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Introduction.

Recently K. Yano [5]" and T. Imai [1, 2] have studied some topics on
the curvature tensor of a semi-symmetric metric connection in a Rieman-
nian manifold. Especially, they have given the condition that a semi-
symmetric metric connection in a Riemannian manifold has no curvature.

On the other hand K. Yano has introduced the concept of a com-
plex conformal connection in a Kihlerian manifold and K. Yano, U. K.

Kim and O. Yoon have given the condition that the Bochner cur-

vature tensor of a Kihlerian manifold vanishes.

The purpose of the present paper is to introduce the concept of
a complex semi-symmetric metric F-connection and study some properties
of a complex semi-symmetric metric F-connection in a Kihlerian manifold.
We study the condition that the Bochner curvature tensor of a Kihlerian
manifold vanishes. Also we define the holomorphic sectional curvature
with respect to a complex semi-symmetric metric F-connection under some
assumptions and study another condition that the Bochner curvature tensor
of a Kihlerian manifold vanishes.

In §1, we give preliminary formulas on a Kéhlerian manifold. In §2,
we define a complex semi-symmetric metric F-connection and give the
relation between the components of a complex semi-symmetric metric F-
connection and the Christoffel symbols. In §3, we give the curvature
tensor of a complex semi-symmetric metric F-connection and obtain the
condition that the Bochner curvature tensor of a Kihlerian manifold van-
ishes. In the last section §4, we define the holomorphic sectional curva-
ture with respect to a complex semi-symmetric metric F-connection under
some assumptions and obtain some theorems.

The present author wishes to express here his sincere thanks to Pro-
fessor Yoshie Katsurada and Doctor Tamao Nagai for their kindly guid-
ances and advices.

1) Numbers in brackets refer to the references at the end of the paper.
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§1. Preliminaries.

Let us consider an n(=2m>2) real dimensional Kzhlerian manifold
with local coordinates {z'}, where here and in the sequel the indices %, i,
J, k,-++ run over the range {1,2, ---,n). Then the positive definite Rieman-

nian metric g, and the complex structure F;* satisfy the following equations
FoFi=—§,, JFPFi=g,,
(L. 1) ifta 4 Goally Lo =Gy

ViF*=0, Ve9;:=0,

where 7, denotes the operator of the covariant differentiation with respect
to the Christoffel symbols {]};} constructed from g¢;. The Riemannian cur-

vature tensor K,;;"* of g, is defined by

o= (B-a (4 - E). amane

We put chjih = K/m'a Gans Kji = Kajia = ijia gba, K=K,, gba and Sji = _Kfa F,
then the following identities are valid

(L 2) Kajthka = _Kkathja, chjahFia = chjiaFah, K/cjih. = KkjbaFitha,
(1. 3) Kj1;=KbaFijia, FjaKm;= '—KjaFia, FjaKah=KjaFah"
S;+8i;=0, S;=8.FF* F;/S.= —S5..F* = —K,,

1.4
( ) Sji = _—%—Kﬁba F*r = ijia Fe

The Bochner curvature tensor By;* (S. Tachibana [4]) is given by
By =Ky +0"Ljy—0," L+ Ly 95— L gui+ F* My — F;* M,

1.5
( ) +MkhFﬁ—Mthki—2(MkjFih'i‘ijM,;h),
where
Ly=— K, + 1 K
#Z T ard ST 2)(ntd) S
(1. 6)
My = =257 Sut gtroymra) K

and L,*=L,,9*, M;*=M,,9**. Now we consider a tensor B,; given by

1

st 8 EuFs —FuFi'+ 2P, FO)TK,

(1- 7) Blcji = _(Viji—Viji)+

then we can get the following identity :
(1. 8) VaBkJia = anji .
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§2. Complex semi-symmetric metric #-connection.

Let M be an n(=2m>2) real dimensional Kihlerian manifold. We
consider an affine connection D with components I'}; in M. Let T, be
the torsion tensor of D which is given by

(2. 1) Tjih = Fj’:— 1;?.
If the connection D satisfies the equation
(2' 2) D/cgji=0,

then D is called a metric connection. If the connection D satisfies the
equation

(2. 3) D, F*=0,

then D is called an F-connection. When the torsion tensor 7" of D is
given by

(2. 4) Tﬁh = 5jhpi—6ihpj—2Fﬁ qh,

where p; is a covector field and ¢* is a vector field, we call the affine
connection D a complex semi-symmetric connection.
Let I': be the components of a complex semi-symmetric metric F-
connection D. If we put ’
h
(2. 5) I‘,-’:;={ ji}+Uﬁ",

where U, is a tensor field of type (1,2), then from (2.1) and (2.5) we
have )

(2. 6) Tjih = Ujih— “h . A
Since the connection D is metric, from (1. 1), (2.2) and (2.5) we have
(2. 7) Ukji'f‘ U/“;j == O 5

where U,;;=U;;°ga;. From (2.6) and (2.7) we have
(2. 8) U= %— (Tjih + T+ Thz‘j) )

where T%;,=T,,°9°%9,;. Since the connection D is an F-connection, from
(1.1), (2.3) and (2.5) we have

(2.9) Un Fo— U Fy* = 0.

Substituting (2. 4) into (2. 8), we find

(2.10) Uy =0"pi—9s0"+Fi* ¢+ F"q;— F3q",
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where p"=p,9%", ¢;=q"gs- Substituting (2. 10) into (2.9) and contracting
with respect to 2 and %, we find

(2.11) g = —p. I, pi=q.F".

Therefore the components I'j; of a complex semi-symmetric metric F-
connection D are given by

h

(2.12) rh={ 340 p—0ut"+ Fa+ Fa,—Fug®

with p; and g; satisfying the relations (2. 11).
§3. Curvature tensor of a complex semi-symmetric
metric F-connection.
We denote by
Ryl*=0 i —o; 4+l si—I' ;20 0, = 0/ox*,

the curvature tensor of a complex semi-symmetric metric F-connection D
with components I'};. Then by a straightforward computation, we find

Ry = K" —0"Py+ 0, Pry— P 95+ P g1 — F.* Qi+ F;* Qys

(3.1) — Q" Fyi+Q,* Fri—a; F*—Fy; B,
where : .

P, = VjPi_PjPi‘HIj(h'*‘%‘lgﬁ,
(3. 2)

Qyi = VJ‘Zi_Pf‘Ii—‘]jPi‘*‘%ZFﬁa
ars=—Weq;—V;3q:), B =2(p:q"—qip"), A= pup*
and Pf=P;, 9%, Q;=Q;,9". Then we get
3.3)  Qu=-—PiF", Pu,=Q;F"  ay=Qu—Qu+iF,.

In (3.1), contracting with respect to %2 and h, we have
(3.4)  Ryu=K;—(n—1)Py—Pgsu+F,*Qu—QFs—ayF*—F,, 5,
where Ry=R.y" P=Pog" =V "+ 2 and Q=0Qug" =Vag".

By transvecting (3. 4) with ¢ we obtain

(3.5) R=K—-2(n+1)P+(n+4)z,
where R=R,,¢*". If we define the tensors V,, and H,; by
1

ijzf-Rkjabe“ and ij= —'R/ija,
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from (3.1) and (3. 4), we have

+4 +4
(3. 6) Vi =Su+ & T Q= Sks+ = (lec Qs+ AF:,),
(3.7) H;;=Si;—(n—1) Q,c,——PF“-—Fk“Pa,- +Q0ks+ ar;+ Pij -
By transvecting (3. 6) with F*/ we have
(3.8) V= K—(n+ )P+ 24

where V=V,;F*. From (3.5) and (3. 8) we have

1 2(n+1) 1
A= n2—4< n+4 V—R>— (n+2)(n+4)K’

(3.9) N 1

7R>+ S+ K-

If we assume that R,;,*=0, then we have R;;=0, R=0, V;;=0 and
H,;=0 and consequently from (3.1), (3. 4), (3.6), (3.7) and (3.9) we get

chjih_alcthi+6thki_Plchgji+Pjhgki_Fkthi+thQlci

1
P=W(V—

(810 — Q" Fu+Q Fy—ay, F'—Fy, 8 =0,

(3.11) K;=n—1)Py;+Pg;;i—F;*Qui+QF s+ au; Fi* + F,; 8,7,
(3.12) Sks = —i_ztli Ary = n+4 — (Qus— Qu—2F4y),

(3.13) Sy =(n—1)Qu;+ PFyy+ F* Py~ Qgij—txs— Bus>
(3.14) 1=~ m X Pozmin K

On the other hand we know that K,; is hybrid, i.e.,
K, —K,.,F’F*=0.
Taking use of this fact and (3.11), we have
(n—1) (Pyi+ F3* Qui)—(Piy+ Fi* Qus) = 0
and the symmetric part of the above equation is written as
(n—2)(Pu+F;*Qui+Pi;+F Q) =0
Hence from last two equations we obtain
(3. 15) Py = —F;*Qui, Qs =Fy"Pay.
From (3. 13) and (3. 15) we have
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(3. 16) Qu+Qy= %Qgﬁ ;

and from (3. 3), (3.12), (3.13), (3.14) and (3. 16) we obtain

1 1
Pﬁz“‘*n_'QFji"Lﬁ, Q =;‘Q9n Mﬁ,

1 1
(n+2)(n+4) KFy, PBpu=2My+ (n+2)(n+4

where L;; and M;; are defined by (1. 6).

Substituting (3. 17) into (3.10), we find B;;"=0, that is, the Bochner
curvature tensor of M vanishes. Thus we have

THEOREM 1. Let M be an n(=2m>2) real dimensional Kéihlerian
manifold. If M admits a complex semi-symmetric metric F-connection
which has no curvature, then the Bochner curvature tensor of M vanishes.

(3. 17)

Ay = 2Mji— ) KF_—;,; ’

§4. Holomorphic sectional curvature of a complex
semi-symmetric metric F-connection.

Let D be a complex semi-symmetric metric F-connection. Then, from
(3.1) we have R,;;"=—R;.;*. Applying the Ricci’s identity on the metric
tensor ¢, and the complex structure F;*, we have

D, Dj gin—D;Digin=—0gan Rlcjia —Gia Ry — Tkjd D,gin,
D/cDjFih'—DjDkFih == Fia Rkj“h_Fathjia_ T/cjaDaFl,;h.
Since D,;g;,=0 and D, F;*=0, we have
Rkjih. == Rlcjhi ’ R/m“ Fa = Rlcja Fz ’

where Ry;in=R.;%0an. By a straightforward computation we find

Rlcjih+Rjikh +Rikjh = Gin (Vipj—VjPi)+ g in (VkPi"ViPk)
(4.1) +gin (7 506—V 1035)+ 2F;(V 1 qa—2q1 pa+ AF 1)
-+ ZF/“; (Vth—ijPh. +2th) +2ij (Viq,,—Zqip,, +2th) .

Here and in the sequel we assume that p; is a gradient vector, i.e.,
pi=0,p for a scalar function p and p; and g; satisfy the equation

(4. 2) quh—quPh+1Fk,,=0.

Then, from (4.1), we have R+ Rjun+ Rizjn=0 and consequently R, ;=
Riui;. Therefore we can define the holomorphic sectional curvature for
a holomorphic section ¢=(u", F,*u") with respect to a complex semi-sym-
metric metric F-connection as follows :
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Rijin Ffu* ! Fyiu® u®
- k 1,0
gryu*ul giputu

Hio)= H(u") =

Then we can easily see that this H(s) is uniquely determined by the
holomorphic section ¢ and is independent of the choice of #* on ¢. If
this holomorphic sectional curvature is independent of the holomorphic
section at each point of M, then a complex semi-symmetric metric F-
connection is said to be of constant holomorphic sectional curvature.

Assume that a complex semi-symmetric metric F-connection D is of
constant holomorphic sectional curvature, then we have

(4. 3) Ry =k(0:"9;— 0" gr+ F* Fyy—F;"Fy,—2F, FY),

where % is a scalar. From (4. 3), we have

(4. 4) Ry=k(n+2)g, R=n(n+2)k.

From our assumption that p; is a gradient vector and (4. 2), we have

- Pu=P;, Q=0, Qsu+Qiy=0, |
Vi=H;=n+2)kF,, V=nn+2)k.

From (3.9), (4. 4) and (4.5), we get

R—K P K—R
(n+2)(n+4)° - 2(n+2)

Hence, from (3. 6), (3.7), (4.4), (4.5) and (4. 6), we have

(4. 5)

(4.6) A=

1 1
P,;= —L/cj_"g kgis, Qri= _Mlcj_7 kFy,
a,cj=2MH+ kaj"'lej, |8kj=2Mch+kaj—2ij-

(4.7)

Substituting (4. 3) and (4.7) into (3.1), we have B,;*=0, that is, the
Bochner curvature tensor of M vanishes. Thus we have

THEOREM 2. Let M be an n(=2m>2) real dimensional Kdihlerian
manifold. If M admits a complex semi-symmetric metric F-connection D
which satisfies the following :

(i) pi is a gradient vector,

(1) Vigs—2qipn+2F:, =0,

(ii1) D is of constant holomorphic sectional curvature, then the Bochner
curvature tensor of M vanishes.

Next we derive the Bianchi identity with respect to R;;* First,
from (4. 2), we have

(4. 8) D;qi=—pi9;, ~Dipi=—p;p:.
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Substituting (2. 4) and (4. 8) into
chD.f ¢i—D; Dy qi = —Ri3"qa— T4s" Da s
we get R;;°¢.=0. Using the Ricci’s identity with respect to D, we have
(a) D,D.Djw;—D.D,Djw;=—R;;;*Dyw;— R;*Dywa— Ty:*DyDyw;
where w,; is an arbitrary covector field. Differentiating covariantly the
both sides of the equation ‘
—D.D;w;+D; Dyw; = Ry ;*wa+ T;* Dyw;,

we have
b) —D,D,D;w;+ D,D; D, w;,

= (D, R} ;") Wa+ Ry 5" Dywy + (D, Ty Dyw; + Ty ;* D, D, w; .
Interchanging indices [/, &, j in such a way that [—k—j—[ in (a) and (b),
we have the other four equations respectively. Summing up these six
equations, we obtain

(DyRysi®+ Di Ryyi® + Dy Rypi®) wa— (Ryp;® + Ry ji® + Rji®) Dy wy
+2{p: (D Dyw,;— D, D, w,)+ p,(D; Dywi— D, Dyw,)+ p;(D, Dy w
— D, D,w,)} —2{F..q"(D; Dyw,— Dy D;w,~ p; Dayw,)+ Fy;q* (D, Dyw,
— D.Dyw,—p,Daw,)+ Fyuq*(D.Dyw,— D,Dyw,—pDyw.)} = 0.
Substituting the equations
D, D;w,—D;D,w; = —R;;,"we—p; Dy w;+ pp Dyw; +2F; ;q* D, w;,
Ry +Rij*+Ryu» =0, Riyi%q, =0
into the above equation, we have |
(4.9) D;R;;;*+DyRy;"+ Dy Ry = 2(p1 Ryji” + P Rysi® + Py Rori™) .
Since p;=0d;p, p being a scalar, we have
(4. 10) D;(eR,;;")= —2ep, R ;" + e D, R; ;.
From (4.9) and (4. 10), we get
D,(eR;;")+ D, (e R,;;")+ D; (e Ryi*) = 0.

Therefore, if we put R,;*=¢**R,," then we can easily verify the fol-
lowing relations : |
Rlcjih = —ﬁjkihy Rkjillb = —R/cjhiy Rlcjih = Rihkja
(4.11) R+ Ry +Ri" =0, . Ry u*F." =Ry Fe,
D, R/mh +D, leik +D; Ru=0.
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If a complex semi-symmetric metric F-connection D satisfies the con-
ditions (i), (ii) and (iii) of theorem 2, then we have

(4. 12) Rkjih = k((sk"gﬁ—ﬁjhgki+FkhFﬁ—thF,‘i—-2F“Fih).
Multiplying the both sides of (4.12) by ¢7??, we have
f\;lcjih = ke (0, 9;;—0," 9+ F' Fyy—F Fp, —2F, ;).

Then, by using (4.11) we can prove that k¢™? is a constant. Hence, if
we put c=ke ?*, we find

e_mR/m"z = C(alch gji_ajh gu+F Fji_FJh Fki_ZijFih) ’
¢ being a constant. Thus we have

THEOREM 3. Let M be an n(=2m>2) real dimensional Kdihlerian
manifold. If M admits a complex semi-symmetric metric F-connection I)
which satisfies the following :

(1) py ts a gradient vector, i.e., p,=0;p for a scalar p,

(ii) Vlth—2QkPh+1F/m=0,

(iii) D is of constant holomorphic sectional curvature, then the curva-
ture tensor of D is represented by | '

R,s* =ce% (0, 95—0," 9+ Fi* Fy— F/ Fy,,—2F; F"),

where ¢ is a constant.
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