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Introduction.

Recently K. Yano [5]^{1)} and T. Imai [1, 2] have studied some topics on
the curvature tensor of a semi-symmetric metric connection in a Rieman-
nian manifold. Especially, they have given the condition that a semi-
symmetric metric connection in a Riemannian manifold has no curvature.

On the other hand K. Yano [6] has introduced the concept of a com-
plex conformal connection in a K\"ahlerian manifold and K. Yano, U. K.
Kim [3] and O. Yoon [8] have given the condition that the Bochner cur-
vature tensor of a K\"ahlerian manifold vanishes.

The purpose of the present paper is to introduce the concept of
a complex semi-symmetric metric F-connection and study some properties
of a complex semi-symmetric metric F-connection in a K\"ahlerian manifold.
We study the condition that the Bochner curvature tensor of a K\"ahlerian

manifold vanishes. Also we define the holomorphic sectional curvature
with respect to a complex semi-symmetric metric F-connection under some
assumptions and study another condition that the Bochner curvature tensor
of a K\"ahlerian manifold vanishes.

In \S 1, we give preliminary formulas on a K\"ahlerian manifold. In \S 2,
we define a complex semi-symmetric metric F-connection and give the
relation between the components of a complex semi-symmetric metric F-
connection and the Christoffel symbols. In \S 3, we give the curvature
tensor of a complex semi-symmetric metric F-connection and obtain the
condition that the Bochner curvature tensor of a K\"ahlerian manifold van-
ishes. In the last section \S 4, we define the holomorphic sectional curva-
ture with respect to a complex semi-symmetric metric F-connection under
some assumptions and obtain some theorems.

The present author wishes to express here his sincere thanks to PrO-
fessor Yoshie Katsurada and Doctor Tamao Nagai for their kindly guid-
ances and advices.

1) Numbers in brackets refer to the references at the end of the paper.
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\S 1. Preliminaries.

Let us consider an n(=2m>2) real dimensional K\"ahlerian manifold
with local coordinates \{x^{i}\} , where here and in the sequel the indices h, i,
j, k, \cdots run over the range \{1, 2, \cdots, n\} . Then the positive definite Rieman-
nian metric g_{fi} and the complex structure F_{i}^{h} satisfy the following equations

F_{f}^{a}F_{a^{i}}=-\delta_{f}^{i} , g_{ba}F_{f}^{b}F_{i}^{a}=g_{fi} ,
(1. 1)

\nabla_{k}F_{f}^{h}=0 , \nabla_{k}g_{fi}=0 ,

where \nabla_{k} denotes the operator of the covariant differentiation with respect

to the Christoffel symbols \{\begin{array}{l}hji\end{array}\} constructed from g_{fi} . The Riemannian cur-
vature tensor K_{kfi^{h}} of g_{fi} is defined by

K_{kfi}^{h}=\partial_{k} \{\begin{array}{l}hji\end{array}\}-\partial_{j} \{\begin{array}{l}hki\end{array}\}+\{\begin{array}{l}hka\end{array}\} \{_{ji}^{a}\}-\{\begin{array}{l}hja\end{array}\}\{\begin{array}{l}aki\end{array}\} , \partial_{f}=\partial/\partial x^{f} .
We put K_{kfih}=K_{kfi}^{a}g_{ah} , K_{fi}=K_{afi}^{a}=K_{bfiag}^{ba}, K=K_{bag}^{ba} and S_{fi}=-K_{fa}F_{i}^{a},
then the following identities are valid

(1. 2) K_{afi^{h}}F_{k}^{a}=-K_{kat^{h}}F_{f}^{a} , K_{kfa^{h}}F_{i}^{a}=K_{kfi}^{a}F_{a}^{h} , K_{kfih}=K_{kfba}F_{i}^{b}F_{h}^{a} ,

(1. 3) K_{fi}=K_{ba}F_{f}^{b}F_{i}^{a} , F_{f}^{a}K_{ai}=-K_{fa}F_{i}^{a} , F_{f}^{a}K_{a^{h}}=K_{f}^{a}F_{a^{h}} ,

S_{fi}+S_{if}=0 , S_{fi}=S_{ba}F_{f}^{b}F_{i}^{a} , F_{f}^{a}S_{ai}=-S_{fa}F_{i}^{a}=-K_{fi} ,
(1. 4)

S_{ji}=- \frac{1}{2}K_{fiba}F^{ba}=K_{bfia}F^{ba}

The Bochner curvature tensor B_{kfi}^{h} (S. Tachibana [4]) is given by

B_{kfi}^{h}=K_{kfi}^{h}+\delta_{k}^{h}L_{fi}-\delta_{f}^{h}L_{ki}+L_{k}^{h}g_{fi}-L_{J^{h}}g_{ki}+F_{k}^{h}M_{fi}-F_{f}^{h}M_{ki}

(1. 5)
+M_{k}^{h}F_{fi}-M_{f}^{h}F_{ki}-2 (M_{kf}F_{i}^{h}+F_{kf}M_{i}^{h}) ,

where

L_{fi}=- \frac{1}{n+4}K_{fi}+\frac{1}{2(n+2)(n+4)}Kg_{fi} ,
(1. 6)

M_{fi}=- \frac{1}{n+4}S_{fi}+\frac{1}{2(n+2)(n+4)}KF_{fi}

and L_{k}^{h}=L_{ka}g^{ah}, M_{k}^{h}=M_{ka}g^{ah} . Now we consider a tensor B_{kfi} given by

(1. 7) B_{kfi}=-( \nabla_{k}L_{fi}-\nabla_{f}L_{ki})+\frac{1}{2(n+2)(n+4)}(F_{ki}F_{f}^{a}-F_{fi}F_{k}^{a}+2F_{kf}F_{i}^{a})\nabla_{a}K ,

then we can get the following identity:

(1. 8) \nabla_{a}B_{kfi}^{a}=nB_{kfi} .
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\S 2. Complex semi-symmetric metric F-connection.

Let M be an n(=2m>2) real dimensional K\"ahlerian manifold. We
consider an affine connection D with components \Gamma_{fi}^{h} in M. Let T_{fi}^{h} be
the torsion tensor of D which is given by

(2. 1) T_{fi}^{h}=\Gamma_{fi}^{h}-\Gamma_{if}^{h} .

If the connection D satisfies the equation

(2. 2) D_{k}g_{fi}=0 ,

then D is called a metric connection. If the connection D satisfies the
equation

(2. 3) D_{k}F_{i}^{h}=0 ,

then D is called an F-connection. When the torsion tensrT_{fi^{h}} of D is
given by

(2. 4) T_{fi}^{h}=\delta_{f}^{h}p_{i}-\delta_{i}^{h}p_{f}-2F_{fi}qh ,

where p_{i} is a covector field and q^{h} is a vector field, we call the affine
connection D a complex semi-symmetric connection.

Let \Gamma_{fi}^{h} be the components of a complex semi-symmetric metric F-
connection D. If we put

(2. 5) \Gamma_{ji}^{h}=\{\begin{array}{l}hji\end{array}\} +U_{fi}^{h} ,

where U_{fi}^{h} is a tensor field of type (1, 2), then from (2. 1) and (2. 5) we
have

(2. 6) T_{fi}^{h}=U_{ji}^{h}-U_{if}^{h} .

Since the connection D is metric, from (1. 1), (2. 2) and (2. 5) we have

(2. 7) U_{kfi}+U_{kif}=0 ,

where U_{kfi}=U_{kj}^{a}g_{ai} . From (2. 6) and (2. 7) we have

(2. 8) U_{fi^{h}}= \frac{1}{2}(T_{fi}^{h}+T_{fi}^{h}+T_{if}^{h}) ,

where T_{fi}^{h}=T_{af}^{bah}gg_{bi} . Since the connection D is an F-connection, from
(1. 1), (2. 3) and (2. 5) we have

(2. 9) U_{ka}^{h}F_{i}^{a}-U_{ki}^{a}F_{a^{h}}=0 .
Substituting (2. 4) into (2. 8), we find
(2. 10) U_{ft^{h}}=\delta_{f}^{h}p_{i}-g_{ft}p^{h}+F_{f}^{h}q_{i}+F_{i}^{h}q_{J}-F_{fi}qh ,
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where p^{h}=p_{a}g^{ah}, q_{i}=q^{a}g_{ai} . Substituting (2. 10) into (2. 9) and contracting
with respect to k and h, we find
(2. 11) q_{i}=-p_{a}F_{i}^{a} , p_{i}=q_{a}F_{i}^{a} .

Therefore the components \Gamma_{fi}^{h} of a complex semi-symmetric metric F-
connection D are given by

(2. 12) \Gamma_{fi}^{h}=\{\begin{array}{l}hji\end{array}\} +\delta_{f}^{h}p_{i}-g_{fi}p^{h}+F_{f}^{h}q_{i}+F_{i}^{h}q_{f}-F_{fi}qh

with p_{i} and q_{i} satisfying the relations (2. 11).

\S 3. Curvature tensor of a complex semi-symmetric
metric F-connection

We denote by
R_{kfi}^{h}=\partial_{k}\Gamma_{fi}^{h}-\partial_{f}\Gamma_{ki}^{h}+\Gamma_{ka}^{h}\Gamma_{fi}^{a}-\Gamma_{fa}^{h}\Gamma_{ki}^{a} , \partial_{k}=\partial/\partial x^{k} ,

the curvature tensor of a complex semi-symmetric metric F-connection D
with components \Gamma_{ji}^{h} . Then by a straightforward computation, we find

R_{kfi}^{h}=K_{kji}^{h}-\delta_{k}^{h}P_{fi}+\delta_{f}^{h}P_{ki}-P_{k}^{h} g_{fi}+P_{f}^{h} g_{ki}-F_{k}^{h} Q_{fi}+F_{f}^{h} Q_{ki}

(3. 1)
-Q_{k}^{h}F_{fi}+Q_{f}^{h}F_{ki}-\alpha_{kf}F_{i}^{h}-F_{kf}\beta_{i}^{h} ,

where
P_{fi}= \nabla_{j}p_{i}-p_{f}p_{i}+q_{J}q_{i}+\frac{1}{2}\lambda g_{fi} ,

(3. 2)
Q_{fi}= \nabla_{f}q_{i}-p_{f}q_{i}-q_{J}p_{i}+\frac{1}{2}\lambda F_{ji} ,

\alpha_{kf}=-(\nabla_{k}q_{J}-\nabla_{f}q_{k}) , \beta_{i}^{h}=2(p_{i}q^{h}-q_{i}p^{h}) , \lambda=p_{a}p^{a}

and P_{f}^{i}=P_{fa}g^{ai} , Q_{f}^{i}=Q_{fa}g^{ai} . Then we get

(3. 3) Q_{fi}=-P_{ja}F_{i}^{a} , P_{fi}=Q_{fa}F_{i}^{a} , \alpha_{kf}=Q_{fk}-Q_{kj}+\lambda F_{kf} .
In (3. 1), contracting with respect to k and h, we have

(3. 4) R_{fi}=K_{fi}-(n–1) P_{fi}-Pg_{fi}+F_{g^{a}}Q_{ai}-QF_{fi}-\alpha_{af}F_{i}^{a}-F_{af}\beta_{i}^{a} ,

where R_{fi}=R_{afi}^{a}, P=P_{ba}g^{ba}= \nabla_{a}p^{a}+\frac{n}{2}\lambda and Q=Q_{ba}g^{ba}=\nabla_{a}q^{a} .
By transvecting (3. 4) with g^{fi} we obtain

(3. 5) R=K-2(n+1)P+(n+4)\lambda ,

where R=R_{ba}gba . If we define the tensors V_{kf} and H_{kf} by

V_{kf}= \frac{1}{2}R_{kja}^{b}F_{b}^{a} and H_{kf}=-R_{ka}F_{f}^{a} ,
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from (3. 1) and (3. 4), we have

(3. 6) V_{kf}=S_{kf}+ \frac{n+4}{2}\alpha_{kf}=S_{kf}+\frac{n+4}{2}(Q_{fk}-Q_{kf}+\lambda F_{kf}) ,

(3. 7) H_{kf}=S_{kf}-(n-1)Q_{kf}-PF_{kf}-F_{k}^{a}P_{aj}\dagger Qg_{kf}+\alpha_{kf}+\beta_{kj} .
By transvecting (3. 6) with F^{kf} we have

(3. 8) V=K-(n+4)P+ \frac{n(n+4)}{2}\lambda ,

where V=V_{kf}F^{kf} . From (3. 5) and (3. 8) we have

\lambda=\frac{1}{n^{2}-4}(\frac{2(n+1)}{n+4}V-R)-\frac{1}{(n+2)(n+4)}K ,
(3. 9)

P= \frac{1}{n^{2}-4}(V-^{\frac{n}{2}}R)+\frac{1}{2(n+2)}K .

If we assume that R_{kfi}^{h}=0, then we have R_{fi}=0, R=0, V_{kf}=0 and
H_{fi}=0 and consequently from (3. 1), (3. 4), (3. 6), (3. 7) and (3. 9) we get

K_{kfi}^{h}-\delta_{k}^{h}P_{fi}+\delta_{f}^{h}P_{ki}-P_{k}^{h}g_{fi}+P_{g^{h}}g_{ki}-F_{k}^{h}Q_{fi}+F_{f}^{h}Q_{ki}

(3. 10)
-Q_{k}^{h}F_{fi}+Q_{f}^{h}F_{ki}-\alpha_{kf}F_{i}^{h}-F_{kf}\beta_{i}^{h}=0 ,

(3. 11) K_{fi}=(n-1)P_{fi}+Pg_{ji}-F_{f}^{a}Q_{ai}+QF_{fi}+\alpha_{af}F_{i}^{a}+F_{af}\beta_{i}^{a} ,

(3. 12) S_{kf}=- \frac{n+4}{2}\alpha_{kf}=\frac{n+4}{2}(Q_{kj}-Q_{fk}-\lambda F_{kf}) ,

(3. 13) S_{kf}=(n-1)Q_{kf}+PF_{kf}+F_{k}^{a}P_{af}-Qg_{kf}-\alpha_{kf}-\beta_{kf} ,

(3. 14) \lambda=-^{\frac{1}{(n+2)(n+4)}}K , P= \frac{1}{2(n+2)}K .

On the other hand we know that K_{fi} is hybrid, i.e. ,

K_{fi}-K_{ba}F_{f}^{b}F_{i}^{a}=0 .
Taking use of this fact and (3. 11), we have

(n-1)(P_{fi}+F_{f}^{a}Q_{ai})-(P_{if}+F_{i}^{a}Q_{af})=0 ,

and the symmetric part of the above equation is written as
(n-2)(P_{fi}+F_{f}^{a}Q_{ai}+P_{if}+F_{t}^{a}Q_{af})=0 .

Hence from last two equations we obtain

(3. 15) P_{fi}=-F_{f}^{a}Q_{ai} , Q_{fi}=F_{f}^{a}P_{ai} .
From (3. 13) and (3. 15) we have
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(3. 16) Q_{fi}+Q_{if}= \frac{2}{n}Qg_{fi} ,

and from (3. 3), (3. 12), (3. 13), (3. 14) and (3. 16) we obtain

P_{fi}=- \frac{1}{n}QF_{fi}-L_{fi} , Q_{fi}= \frac{1}{n}Qg_{fi}-M_{fi} ,
(3. 17)

\alpha_{fi}=2M_{fi^{-}}\frac{1}{(n+2)(n+4)}KF_{fi} , \beta_{fi}=2M_{fi}+\frac{1}{(n+2)(n+4)}KF_{fi} ,

where L_{fi} and M_{fi} are defined by (1. 6).
Substituting (3. 17) into (3. 10), we find B_{kfi}^{h}=0, that is, the Bochner

curvature tensor of M vanishes. Thus we have
THEOREM 1. Let M be an n(=2m>2) real dimmsional K\"ahlerian

manifold. If M admits a complex semi-symmetric metric F-connection
which has no curvature, then the Bochner curvature tensor of M vanishes.

\S 4. Holomorphic sectional curvature of a complex
semi-symmetric metric F-connection.

Let D be a complex semi-symmetric metric F-connection. Then, from
(3. 1) we have R_{kfi}^{h}=-R_{fki}^{h} . Applying the Ricci’s identity on the metric
tensor g_{fi} and the complex structure F_{i}^{h} . we have

D_{k}D_{f} g_{ih}-D_{f}D_{k} g_{ih}=-g_{ah}R_{kfi}^{a}-g_{ia}R_{kjh}^{a}-T_{kf}^{a}D_{a} g_{ih} ,
D_{k}D_{f}F_{i}^{h}-D_{f}D_{k}F_{i}^{h}=F_{i}^{a}R_{kfa}^{h}-F_{a}^{h}R_{kfi}^{a}-T_{kj}^{a}D_{a}F_{i}^{h} .

Since D_{f}g_{ih}=0 and D_{k}F_{i}^{h}=0 , we have
R_{kfih}=-R_{kfhi} , R_{kfi}^{a}F_{a^{h}}=R_{kfa^{h}}F_{i}^{a} ,

where R_{kfih}=R_{kfi}^{a}g_{ah} . By a straightforward computation we find

R_{kfih}+R_{fikh}+R_{ikjh}=g_{kh}(\nabla_{i}p_{f}-\nabla_{f}p_{i})+g_{fh}(\nabla_{k}p_{i}-\nabla_{i}p_{k})

(4. 1) +g_{ih}(\nabla_{f}p_{k}-\nabla_{k}p_{f})+2F_{if}(\nabla_{k}q_{h}-2q_{k}p_{h}+\lambda F_{kh})

+2F_{ki}(\nabla_{f}q_{h}-2q_{J}p_{h}+\lambda F_{fh})+2F_{fk}(\nabla_{i}q_{h}-2q_{i}p_{h}+\lambda F_{ih}) .

Here and in the sequel we assume that p_{i} is a gradient vector, i.e. ,
p_{i}=\partial_{i}p for a scalar function p and p_{t} and q_{i} satisfy the equation

(4. 2) \nabla_{k}q_{h}-2q_{k}p_{h}+\lambda F_{kh}=0 .
Then, from (4. 1), we have R_{kfih}+R_{fikh}+R_{ikfh}=0 and consequently R_{kfih}=

R_{ihkf} . Therefore we can define the holomorphic sectional curvature for
a holomorphic section \sigma=(u^{h}, F_{a^{h}}u^{a}) with respect to a complex semi-sym-
metric metric F-connection as follows:
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H( \sigma)=H(u^{h})=-\frac{R_{kfih}F_{a}^{k}u^{a}u^{f}F_{b}^{i}u^{b}u^{h}}{g_{kf}u^{k}u^{f}g_{ih}u^{i}u^{h}} .

Then we can easily see that this H(\sigma) is uniquely determined by the
holomorphic section \sigma and is independent of the choice of u^{h} on \sigma . If
this holomorphic sectional curvature is independent of the holomorphic
section at each point of M, then a complex semi-symmetric metric F-
connection is said to be of constant holomorphic sectional curvature.

Assume that a complex semi-symmetric metric F-connection D is of
constant holomorphic sectional curvature, then we have
(4. 3) R_{kfi}^{h}=k(\delta_{k}^{h}g_{fi}-\delta_{f}^{h}g_{ki}+F_{k}^{h}F_{ji}-F_{f}^{h}F_{ki}-2F_{kf}F_{i}^{h}) ,

where k is a scalar. From (4. 3), we have

(4. 4) R_{fi}=k(n+2)g_{fi} , R=n(n+2)k .
From our assumption that p_{i} is a gradient vector and (4. 2), we have

P_{fi}=P_{if} , Q=0 , Q_{fi}+Q_{if}=0 ,
(4. 5)

V_{fi}=H_{fi}=(n+2)kF_{fi} , V=n(n+2)k .
From (3. 9), (4. 4) and (4. 5), we get

(4. 6) \lambda=\frac{R-K}{(n+2)(n+4)} , P= \frac{K-R}{2(n+2)} .

Hence, from (3. 6), (3. 7), (4. 4), (4. 5) and (4. 6), we have

P_{kf}=-L_{kf^{-}} \frac{1}{2}kg_{kf} , Q_{kf}=-M_{kf}- \frac{1}{2}kF_{kf} ,
(4. 7)

\alpha_{kf}=2M_{kf}+kF_{kf}+\lambda F_{kf} , \beta_{kf}=2M_{kf}+kF_{kf}-\lambda F_{kf} .
Substituting (4. 3) and (4. 7) into (3. 1), we have B_{kfi}^{h}=0, that is, the

Bochner curvature tensor of M vanishes. Thus we have
THEOREM 2. Let M be an n(=2m>2) real dimensional K\"ahlerian

manifold. If M admits a complex semi-symmetric metric F-connection D
which satisfies the following :

(i) p_{i} is a gradimt vector,
(ii) \nabla_{k}q_{h}-2q_{k}p_{h}+\lambda F_{kh}=0 ,
(iii) D is of constant holomorphic sectional curvature thm the Bochner

curvature tmsor of M vanishes.
Next we derive the Bianchi identity with respect to R_{kfi}^{h} . First,

from (4. 2), we have
(4. 8) D_{f}q_{i}=-p_{f}q_{i} , D_{f}p_{i}=-p_{f}p_{i} .
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Substituting (2. 4) and (4. 8) into
D_{k}D_{f}q_{i}-D_{j}D_{k} q_{i}=-R_{kfi}^{a}q_{a}-T_{kf}^{a}D_{a}q_{i} ,

we get R_{kfi}^{a}q_{a}=0 . Using the Ricci’s identity with respect to D, we have

(a) D_{l}D_{k}D_{f}w_{i}-D_{k}D_{l}D_{f}w_{i}=-R_{lkJ^{a}}D_{a}w_{i}-R_{lki}^{a}D_{f}w_{a}-T_{lk}^{a}D_{a}D_{f}w_{i} ,

where w_{i} is an arbitrary covector field. Differentiating covariantly the
both sides of the equation

-D_{k}D_{f}w_{i}+D_{j}D_{k}w_{i}=R_{kfi}^{a}w_{a}+T_{kf}^{a}D_{a}w_{i} ,
we have

-D_{l}D_{k}D_{f}w_{i}+D_{l}D_{f}D_{k}w_{i}

(b)
= (D_{l}R_{\# fi}^{a})w_{a}+R_{kfi}^{a}D_{l}w_{a}+(D_{l} T_{kf}^{a})D_{a}w_{i}+T_{kj}^{a}D_{l}D_{a}w_{i} .

Interchanging indices l, k, j in such a way that larrow k- jarrow l in (a) and (b),
we have the other four equations respectively. Summing up these six
equations, we obtain

(D_{l}R_{kfi}^{a}+D_{k}R_{fli}^{a}+D_{j}R_{lki}^{a})w_{a}-(R_{lkf}^{a}+R_{kjl}^{a}+R_{jlk}^{a})D_{a}w_{i}

+2 \{p_{l}(D_{k}D_{f}w_{i}-D_{f}D_{k}w_{i})+p_{k}(D_{j}D_{l}w_{i}-D_{l}D_{f}w_{i})+p_{f}(D_{l}D_{k}w_{i}

-D_{k}D_{l}w_{i})\}-2\{F_{lk}q^{a}(D_{f}D_{a}w_{i}-D_{a}D_{f}w_{i}-p_{f}D_{a}w_{i})+F_{kf}q^{a}(D_{l}D_{a}w_{t}

-D_{a}D_{l}w_{i}-p_{l}D_{a}w_{i})+F_{fl}q^{a}(D_{k}D_{a}w_{i}-D_{a}D_{k}w_{i}-p_{k}D_{a}w_{i})\}=0 .
Substituting the equations

D_{k}D_{f}w_{i}–D_{f}D_{k}w_{i}=-R_{kfi}^{a}w_{a}-p_{f}D_{k}w_{i}+p_{k}D_{f}w_{i}+2F_{kf}q^{a}D_{a} w_{i} ,

R_{lkj}^{h}+R_{kfl}^{h}+R_{jlk}^{h}=0 , R_{kfi}^{a}q_{a}=0

into the above equation, we have
(4. 9) D_{l}R_{kfi}^{h}+D_{k}R_{fli}^{h}+D_{f}R_{lki}^{h}=2(p_{l}R_{kfi}^{h}+p_{k}R_{fli}^{h}+p_{f}R_{lki^{h}}) .
Since p_{i}=\partial_{i}p, p being a scalar, we have
(4. 10) D_{l}(e^{-2p}R_{kji}^{h})=-2e^{-2p}p_{l}R_{kfi}^{h}+e^{-2p}D_{l}R_{kfi}^{h} .

From (4. 9) and (4. 10), we get

D_{l}(e^{-2p}R_{kfi}^{h})+D_{k}(e^{-2p}R_{fli}^{h})+D_{j}(e^{-2p}R_{lki}^{h})=0 .
Therefore, if we put \hat{R}_{kfi}^{h}--e^{-2p}R_{kft^{h}}, then we can easily verify the fol-
lowing relations :

\hat{R}_{kfi}^{h}=-\hat{R}_{fki}^{h} , \hat{R}_{kfih}=-\hat{R}_{kfhi} , \hat{R}_{kfih}=\hat{R}_{ihkf} ,

(4. 11) \hat{R}_{kfi}^{h}+\hat{R}_{fik}^{h}+\hat{R}_{ikf}^{h}=0 , \hat{R}_{kfi}^{a}F_{a}^{h}=\hat{R}_{kfa^{h}}F_{i}^{a} ,
D_{l}\hat{R}_{kfi}^{h}+D_{k}\hat{R}_{fli}^{h}+D_{j}\hat{R}_{lki}^{h}=0 .



226 T. Sakaguchi

If a complex semi-symmetric metric F-connection D satisfies the con-
ditions (i), (ii) and (iii) of theorem 2, then we have
(4. 12) R_{kji^{h}}=k(\delta_{k}^{h}g_{fi}-\delta_{f}^{h}g_{ki}+F_{k}^{h}F_{fi}-F_{f}^{h}F_{ki}-2F_{kf}F_{i}^{h}) .
Multiplying the both sides of (4. 12) by e^{-2p}, we have

\hat{R}_{kfi}^{h}=ke^{-2p} (\delta_{k}^{h}g_{fi}-\delta_{f}^{h}g_{ki}+F_{k}^{h}F_{fi}-F_{J^{h}}F_{ki}-2F_{kj}F_{t^{h}}) .
Then, by using (4. 11) we can prove that ke^{-2p} is a constant. Hence, if
we put c=ke^{-2p}, we find

e^{-2p}R_{kfi}^{h}=c(\delta_{k}^{h}g_{fi}-\delta_{f}^{h}g_{ki}+F_{k}^{h}F_{fi}-F_{f}^{h}F_{ki}-2F_{kf}F_{i}^{h}) ,

c being a constant. Thus we have
THEOREM 3. Let M be an n(=2m>2) real dimensional K\"ahlerian

manifold. If M admits a complex semi-symmetric metric F-connection I)

which satisfies the following:
(i) p_{i} is a gradient vector, i.e. , p_{i}=\partial_{i}p for a scalar p,
(ii) \nabla_{k}q_{h}-2q_{k}p_{h}+\lambda F_{kh}=0 ,
(iii) D is of constant holomorphic sectional curvature, then the cuma-

ture tensor of D is represmted by
R_{kfi}^{h}=ce^{2p} (\delta_{k}^{h}g_{fi}-\delta_{f}^{h}g_{ki}+F_{k}^{h}F_{fi}-F_{J^{h}}F_{ki}-2F_{kf}F_{i}^{h}) ,

where c is a constant.
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