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0. Introduction.

In this paper we shall construct parametrices and prove solvability
and hypoellipticity for some classes of pseudo-differential operators whose
characteristic set is a closed manifold of codimension 2 in the cotangent
space.

We shall consider a pseudo-differential operator L(x, D) with double
characteristics ;

L(z, D)= (P-Q)(x, D)+ R(x, D),

where P, Q and R are pseudo-differential operators whose principal part
are essentially transformed into the pseudo-differential operator of the
following type (M) D,—izxt a(x, D)) (with a(x, §)#0) by a canonical
transformation.

Theory of the local solvability of pseudo-differential operators with
simple characteristics was extensively studied in and [14]. The de-
scription of their condition was based on the classical Hamilton-Jacobi
theory of characteristics and bicharacteristics. However, the case of mul-
tiple characteristics is much more complicated. The good example of
pseudo-differential operators with double characteristics are pseudo-differen-
tial operators whose principal symbols are written by the product of those
of the type (M).

Investigation of the operator whose principal part is the product of
abstract first order evolutional equations was first made in Treves [18]
when k=1. Furthermore, for general odd integer %, Gilioli-Treves
obtained the necessary and sufficient conditions of local solvability for the
differential operator R? whose principal part is the product of the differen-
tial operators of the type (M) with a(x,D')=aD’. However, when the
base space is a manifold, their conditions was not intristic for coordinate
systems and in particular, it is not clear how to microlocalize the pseudo-
differential operator in their argument. As a matter of fact, in the special
case when 2=1 and the base space is more general manifold, Boutet de
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Monvel-Treves [2], [3], Boutet de Monvel and Sjostrand showed
the condition for denoting the principal symbol by the desired form and
got the fairly intristic condition for existence of parametrices. In order to
transform the principal symbol into the product of pseudo-differential op-
erators of the type (M) essentially, they imposed the condition for L; the
principal symbol is equivalent to the square of the distance function to
the characteristic set of L. But, their condition and the widing number
of L, which they used, are not useful when % is a general integer.

Our approch is different. We seek the necessary and sufficient condi-
tion in order to transform the many pseudo-differential operators into those
of type (M) by only one canonical transformation at the same time. In
this argument our main tools will be the Hamilton-Jacobi theory. For
sake of construction of parametrices of L we use the vector valued pseudo-
differential operators ([11], [15], [17]), in particular Sjéstrand method 1is
also useful for us. The simplest example of L was studied by and
their condition of local solvability inspired us.

A forthcoming paper [19], we show that the condition of Theorem 1.2

is necessary and sufficient condition for existence of parametrices.

1. Formulation of problem and results.

Let X be a paracompact C* manifold of dimension # and let 7*(X)\0
be the contangential space minus the zero section. Let P(x, D) be a prop-
erly supported classical pseudo-differential operator on X, which in every
local coordinate system UcCX has a symbol of the form

vy P O~ Epes(5,8),

where p,,_; are an element of C~(R”x(R"\{0})) and positively homogeneous
of degree m—j. Then p,,(x, £)is independent of a local coordinate system U.
Therefore we denote the principal symbol of P by p,, (x, §)eC* (T*(X)\0)
with same notation. We denote by S7(X) the space of symbols with asymp-
totic expansion (1.1). L?(X) is the space of pseudo-differential operators

defined by the symbols of S7(X).
The characteristic set of P is written by 2 ;
2 ={x8€eT*(X\0; pn(z,£)=0}.

For arbitrary C*(T*(X)\0) functions f and g we write the Poisson
bracket for f and ¢ by
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omo=5(L 2L 2)q,

We also denote the Hamilton field of fby

| of o o
H Z( afj axj axj afj )'

Let ¢'(x, &) -and ¢*(x, &) be the real and imaginary part of p,(z, &)
respectively. - For each sequence I=(:;, -+, 7,), where ;=1 or 2, we then
define the function ’

Gz, &)= {g" (o g ¢} Nz ).

Let |I| be the length of I; |I|=s. For (x,8)€); we put l(x, &)=|I| if
Ci(xz, &=0 for [I|<|L| and C; (x, &)+0.
Using these notations, we shall introduce the followmg class of pseudo-
differential operators.

DerFINITION 1.1. Let 3 be a connected closed conic submanifold of
T*(X)\0 and codim 3, =2. Then we denote the class of properly supported
classical pseudo-differential operators which satisfy the following three con-
ditions by M™*(}, X)

i) P(x, D) belongs to L™(X).

ii) The characteristic set of P is equal to },.

iii) The function l(x, &) defined by p,(x, &) is equal to k on }..
Furthermore M™° (3, X)=L"(X) and if k is odd we define o(P) for any
PeM™*(3, X) as o(P)=1 if sup (C, (x, &), Cp,(x,§)>0 and o(P)=—1 if
sup (Cy, (x, &), G, (x, £))<0. Here I,=(1,---,1,2), L,=(2,-,2), |I|]=k and
supremum is taken over 3.

In the above definition we assume the connectness of )], but this is
not essential. We remark that ) is non-involutive manifold by iii).

In this paper we consider the following double characteristic pseudo-
differential operator,

(1. 2) L(x, D)= (P-Q)(x, D)+ R(x, D).

Here PeM™*(},, X), Qe M™*(3;, X), ReM™*m~14(3 X). In the follow-
ing theorem we write A=DB for operators A, B; 2'(X)-»2/(X) it A—B is
an integral operator with a C=-kernel. We also write diag(V)={(#,0);
PeV}C(T*(X)\0) X (T*(X)\0) for any conic subset V of T*(X)\0. Our
main theorem is the following

THEOREM 1. 2. Let L(x, D) be the double characteristic pseudo-differen-
tial operator defined by (1.2). Let k be an odd integer and j=k—1. We
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assume that (Hv,, ) q,,(x,§)=0 on 3, for =1, .-, k—1 and (Hv, ) 70 1m,
(,8)=0 on X for l=1,---,k—2 when k>1. Furthermore

i) When ¢(P)=1 and o(Q)= —1, whatever the positive integer n, the
JSunction

(L. 3) (H Y™ (Tonpmpes 2 {Dmy G} ) (2, €)

1

does not vanish at any point of ), where i=1—n(k+1)/k or —n(k+1)/k
and Hj  is the identity,

iil) When o(P)=—1 and o(Q)=1, for every positive integer n the
Sunction (1. 3) does not vanish on Y., where 2=(1+(n—1)(k+1))/k or (n—
1) (k+1)/.

Then there exists properly supported linear operator F; %' (X) -2/ (X)
which s continuous H** (X)—~>H,%,, 1m,—sn/6+1)(X) for all s€R such that

FolL(x, D)=L(x, D)eF=1 and WF'(F)=diag(T*(X)\0).
Here I is the identity in &' (X).

CoROLLARY 1.3. Let L(x, D) be a pseudo-differential operator satis-
fying the conditions of Theorem. Then L(x, D) is locally solvable on X
and strictly hypoelliptic, i.e., for every ue 2’ (X) WF(u)=WF(Lu). Moreo-
ver, if u€Z2'(X) such that Luc H°*(X) then u belongs to H,%,, +n,—21/+1(X).
For any compact set K of X the following estimate holds for all ueCy(K)

el -assces < Coe (I Ltllo+ el m,-2) -

REMARK 1.4. When k=1, this type of pseudo-differential operator
was studied by Boutet de Monvel and Treves [2], [3] and Sjéstrand [15].
In this case our condition i) and ii) are equivalent to that of [2], [15].

REMARK 1.5. i) The condition, (Hr, ) q, (x,§)=0 on 3, for [=1,
oy k=1, (Hy,, ¥ 7 im1(x,8)=0 on 3} for l=1, ---, k—2 have many equiva-
lent conditions which are denoted in Proposition 2.2.

ii) In (1.3) H%,! is exchangeable. If s, ,(x, &) is equal to one of pn,
Py ny Gmy then the condition i) is equivalent to the following ; for any

(x, )€Y, and every positive integer n
H.sl oo Hak_l (rm1+m2—-l +12 {Pml, q'm,z}> (x, 5) #0 ’

where A=(1—n(k+1))Jk or —n(k+1)k and s;(j<k—2) is equal to one of
Py Pmp Anp Ty Tmtmo—ts Trypmp—ts I Sio1 (T &) =Tom 4m,-1 (L, &), then 2=2(1—n
(k+1))/k or —2n(k+1)/k. The latter case we need use the canonical trans-
formation in [14], by which we may assume c(x, &) in (2.14) is real.

ii1) Let A(x, D), B(x, D) be elliptic pseudo-differential operators with
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the principal symbol a(x, &) and b(x, §) respectively. If L(x, D) satisfies the
condition i) then by the proof of Proposition 2.2 it follows that (ALB)(x,
D) satisfies the same condition 1) for (ap,)(x, &), (qa,b)(x, &) and (arm sm,
b)(x, §) when (z, §)€ 3.

iv) If L(x, D) satisfies the condition i) then so does the adjoint op-
erator L*(x, D).

REMARK 1.6. Assume that L(x, D)=(P'-Q')+R', where P'(z, D)€
M43 X), Q'(x, D)eM™*(3, X), R'(x, DeM™*tm~ (%, X) (my+my=m;]
+mj), 0 (P)=1 and ¢(Q")=—1. Furthermore (Hv, Y pl.(x, &)=(Hp,, ) qns(,
§)=0 and (Hr, )" T'ims— (2, §)=0, where (x, e, I=1,---,k—1 and n=1,
.-, k—2. Then the condition i) in [Theorem 1.2 is invariant, i.e., when
(x, &) X5 (1. 3) is equal to

(Eoh )™ (Pt + 12 By Tog})-

When % is odd and ¢(P) ¢(Q)=1, we can also construct a parametrix-
like object and obtain certain informations on local solbability and hypoel-
lipticity. Under different conditions we can construct parametrices of L(x,

D) when % is even (Theorem 4.1 and 4.3). These results are stated in
Section 4.

2. Reduction to a micro-local situation.

In this section, we transform L(x, D) into a pseudo-differential operator
whose principal symbol is a product of thoes of type (M).

The following proposition, proved in [19], is the starting point of our
discussion.

ProPoOSITION 2.1. Let P be an element of M™*(};, X). Then there
exists a homogeneous canonical transformation X from an open conic neigh-
bourhood of PEY, to an open conic neighbourhood of X(P)e T*(R"\O such
that

(PmeX ™) (x, §) = (Ea—ixh £amr) Q(, ).

Here &,_,#0 and Q(x, &) is a non-vanishing positively homogeneous function
of degree m—1. Moreover if k is odd, then the sign of &, is equal to
the sign of C; (@) or C. (P). Here either C; (P) or C; (9) is non-zero and
these have the same sign if C; (P)#0, C, (0)#0 and k is odd.

For an odd integer & if C; (x,£)>0 or Cy,(x, &)>0 for some (z,§)€2]
then sup (Cy,(x, &), Cp,(x,£)>0. Here supremum is taken over 2i. It
implies that the sign of &,_, is equal to that of ¢(P) if 2 is odd.

If k=1, then for any pair P, Qe M™*(>], X) we can find one and same
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canonical transformation X such that p,°X™ and g,°X™' are written by the
product of non-vanishing function and the polynomial of degree 1 with
respect to &,. However, for general % this is not true. The necessary and
sufficient condition is given by the following

ProrosiTION 2. 2. Let P;(x, D) be an element of M™*i(3;, X), j=
1,---,N. We assume k>--->ky. Then the following statements are
equivalent.

A) For any j with k;>1 and [(1<I<k;—1) there exists a sequence
=), -+, 7)) such that for any (x, £)€,

(2.1) (Hpj(1) Hpj(z)) Pim; (x,6)=0,

where pyqy (=1, ,l—1) is an element in {p,m, (x, &); k,=k;}. Further-
more if k;=ky, then p,=p1n (x, &) and if k;<ki, then p;uy=p;n,(x, &) with
ki >k;.

B) For all j with k;>1 and [(1<I<k;—1) we have

| (o, Y 1)) (@,8)=0,  (m8)€X.
C) For any j with k;>1, [(1LI<k;—1) and any (z,§)€};, we have

(2.2) ((Hy, - Hy) ps,my) (%, 8)=0.

Here p,(x, &) (m=1, ---,1) is an arbitrary element of {pnm,; kn=Fk;}.

D) There exists a homogeneous canonical transformation from an
open conic neighbourhood of P€Y, to an open conic neighbourhood of X (P)€
T*(R*)\O such that for all j=1,---, N

(PJ,Mjox_l) (xa E) = <En_lx7]ij a; (.Z‘, El)) QJ (x’ E) .

Here a;(x, &) and Q,(x, &) are positively homogeneous of degree 1 and m;
—1 respectively and & =(&, -+, &,_1). Moreover Rea;(x, &) and Q;(x, &) are
non-vanishing.

In the above statement D) if k; is odd, then the sign of Rea;(x,§&') is
the same of that of o (P;).

Proor. First we shall show that the statement D) implies the state-
ment C). We write p,(z, §)=(¢,—ixim b, (x, &) R, (x, &) and ¢, (z, &)=(&,—
ixlm b, (x,&)). Then by the induction with respect to [ we see that

(le le_le) (x, &) = (R~ Ry) (I_Iql .“qu—l q,) (x, §)
(2' 3) + IIIZ<ZAI (x’ E) (.H;I'l:(l,) o Hqi(lc_l) qi(k)) (xy E)

+ 3 An(2,8)an(5,9).
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Here I=(i(1), ---, i(k)), 1<i(m)<] and A;(x, &), A, (x, £) are some positively
homogeneous functions. Similary if 2<min (/;x), l;x—)+1, then by the
induction with respect to % it follows that

(Hay, +* Hyyh_y Qi) (5 €)
(2 4) = z.l'i(lc-x) o (li(/c—x) _k + 2) x'fti(k_l)_kﬂ bi(/c—l) (.CC, 5')
—tlyay Loy — R+ 2) 2™ 1 by (2, &)

+ A (x, &) lico* 2 B(x, &) xhicv=*+2,

Here A(x, &), B(x, &) are positively homogeneous of degree 1 respectively.
By (2.3) and (2. 4) it implies (2.2). The implications of C) to B) and B)
to A) being clear, we prove that A) implies D).

Assume (2.1). By [Proposition 2.1, there exists a homogeneous ca-
nonical transformation X; from an open conic neighbourhood of €3, to
an open conic neighbourhood of X;(0)e T*(R")\0 such that

(2.5) (B1m;2X7") (¥, 1) = (0 —1y2? 1) Qs (y, 7).

Here 7,_,#0 and Q,(y,7) is a non-zero positively homogeneous function of
degree m;—1. We show that the required canonical transformation X is
X,. We denote the canonical transformation X;°X;' from a conic neigh-
bourhood of %; (@) to a conic neighbourhood of %;(@) by

<y1 (x’ E)’ s Yn (x, 5)7 Th (x’ E), T vn(x’ E)) .

Here y;(x, &) and #;(x, &) are positively homogeneous of degree 0 and 1
respectively, i=1, ---, 7. Then (p;m;°X")(x, §) is equal to '

(2.6) (a2 )= (v (@, &))" 20a (2, 8) Oy, ).

Since %;(X) = {(y, NeT*(R")\0; ¥.,=75,=0} and % (X)={(x, §)eT*(R")\O;
z,=¢&,=0}, we see that y,(z/,0,¢&,0)=19,(z,0,&,0)=0. Therefore by the

definition of a canonical transformation we obtain

0¢, ox, oO0x, 0%,

First we shall assume %2,=1. Then we have by (2.7) ay,/0¢, (<, 0, &,
0)#0 or dy,./08,(«',0,&,0)#0. The implicit function theorem (c.f [13])
implies

(2.8) (=0 10mr) (@, €) = (62— A, (3, €)) Q5 (%, &)..

Here Q/(x, &) is non-zero positively homogeneous of degree 0 and A,(x, &)
is positively homogeneous of degree 1. Comparing the null sets of the

a n an a n an ) y)
2.7) {y,,,n,,}(x’,O,E',O)=< Yn Mn _ Y 90 )(x,O,&,O)—_——l.
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both sides in (2. 8), we get A;(x’,0,&)=0. Hence we can write A;(z, &)
=x,a;(x,&). We have by (2.8) that

2i0n—1 = {vn—lyn N1y U + lyn vn—l} (’.l/', 0, 77,’ 0)
(2 9) ) = lQ;'Z {En_ixn a;, $n+zxn dj} (x,, O, E,, 0)
= 2i (|Qj[* Rea,) (', 0, ¢, 0).

Thus Rea;(x, £)#0 and the sign of Rea,;(x,&') is equal to that of o(P)).
Hence we have D) by setting Q,;,=Q,Q).

Now let k;=k,(j=1, .-, N;). From the assumption (2. 1)
{Primys Pams}
= {(€u—izh £,) Oy, (a— itk 7, Do) (2, 0,8, 0)
=(@1Q,07./9z,) (%', 0,&,0)=0
By (2.7) it follows that a7,/0¢,(x',0,¢&’,0)#0. Thus by the implicit func-
tion theorem we can write for any j(1<j<N,)
B;(x, &) = (9. —iy59 9,) (5, €)
= (6.~ iz, Al (2, 8)) Q5 (=, §),
where the first equality is definition and A{(x, &), Qj(x, &) are positively

homogeneous of degree 1,0 respectively. Moreover Q)(x, &) is non-zero
function. We shall show that A{(z’,0,£)=0. Apply (2.3) to Hr,, pjm,
as qi(x, §)=§,—ixh &, Ri(x, §)=Qi(, &), qu(x, §)=E,—ix, A{(x, ') and Ry(x,
£)=0,0Q,(x, &. Then by (2.1), (2.4) it implies that ¢(Q,Q,Q}) A{(z',0, ¢,
0)=0. Therefore for any j(1<j<N,) we can write

B,(x, §) = (§,—ix% Al(z, €)) Q) (=, §),

where Aj(x, &) is positively homogeneous of degree 1. Inductively we
assume that for all j(1<j<N,) we can write

By(x,8) = (6.—izl Al(%, ) Q)(z, &),

where I<k,. Set Py, l(x, &)=(,—ixlb;(x, &) Ri(x, &) (=1, --,I—1). We
apply (2 3) to Hy, - --Hpjd ‘)Hl Pim; 8 Ri=Ri(x, 5) =¢,—ixl b (x,
§)(i=1,-,1-1), Rz—Ql(x &), @i=(En—izr*Enr), Rz+1"§ Q;( £) and gi

(En—zx,f Aj (z,&"). Then by (2. 1) and (2. 4) it implies that :

i (R R,.,0,0,Q}Af) («,0,¢,0)=0
Thus we can write for all j(1<j<N))
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By(x, &) = (6.—izi" Aln(,8)) Q)(x, 8).

By the induction with respect to [ we obtain the statement D) except
Rea;+0.

let ky=ky i (j=Ni+1, -, N,). Since for any j(j=N;+1, -, N;) and
I<k; we assume pyu=pinm, (L, &) with k;>k; in this case py.,(x, &) (E=1,
s, NY) acts pym,; (2, §) =N +1, -+, N) like as py,m, (2, §) does pim,(z, §) (i=
1,---, N)). Repeating the same argument as that when j=1, ---, N; we can
show that for all j(j=N,+1, ---, N,)

By(x, §) = (8. —izkia,(z, &) Q) (=, ).

Here a;(x, &) and Qj(z, &) are positively homogeneous of degree 1 and 0
respectively and Q)(x, §)#0. Similarly we can prove the statement D)
when k;<ky, without Rea;+0. ’

We shall show that Rea;(x, §')#0. If we put g,(x, §)=§,—izxkia,(x,
¢, by (2.3) and (2.4) we have

(2.10)  ((Ha)B,) (2, 0,€,0)=((Q) Q) (H,)*d,) («,0,¢,0).
Since ((H,,)*q,)(x', 0,¢', 0)=2ik,! Rea;(x', 0, &'), (2. 10) gives that
Duea (', 0, €', 0) = ((Q5)# ) Rea,) (7, 0, &', 0).

This shows that Rea,(z, &) is non-zero. If we set Q,Q}=Q,, %=X then
we have the statement D).

If %, is odd, then the sign of 7,_; is equal to that of ¢(P;. We shall
consider the Poisson bracket such that {B,, {B,, {--+, {B;, {B,, B;}}--+}} where
the numbers of B, and B, in the bracket are (k;+1)/2 respectively. By
(2.3) and (2. 4) we see that

7.-1(2, 0, §', 0) = [ Q5" (Rea,) (2, 0, ', 0).

This shows that the sign of Rea; is equal to that of ¢(P;). This completes

the proof. _
Now we shall compute the full symbol of operator L(x, D). To do

so we use the following terminology. For the operators A and B form
Z' (X)) to Z'(X,), where X; are paracompact C*-manifolds, A=B at (9, #,)
€(T* (X, x X;)\0) means that there exists an open conic neighbourhood V,
of 0, in T*(X,) such that WF'(A—B)N(V,x V;)=¢. It is well-known
(c.f Section 6 in [15]) that for any canonical transformation X from a conic
neighbourhood © to a conic neighbourhood of X (0)e T*(R*)\O there exists
a Fourier integral operator U belongs to I°(R*x X, I'"), where I' is a closed
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conic subset of the graph of X containing (2, X(0)) as a interior point and
I'={(z,&v,—7); (x,& y,pel)}. It satisfies that

(2.11) UU*=I at (x(0),x(p)) and U*U=I at (0,0).

Moreover for all PeL”(R") with the principal symbol p,, we have UPU*
e€L™(R") and it’s principal symbol is equal to p,°X~" in a conic neighbour-
hood of X (0).

Now we shall consider the operator
L(z, D)= (P-Q)(x, D)+ R(x, D).

where PeM™*(3, X), QeM™*(3,, X), ReM™+m~1bt1(5 X). Here we
suppose that % is odd. Moreover H} ¢, =0 on X for /=1, -+, k—1 and
H,,. Tmim-1=0 on 2] for =1, k=2 when £>1. From (2.11) we get

L(x, D)= ULU*=UPU*UQU*+URU* at (x(0)2(0),

where X is the canonical transformation denoted in Proposition 2. 2. From
Proposition 2.2 we have

(2.12)  UPU*(x, §)~el(z, &) ((e.—izta(z, &)+ po(x O)+p (%, 9),
(2.13)  UQU*(z, &)~f(x, 8)((6.—ixkb(z, &)+ qo(z, £)+ g (%, ),
(2.14)  UPU*(x,8)~g (&) ((g—izk™ c(x, &)+ 7o(, &)+ 7.1 (x, 8)).

Here e, f and g are non-zero positively homogeneous of degree m;,—1,
my—1 and m;+m,—2 respectively, p,, q, and 7, are positively homogeneous
of degree 0 and p_,, ¢_, and r_, belong to S;'(X). Moreover a, b and ¢
are positively homogeneous of degree 1 and if % is odd, the sign of Rea
and Reb are equal to o(P) and ¢(Q) respectively. Using this fact we get
the following

LEMMA 2.3. There exists a properly supported elliptic pseudo-differen-
tial operator E, which belongs to L™*™ *(R"), such that the principal
symbol of E is equal to (ef)(x, &) and

I(x,D)=E(z, D)}M(z, D) at (1(6) 2(0)).

Here M(x, D) is a classical pseudo-differential operator belonging to L(R")
such that in a conic neighbourhood of % (P)

M(x, §)~¢r—ixy(a+d)(x, &) §.— 7 (ab) (z, §)
_kxfz—l b (Z', E’)— ixﬁ_l (e—lf_l gC) (xy E)
+xp Az, §)+ B(x, §) £, +C(x, §),
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where A and B are positively homogeneous of degree 1 and 0 respectively
and C(z, £)eS(R™).

Proor. Let h(x, &) be C*(R*x R") non-zero function which is equal
to (ef)(x, &) when (x, &) belongs to some conic neighbourhood of X(P) and
|¢|>1. By using k(x, &) we define a pseudo-differential operator E(x, D).
Now we shall seek an operator M(x, D) with a symbol

Mz, )~ 5 My, 9),

where M, ;(x, &) is positively homogeneous of degree 2—j. By the com-
position formula for pseudo-differential operators (c.f [12]), we have

(E=M) (z, &)~ 5, ((Dy)* 1) (D5 My-) (x, 8).
From (2.12) and (2. 13) we first get
M, (z, &) = §2—izk(a+b) (z, &) 6,— 2% (ab) (, §').
Since hMi+ 3 (Do) ) (DsMa)=(ef) (— ki~ b(z, &)—izt™ (7' f " g0) (z, &) +

xt A (x, 5)+B ( , &) if |&]>1, where A, and B, are positively homogeneous
of degree 1 and O respectively. Hence, we can write

M, (z, §) = —kzt™ b(z, &) —izt™ (e f go) (x, &)
+2, Az, §)+ B(x, §) ..

Since h(x, §)#0, we obtain M,_,(x, &) in turn by the induction with respect
to j. This completes the proof.

3. The proof of Theorem 1.2.

In this section, by using a discussion of vector valued pseudo-differen-
tial operators we shall prove [Theorem 1. 2.

For any pair of Hilbert spaces H, and H, we denote by - (H,, H,)
the Banach space of bounded linear operators from H, to H,. We define
S™(R*'; H,, H,) as the space of C* functions p (&, ¢’) on R*'x R*! with
values in & (H,, H,) such that for all K3 R*! and multi-indices @ and B
there is a constant C, depending on K, @ and B such that

(3.1) ID:' Dip(2, §) SCA+[E)" for (&, &)eKx R,

|z

Let L™(R™; H,, H,) be the space of vector valued pseudo-differential opera-
tors Cy(R*'; H)—C*(R*'; H,), given by

P, D)u={e<=v>p(at, &) uly') de' dy,
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where p(z',&)eS™(R*"; H,, H,) and ueCg(R*'; H,)... In particular, in
this section we shall take as H, or H, the space Vé‘ (R), given by the norm

”u“V" ) = (1 + | [?)E-ath/ kD ”?/BD""“L 2R) -
ﬂS(Z——a)lc

In this case the norm in (3.1) depends on &, but all the calculi remain
valid because we have the inequality

Necllpeemy < ”u”Vf,(m S+ [E]) Nellvrcr -
Here V*(R) is a Hilbert space normed by |

leellbremy = 2 Nl D el[ecry

ﬁS (2 —a)k

For instance if PeL™(R*'; H, Vi ) then PeL™**(R,_,; H, V*(R)).

As to the wave front sets of vector valued pseudo-differential operators,
we have the following

ProprosITION 3.1. Let PeL™(R"'; H,, H,), where H, and H, are equal
to Vi(R) or LX(R). Then, considering P as an operator Co(R")—>Z'(R"),
we have

1) If (x,& 9,0 WF'(P) and |&|+ |y'|#0, then (', &)=(y", 1),

i) If m=—co, then WF (P)C{(&, 2., 0,£,), (¥', ¥ 0, 7)€ T* (R" x
R™\0}.

The above 1) is Proposition 4.4 in and ii) is easily shown from
the proof of the same proposition.

By we shall investigate the pseudo-difierential operator
Mz, D) with the symbol

& —izk(a+b) (z, &) 6t (ab) (z, &) — kot~ b(z, &)

(3 2) +.iCk -1z (x E)+xkA( ) (x, E) En+C(x’ 5)’

where ¢=—i(e™' fgc)(x,£). Now we extend @, b and & on R*x R*! as
the C*(R"*x R*™") functions preserving a homogeneity when |&'|>1. The
functions &, A, B and C are also extended over R*x R* as the C* (R*x R™)
functions preserving a homogeneity if |£|>1. Extended symbols q, b, &, A,
B and C satisfy the following condition. For all multi-indices a, 8

| D2Dip(x, )| < C(1+16])"™, (, 6)e R x RY,

where N=7n—1 or n and m=0 or 1. Then we have the following

LEMMA 3.2. Let p(x, &) be an element of S™(R"x R") such that m<1
and for all multi-indices a, B <



292 . K. Yamamoto

(3.3) |D:Dip(z, )| < C(1+18])" " (= e)e R x R~

Then for all multi-indecies p, v and [<2k the operator norm of x,(Dj
Dip)(z, &, D,) in < (VE(R), L*(R)) is bounded by C(1+ |g'|yn"I=k+irdi/esD
if plx,&,00=0. If p(x, & 0)%0, then the norm is bounded by C(1+

‘sll)m—lﬂl—(l+2)/(k+1) .

Proor. It is known in [Proposition 3.1 of that if p(x, &) satisfies

the condition (3.3) and m<0, then the operator norm of p(x, ¢, D,) in
& (L*(R), L*(R)) is bounded by

(3. 4) - Cx sw (1+161)|DsDLp (8.

a+p<2

By Taylor’s formula we can write p(z, &) =p(x, &, 0)+pi(x, §) €, where
p1(x, &) belongs to S™'(R*xR") and satisfies the condition (3.3). By
a simple computation it follows that

z}(Dy Dup) (x, &, Dy) = (D5 Dip) (x, €, 0)-
+ 5~ 17" (1) (D2 Di DE¥ ) (€', D)2 D).
It is clear thatv
Dz Dz p) (. €, 0)- i 1,
<Ca+ g E R g

From (3. 4), (1+ &)< (1+[£.0)7% and (1 + |g[ym71=M1=0= (1 + |g!|)mmt-M=0m
we get the following inequality ;

(3.5)

(D2 Dz D p1) (€', D) (4 Do) o

l>m—-Iul—(Ic+l+2+k(l—-l’))/(lc-[-l)

(3. 6) |
< C(1+ &’

2] v (@)
This completes the proof.

~ We define the properly supported pseudo-differential operator M,(x, D)
with the symbol
‘(3. 7 &i—ixk(a+b) (2, 0, §,— 7 (ab) (2, 0,¢)

—kxt b (2, 0,8)+ 2k E(2,0,8,0).
Then we have the following

LemMaA 3.3. Let M(xz, D) be the properly supported pseudo-differential
operator with the symbol (3. 2) and M, (x, D) be the properly supported pseudo-
differential operator-with the symbol (3.7). Then there exists a properly
supported pseudo-differential operator M, (x, D) such that
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i) M,(z, &, D,) belongs to S°(R*'; Vi(R), L*(R)).
i) (M—M,)(x,&)=M,(x, &) in a small conic neighbourhood of X (V).
iii) For any ¢>0 there exists a conic neighbourhood V' of (xi, &}),
where X(0)=(xt, 0, &, 0), such that

|z, &, D)

“ 2 (VE(R), L*(R)) <e,

when (x',§")e V' and |&'| is sufficiently large

Proor. Let ¢(x) be a Cy(R”) function such that supp ;oC{xeR"'.I
—(x3,0)] <1} and ¢(x)=1 in a neighbourhood of (z},0). We define M,(x,
D) with the symbol

—i((a+0)(x, &) —(a+b)(x,0,8)) 258, —¢ (x/d)
X ((ab)(x, §')—(ab)(z, 0, &) x4t —k (b(x, &)
—b(z',0,¢)) z; 7" + 237 (8 (x, £)—C (2, 0, ¢, 0))
+x Az, &)+ B(x, §) 6, +C(x, &),

(3.8)

where 6 is a positive number. We shall show that M, (z, &, D,) belongs
to S°(R*™; VE(R), L’(R)). It is clear that the vector valued pseudo-dif-
ferential operators defined by the first, second and third terms of (3.8)
belong to L°(R*™'; VE(R), L*(R)). By Talor’s formula, we get &(x, &)—

¢(x,0,8&,0)=05(x, E)§n+x,, ¢ (x, &), where @(x, &) and & /(x, ) are positively
homogeneous of degree 0 and 1 respectively: From Lemma 3.2 it follows
that x5! &(x, &, D,) D, +xk ¢, (x, &, D,)+ =t A(x, &, D,) + B(x, ¢, D,)D, +

C(xz, &, D,) belongs to S°(R*"; VE(R), L*(R)). ii) is clear by the definition
of M, (x §). We shall prove iii). By Taylor’s formula we obtain

(3.9) (/o) a((ab)(z, &)~ (ab) (&, 0, &) = x, 0 (a]6) 22 flz &),

where f(x, &) is positively homogeneous of degree 2. Since sup Igé(x/&)x,,l
<e if § is sufficiently small, the operator defined by (3.9) has a small norm
in &£ (VE(R), L*(R)) if 0 is sufficiently small. We can write

(3.10) zx ((a+d)(x, &) —(a+d) (2,0, &) D, =zt (a,+ by) (x, &) D
3.11)  x ' (b(x, &)—b(2,0,8)) = x5 b (x, &),

where a, and b, are positively homogeneous of degree 1. By the defini-
tion of the norm V¥ (R) we see that the norms of the operators defined
by (3.10) and (3.11) are estimated by (1+|&'|)"*“**H, From

we have

(1+ lf'l) 1/(k+1),

zi((@+A) (%, 8, D,))

(R”)) =
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"xk -1 x&'

(), £2CR) < (1 + |$’I> lc/(k+l),
” (@, &, Do) Dot C(, &, D ”,z(v" (i) = <1+|5'|> e,

which complete the proof of lemma.

We can show the following

PrOPOSITION 3.4. Let L(x, D) be the properly supported pseudo-dif-
ferential operator defined by (1. 1), where k is odd and o(P)e(Q)<0. Sup-
pose that L(x, D) satisfies the condition i) or ii) in Theorem 1.2, then
M, (x, &, D,) in (3.7) generated by L is an isomorphic operator from Vi (R)
to L*(R) when (', §') belongs to a small conic neighbourhood of (x, &) and
|&'| is sufficiently large.

Proor. We make a change of variables. We put

£= |E[VR 2, T (f) = |§ [VETDTIRED g (|| D),
Fle)=1g17e f(1g1774 ).
Then the equation M,(Z, x,, &, D,) u(x,)=f(x,) transforms
M,(z', 1, €/1¢'], D,)a(?)
= (D,—it*a(x',0,&/1¢'])) (D.—it*b (', 0, £/1'])) u(2)
o+ (2, 0,€/1¢,0) 2 ()= F (@),

The linear mapping u(z,)—#%(£) and f(x,)—f (£) are isomorphic from V% (R)
to V*(R) and from L*(R) to L*(R) respectively. From this fact we have
only to show that M,(z, ¢ &/|¢'|, D,) is isomorphic from V*(R) to L*(R)
if (2, &) belongs to -a small conic neighbourhood of (x,&) and |¢]| is
sufficiently large. We apply Proposition A.3 in Appendix to M,(z, ¢, &'/
|¢'|, D,). We use the nonation of (2.12), (2.13) and (2.14). From (2.3)
and (2.4) we get ‘

(3.12) (HE Py myer) (0) = —itk—1)! (7 gB) (&', 0, £/, 0),

(3.13) (HL%,, gn) () = ik! (¢ fla—b)) (#/, 0, £, 0),

where p€Y, and % (0)=(<,0,¢&,0). By (3.12), (3.13) it implies that
¢

a__b (x’, 0’ E’s ) = Zk (Hk 1 1+m2—1)/(HIIimlqmz) (p) .

Therefore if L(x, D) satisfies the condition i) or ii) of [heorem 1.2, by
Proposition A.3 in Appendix it implies that M,(z, ¢, &'/|¢'|, D,) is isomor-
phic from V*(R) to L*(R). This completes the proof.
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Now we shall construct a local parametrix, which means the following.

PROPOSITION 3.5. Let M (z', D') be M, (', D)+ M,(z', D’), where M, (z’,
D) is a vector valued pseudo-differential operator defined by the symbol
M, (x,&,D,). Then there exists a vector valued pseudo-differential operator
E(«, DeL*(R*; L*(R), VE(R)) such that

(3.4) I-EMeL=(R; VE(R), VE(R)),
(3. 5) I-MEeL = (R; I*(R), [*(R)).

PrOOF. Since || M.(x, &, D) ¢ wtm,2mn<e, if e is small enough, it
implies by [Proposition 3.4 that M (x, &, D,) has a uniformally bounded
inverse operator Ej(x, &', D,) in a conic neighbourhood of (z{, &) when |&'|
is sufficiently large. We show that E}(x/, &) is actually a symbol. Dif-
ferentiation of the equation M(x', &) E}(x', &')=1 gives

Mz, &) (Ds D2 Eg) (2, §)
=2 Corp (D5 D2 M) (2, €') (D7 DEP E) (2, §),

when |¢/| is large. Here the summantion extended over multi-indices o’
and f' with o/<a, p'<p not both zero. If we multiply it from the left
by Ej(x, &) it follows by the induction with respect to |a+p| that E}(<,
§)eS*(R*; L*(R), VE(R)). The construction of Ey(x', D) is therefore for-
mally same as that of a parametrix of an elliptic operator in the scalar
case (c.f Proposition 2.5.1 in [12]). This completes the proof.

Now we shall start the direct proof of [Theorem 1.2l Let ¢, ¢ be
properly supported pseudo-differential operators such that the symbols of
¢, ¢ belong to S°(R*xR") and these supports are contained in a small
conic neighbourhood of X(0). Furthermore these symbols are equal to 1
in a small conic neighbourhood of X (0). Set

E=goEy(x', D)e¢.

Then we have the following

ProeosiTION 3.6.

i) WF/'(E)cdiag(T*(R"\0) and (x(P), X(0)c WF'(E).

ii) For all seR E is continuous as H°(R™)—H2%/5+1)(R™).

Proor. Let ¢, ¢ be properly supported pseudo-differential operators
in L°(R*) such that ¢ (x, &)=1 and ¢ (x, £&)=1 in supp (¢ (x, &) and supp
(¢(x, &) respectively. These supports are contained in a small conic neigh-
bourhood of %(0). From (3.14), (3.15) and ii) of [Proposition 3.1 it follows
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that
(3.16) G By M =15, Exy =1 at (1(0), 2(0)).

Let ((«, &), (y, n)€ WE' (¢, Ey¢) and (z, &), (y, 5) belong to small conic neigh-
bourhood of X(0). If (z, &)#(y, n), then from i) of [Proposition 3.1], it implies
that x,#0 or £,#0 or ¥,#0 or 7,#0 when |&/|+]|7|#0. On the other
hand if |¢'|+|7'|=0 then &,#0 or 3,#0. Therefore we may assume (z,
g) or (y,7) is an elliptic point of M (z, D). This implies that ((z, &), (y, 7))€
WEF' (3, Ey, M)V WF' (M $, E,¢,), which contradicts to (3.16). Since supp
¢ and supp ¢ are sufficiently small, we get WF'(E)Cdiag(T*(R*)\0). It
is clear that (X(p), X (o)) WF’(E), because ME=EM=I at (X(0), X(P)). We
have

L*(R~'; L*(R), VE(R)C L7¥* ) (Rt [*(R), L*(R)) and (WF(¢)VWF
@)n{(x, &)eT*(R")\0; &=0}=¢. It implies ii) by proposition A.2 in [16].
This complies the proof.

Since M=M at (X(0), x(p)) and WF'(E)cCdiag V where V is small
conic neighbourhood of X (@), we see that ME=ME and EM=EM at (X (),
X(@). Let us Fy,=E-E, where E' is a parametrix of E(x, D) defined in
Lemma 2.3. Then

FunL(x,D)=L(x,D)F=1I at (1(p),x(0)).

For any point e} we shall define the operator F,=U*F,,U. If p¢ 3],
then since @ is an elliptic point of L(x, D), we can define the operator
F,=L] where L, is a local parametrix of L at 0. Let ¢,€L°(X), jeJ, be

a locally finite collection of properly supported pseudo-differential operators
such that for ©,€T*(X)\0 we have

Z%EI, WF’(¢1)CVPj7

where V,, is a small conic neighbourhood of @,. Set F=3 ¢;F, » then it
is clear that WF'(F)cdiag(T*(X)\0). If F,L=LF,=I at (¢, ') then F,=
F,. at (0, 0), which implies WF'(F)=diag(T*(X)\0). To complete -the
proof of [Theorem 1.2, we may assume that F is properly supported after
adding operator with C* kernel. Therefore F is a desired operator in

T'heorem 1.2.

‘4, Other results.

In this section we shall state theorems when % is even case or % is
odd and ¢(P)e(Q)=1. First we shall show a theorem when % is even.
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THEOREM 4.1. Let k be an even integer and P(z, D), Q(x, D) and
R(x, D) be elements of M™*(};, X), M™*(3, X) and L™+ (X) respec-
tively. We consider the operator L(x, D)=(P-Q)+R. Assume that L(xz,
D) satisfies the following condition A) or B)

A) R(x, D) belongs to M™+™1I(j>Fk); otherwise R(x, D) belongs to
Lrtm=2 (X)),

B) R(x, D) belongs to M™*m* Y3, X) and Hy (Tm+me-1—1{Pm,s

gn,))=0 on 2.
Here when R(x, D)e M™*™=41 (3 X) we assume that P, Q and R satisfiy
the conditions of Proposition 2.2. Then there exists a properly supported
operator F; Z'(X)>2'(X) which is continuous ; H,**(X)—>H,S +n,—2e/+1)
(X) for all seR such that

FL(z,D)=L(x,D)F=1,  WF'(F)=diag(T*(X)\0).
Proor. When L(x, D) satisfies the condition A) then M,(x, &, D,) of
(3.7) is equal to
(Du—izha(a,0,8)) (D,—izkb(',0,8)).
If L satisfies the condition B) then M,(z, &, D,) is equal to
(D,—iztb (2,0, 8)) (Du—iztalz 0,8)).

From Lemma A.3 in Appendix M,(x, &, D,) is isomorphic from V(R) to
L*(R). Thus the proof of this theorem is similar to that of [Theorem 1.2.

COLLORARY 4.2. Let L(x, D) be the operator treated in Theorem 4.1.
Then L(x, D) is locally solvable at every point of X and strictly hypoel-
liptic. For any compact set of X the following estimate holds for all ue
Cs (K)

el zasaseny < CK) (| Latllo+ l2e]lm,4m,2) -

In the next case, we assume that £ is odd and X(P)X(Q)=1, which
implies that the index of M,(x, &, D,) is equal to +2 (see Proposition A.2).
Therefore using the analogeous argument of Section 5 in [15], we can
easily verify the following theorem. To avoid confusion we omit the
proof. In the following theorem adjoints will be taken with respect to L?
inner product on C7(X) defined by some strictly positive density on X.

THEOREM 4.3. We assume P(x, D)e M™*(};, X), Q(x, D)e M™=*(3],
X) and R(x, D) belongs to M™*™13(3 X) or LM+ %(X). Here k is odd
and j>k—1. Let L(x, D)=P-Q+ R, where P, Q and R satisfy the condi-
tion A) in Proposition 2.2. Then we have the following.
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i) If o(P)=1, o(Q)=1 then there exist properly supported operators
F, F*: 2 (X)—>2'(X) such that F is continuous: H}**(X)—>H% s tm -snsce+1)
(X), F* is continuous: H?*(X)—>H?*(X) for all seR,

F*+FL=1I LF=1I, (F+*¥*=F",
WF' (F) =diag (T*(X)\0) and WF'(F*)=diag(})]),
i) If 6(P)=—1 and o(Q)=—1, then there exist properly supported

operators F, F ; 2'(X)—>2'(X) such that F is continuous H;**(X)—>H,%,, .
m—ane+y (X )y F s continuous : HY*(X)—H\**(X) for all seR,

FL=I, F+LF=1I, (Fy¥=F,
WF'(F) = diag (T*(X)\0) and WF'(F")=diag(Z).

From this theorem we can obtain the information with respect to
local solvability and hypoellipticity.

CoLLORARY 4.4. If ¢(P)=1 and ¢(Q)=1, then the operator L(x, D)
is locally solvable at every point of X. If ¢(P)=—1 and ¢(Q)=—1, then
L(x, D) is strictly hypoelliptic. Moreover for all compact set of X there
exists a constant C(K) such that for all ueCy(K) we have

el -2rcesy < C(K) (1 Laello + el m,-2) -

REMARK. In Cardoso and Treves (5], they considered the operator
L(x, D), which essentially satisfies the condition ii) in Theorem 4.3. In
their case they proved non-solvability of L. The above Collorary 4.3 does
not contradict to the result of Gilioli and Treves [8). In their case, the
characteristic set has two component. o(P) and o(Q) are positive in one
component and ¢ (P) and ¢(Q) are negative in the other component.

Appendix.

In the present Appendix, we investigate the index of the following
ordinary differential operator

(A.1) L(t, D,) = (D,—iat*) (D, —ibt*) + ct*~.

Here a, b and ¢ are complex numbers. We assume Rea#0 and Reb+0
throughout this Appendix. We shall regard L(¢, D,) as an operator on the
Hilbert space V*(R), which is normed by

l|et||5 Ry = Zslz'llt"D‘:ullie(m .
;S(Z—a)lc

In this situation, we note the following
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ProrosiTiON A. 1.
i) L(t, D,) is a continuous operator from V*(R) to L*(R).
ii) Lz, D,) is a Neotherian operator from V*(R) to L*(R).
i) If ue L*(R) and Luce S (R), then u belongs to < (R).
The statement i) is clear by definition. 1ii) and iii) are the special case
of Theorem 2.1 in and Proposition 1.10 in respectively. By ii)
we can take of the index of L(¢ D,): V*(R)—L*(R), which we denote by
ind (L).
ProprosITION A.2. Let L(¢, D,) be an ordinary differential operator
defined in (A.1). Then we have

ind(L)=0 if k is even and
ind (L) = Rea/|Rea| + Reb||Reb| if k is odd.

ProOF. In view of Proposition A.1 iii) it sufficies to show that the
operator c*™! is a compact operator from V*(R) to L*(R). Let A(neC>(R)
be a monotonously increasing function such that A(r)=1 if r<1, A(N=r
if 7>2. The transformation t—>s=¢A(|¢|*) being a diffeomorphism from R
to R, so we denote its inverse transformation by z=¢(s). For any f(¢)e
L*(R) and u(t)e V*(R) we put i (f)=A"(p(s)) fle(s) and & («)(s)=A"(p
(s) (¢ (s)), respectively. Since the operator 7, and 7, are isomorphisms from
L*(R) to L*(R) and V*(R) to H*(R) respectively. Here H?*(R) is a usual
Sobolev space. Hence we show that the multiplication operator T'(s)=
t1o(ct*")ed5' is compact operator from HZ?(R) to L?*(R). By a simple com-
putation we get

(A. 2) : T(s)=|c| |s|* if |s] >2*.

Let Z(s) be a C7(R) function such that supp XC{s; |s|<1} and 2=1 in
a neighbourhood of 0. For arbitrary ¢>0, the operator X(es)7T is con-
tinuous operator from H?(R) to H?(B,), where B,={s; |s|<1/¢}. By Rel-
lich’s theorem, we see that for any ¢>0, X(es)T is a compact operator
from H?*(R) to L*(R). From (A.2) it is clear that ||(1—2(es)) T'|| & &,z
—0 as e—=>0. Therefore T is a compact operator from H?(R) to L*(R).
This completes the proof.

When the index of L is zero, we can give a detailed information
about L.

ProrosiTiON A.3. Let L(t, D,) be an ordinary differential operator
defined in (A.1). Then we have

i) When k is even and c=0, then L(t, D,) is isomorphism from V*(R)
to L*(R).



300

ii)

K. Yamamoto

the following condition A) or B), then L(t, D,) is isomorphic from V*(R)
to L*(R).
A) If Rea>0, there is no positive integer n such that

aib=1—n(k+1) or —n(k+1),

B) If Reb>0, there is no positive integer n such that

L= (n—1)(k+1) or ] +(n—1) (k+1).

PrROOF. i) is clear from iii) of Proposition A.1. We shall verify ii).
Since L(z, D,) is a Notherian operator, the range of L is closed is L*(R).
Thus if we show that the dense set Cy(R) of L?*(R) is contained in the

range of L, we have that L(¢, D,) is isomorphism, because the index of L
is equal to 0 and the domain of L is V*(R).

In Gilioli and Treves

(pp. 371-374), they proved that if L(z D,) satisfies the condition A) or B)
then for arbitrary f€C¢(R) there exists u€C*(R)NL*(R) such that L(z,
D)u=f By iii) of Proposition A.1 it follows that « belongs to V*(R).
This completes the proof.
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