\{o0} is closed in C.

THEOREM 3.13. Forj=1,2,---,n, let A;: D[A;]CX;—X; be a densely
defined closed linear operator in a complex Banach space X; with non-empty
resolvent set P(A,). Let a be a uniform reasonable norm on X,Q --®X,.

If P(£) is a polynomial continuous at ﬁ 0.(A;) (as a mapping of C*" into
F=1
C*), then we have for the spectra of P(A,®--®1L,, -, [®--®A,) and of

its mazimal extension O(P; A) in X,® - @X,
P<0(A1), ,,(An)> = o(P(A1®---®In, Tl®---®An)>
=(6(P; 4)),
provided none of the a(A,) are empty. The emptiness of at least one of the

o(A;) is equivalent to the emptiness of ¢(P(A,®--Q1,, :-+)) and of ¢(0(P; A)).

Proof. If all A, are bounded, [Theorem 3.13 follows from
2.4. By [Theorem 3.6, we have only to show the other inclusion, assuming
P({) is not identically constant and P(¢(4,), ---, (4,))*C.

Suppose 1& P(a(A,), -+, a(A,)). Set P,({)=P()—A Then the continuity

of P({) at InI o.(A,) implies that P,({)™* is holomorphic in an open neigh-
i=1

bourhood of fI o.(A,) in C*", so that P;({) satisfies the condition of P in Co-
i=1
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rollary 3.11. It follows that O(P,; A)=0(P; A)—aAI admits a densely defined
S~ T~
bounded inverse O(P;Y)|R[O(P;; A)] in X|®:r®X,. Thus 1& ¢(6(P; A).
Q.E.D.

REMARK 3.14. Since the spectrum, approximate point spectrum and
compression spectrum do not change under maximal extensions,
3.6, Corollary 3.8 and [Theorem 3.13 are valid for densely defined closable
linear operators A, in X, 1<j<n, if the closures of A% coincide with (A4,)
for j=1,2, -, n and v=1,2, -, so that any maximal extension of

T
PA®-®L, -, [®-®A,) in X;®-.-® X, is at the same time a maximal

extension of P(A,® - ®1, -, ,®--®A4,) in Xi® . ®X,.
Finally we note that all the considerations would be simpler in virtue

of [Theorem 3.4 if the norm « is in addition faithful.

3.4. The tensor product AQB

Theorem 3.13 with Remark 3.14 and [Corollary 2.8 give now a precise
knowledge of the spectrum ¢(A® B) for the tensor product A® B of
densely defined closable operators A and B, if we take the polynomial

P, 35)=4-C; (cf. )

THEOREM 3.15. Let X and Y be complex Banach spaces and a be
a uniform reasonable norm on XQY. Let A(resp. B) be a densely defined
closable linear operator in X(resp. Y) with spectrum a(A) (resp. ¢(B)) and
extended spectrum o.(A) (resp. o.(B)). Denote by AQB the tensor product
of A and B and by AR B its maximal extension in XRQY.

Then among the following four assertions :

(1) 1t is not the case that one of the extended spectra o.(A) and o.(B)
contains 0 and the other contains oo ;

(1) o.(A)e.(B)={aB; (& B)€d.(A) x 0.(B)} is a well-defined (closed)
subset of the extended complex plane C*, where a-f is defined except
a=0, =00 or a=o0, f=0;

(1" (i) A and B are bounded in X, Y, respectively, so that o,(A)=
o(A) and 0. B)=a(B) are compact in C

(1) A and B have densely defined bounded inverses, so that
0€p(A) and 0€p(B);

(iii) One of A and B is bounded and has a densely defined
bounded inverse, while the other is arbitrary ;

(2) o(A)o(B)=0(A®B)=0(A&B), if none of a(A) and o(B) are empty,
while 6s(AQB)=0(AQ®B)=¢ is equivalent to ¢(A)=¢ or o¢(B)=¢;
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we have the implication (1)=(1Y=(1)"=>(2) and if (1) is not satisfied, (2) is
not al;vays true ([9]); it may be true, for instance, note that the spectrum
of the tensor product AQB of the zero operator A=O0 and an arbitrary
operator B is {0}.

4. An application

We consider the characteristic initial value problem for the partial
differential equation

Llu]= X Cn(%)j(%)kuix, y)=flz, v),

05 jsm
0<k<n

with constant coefficients ¢,z C.,#0, under the initial condition

u(0,y) = 583; u(0, y) == (5@5)”,_1“(0’ y)=0,
ulm,0) = o ulz, 0= =] u(z, 0)=0,

in the square Ix1, I=[0, 1]CR.
We denote the operator L with this initial condition also by the same L:
Denote by R one of the following function spaces on Ix1I:
C(Ix I)=DBanach space of the continuous functions on Ix17;
B(Ix I)=Banach space of the functions continuous on Ix I, analytic in
the interior of Ix1I;

L*(Ix I)=Hilbert space of the square integrable functions on Ix 1.
For each R, let

o (%)m_lu(o; 1)=0, u(z,0)=5ulz 0)=" =(—§y—)u(x 0)=o} .

THEOREM 4.1. L' exists and is a continuous operator of R onto D.

Proof. Denote by t one of the function spaces on I:

'C(I)=Banach space of the continuous functions on I;

B(I)=Banach space of the functions continuous on I, analytic in the
interior of I; '

L*(I)=Hilbert space of the square integrable functions on I.

‘Then we have .

ClIxD)=C(I)&.C(), BIxI)=B(I)&,B(I), and L*IxI)=L*I)&® L*I),

where all norms are faithful.
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"For- each r, let

v={o: plher, olier, p(0)=0}.

Consider the ordinary differential operators A=";—x,_ B= diy in't with

domains D[A] = D[B]=0b.

A and B are densely defined closed operators

in t with these domains, and, their spectra ¢(A) and ¢(B) are empty.

We can verify that the operator L : DCR—-R coincides with the closure

of the operator ), ¢, A7®B* in R. Then, in virtue of [Theorem 313, the
J.k

spectrum of L is empty, which yields the assertion.
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