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o-hypersurfaces of generalized complex space forms
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In [9] we proved the following

THEOREM Let M be a o-submanifold of a generalized complex space
form M (g, a). The following conditions are equivalent if the real codimen-
sion 1s>2: ’

(1) the normal connection of M is trivial;

(ii) g=a and M is totally geodesic in M.

¢=a means that the ambient space is a space of constant curvature. On
the other hand, the following theorem of Chern is well-known :

THEOREM Let M (with real dimension>3) be a Kdihler-Einstein
hypersurface of a complex space form M (p). Then M is totally geodesic in
M or p>0.

The main purpose of this paper is to extend the first theorem to the
case of a real codimension 2 and nonpositive a. Therefore we prove the
following extension of Chern’s theorem. We suppose that M (g, a) is
locally symmetric. “

THeEOREM Let M (with real dimension n>3) be a a-hypersurface of
a generalized complex space form M (u,«). If M is Einstein, then M is
totally geodesic in M or p—a+nv>0, v denoting the antiholomorphic
sectional curvature.

Finally, we give some considerations about ¢-submanifolds and in
particular we give a new proof of the fact that S® considered with the
usual nearly Kahler structures, has no holomorphic hypersurfaces [3].

1. Let M be an m-dimensional C* Riemannian manifold with Levi-Civita
connection 7. Then the curvature tensor R of M is given by R(X, Y)=
Prxyi—[Px Pyl for any X, YeZ (M) where £ (M) is the Lie algebra of C*
vector fields on M. Further, let {E;} be a local orthonormal frame field
on M. Then the Ricci tensor §(X, Y) is defined by

$(X,Y)=LR(X, E, Y, E)

where R(X, E, Y, E)=§(R(X,E)Y, E) and § is the metric tensor of M.
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Let M be an n-dimensional submanifold immersed in M. Then we
have

FrY=PY+s(X,Y)

where V;Y denotes the component of 7,Y tangent to M and X, YeZ (M).

¢ is a symmetric covariant tensor field of degree 2 with valyes in Z (M)
We have further

where N is a normal vector field. — AyX(resp. DxN) denotes the tangen-
tial (resp. normal) component of 7yN. D is the linear connection in the
normal bundle (called the normal connection) T'(M)' and A is a cross-
section of a vector bundle Hom (7' (M)*, S(M)) where S(M) is the bundle
whose fibre at each point is the space of symmetric linear transformations
of T,(M)—T,(M), xeM, i.e. for any normal vector Ne T, (M)*, Ay: T,(M)
—T,(M). We have

§(o(X,Y),N)=g(AxX,Y)=9g(X, AyY)

where ¢ denotes the induced metric tensor on M. ¢ and A are called both
the second fundamental form.

1 ) . e~ )
H= *n—trace o is the mean curvature vector of M in M and the submani-

fold is minimal if H=0. If the second fundamental form ¢ vanishes
identically, M is called a totally geodesic submanifold.

Let R" be the curvature tensor associated with D, i.e. R*(X,Y)=
Dixy1—[Dx, Dy]l. Then the normal connection is flat (or trivial) if R*
vanishes identically. Note that the normal connection is flat if the (real)
codimension is one and if the (real) codimension is higher, then the normal
connection is not flat in general.

The equations of Gauss and Ricci are given respectively by
R(X,Y,ZW)=R(X,Y,Z W) (1)
+g{0'(X, W)9 6(Y7 Z)—g{a(X’ Z)’ U(K W)
and
{(RIX,Y) N} =RYX,Y)N—0¢(AyX, V)+0(X, AyY) (2)
or
R(X,Y,N,N)=R*X,Y,N,N)+g([Ay, A X, Y) (2)
where X, Y,Z, WeZ (M) and N, N'e Z (M)".

2. Let (M, g,J) be a C* Riemannian manifold which is almost Hermitian,
that is, the tangent bundle has an almost complex structure J and a
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Riemannian metric ¢ such that g(JX, JY)=¢(X,Y) for all X, YeZ (M).
Then dim M =m=2p and M is orientable.

A subspace T" of T,(M) is holomorphic if JT'C T’ and a submanifold
M immersed in M is a holomorphic submanifold if each tangent space of
M is holomorphic. The sectional curvature of M restricted to a holo-
morphic 2-plane is called the holomorphic sectional curvature.

Studying almost Hermitian manifolds M we find for some classes nice
identities for the curvature tensor [5], [6] One of these is of particular
interest, namely

R(X,Y,Z W)=R(JX, JY,JZ, JW)

for all X,Y,Z WeZ (M). A manifold such that the curvature tensor
satisfies this identity is called an RK-manifold [8].
We say further that an almost Hermitian manifold is of constant type

[4],[8] at x€M provided that for all Xe€ T.(M) we have

AX, Y)=1(X, Z) (3)
with
X, Y)=R(X Y, X, Y)—-R(X,Y,JX,JY)

whenever the planes defined by X, Z and X, Y are antiholomorphic and
9(Y,Y)=9(Z, Z). We recall that a subspace 7" of T.(M) is antiholomorphic
if JT'CT', where T'* is the orthogonal space of 7" in T.(M). If the
condition (3) holds for all zeM, we say that M has (pointwise) constant
type. Finally, if X, YeZ (M) with ¢(X, Y)=¢(JX, Y)=0,2(X, Y) is con-
stant whenever ¢(X, X)=g(Y, Y)=1, then M is said to have global con-

stant type.
We proved in that an RK-manifold has (pointwise) constant type

if and only if there exists a C* function a such that
AX, Y)=a{g(X,X)g(Y, Y)—g(X, Y—g(JX, YV} (4)

for all X, YeZ (M). Furthermore, M has global constant type if and only
if (4) holds with a constant function a. This « is called the constant type
of M.

An RK-manifold with constant holomorphic sectional curvature g and
constant type a is called a generalized complex space form [11]. The class
formed by such manifolds contains the well-known complex space forms
but it contains for example also S° with the usual almost complex structure.
The curvature tensor of such a manifold is given by

%(#—a) (9(XJIZ)g(Y,IW)—g(X,JW)g(Y,JZ)+29(X,JY)g(ZJW)}  (5)
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where v denotes the antiholomorphic sectional curvature and this is given
by

4y = p+3a. (6)
Note that a generalized complex space form is a space of constant curva-
ture if and only if p=a.

3. Let M be an n-dimensional holomorphic submanifold immersed in an
almost Hermitian manifold M. M is called a ¢-submanifold if the

second fundamental form ¢ is complex bilinear, i.e.

cJX,Y)=0(X,JY)=Jo(X,Y) (7)
and this is equivalent with
A X =JAxX, AyJX+JAyX=0 (8)

for all X, YC&Z (M). 1t is easy to verify that a v-submanifold is a mini-
mal submanifold.

Let /' be the covariant differentiation with respect to the connection
in (tangent bundle) @ (normal bundle). Hence

Vo) (Y,Z)=Dxo(Y,Z)—0 (<Y, Z)—a(Y,V+Z)

for all X,Y,ZeZ (M). Suppose further that {E,} is a local orthonormal
frame field of M such that E;, ¢, j=1,2, ---, n are tangent to M and E,, 2,
p=n+1,---,m are normal to M. If we set A,= Az, and

h;}j =g (Az E, Ej) or U(Ez‘, Ej) = Zz: héj E,,

then we have the following formula for a minimal submanifold M of M [2]:

S Aol = [P ol*+ X 2r(A, A, — A, AF— Sier A, ALY
— D4R Ry bl — R By bty + 2R b Bk + 2R R ). (9)

Here 4 denotes the Laplacian and ||¢|| is the length of the second funda-
mental form o.

Based on this formula (9) it is a stréightforward calculation from (5)
to obtain, if M(y, a) is locally symmetric (and this will be supposed in
section 4 and 5),

LEMMA 1 Let M be an n-dimensional o-submanifold of an m-dimen-
sional generalized complex space form M (g, a). Then

S dllollf = 7o)+ D er(A,A,— A, A

— Sltr A AP+ (n+4) (=) +4na) ol (10)
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The last therm may be replaced by (p—a+ny)||a|%

4. We shall prove now a partial generalization of a well-known theorem
of Chern [1]. Therefore we wish to consider an Einstein space M, i.e.
there exists a function # on M such that

S(X, Y)=0(X,Y)

for all X, YeZ (M). It is well-known that @ is a constant function if #>3.

THEOREM 2 Let M™ be an n-dimensional o-hypersurface of a genera-
lized complex space form M™(p, a) (m=n+2). If n>3 and M is Einstein,
then either M is totally geodesic in M or p—a+nv>0.

ProoF Since M is minimal it follows from (1)

S(X, Y)=5R(X, B, Y, E)- 3 g{e(X, E), o(Y, E)).

i=1

Further we get by (5) and (6)
R E, Y, E)={n—1)s+ Js—a) o (X, V).

If we take
En+2 =J. En+1 ’

then we obtain from (7) or (8)
30{e(X, E), o(Y, E)) =20(Asn X, Apn Y).
Since M is Einstein, we obtain from these formulas

1A X, A V) == 1)v+ S0~} 0 (X, V).

On the other hand, it follows easily

p= n{(n—l)v+%(ﬂ—a)}— llell?

which gives that ||g|| is constant and

1
g (An+1X, An+1 Y) = _2—77 H""Z g (Xa Y)

or

=g ol 1. )

Suppose 7=2q and take an orthonormal frame such that

Ei*=JEi, i=1,2, "',q, i*=q+1, e, n
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It follows from (11) and since M is minimal that, for a suitable choice of

{E.}, we can assume
(2 )

An-l-l = (12)

1
where 1= Ton lle]l .
If ||lo]|=0, then M is totally geodesic in M. From now on we assume
therefore ||o]| #0. ’

It is not difficult to see that (12) implies
V'e=0 (13)

(see for example [7]). On the other hand, since |l¢|| is constant, it follows

from

1701 = ol 5t ol (e —a+ ).

This, together with (13) implies that n2-|7-2 4 le||’=p—a+nv holds only if

p—a+nv>0 and this proves the theorem.

ReEMARK The theorem is also valid for n=2 if the scalar curvature
P is constant.
5. In [9] we proved the following

LEE/IMA 3 Let M be a g-submanifold of a generalized complex space
Sform M (p, a). If the normal connection is trivial then

(1) p<a and equality holds if and only if M is totally geodesic

(i) M s an Einstein manifold and the scalar curvature is constant.
The proof is based on the fact that if IV is normal vector, then

0(AxX, AyY)=—(p—a) g(X, Y). (14

From this lemma we obtain

THEOREM 4 Let M be an n-dimensional g-hypersurface of a generalized
complex space form M (p, a) with a<0. Then, the following statements
are equivalent

(1) the normal connection is trivial;

(ii) p=a and M is totally geodesic in M.



o-hypersurfaces of generalized complex space forms 37

ProoF From (2) and (5) it is clear that (ii) implies (i).

Therefore suppose that the normal connection is flat. Hence by

Lemma 3 and [Theorem 2 we have only to consider the case

n+4
2n

It follows from (11) and

loll?= p—a+nv>0. (15)

loll?= =5 (r—a)
and with (15) this implies
(n+4)(p—a)+2na=0.

So a is positive and this gives a contradiction. Hence M is totally geodesic
in M.

REMARK If a>0, then the theorem is true if g=a but the case p+#a
is unsolved.
6. Let M(p, «) be a generalized complex space form and M a ¢-submanifold
with real dimension>2. It follows easily from the definition, from (5)
and (7) that M is an RK-manifold with constant type a (see also [9]).

On the other hand, a Kihler manifold (PJ=0) has always vanishing
constant type. Hence, we obtain the following

THEOREM 5 Let M" (n>2) be a g-submanifold of a generalized
complex space form M (p, ) with a>0. Then, M cannot be a Kdihler
manifold with respect to the induced almost complex structure.

A nearly Kihler manifold M [4] is an almost Hermitian manifold such
that for all XeZ (M)

Px(J)X=0.

We proved in [9] that any holomorphic submanifold of a nearly Kiahler
manifold is a o¢-submanifold. Further, a nearly Ké&hler manifold with
constant holomorphic sectional curvature which is not a Kihler manifold
is locally isometric to S° [5]. S® is a generalized complex space form with
p=a>0 and A. Gray proved in that a 4-dimensional holomorphic
submanifold of S® is Kidhler. Hence we have

COROLLARY 6 S° has no 4-dimensional holomorphic submanifolds.

This corollary is also proved in a different way by A. Gray [3]. Note
that we consider S® with the usual nearly Kihler structures.
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