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On cut loci of compact symmetric spaces
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(Received June 4, 1976)

Introduction. Let (G, K) be a compact riemannian symmetric pair.
In the present note we shall be concerned with the cut locus of a point
in M=G/K. If M is simply connected, then R. J. Crittenden has shown
that the cut locus of a point coincides with the first conjugate locus (see
also J. Cheeger [2], J. Cheeger and D. Ebin [3] for another proof). On
the other hand Y-C. Wong has studied geodesies, cut loci, and conjugate
loci of Grassmann manifolds by a geometric method not appealing to Lie
group theory. Recently the author ([10]) has studied the cut locus of a
point in a manifold of all Lagrangean subspaces of a real symplectic vector
space via Crittenden’s view point. In the present note, the method used
in [10] will be generalized to compact riemannian symmetric pair. Our
first main result is stated as follows (Theorem 2.5): the cut locus of 0 in
M=G/K is determined by the cut locus of 0 in a flat torus a/\Gamma(G, K),
where a is a cartan subalgebra of (G, K) and \Gamma(G, K) is the lattice of a

defined by \Gamma(G, K):= {A\in a ; exp A\in K}. Next purpose of the present
note is to study the cut loci and conjugate loci of a point of some standard
non-simply connected riemannian symmetric spaces of compact type by
using this method. We shall study the cut loci of unitary group U(n),
special orthogonal group /SO(n), real Grassmann manifold SO (n+m)/\{(O(n)
\cross O(m))\cap SC).(n+m)\} , U(n)/O(n), and U(2n)/Sp (n).

\S 1. Preliminaries

1\circ . First we shall review the notion of cut locus and conjugate locus
of a point in a compact riemannian manifold (M, \langle, \rangle). Let Exp_{x} denote
the exponential mapping from the tangent space T_{x}M at x to M onto M.
If X is a unit tangent vector at x\in M, then \gamma_{X} : tarrow Exp_{x}tX is a geodesic
parametrized by arc-length emanating from x with the initial direction X.
Then t_{0}X (resp. Exp_{x} t_{0}X) is called a tangent conjugate point (resp. conjugate
point) of x along a geodesic \gamma_{X}, if there exists a non-zero Jacobi-field J(t)
along \gamma_{X} such that J(0)=J(t_{0})=0 . Next \overline{t}_{0}X (resp. Exp_{x}\overline{t}_{0} X) will be called
a tangent cut point (resp. cut point) of x along \gamma_{X}, if the geodesic segment
\gamma_{X|[0,\overline{t}_{0}]} is \ulcorner a minimal geodesic segment, but \gamma_{X|I0,s_{\lrcorner}^{\urcorner}} can not be a minimal



On cut loci of compact symmetric spaces 137

geodesic for any s>\overline{t}_{0} . Then the following is well-known (see, e. g. , [1]):
Assume that Exp \overline{t}_{0}X is a cut point of x along \gamma_{X} which is not a conjugate
point of x along \gamma_{X}, then there exists a unit vector Y\in T_{x}M, Y\neq X such
that Exp \overline{t}_{0}X=Exp\overline{t}_{0}Y holds. The set of (tangent) conjugate points (resp.
(tangent) cut points) of x along all geodesies emanating from x is called
a (tangent) conjugate locus (resp. (tangent) cut locus) of x. Finally the
interior set Int (x) of x is defined as M\backslash cut locus of x. Let \overline{t}_{0}(X) be a
positive number such that \overline{t}_{0}(X)X is the tangent cut point of x along \gamma_{X}.

Then_{XExp}_{xma}_{P_{x\epsilon\tau_{x}M,\langle X,Xy=1}^{S}}\bigcup_{iI_{nt().ThusInt(x)opence11}san}\{ExptX,\cdot foranyx\in M.Cutlocusisimpor- 0\leqq t<\overline{t}_{0}(X)\}diffeomorphicallyonto

tant because it contains all information about the topology of M. It is an
interesting problem to study the relation between cut locus and conjugate
locus, (e. g. , see [1], [4], [6], [14]).

Now we shall be concerned with the cut locus of a point in a com-
pact symmetric space which is not necessarily simply connected.

2\circ . Let (G, K) be a compact riemannian symmetric pair which con-
exists of

(i) compact connected Lie group G and compact subgroup K of G.
(ii) involutive automorphism \theta of G such that G_{\theta}^{0}\subset K\subset G_{\theta}, where we

put G_{\theta} :=\{x\in G;\theta(x)=x\} and G_{\theta}^{0} denotes the identity component
of G_{\theta} .

(iii) G-invariant riemannian structure \langle

-
\rangle on M=G/K.

If \mathfrak{g} (resp f) denotes the Lie algebra of G (resp. K), then (\mathfrak{g}, f, d\theta) is an
orthogonal involutive Lie algebra corresponding to (G, K). Put \mathfrak{m}:=\{X\in

\mathfrak{g};ffi (X)=-X\} . Then we have a vector space decomposition \mathfrak{g}=f+\mathfrak{m}.
We may identify the tangent spac T_{o}M with nt via the canonical projec-
tion \pi:Garrow G/K(0=\pi(e)). Note that every G-invariant riemannian struc-
ture \langle

,\cdot
\rangle on M may be induced from an inner product Q on nt which is

invariant under AAK. In the following we shall choose an AdG-invariant
and \theta-invariant inner product Q on \mathfrak{g} which is an extension of Q in nt
and fix it. Now the geodesic \gamma_{X} : tarrow Exp_{0}tX which emanates from 0 with
the initial direction X\in \mathfrak{m} is given by Exp_{0}tX=\pi exp tX, where exp
denotes the exponential mapping of Lie group G. Next, the curvature
tensor R(X, Y)Z=\nabla_{[X,Y]}Z-[\nabla_{X}, \nabla_{Y}]Z at T_{o}M is given by R(X, Y)Z=
[[X, Y], Z], X, Y, Z\in \mathfrak{m}([7]). Now let t (resp. a) be a maximal abelian
subalgebra of G (resp. Cartan subalgebra of (G, K)). We assume a\subset t. Let
\Sigma(G) (resp. \Sigma (G, K)) be the root space of G (resp. (G, K) ), i . e. ,

\Sigma(G):=\{\alpha\in t|\alpha\neq 0,\tilde{\mathfrak{g}}_{\alpha}\neq\{0\}\}(resp .
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\Sigma(G, K):=\{\gamma\in(1|\gamma\neq 0, \mathfrak{g}_{\gamma}^{c}\neq\{0\}\}) , where
\tilde{\mathfrak{g}}_{\alpha} :=\{X\in \mathfrak{g}^{c} (complexification of \mathfrak{g} ) |[H, X]=2\pi\sqrt{-1}

\langle\alpha_{\dot{J}}H\rangle X for every H\in t} (resp.

\mathfrak{g}_{\gamma}^{c} := {X\in \mathfrak{g}^{c}|[H, X]=2\pi\sqrt{-1}\langle\gamma, H\rangle X for every H\in a} )

We have the root space decomposition \mathfrak{g}^{c}=\tilde{\mathfrak{g}}_{0}+,\sum_{\alpha\frac{}{\vee},\Sigma(G)}\tilde{\mathfrak{g}}_{\alpha}(\tilde{\mathfrak{g}}_{0}=t^{c}) and \mathfrak{g}^{c}=

\mathfrak{g}_{0}^{c}+\sum_{\gamma_{\acute{\epsilon}}\Sigma(G,K)}\mathfrak{g}_{\gamma}^{c} . If we put \Sigma_{0}(G)=\Sigma(G)\cap b , where b=t\cap f, then we get t=

b\oplus a and \mathfrak{g}_{\gamma}^{c}=\sum_{\overline{a}=\gamma}\tilde{q_{\alpha}L}
, where \overline{\alpha} denotes the orthogonal projection of \alpha\in t to

a. Especially we get \Sigma(G, K)=\{\overline{\alpha} : \alpha\in\Sigma(G)-\Sigma_{0}(G)\} . Next let \Sigma^{+}(G) (resp.
\Sigma^{+}(G, K)) be the set of positive roots with respect to a \sigma-0rder, then
we have \Sigma^{+}(G, K)=\{\overline{a} : \alpha\in\Sigma^{+}(G)-\Sigma_{0}(G)\} . Put f_{\gamma} :=f\cap(\mathfrak{g}_{\gamma}^{c}+\mathfrak{g}_{-\gamma}^{c}), \mathfrak{m}_{\gamma}

:=\mathfrak{m}\cap

(\mathfrak{g}_{\gamma}^{c}+\mathfrak{g}_{-\gamma}^{e}) for \gamma\in\Sigma^{+}(G, K) and let f_{0}=\{X\in f:[X, a]=0\} be the centralizer of
a. Then we have f=f_{0}+\sum_{+}f_{\gamma}\gamma\in\Sigma(G,K) ,

\mathfrak{m}=a+\sum_{+}\mathfrak{m}_{\gamma}r\epsilon\Sigma(G,K^{\cdot}) Now the next lemma

is useful in the following.

LEMMA 1. 1. [11]. For every \alpha\in\Sigma^{+}(G)-\Sigma_{0}(G), there exist S_{\alpha}\in f, T_{\alpha}\in \mathfrak{m}

such that
(i) for every \gamma\in\Sigma^{+}(G, K)\{S_{\alpha} ; \overline{\alpha}=\gamma\} froms a basis of f_{\gamma} and \langle’\Gamma_{\alpha} ;

\overline{\alpha}=\mathcal{T}\} forms a basis of \mathfrak{m}_{\gamma} .
(ii) [H, S_{\alpha}]=2\pi\langle\alpha, H\rangle T_{\alpha} , [H, T_{\alpha}]=-2\pi\langle\alpha, H\rangle S_{\alpha} for H\in a .
(iii) Ad (exp H) S_{\alpha}=\cos 2\pi\langle\alpha, H\rangle S_{\alpha}+\sin 2\pi\langle\alpha, H\rangle T_{\alpha} for H\in a .

Ad (exp H) T_{\alpha}=- sin 2\pi\langle\alpha, H\rangle S_{\alpha}+\cos 2\pi\langle\alpha, H\rangle T_{\alpha} for H\in a .
(iv) [S_{\alpha}, T_{\alpha}]=\pi H_{\gamma} ( : =\pi\gamma/2(\gamma, \gamma)), where \gamma=\overline{\alpha}\in a , and \langle T_{a}, T_{\alpha}\rangle=

(4(\gamma, \gamma))^{-1} .
3\circ . Now the following lemma gives a characterization of tangent

conjugate points of 0 along a geodesic of M in terms of root system and
well-known. For other proofs see Helgason [7], Crittenden [4].

Lemma 1. 2. Let (G, K) be a compact riemannian symmetric pair.
Then for H\in a, \langle H, H\rangle=1 , t_{0}H is a conjugate point of 0 along a geodesic

\gamma_{H} : tarrow Exp_{0} tH if and only if there exists an \alpha\in\Sigma^{+}(G)-\Sigma_{0}(G) such that

t_{0} \langle\alpha, H\rangle=\frac{m}{2} , m\in Z-\{0\} does hold.

Proof. (arrow) . By definition there exists a non-zero Jacobi-field J(t)
with J(0)=0, J(t_{0})=0 . Since M=G/H is of compact type the eigenvalues
\lambda_{1}=0, \lambda_{2}, \cdots , \lambda_{n} of the symmetric linear transformation X\in \mathfrak{m}-arrow R(H, X)H=

-(adH)^{2}X is \lfloor non-negative. Let E_{1}=H, E_{2}, \cdots , E_{n} be the corresponding



On cut loci of compact symmetric spaces 139

eigenvectors and E_{i}(t)(i=1, \cdots, n) be the parallel translation of E_{i} along
the geodesi_{(}

-
\gamma_{H}. If we put J(t)=\Sigma f_{i}(t)E_{i}(t)., then the Jacobi equation

\nabla\nabla J(t)+R(\dot{\gamma}_{H}(t_{1}^{\backslash }, J(t))\dot{\mathcal{T}}_{H}(t)=0 reduces to f_{i}’(t)+\lambda_{i}f_{i}(t)=0(i=1, \cdots, n) and
consequently we have

f_{i}(t)=\{
\frac{a_{i}}{\sqrt\overline{\lambda_{i}}} sin \sqrt{\lambda_{i}}t if \lambda_{i}>0 , a_{i}=f’..(0)

a_{i}t if \lambda_{i}=0, a_{i}=f_{i}’(0).

Thus if t_{0}H is a tangent conjugate point, then there exists an eigenvalue
\lambda>0 of Xarrow-(adH)^{2}X such that \sqrt{\lambda}t_{0}=m\pi for m\in Z-\{0\} . Let X\in \mathfrak{m} be
an eigenvector coresponding to \lambda . If we put X=A+\Sigma a_{\alpha}T_{\alpha} , A\in a, then

( adH)^{2}X=-\sum a_{\alpha}(2\pi\langle\alpha, H\rangle)^{2}T_{a}

=- \lambda(A+\sum a_{\alpha}T_{\alpha}) .
Thus we get A=0 and for some \alpha\in\Sigma^{+}(G)-\Sigma_{0}(G) we have (2\pi\langle\alpha, H\rangle)^{2}=

\lambda=(\frac{m}{t_{0}}\pi)^{2} and consequently \langle\alpha, H\rangle t_{0}=\frac{m}{2}, m\in^{r_{\acute{J}}}-\{0\} .
(\Leftarrow). By the assumption and lemma 1 (ii), we get

(adH)^{2}T_{\alpha}=-(2\pi\langle\alpha, H\rangle)^{2}T_{\alpha} .
=-( \frac{m}{t_{0}}J^{2}T_{\alpha}’ .

Let E(t) be the parallel vector field along \gamma_{H} such that E(0)=T_{\alpha} . If we
put J(t)= \sin\frac{m\pi}{t_{0}}tE(t) , then \nabla\nabla J(t)+R(\dot{\gamma}_{H}(t), J(t))\dot{\gamma}_{H}(t)=-(\frac{m\pi}{t_{0}})^{2} sin

\frac{m\pi}{t_{0}}tE(t)+(\frac{m\pi}{t_{0}})^{2} sin \frac{m\pi}{t_{0}}tE(t)=0 and J(t| is a non-zero Jacobi held

with J(0)=J(t_{0})=0 . Thus t_{0}H is the tangent conjugate point of 0.
REMARK 1. 3. Since AdKa=\mathfrak{m} and AdK acts on nt as an isometry,

lemma 2 characterizes the conjugate points of 0 in a compact reimannian
symmetric pair. For H\in \mathfrak{m}, \gamma_{H} has no conjugate point if and only if H
belongs to the center of \mathfrak{g}.

COROLLARY 1. 4. Let X=AdkH\in \mathfrak{m}(H\in a, k\in K\dagger), \langle H, H\rangle=1 . Thm
the fifirst conjugate point t_{0}(X)X of 0 along a geodesic \gamma_{X} is determined by

t_{0}(X)={\rm Min} \frac{1}{2|\langle\alpha,H\rangle|}\alpha\in\Sigma+(G)-\Sigma^{0}(G) ,

\S 2. Tangent cut locus.

1\circ . Now we shall turn to tangent cut points.
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PROPOSITION 2. 1. Let (G, K) be a compact riemannian symmetric pair
and a be a Cartan subalgebra of (G, K). For a unit vector X\in a, assume
that t_{0}X is a cut point of 0 along \gamma_{X}. Then either t_{0}X is the fifirst tangent
conjugate point of 0 along \gamma_{X} or there exists a unit vector Y\in a , Y\neq X such
that Exp_{0}t_{0}X=Exp_{0}t_{0}Y does hold.

Proof. Suppose that t_{0}X is not a conjugate point of 0 along \gamma_{X}, then
there exists a unit vector Z\in \mathfrak{m}, Z\neq X such that Exp t_{0}X=Expt_{0} Z. VVe
shall show [X, Z]=0. In fact if [X, Z]\neq 0 , then clearly Z\not\in a . Since Exp
t_{0}X=\pi exp t_{0}X=\pi exp t_{0}Z holds, we have

exp t_{0}X=\exp t_{0}Zk for some k\in K

Then exp (-t_{0}X) exp sZ exp (t_{0}X)=k^{-1} exp sZk holds and consequently
we get

Ad (\exp (-t_{0}X) ) Z=Ad k^{-1}Z .

On the other hand by lemma 1. 1 Z may be written in the form

Z=Z_{0}+
\gamma_{\acute{c}}\Sigma,(GK)\sum_{+},\sum_{\overline{a}=\gamma}a_{\alpha}T_{\alpha}

with Z_{0}\in a .

Note that at least one a_{\alpha} can not be zero. Thus we get

Ad (exp (-t_{0}X) )
(Z_{0}+ + \sum_{\gamma\overline{\overline{.}}\Sigma,(G,K)}\sum_{\overline{a}=\gamma}a_{\alpha}T_{\alpha})

=Z_{0}+
\gamma.=\Sigma,(G,K)\sum_{+}\sum_{\gamma=\alpha}a_{\alpha} {cos 2\pi t_{0}\langle\alpha, X\rangle T_{\alpha}+\sin 2\pi t_{0}\langle\alpha, X\rangle S_{\alpha} } .

On the other hand, since

Ad (k^{-1})(Z_{0}+ \gamma_{\vee}^{-}\sim\Sigma,(GK)\sum_{+},\overline{a}=\gamma

\sum a_{a}T_{\alpha})\in \mathfrak{m}, we have sin 2\pi t_{0}\langle\alpha, X\rangle=0

for some \alpha\in\Sigma^{+}(G)-\Sigma_{0}(G). On the other hand, since [X, Z]=-\Sigma 2\pi a_{\alpha}\langle\alpha,
X\rangle S_{\alpha}\neq 0 holds, we know that t_{0}X is a conjugate point of 0 along \gamma_{X} by
lemma 1. 2 which is a contradiction. Thus we get [X, Z]=0. Now let \alpha’

be a Cartan subalgebra which contains X and Z. Then there exist k\in K,
Y\in a (unit vector, Y\neq X ) such that X=AdkX, Z=AdkY. So we have

\tau_{k} Exp t_{0}X=Expt_{0} Ad kX=Expt_{0}X=Expt_{0}Z

=Expt_{0} Ad kY=\tau_{k} Exp t_{0}Y ,

where \tau_{k} denotes the left translation by k\in K. Thus we have Exp t_{0}X=

Exp t_{0}Y for some unit Y\in a, Y\neq X. Q. E. D.

2\circ . By this proposition, to determine the tangent cut point \overline{t}_{0}(X)X

of 0 along \gamma_{X}, X\in a, we must search for the minimum positive value \tilde{t}_{0}(X)
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such that Exp \tilde{t}_{0}(X)X=Exp\tilde{t}_{0}(X)Y holds for some unit Y\in a, Y\neq X. For
that purpose we put \Gamma(G, K):= {A\in a ; exp A\in K}. Then we get

Lemma 2. 2. \tilde{t}_{0}(X)= MinA \in\Gamma(G,R’)-\{0\}\frac{\langle A,A\rangle}{2|\langle X,A\rangle|}

Proof. Exp t_{0}X=Expt_{0}Y holds for unit vectors X, Y(X\neq Y) in a if
and only if exp t_{0}(X-Y)\in Ki . e . t_{0}(X-Y)\in\Gamma(G, K). If we put A=t_{0}(X-

Y), then we get Y=X- \frac{1}{t_{0}} A and from \langle X, X\rangle=\langle Y, Y\rangle=1 it is easy to

see t_{0}=\frac{\langle A,A\rangle}{2\langle X,A\rangle}.

REMARK 2. 3. \Gamma(G, K) is a lattice in a. Note that \Gamma(G, K)\subset\{A\in a ;
exp 2A=e} and \Gamma(G, K)= {A\in a ; exp 2A=e} if K=G_{\theta} . If we consider
the torus a/\Gamma(G, K) with a flat riemannian structure, then \{\tilde{t}_{0}(X)X, X\in a\}

is nothing but the tangent cut locus of 0 in a/\Gamma(G, K). In fact for A\in\Gamma

(G, K), \frac{(A,A)}{2(X,A)}X is the vector in a whose terminal point is determined

as the intersection of the line generated by X and the hyperplane passing
through the point A/2 perpendicularly to the direction A.

REMARK 2. 4. If the lattice \Gamma(G, K) is generated by the vectors \{A_{1} ,
\ldots , A_{r}\} with A_{i}1A_{f}(i\neq j), then \tilde{t}_{0}(X)=1/(2{\rm Max}|x_{i}|), where X= \sum x_{i}A_{i} is
a unit vector in a. In fact, if we put \alpha_{i}^{2}=\langle A_{i}, A_{i}\rangle , then \sum(x_{i})^{2}(\alpha_{i})^{2}=1 .
Now for A= \sum m_{i}A_{i}\in\Gamma(G, K) we get

\frac{\langle A,A\rangle}{2|\langle X,A\rangle|}=\frac{m_{1}^{2}\alpha_{1}^{2}+\cdots+7n_{r}^{2}\alpha_{r}^{2}}{2|m_{1}x_{1}\alpha_{1}^{2}+\cdots+m_{r}x_{r}\alpha_{r}^{2}|}\geqq

\frac{m_{1}^{2}\alpha_{1}^{2}+\cdots+m_{r}^{2}\alpha_{r}^{2}}{2{\rm Max}|x_{i}|(|m_{1}|\alpha_{1}^{2}+\cdots+|m_{r}|\alpha_{r}^{2})}\geqq 1/(2{\rm Max}|x_{i}|) .

Summing up we have the following theorem.

THEOREM 2. 5. Let (G, K) be a compact riemannian symmetric pair.
Then the tangent cut locus of 0 is given by Ad K(\cup\{\tilde{t}_{0}(X)X;X\in a, |X|=
1\}), i.e. , the tagent cut locus of 0 is determined by the tangent cut locus

of 0 in the f or torus a/\Gamma(G, K) .
Proof. Let t_{0}(X)X be the first tangent conjugate point of X\in a .

Then by lemma 1. 2 there exists an \alpha\in\Sigma^{+}(G)-\Sigma_{0}(G) such that T_{a} is an
eigenvector of the symmetric transformation Yarrow R(X, Y)X of nt with
eigenvalue \lambda=(\pi/t_{0}(X))^{2} . Now 1/\sqrt{\lambda}R(X, T_{\alpha}) is an element of the holonomy
algebra of M=G/K and acts on nt as a skewsymmetric linear transforma-
tion. Thus there exists a one-parameter subgroup h_{s} in K whose adjoint
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representation sarrow Adh_{s} on nt is generated by 1/\sqrt{\lambda}R(X, T_{\alpha}) see [16].
Then (t,, s)arrow h_{s}(c(t)) is a variation of the geodesic c(t):=ExptX. Its varia-
tion vector field Y(t):t arrow\frac{\partial}{\partial s}h_{s}(c(t))|_{s=0} is a Jacobi field along c with Y(0)

=0, \nabla Y(O)=\partial/\partial s Ad h_{s}\dot{c}(0)|_{s=0}=1/\sqrt{\lambda}R(X, T_{\alpha})X=\sqrt{\lambda}T_{\alpha} . By the proof of
lemma 1. 2, we get Y(t)=\sin\sqrt{\lambda}tE(t), where E(t) is the parallel transla-
tion of T_{\alpha} along c. Since Y(t_{0}(X))=0 and h_{s} is a one parameter subgroup
in K, h_{s}c(t_{0}(X))=Expt_{0} Ad h_{s}X reduces to a point c(t_{0}(X)) for every s.

On the other hand we have [S_{\alpha}, T_{\alpha}]=\pi H_{\gamma}\in a by lemma 1. 1. (iv). Now
an easy calculation gives the following:

R(X, T_{\alpha})X=4\pi\langle 2\alpha, X\rangle^{2}T_{\alpha}

R(X, T_{\alpha})T_{\alpha}=-2\pi\langle 2\alpha, X\rangle H_{\gamma}

R(X, T_{\alpha})H_{\gamma}=2\pi\langle 2\alpha, X\rangle T_{\alpha} .
So R(H, X) leaves the subspace \mathfrak{h} generated by \{X, T_{\alpha}, H_{\gamma}\} invariant and
sarrow Adh_{s} induces a one-parameter subgroup of SO(3). Thus sarrow Adh_{s}X

is a (small) circle in the unit sphere in \mathfrak{h} which passes through X with
the tangent \sqrt{\lambda}T_{\alpha} . Since T_{\alpha} is orthogonal to a this circle intersects a
plane in a which is generated by X and H_{\gamma}. Note that this circle is a
great circle defined by X and T_{\alpha} if and only if X and H_{\gamma} are linearly
dependent. Thus we know that there exists a unit vector Y\neq X in a
such that Exp t_{0}(X)X=Expt_{0}(X)Y=c(t_{0}(X)), i.e.,\tilde{t}_{0}(X)\leqq t_{0}(X) does hold.
Finally Ad k, k\in K, sets on nt as an isometry and Ad Ka=\mathfrak{m}. This
completes the proof of theorem. Q. E. D.

REMARK 2. 6. In [9] Rauch has asserted that the sphere of radius
t_{0}(X) in the subspace spanned by X and the eigenspace \mathfrak{n} of Yarrow R(X, Y)

X of nt corresponding to the eigenvalue \lambda is mapped into the one point
c(t_{0}(X)). But this seems to be incorrect. In fact if dim a=1 then this
holds if and only if X and H_{\gamma} are linearly dependent.

3\circ . Now let C be the center of \mathfrak{g} and \mathfrak{g}’ :=[\mathfrak{g}, \mathfrak{g}] be the semi-simple
part of \mathfrak{g} . Then we have the Lie algebra direct sum \mathfrak{g}=C\oplus_{c}q’ and a=
C_{m}+0’. where we put a’=a\cap \mathfrak{g}’, C_{m} :=C\cap \mathfrak{m}. Note that C_{m} and a’ are
orthogonal with respect to an Ad K-invariant inner product Q. Let \{A_{1},
\ldots , A,.} be generator of \Gamma(G, K) and put g_{fk}=\langle A_{f}, A_{k}\rangle . Next let \{\iota_{\grave{\alpha}}\}_{\alpha=1,\ldots,s}

be generator of \Gamma(C_{m}, X)= {A\in C_{m} ; exp A\in K} which is a lattice of C_{m} .
Then we have c_{\alpha}= \sum_{f=1}^{r}m_{\alpha}^{f}A_{J} with m_{\alpha}^{f}\in Z(\alpha=1, \cdots, s). If we denote by (c^{\alpha\beta})

the inverse matrix of (c_{\alpha\beta}) where we set c_{\alpha\beta}= \langle c_{\alpha}, c_{\beta}\rangle=\sum m_{\alpha}^{f}m_{\beta}^{k}g_{fk}, then for
X= \sum x_{i} A_{i}\in a, its C_{m}-component X_{c} is given by X_{c}= \sum_{\alpha,\beta,i,j}c^{\alpha\beta}m_{\beta}^{f}x^{i}g_{ij}c_{\alpha} .
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Next since \mathfrak{g}’ is compact semi-simple, the restriction of Killing form B to
\mathfrak{g}’\cap nt is negative-definite and in the following we shall consider the case
Q|_{a^{l}}=-\lambda_{2}B|_{a’} holds for some positive constant \lambda (e. g. , if M is irreducble).
In this case, for a unit vector X=\Sigma x_{i}A_{i}\in a we get

\tilde{t}_{0}(X)=(m_{1},\cdots,m_{r})\in z^{r}-\{0\}{\rm Min}[\sum_{\alpha,\beta,i,j,h,l}c^{\alpha\beta}m_{\alpha}^{i}m_{\beta}^{f}m^{k}m^{l}g_{ik}g_{fl}

+ \pi^{2}\lambda^{2}\sum_{\alpha\frac{\acute}{c}\Sigma(G)-\Sigma_{0}(G)}(\sum_{i=1}^{r}m_{i}n_{i}(\alpha))^{2}]/[2(\sum_{\alpha,\beta,i,f,h,l}c^{\alpha\beta}m_{\alpha}^{i}m_{\rho^{f}}m^{k}x^{l}g_{ik}g_{j)}l

+ \pi^{2}\lambda^{2}\sum_{\alpha\in\Sigma(G)-\Sigma_{0}(G)}(\sum_{i=1}^{r}m_{i}n_{i}(\alpha))(\sum_{i=1}^{r}x_{i}n_{i}(\alpha))] ,

where n_{i}(\alpha):=\langle\alpha, 2A_{i}\rangle(i=1, \cdots, r) are integers because of lemma 1. 1. (iii).

In fact, let X’ (resp. A’) be the a’-component of X (resp. A). Then we have

Q(X’, A’)=(2 \pi\lambda)^{2}\sum_{\Sigma\alpha\acute{e}(G)-\Sigma_{0}(G)}\langle\alpha, X\rangle\langle\alpha, A\rangle

= \pi^{2}\lambda^{2}\sum_{\alpha}(\sum_{i=1}^{r}x_{i}n_{i}(\alpha))(\sum_{i=1}^{r}m_{i}n_{i}(\alpha)) ,

Q(A’, A’)=(2 \pi\lambda)^{2}\sum_{\alpha\in\Sigma(G)-\Sigma_{0}(G)}\langle\alpha, A\rangle^{2}

= \pi^{2}\lambda^{2}\sum_{\alpha}(\sum_{i=1}^{r}m_{i}n_{i}(\alpha))^{2} ,

where A=\acute{\sum_{i=1}}m_{i}A_{i} .

4\circ . Now we shall consider the simply connected case. In this case
R. Crittenden has given a following result. We shall give our proof for
completenes.

THEOREM 2. 7. ([2], [3] [4]). Let G be a compact simply connected
Lie group and (G, K) be a compact riemannian symmetric pair with con-
nected K. Then the {tangent) cut locus of 0 in M=G/K coincides with the

fifirst {tangent) conjugate locus of 0.
Proof. From the assumption of theorem we know that M is simply

connected and \Gamma(G, K)\cap\overline{F(G,K)}=\{0\} , where F(G, K) is any component
of a-{diagram of (G, K)} whose closure \overline{F(G,K)} contains the origin ([11]).

Now for a unit vector X\in a, we assume that the tangent cut point \overline{t}_{0}(X)X

is not a tangent conjugate point along \gamma_{X}. Then from Th. 2. 5. we know

that there exists a non-zero A\in\Gamma(G, K), such that \overline{t}_{0}(X)=\frac{\langle A,A\rangle}{2|\langle X,A\rangle|}<

\frac{1}{2{\rm Max}|\langle\alpha,X\rangle|,*\in\Sigma(G)-\Sigma_{0}(G)}, ’ i.e. , | \langle\alpha,\overline{t}_{0}(X)X\rangle|<\frac{1}{2} for all \alpha\in\Sigma(G)-\Sigma_{0}(G) . Next
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put Y=X- \frac{1}{\overline{t}_{0}(X)}A, then Y is a unit vector in a and we get Exp \overline{t}_{0}(X)

X=Exp\overline{t}_{0}(X)Y. Then \gamma_{Y} : tarrow ExptY;0\leqq t\leqq\overline{t}_{0}(X) is a minimal geodesic

segment and we have also | \langle\alpha,\overline{t}_{0}(X)Y\rangle|\leqq\frac{1}{2} for all \alpha\in\Sigma(G)-\Sigma_{0}(G) . So
we have |\langle\alpha, 2A\rangle|=|\langle\alpha, 2 \overline{t}_{0}(X)X\rangle-\langle\alpha, 2\overline{t}_{0}(X)Y\rangle|<2 for every \alpha\in\Sigma(G)-

\Sigma_{0}(G) . Since we assume K is connected, we have K=G_{\theta} and consequently
\Gamma(G, K)= {H/2;H\in a , exp H=e} and \langle\alpha, 2A\rangle is an integer for every \alpha\in

\Sigma(G) (Lemma 1. 1). So we get |\langle\alpha, 2 A\rangle|=0 or 1 for every \alpha\in\Sigma(G) from
which we know that A\in\Gamma(G, K)-\{0\} is contained in some \overline{F(G,K),} a con-
tradiction. Q. E. D.

\S 3. Compact Lie groups

1\circ . Let H be a compact Lie group with a bi-invariant riemannian
structure \langle _{r}, \rangle . Let \mathfrak{h} be the Lie algebra of H and a^{*} be a maximal
abelian subalgebra of \mathfrak{h} . If we put G=H\cross H, K=\{(x, x)|x\in H\} , \theta(x, y)=

(y, x), then (G, K) is a compact riemannian symmetric pair. Note that f=
\{(X, X);x\in \mathfrak{h}\} is the Lie algebra of K, \mathfrak{m}:=\{\tilde{X}\in \mathfrak{g};d\theta(\tilde{X})=-\tilde{X}\} is equal
to \{(X, -X) ; X\in \mathfrak{h}\} and 0 :=\{(Y, -- Y) ; Y\in a^{*}\} is a Cartan subalgebra of
(G, K). We may identify G/K (resp. \mathfrak{m}) with H (resp. \mathfrak{h} ) via the corre-
spondence (x, y)arrow xy^{-1} (resp. (X, -X)arrow 2X). a may be identified with 0*
by this correspondence. In this case geodesic emanating from e with the
initial direction X\in \mathfrak{h} is given by the one-parameter subgroup tarrow\exp tX and
the curvature tensor in \mathfrak{h}:=T_{e}H is given by R(X, Y)Z=1/4[[X, Y], Z]
([8]). Now the argument of \S 1 and \S 2 gives the following:

LEMMA 3. 1. For any unit vector X\in a^{*} , t_{0}X is a conjugate point of
o along a geodesic \gamma_{X} : tarrow\exp tX if and only if there exists a root \alpha\in\Sigma(H)

such that t_{0}\langle\alpha, X\rangle\in Z-\{0\} .
COROLLARY 3. 2. Let t_{0}(X)X be the fifirst conjugate point of e along

a geodesic \gamma_{X}, where X\in a^{*} is a unit vector. Then we have

t_{0}(X)=..{\rm Min} \frac{1}{|\langle\alpha,X\rangle|}\alpha\frac{\prime}{\vee\vee}\Sigma+(G)1

On the other hand put \Gamma(G):=\{A\in a^{*}|\exp A=e\} which is a lattice in 0*.
Then if A\in\Gamma(G) we have \langle\alpha, A\rangle\in Z for any \alpha\in\Sigma(H) (lemma 1. 1 (iii)).

Now we define for a unit vector X\in a^{*},\tilde{t}_{0}(X):= Min { t_{0}>0 ; exp t_{0}X

=\exp t_{0}Y holds for some unit Y\in a^{*}Y\neq X}. Then we get
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Lemma 3. 3. \tilde{t}^{0}(X)=MinA\in\Gamma(G)-\{0\}\frac{\langle A,A\rangle}{2|\langle X,A\rangle|} , X\in a^{*} , \langle X, X\rangle=1 .
Now as in theorem 2. 5 \tilde{t}_{0}(X) determine the cut point \overline{t}_{0}(X)X of 0 along
a geodesic \gamma_{X}. In the following we shall show that this method is valid
to determine the cut loci of U(n) and SO(n)

2\circ U(\prime n)(n\geqq 2) . Let u(n):=\{X\in \mathfrak{M}_{n}(C)|^{t}\overline{X}+X=0\} be the Lie algebra
of G=U(n). We put

B_{ij} :=E_{if}-E_{fij} C_{if}=\sqrt{-1}(E_{if}+E_{ji}) , and A_{i}=1/\sqrt{2}C_{ii} ,

where E_{if} denotes the n\cross n-matrix whose r-th row and s-th column is
given by \delta_{i} , \delta_{js} . Then

\{B_{ij}(1\leqq i<j\leqq n) , C_{if}(1\leqq i<j\leqq n) , A_{i}(1\leqq i\leqq n)\}

forms an orthonormal basis for u(n) with respect to Q which is a bi-

invariant riemannian structure on U(n) defined by Q(X, Y)=- \frac{1}{2} tr XY,

X, Y\in u(n) . Now a^{*}=\{A_{1^{ }},\cdots, A_{n}\} forms a maximal abelian subalgebra in
u(n). Then we get

R ( \sum_{i=1}^{n}x^{i}A_{i} , B_{fk}) \sum_{l=1}^{n}x^{l}A_{l}=\frac{(x^{J}-x^{k})^{2}}{2}B_{jk} ,

R ( \sum_{i=1}^{n}x^{i}A_{i}, C_{fk}) \sum_{l=1}^{n}x^{l}A_{l}=\frac{(x^{f}-x^{k})^{2}}{2}C_{jk} ,

R ( \sum_{i=1}^{n}x^{i}A_{i} , A_{j}) \sum_{l=1}^{n}x^{l}A_{l}=0 .

Thus for X=\Sigma x^{i}A_{i}\in a^{*}(\Sigma x_{i}^{2}=1), \{B_{fk}, C_{fk}\} defines the eigenspace of the
symmetric transformation Zarrow R(X, Z)X corresponding to the eigenvalue
\frac{(x^{f}-x^{k})^{2}}{\simeq 9} and so for X=\Sigma x^{i}A_{i}(\Sigma x_{i}^{2}=1)\in a^{*} the first conjugate point t_{0}

(X)X of e along a geodesic \gamma_{X} is given by t_{0}(X)= \frac{\sqrt{2}\pi}{{\rm Max}|x_{j}-x_{k}|,f<k}

, Next we

shall consider the tangent cut locus of e in U(n). In this case \Gamma(G)=

\{\sum_{i}\sqrt{2}m_{i}\pi A_{i} ; m_{i}\in Z\} and for X=\Sigma x^{i}A_{i}\in a^{*}(\Sigma x_{i}^{2}=1), we get

\tilde{t}_{0}(X)={\rm Min}\frac{\langle A,A\rangle}{2|\langle X,A\rangle|}A\in\Gamma(G)-\{0\}=(m_{i})\epsilon z^{n}-\{0\}{\rm Min}\frac{2\Sigma m_{i}^{2}\pi^{2}}{2\sqrt\overline{2}|\Sigma m_{i}x_{i}\pi|}

= \frac{\pi}{\sqrt\overline{2}}‘\frac{1}{{\rm Max}|x_{i}|} .

Since obviously 2 {\rm Max} 1\leqq i\leqq n|x_{i}|\geqq\leqq j<k\geqq nMax|x_{j}-x_{k}| holds, we know that the tan-
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gent cut locus of e

:= AdG\{\sum_{i=1}^{n}\frac{\pi}{\sqrt{2}}\frac{x_{i}}{{\rm Max}|x_{i}|}A_{i} ; \sum x_{i}^{2}=1\}

REMARK 3. 4. The cut point \tilde{t}_{0}X of e alog \gamma_{X}, X=\Sigma x^{i}A_{i}, \Sigma x_{i}^{2}=1 . is
the first conjugate point if and only if there exist some j<k such that
|x_{f}|=|x_{k}|={\rm Max}|x_{i}| and x_{j}+x_{k}=0 hold. Note that \pi_{1}(U(n))\cong Z.

Now let F be a complex vector space of complex dimension n, and ||||

be the hermitian norm in F. Put E=F\oplus F and \psi be the non-degenerate
hermitian form on E defined by

\psi[(x, y)]=||x||^{2}-||y||^{2} .

Put U(E;\psi):= {P\subset E ; subspace of complex dimension n such that \psi_{|P}\equiv 0}.
Then U(E;\psi) has a natural topology as a subspace of complex Grassmann
manifold. If we define a map \Phi:U(n)arrow U(E, \psi) by \Phi (U)=\{(x, Ux)|x\in F\} ,
then \Phi is a homeomorphism and consequently U(E, \psi) has a structure of
a compact riemannian manifold whose structure is derived from that of
U(n). Put \Delta (resp. \Delta^{\perp^{1}} ) =\Phi(I) (resp. \Phi (–I)) where I:Farrow F denotes the
identity mppaing. Then we have

THEOREM 3. 5. For P\in U(E, \psi) defifine \Gamma_{P} by \Gamma_{P}:=\{Q\in U(E, \psi);P\cap Q

\neq\{0\}\} . Then \Gamma_{\Delta}\perp is the cut locus of \Delta.
Proof. We put \Gamma_{P}^{k}:=\langle Q\in U ; dim P\cap Q=k} (k=0,1,2, \cdots, n). Firstly

we shall show that \Phi (exp AdG,\bigcup_{x\epsilon Q^{*}\langle X,X\rangle=1}\{tX;0\leqq t<\tilde{t}_{0}(X)\} ) \subset\Gamma_{\Delta}^{0}\perp, and \Phi (exp

AdG\cup {\tilde{t}_{0}(X)X|X=\Sigma x^{i}A_{i}\in a^{*} , \Sigma x_{i}^{2}=1 , Max |x_{i}|=|x_{t_{1}}|=\cdots=|x_{i_{k}}| } )\subset\Gamma_{\Delta^{\perp}}^{k}(k=

1,2, \cdots , n). In fact, if a unit X=\Sigma x_{i}A_{i} satisfies Max |x_{i}|=|x_{i_{1}}|=\cdots=|x_{i_{k}}| ,
we may assume Max |x_{i}|=|x_{1}|=\cdots=|x_{k}|>|x_{k+1}|\geqq\cdots\geqq|x_{n}| . Then we get

\Phi (exp \overline{t}_{0}(X)X) =|[\{\begin{array}{l}u_{1}\vdots u_{k}u_{k+1}\vdots u_{n}\end{array}\}

,

[^{-u_{1}} e-.\cdot.\cdot..u_{k}\sqrt{-1}xp\pi\cdot u_{k+1}]\exp\frac{\frac{x_{k+1}}{|x_{1}|x_{n}}}{|x_{1}|}\pi\sqrt{-1}\cdot u_{n}]_{1}^{1} and

obviously this subspace has a k-dimensional intersection with \Delta^{\perp} . Since
AdG leaves invariant \Delta, \Delta^{\perp} , we have \Phi (exp (AdG\overline{t}_{0}(X)X) ) \subset\Gamma_{\Delta}^{k}\perp . Similarly
we get \Phi (exp AdG \cup \{tX;0\leqq t<\overline{t}_{0}(X)\}\subset\Gamma_{\Delta}^{0}\perp . Finally we get U(E,

x\epsilon a^{*},\not\subset,B=1
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\psi)=\bigcup_{k=0}^{n}\Gamma_{\Delta}^{k}\perp\supset Int(e)\cup Cut locus of e=U(E, \psi) and our assertion follows.
Q. E. D.

REMARK 3. 6. \Gamma_{P} plays an important role in a work of Edwards ([5]).
Note that \Gamma_{P}^{k}=\Phi(expAdG\cup\{\tilde{t}_{0}(X)X ; X=\Sigma x_{i} A_{i}, \Sigma x_{i}^{2}=1 , Max |x_{i}|=|x_{i_{1}}|=

\ldots=|x_{i_{k}}|\}) defines a submanifold of codimension k^{2} in U(E, \psi) .
3\circ . SO (n), (n\geqq 3) .
Let go (n)=\{X\in \mathfrak{M}_{n}(R)|^{t}X+X=0\} be the Lie algebra of G=SO(n). If

we put e_{ij}=E_{if}-E_{fi} , where E_{if} denotes the n\cross n-matrix whose r-th row
and s-th column is given by \delta_{ir}\delta_{fs}, then \{e_{ij}\}_{i<j} forms an orthonormal
basis for @o (n) with respect to a bi-invariant riemannian structure defined
by \langle X, Y\rangle :=-1/2 trXY. By the Lie multiplication table [e_{if}, e_{kl}]=-\delta_{ik}

e_{jl}+\delta_{il}e_{fk}+\delta_{jk}e_{il}-\delta_{fl}e_{ik} we know that a^{*}: =\{e_{12}, e_{34}, \cdots, e_{2m-1,2m}\} defines a
maximal abelian subalgebra of @o (n), where either n=2m or n=2m+1
(m=[ \frac{n}{2}]) . Moreover we get for X= \sum_{i=1}^{m}x^{i}e_{2i-1,2i} ,

R (X, \frac{e_{2a-12b-1}+e_{2a2b}}{\sqrt{2}}) X= \frac{(x^{a}-x^{b})^{2}}{4}\frac{e_{2a-12b-1}+e_{2a2b}}{\sqrt{2}}(1\leqq a<b\leqq m) ,

R (X, \frac{e_{2a2b}-e_{2a-12b-1}}{\sqrt{2}}) X= \frac{(x^{a}+x^{b})^{2}}{4}\frac{e_{2a2b}-e_{2a-12b-1}}{\sqrt{2}}(1\leqq a<b\leqq m) ,

R (X, \frac{e_{2a-12b}-e_{2a2b-1}}{\sqrt{2}}) X= \frac{(x^{a}-x^{b})^{2}}{4}\frac{e_{2a-12b}-e_{2a2b-1}}{\sqrt{\Delta}}‘(1\leqq a<b\leqq m) ,

R (X, \frac{e_{2a-12b}+e_{2a2b-1}}{\sqrt{2}}) X= \frac{(x^{a}+x^{b})^{2}}{4}\frac{e_{2a-12b}+e_{2a2b-1}}{\sqrt{2}}(1\leqq a<b\leqq m) ,

R(X, e_{2a-1,2a})X=0(1\leqq a\leqq m) ,

and if n=2m+1,

R(X, e_{2a,2m+1})X= \frac{(x^{a})^{2}}{4}e_{2a,2m+1}(1\leqq a\leqq m) ,

R(X, e_{2a-1,2m+1})X= \frac{(x^{a})^{2}}{4}e_{2a-1,2m+1}(1\leqq a\leqq m) .

Thus the tangent conjugate points of e along \gamma_{X} : tarrow\exp tX, X=\Sigma x^{a}e_{2a-1,2a} ,

\Sigma(x^{a})^{2}=1 are \frac{2r\pi}{|x^{a}\pm x^{b}|}X (with muliplticity 2) and \frac{2r\pi}{|x^{a}|}X (with multiplicity

2 and if n=2m+1), and the first tangent conjugate point of e along \gamma_{X} is

given by \frac{2\pi}{{\rm Max}|x^{a}\pm x^{b}|,a<b}, X. On the other hand, since \Gamma (SO (n)): =\{X\in a^{*}:

exp X=e} = \{\sum_{k}2\pi m_{k}e_{2k-1,2k }; (m_{k})\in Z^{k}\} , we get for X=\Sigma x^{a}e_{2a-1,2a}, \Sigma(x^{a})^{2}=1 ,
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\tilde{.\vee}_{0}(X)=\frac{\pi}{{\rm Max}|x^{\prime\iota}|}(\leqq\frac{2\pi}{{\rm Max}|x^{a}\pm x^{b}|,a<b},)

and consequently tangent cut locus of e

:= \bigcup_{\Sigma(x^{a})^{2}=1}AdG(\Sigma_{\frac{\pi x^{a}}{{\rm Max}|x^{\prime l}|}}e_{2a-1,2a})

REMARK 3. 7. The cut point \overline{t}_{0}(X)X of e along \gamma_{X} is the first con-
jugate point if and only if there exists some a<b such that |x^{\prime\iota}|=|x^{b}|=

Max |x^{a}| . Note that \pi_{1} (SO (n) ) =Z_{2} .
Next, let F be a real n-dimensional oriented euclidean vector space

with a euclidean norm || || , and consider E=F\oplus F with the induced ori-
entation. Let \psi be a non-degenerate quadratic form on E defined by \psi([x,
y)]=||x||^{2}-||y||^{2}. We denote by pr_{1} (resp pr_{2}) the projection mapping Earrow F

on the first factor (resp. the second factor). Now for an n-dimensional
oriented subspace P\subset E on which \psi vanishes identically, it is easy to see
that pr_{1}, pr_{2}P:Earrow F are linear isomorhpisms. We shall say that P is pos-
itively oriented if pr_{1}, pr_{2} are orientation preserving isomorphisms. We
define O(E:\psi):=\{P\subset E ; positively oriented n-dimensional subspace on
which \psi vanishes identcially}. Then O(E:\psi) has a natural topology as a
subspace of real oriented Grassmann manifold. Moreover SO{n) is home0-
morphic to O(E:\psi) via the map \Phi : SO(n)\rightarrow O(E, \psi) defined by \Phi(O)=\{(x,
Ox)|x\in F\} . Especially \Delta=\Phi(I) is the diagonal set. Put \Delta^{\perp}=\langle(x, -x)|x\in F\} ,
then \Delta^{\perp}\in O(E, \psi) if n=2m but \Delta^{\perp}\not\in O(E, \psi) if n=2m+1. Now as in the
case of U(n), we define \Gamma_{\Delta}\perp:=\{Q\in O(E, \psi);Q\cap\Delta^{L}\neq\{0\}\} . Note that dim
(Q\cap\Delta^{\perp}) is always even for any Q\in O(E, \psi) . Now we have

THEOREM3.8. Let O(E, \psi) carry the riemannian structure induced
via \Phi from the riemannian structure of,S^{\gamma}O(n) stated above. Then the cut
locus of \Delta is given by \Gamma_{\Delta}\perp

Proof. Firstly we shall shall show that for X= \sum_{a=1}^{m}x^{a}e_{2a-1,2a} , (\Sigma(x^{a})^{2}=1)

with Max |x^{\prime_{l}}|=|x^{i_{1}}|=\cdots=|x^{i_{k}}| , \dim\Phi (exp \tilde{t}_{0}(X)X) \cap\Delta^{\perp}=2k holds. In fact
we may assume |x^{1}|=\cdots=|x^{k}|>|x^{k+1}|\geqq\cdots\geqq|x^{m}| . Then we see that

\Phi (exp t_{0}(X)(X) ) =\{[\{\begin{array}{l}u_{1}\vdots u_{2k}\vdots u_{n}\end{array}\}

,

[_{\sin\frac{\frac{2k\pi}{|x_{1}|\pi}}{|x_{1}|}x_{k+1}\cdot u_{2k+1}+\cos\frac{}{|x_{1}|}x_{k+1}\cdot u_{2k+2}}^{-u_{1}}-u \cos x_{k+1}\cdot u_{2k+1}.\cdot.-\sin\frac{\pi}{|x_{1}|,\pi},x_{k+1}\cdot u_{2k+2}]]\}

,
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has a 2k-dimensional intersection with \Delta^{\perp} .
Similarly we get \Phi (exp tX) \cap\Delta^{L}=0 if 0\leqq t<\tilde{t}_{0}(X) . Since \Delta and \Delta^{L}

are invariant under the action of Ad SO(n), we get

dim \Phi (\exp (Ad g\tilde{t}_{0}(X)X))\cap\Delta^{\perp}>0 for every g\in SO(n)

and dim \Phi (exp Ad gtX) \cap\Delta^{L}=0 for every g\in SO(n) and 0\leqq t<\tilde{t}_{0}(X) . So
we know

O(E, \psi)=Cut locus of \Delta\cup Int(\Delta)

\subset\bigcup_{x\epsilon\alpha^{*},|X|=1}\Phi
(Ad SO (n) exp \tilde{t}_{0}(X)X) \cup

(
|X|=1 \bigcup_{X\in\sigma^{*}},\bigcup_{0\leq t<\tilde{t}_{0}(X)}

\Phi (Ad A_{-}\nabla O(n) exp tX))

\subset\Gamma_{\Delta^{\perp}}\cup\Gamma_{\Delta^{\perp=}}^{0}O(E, \psi) ,

where \Gamma_{\Delta^{\lrcorner}}^{0} denotes the subset of O(E, \psi) defined by \Gamma_{\Delta}^{0_{L}}=\{P\in O(E, \psi)|P\cap\Delta^{L}

=\{0\}\} . Q. E. D.

REMARK 3. 8. If we put \Gamma_{\Delta}^{k}\perp:= {P\in O (E, \psi) ; dim P\cap\Delta^{\perp}=2k} =

X= \Sigma x^{a}e_{2a-1,2a},Nax|x|=|x|=\cdots=|x^{a}k|\bigcup_{aa_{1}}\Phi
(Ad SO (n) exp \tilde{t}_{0}(X)X), then \Gamma_{\Delta}^{k} is a subma-

nifold of O(E, \psi) of codimension k(2k-1).

\S 4. Examples

In this section, we shall determine the cut locus of a point in some
standard non-simply connected symmetric spaces by the method of \S 2.

1\circ . Real Grassmann manifold M=SO(n+m)/\{(O(\prime n)\cross O(m))\cap SO

(/\iota+m)\}(\dim M=mn\geqq 2, m\geqq n) . In this case \pi_{1}(M)\cong Z_{2} . Now put \mathfrak{g}=

@o (n+m)=\{ (\begin{array}{ll}A B-tB D\end{array}) |_{{}^{t}D+D=0}^{t}A+A=0\} , f=0(n)\cross o(m)=\{ (\begin{array}{ll}A 00 D\end{array}) |tA{}^{t}D+D=01+A=0| , \mathfrak{m}=

\{ (\begin{array}{ll}0 B-tB 0\end{array}) \}where\mathfrak{g} (resp. f) is the Lie algebra of SO (n+m) (resp. SO (n+m)

\cap(O(n)\cross()(m))) and f (resp. \mathfrak{m}) is the +1 (resp. -1) -eigenspace of the

involutive automorphism d\theta in 6\mathfrak{o}(n+m) which is induced from \theta(_{C}^{A}D

)
B|=

Then (S’ O(n+m), SO (n+m)\cap(O(n)\cross O(m)), \theta)(\begin{array}{ll}A -B-C D\end{array}) on SO (n+m).

is a compact riemannian symmetric pair with the invariant metric \langle , \rangle

defined by Q(X, Y):=- \frac{1}{2} tr XY, X ,Yem. Now
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ij \alpha\beta

e_{if}

:=j(i \frac{-1110}{o10})
, f_{\alpha\beta}

:=\alpha\beta( \frac{010}{01-11})\backslash

, g_{i\alpha} :=( \alpha\frac{011}{-110})i

\iota \alpha

(1 \leqq i<j\leqq n) (n+1\leqq\alpha<\beta\leqq n+m) (1 \leqq i\leqq n, n+1\leqq\alpha\leqq n+m)

forms an orthonormal basis with respect to \langle , \rangle , and \{g_{i\alpha}\} forms an
orthonormal basis for \mathfrak{m}. Now from Lie multiplication table

[g_{i\alpha}, g_{f\beta}]=-\delta_{\alpha\beta}e_{if}-\delta_{if}f_{\alpha\beta} ,
[g_{i\alpha}, e_{jk}]=-\delta_{ik}g_{f\alpha}+\delta_{if}g_{k\alpha} ,
[g_{i\alpha}, f_{\delta\alpha}]=\delta_{\alpha\gamma}g_{i\delta}-\delta_{\alpha\delta}g_{i\gamma} ,

we know that \{g_{1,n+1^{ }},\cdots, g_{n,2n}\} forms a Cartan subalgebra a of (\mathfrak{g}, f,d\theta) and

for X= \sum_{i=1}^{n}x_{i}g_{in+i} we have

R(X, g_{f\beta})X=\{
(x_{f}^{2}+x_{\beta-n}^{2})g_{f\beta}-2x_{f}x_{\beta-n}g_{\beta-nn+f}.

, if \beta\leqq 2n

x_{f}^{2}g_{j\beta} , if m>n and \beta>2n .
So the eigenvalues of the symmetric linear transformation Varrow R(X, V)X

on nt are given by 0 (with eigenvectors g_{f,n+f} (j=1, \cdots , n)), (x_{f}-x_{k})^{2} (with

eigenvector 1/\sqrt{2}\{g_{f,n+k}+g_{k,n+f}\}(j<k)), (x_{f}+x_{k})^{2} (with eigenvector 1/\sqrt{2}

\{g_{f,n+k^{-}}g_{k,n+f}\}(j<k)) and x_{f}^{2} (with eigenvectors g_{f\beta}(n+m\geqq\beta>2n), where x_{f}^{2}

occurs only when m>n . Thus the tangent conjugate locus of 0 is given

by\cup\{adh(\sum_{i=1}^{n}\frac{rx^{i}\pi}{|x_{p}\pm x_{q}|}g_{i,n+i}) ; h\in K=\{O(n)\cross O(m)\}\cap SO(n+m), \Sigma(x_{i})^{2}=1 ,

p<q, r\in Z-\{0\} (multiplicity 1)\}(n>1), and \cup\{adh(\sum_{i=1}^{n}\frac{rx_{i}\pi}{|x_{p}|}g_{in+i}) ; h\in K,

\Sigma x_{i}^{2}=1 , p=1, \cdots , n, r\in Z-\{0\} (multiplicity m-n) \} if m>n . Especially the

first tangent conjugate point t_{0}(X)X of 0 along a geodesic \gamma_{X}, X=\Sigma x_{i} g_{i} n+i
(\Sigma x_{i}^{2}=1) is given by

t_{0}(X)={\rm Min} \frac{\pi}{|x_{p}\pm x_{q}|}p<q if n<1 (and =\pi if n=1) r

On the orther hand we have \Gamma(G, K)=\{A\in a|\exp A\in(O(n)\cross O(m))\cap SO

(n+m) \}=\{\sum_{i=1}^{n}m_{i}\pi g_{in+i}\} and thus we get

\tilde{t}_{0}(X):={\rm Min}\frac{\langle A,A\rangle}{2\langle X,A\rangle}=A\in\Gamma(G,K)-\{0\}\frac{\pi}{2{\rm Max}|x_{p}|}(\leqq\frac{\pi}{{\rm Max}|x_{p}\pm x_{q}|,p<q},
)
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So we know that the tangent cut locus of 0 is given by
\{adh(\sum_{i=1}^{n}\frac{\pi x_{i}}{2{\rm Max}|x_{p}|}g_{in+i}) ; h\in K, \Sigma x_{i}^{2}=1\} . Now SO (n+m)/(O(n)\cross O

(m))\cap SO(n+m) may be identified with the manifold G_{n,m}(R) of all n-
dimensional subspaces P of R^{n+m} . Put

o(=R^{n}):=-\{\begin{array}{l}u_{1}\vdots u_{n}0\vdots 0\end{array}\} ; u_{i}\in R]
’

o^{\perp}(=R^{m}):= .’\{\begin{array}{l}0\vdots 0u_{n+1}\vdots u_{n+m}\end{array}\} ; u_{i}\in R,\cdot and

W_{l} := {Z\in G_{n,m} ; dim Z\cap 0^{1}=l}. Note that W_{l} is a submanifold of cod-
imens\check{l}onl^{2}. Then we get a result which is obtained previously by Y-C.
Wong by a different more geometric argument.

THEOREM 4. 1. ( Y-C. Wong [12]). Cut locus of 0 in G_{n,m}(R) is given
by V_{1}=W_{1}\cup\cdots\cup W_{n} .

Proof. First, note that every geodesic in G_{n,m}(R) emanating from 0
may be expressed in the form tarrow\exp t A dh(\Sigma x_{i}g_{in+i})\cdot 0, where h\in K,

\Sigma x_{i}^{2}=1 . Now for X= \sum_{i=1}^{n}x_{i}g_{in+i}(\Sigma(x_{i})^{2}=1) with Maxi|x_{i}|=|x_{i_{1}}|=\cdots=|x_{i_{k}}| ,

we shall show that exp \tilde{t}_{0}(X)\cdot 0\in W_{k} . In fact we may assume Max |x_{i}|=

|x_{1}|=\cdots=|x_{k}|>|x_{k+1}|\geqq\cdots\geqq|x_{n}| . Then we have

exp \tilde{t}_{0}(X)\cdot 0=\{t(
\underline{0,}\underline{\cdots,0}, cos \frac{x_{k+1}\pi}{2|x_{1}|}u_{k+1}, \cdots , \cos\frac{n\pi}{x_{1}|}u_{n}\overline{2}|x ,

k

-u_{1}, \cdots , - u_{k}, - \sin\frac{x_{k+1}\pi}{2|x_{1}|}u_{k+1}, \cdots , - \sin\frac{x_{n}\pi}{2|x_{1}|}u_{n},\frac{0,\cdots,0}{m-n}) ;

(u_{1^{ }},\cdots, u_{n})\in R^{n}\} ,

from which our assertion is obvious. Similarly we know that
exp tX\cdot 0\in W_{0} for 0\leqq t<\tilde{t}_{0}(X) .

Since Ad ((O(n)\cross O(m))\cap SO(n+m)) leaves 0 and 0^{\perp} invariant, we get

G_{n,m}(R)=Int (0)\cup Cut locus of 0\subset W_{0}\cup\bigcup_{k=1}^{n}W_{k}=G_{n,m}(R) .
Q. E. D.

REMARK 4. 2. If m>n=1 , then G_{1,m}(R) is the m dimensional real
projective space. In this case the tangent conjugate locus of 0 is \cup Ad
k(m\pi)g_{1,2} and the conjugate locus of 0 is \{0\} .

REMARK 4. 3. Put V_{l} :=W_{l}\cup\cdots\cup W_{n}, \overline{W}_{k} :=\{Z\in G_{n,m}(R) ; dim (Z\cap 0)
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=k\} , and \tilde{V}_{l}=\overline{W}_{l}\cup\cdots\cup\overline{W}_{n} . Then for conjugate locus of 0, Wong [13] has
announced a result which asserts that conjugate locus of 0 is given by
V_{2}\cup\tilde{V}_{1} if n<m and V_{2}\cup\tilde{V}_{2} if n=m. But his result seems not to be cor-

rect. In fact in general, ( \exp\Sigma\frac{x_{i}\pi}{|x_{p}\pm x_{q}|}g_{in+i})\cdot o has zero intersection
with 0 or 0-. Since G_{1,m}(R) is the n-dimensional real projective space for
n=1, we shall consider the first conjugate locus

h. \in K\bigcup_{x\epsilon 0,\langle x,B=1}

,

(\exp Ad ht_{0}(X)X) \cdot 0

of 0 for n\geqq 2 . Then the first tangent conjugate point t_{0}(X)X of 0 is the
cut point if and only if Max |x_{p}| is taken at least for two x_{p}’s . We shall
define for X=\Sigma x_{i}g_{i,n+i}(\Sigma x_{i}^{2}=1), \# X=k when Max |x_{p}|=|x_{i_{1}}|=\cdots=|x_{i_{k}}| .
Then as the above theorem shows we have for l\geqq 2, \cup\{\exp Ad ht_{0}(X)X\cdot 0 ;
h\in K, X\in a, \langle X, X\rangle=1 , \# X=l\}=W_{l} . On the otherhand for X with \# X=1
(Max |x_{p}|=|x_{i}| ) we have

1 \geqq\frac{|x_{i}|}{{\rm Max}|x_{p}\pm x_{q}|}>1/2 , 0 \leqq\frac{|x_{j}|}{{\rm Max}|x_{p}\pm x_{q}|}<1/2 (j\neq i)’.

where \frac{|x_{i}|}{{\rm Max}|x_{p}\pm x_{q}|}=1 if and only if |x_{i}|=1 and other x_{f}’s are equal to

zero. So if \# X=1 , \cup {(\exp Ad ht_{0}(X)X) \cdot 0} \subset W_{0} . On the other hand for
\# X=1, (exp Ad ht_{0}(X)X) \cdot 0\in\tilde{V}_{1} if and only if x_{j}=0 for at least one j and
(exp (Ad ht_{0}(X)X)) \cdot 0=0 if and only if x_{f}=1 holds for some j. But the
whole conjugate locus seems to be fairly complicated and we shall only
mention the following:

\cup\{(exp Ad h( \sum_{i}\frac{rx_{i}}{|x_{p}|}\pi g_{i,n+i}))0;h\in K, \Sigma x_{i}^{2}=1\}=\tilde{V}_{1} for r\in Z-\{0\} .

\cup\{(exp Ad h( \sum_{i}\frac{rx_{i}}{|x_{\overline{(+})}^{p}x^{q}|}\pi g_{i,n+i}))0;h\in K, \Sigma x_{i}^{2}=1 , x^{p}+x^{q}=0\}(-) is equal to

V_{2} if r is odd and is equal to \overline{V}_{2} is r is even.
REMARK 4. 4. In case of complex or quaternionic Grassmann mani-

holds G_{n,m}(C), G_{n,m}(H) the cut locus and the first conjugate locus coincides
because they are simply connected. In these cases Wong [13] has also
investigated the conjugate loci, which seems to be incorrect. So we shall
give the tangent conjugate loci of G_{n,m}(C) and G_{n,m}(H) .

2\circ . Complex Grassmann menif G_{n,m}(C)=U(n+m)/U(\prime n)\cross U(m)

(r\iota\leqq m) . Put G=U(n+m), K=U(n)\cross U(m) and let \mathfrak{g} (resp. f) be the Lie
algebra of G (resp. K). If we define the involutive automorphism \theta of G

by \theta (\begin{array}{ll}A BC D\end{array})=(\begin{array}{ll}A -B-C D\end{array}) , then f(resp. \mathfrak{m}=\{ ( - 0B) \}) is the +1 (resp.
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i \alpha

-1) -eigenspace of dd. Now if we put D_{ia} :=( \alpha\frac{011}{-110})i(1\leqq i\leqq n, n+1

i \alpha

\leqq\alpha\leqq n+m) , E_{i\alpha} :=( \alpha\frac{01\sqrt{-1}}{\sqrt{-1}10})i(1\leqq i\leqq n, n+1\leqq\alpha\leqq n+m), then \{D_{i\alpha},

E_{i\alpha}\} forms an orthonormal basis of nt (=T_{o}G_{n,m}(C,)) with respect to the

invariant riemnnian structure defined by Q(X, Y):=-^{\frac{1}{2}} tr XY, X, Y\in \mathfrak{g} .
Note that \{D_{i,n+i}\}_{i=1,\cdots,n} forms a Cartan subalgebra \mathfrak{g} of (0, f, d\theta) . Then
for X:= \sum_{i=1}^{n}x^{i}D_{in+i}(\Sigma x_{i}^{2}=1) we get

R(X, D_{fn+f})X=0(j=1, \cdots, n) ,

R (X, \frac{1}{\sqrt{2}}(D_{f\alpha}+D_{\alpha-nn+j})) X=(x^{j}-x^{\alpha-n})^{2} \frac{1}{\sqrt{2}}(D_{f\alpha}+D_{\alpha-nn+f})

(n+1\leqq n+j<\alpha\leqq 2n) ,

R (X, \frac{1}{\sqrt{2}}(D_{j\alpha}-D_{\alpha-nn+j})) X=(x^{J}+x^{\alpha-n})^{2} \frac{1}{\sqrt\overline{2}}(D_{f\alpha}-D_{\alpha-nn+f})

(n+1\leqq n+j<\alpha\leqq 2n) ,

R (X, \frac{1}{\sqrt{2}}(E_{f\alpha}-E_{\alpha-nn+f})) X=(x^{f}-x^{\alpha-n})^{2} \frac{1}{\sqrt{2}}(E_{j\alpha}-E_{\alpha-nn+f})

(n+1\leqq n+j<\alpha\leqq 2n) ,

R (X, \frac{1}{\sqrt{2}}(E_{f\alpha}+E_{\alpha-nn+j})) X=(x^{j}+x^{\alpha-n})^{2} \frac{1}{\sqrt{2}}(E_{j\alpha}+E_{\alpha-nn+f})

(n+1\leqq n+j<\alpha\leqq 2n) ,
R(X, E_{jn+f})X=(2x^{d})^{2}E_{fn+f}(j=1, \cdots, n) ,
R(X, D_{f\alpha})X=(x^{f})^{2}D_{j\alpha} (\alpha>2n possible only when m>n),
R(X, E_{j\alpha})X=(x^{j})^{2}E_{jn} (\alpha>2n possible only when m>n).

Thus the tangent conjugate locus is given by

\{adh(\sum_{i=1}^{\alpha}\frac{r\pi x_{i}}{|x^{p}\pm x^{q}|}D_{i,n+i}) ; h\in K, \Sigma x_{i}^{2}=1 , p<q, r\in Z-\{0\}

(multiplicity 2) (n>1)\} ,

\{adh(\sum_{i=1}^{n}\frac{r\pi x_{i}}{2|x^{p}|}D_{i,n+i}) ; h\in K, \Sigma x_{i}^{2}=1 , p=1, \cdots , n, r\in J’-/\{0\}

(multiplicity 1) \} .
and if m>n
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\{adh(\sum_{i=1}^{n}\frac{r\pi}{|x_{p}|}x_{i}D_{in+i}) ; h\in K, \Sigma x_{i}^{2}=1 , p=1, \cdots , n, r\in Z-\{0\}

(multiplicity 2 (m– n))\} .

On the other hand in this case \Gamma(G, K):=\{A\in a|\exp A\in K\}=\langle\Sigma m_{i}\pi D_{i,n+i}|

(m_{i})\in Z^{n}\} and \tilde{t}_{0}(X):={\rm Min}\frac{\langle A,A\rangle}{2|\langle X,A\rangle|}={\rm Min}\frac{\pi}{2|x_{p}|}A\epsilon\Gamma(G,K)-\{0\} for X=\Sigma x_{i} D_{i} n+i.
Thus the (tangent) cut locus coincides with pthe first (tangent) conjugate
locus. Now G_{n,m}(C) is the space of all complex n-dimensional subspaces
of C^{\prime n+m} .
Put 0 :=\{^{t}(x_{1^{ }},\cdots, x_{n}, 0, \cdots, 0)\in C^{n+m}\} and 0^{\perp}: =\{^{t}(0, \cdots, 0, x_{n+1^{ }},\cdots, x_{n+m})\in

C^{n+m}\} and define V_{l}
:=\{Z\in G^{n,m}m(C) ; \dim Z\cap 0^{L}-\geqq l\},\tilde{V}_{l}n:=\{Z\in G_{n,m}(C)|\dim

Z\cap 0\geqq l\} . Now the same argument as before tells us that the first con-

jugate locus is equal to V_{1} . Now it is easy to see \cup\{\exp(Ad h \sum_{i=1}^{n}\frac{r\pi}{2|x_{p}|}

x_{i}D_{in+i})\cdot 0;h\in K, \Sigma x_{i}^{2}=1,1\leqq p\leqq n\} is equal to V_{1} if r is odd and is equal

to \tilde{V}_{1} if r is even. Similarly \cup\{\exp(Adh\sum_{i=1}^{n}\frac{r\pi}{|x_{p}|}x_{i}D_{in+i})0;h\in K, \Sigma x_{i}^{2}

=1,1\leqq p<n\} is equal to \tilde{V}_{1} for r\in Z. Thus if n=1(i. e. complex pr0-

jective case) the conjugate locus is given by by V_{1}\cup\tilde{V}_{1} . Now Wong ([13])
has announced that the conjugate locus of 0 is given by V_{1}\cup\tilde{V}_{1} for G_{n,m}

(C). But \exp ( Adh\Sigma\frac{r\pi x_{i}}{|x_{p}\pm x_{q}|}D_{in+i})\cdot o has generally zero intersection with
o or 0- and for n>1 the conjugate locus seems to be fairly complicated.

We shall remark only \cup\{\exp(Adh\sum_{i=1}^{n}\frac{r\pi}{x_{p}+x_{q}}x_{i}D_{in+i})0 ; h\in K, \Sigma x_{i}^{2}=1 ,

x_{p}=x_{q}\} is equal to V_{2} if r is odd and is equal to \tilde{V}_{2} if r is even, and

\cup\{exp ( Adh\sum_{i=1}^{n}\frac{r\pi}{x_{p}-x_{q}}x_{i}D_{in+i})0;h\in K, \Sigma x_{i}^{2}=1 , x_{p}+x_{q}=0\} is equal to V_{2}

if r is odd and is equal to V_{2} if r is even.
3\circ . Quaternion Grassmann manifolds G_{n,m}(H)=Sp(l’l\downarrow+m)/Sp(n)\cross Sp

(m)(n\leqq m). Put G=Sp(n+m), K=Sp(n)\cross Sp(m) and let \mathfrak{g} , f be the Lie

algebra of G, K. We may consider ep (n)=\{(_{-t^{=}}^{\alpha}\dot{\beta} \beta\overline{\alpha})\in U(2n);\beta symmet-

ric\} and then \mathfrak{g} may be identified with
\{_{2m\{}^{2n\{}(2n\wedge 2m\wedge

-tA\overline{B}DB);A\in g\mathfrak{p} (n), D\in\S \mathfrak{p}(m),
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n m

B=(nn \frac{\hat{\alpha}1\hat{\beta}}{-t^{\Rightarrow}\beta 1\overline{a}})\in \mathfrak{M}_{n\iota+n}(C)\} , If we define an involutive automorphism \theta on

2n2m

S_{1^{J}}(n+m) by \theta
(\begin{array}{ll}A B^{\backslash }C D\end{array})\wedge =(-CA -BD) , then f (resp. \mathfrak{m}=\{ (\begin{array}{ll}0 B-t\overline{B} 0\end{array}) ; B=

(
\overline{\beta}

\beta\overline{\alpha})\in \mathfrak{M}_{m+n}(C)_{\int}^{1}) is the +1 (resp. -1)-eigenspace of d\theta. Now nt has

the following orthonormal basis \{H_{if}, K_{ij}, L_{i\alpha}, M_{i\alpha}\}(1\leqq i\leqq n, 1\leqq j\leqq m, n+1

\leqq\alpha\leqq n+m) with respect to the inner product Q(X, Y)=-^{\frac{1}{4}} trXY, where
we put

j m+j

H_{ij} :=( \frac{01B_{if}}{-i\overline{B}_{if}10}) with B_{ij}=(n+j \frac{110}{o11})i,\cdot

K_{if} :=( \frac{01C_{if}}{-t\overline{c}_{if}10}) with C_{if}=n+ji(
\frac{\sqrt{-1}10jm+j}{o1-\sqrt{-1}})

:

\alpha-n\alpha

L_{i\alpha} :=( \frac{01D_{i\alpha}}{-t\overline{\overline{D}}_{i\alpha}10}) with D_{i\alpha}=n+ii( \frac{011}{-110}) and

M_{i\alpha}:=( \frac{01E_{i\alpha}}{-tE_{i\alpha}10}) with E_{i\alpha}=n+ii( \frac{\alpha n\alpha 0|\sqrt{-1}}{\sqrt{-1}10})

Now \{H_{ii} ; 1\leqq i\leqq n\} forms a Cartan subalgebra of (\mathfrak{g}, f, d) . Then we get

for X= \sum_{i=1}^{n}x_{i}H_{ii} , \Sigma(x^{i})^{2}=1 ,

R (X, \frac{1}{\sqrt{2}}(H_{if}+H_{if})) X=(x_{i}-x_{j})^{2} \frac{1}{\sqrt{2}}(H_{ij}+H_{fi}) 1\leqq i<j\leqq n ,

R (X, \frac{1}{\sqrt{2}}(H_{if}-H_{fi})) X=(x_{i}+x_{f})^{2} \frac{1}{\sqrt{2}}(H_{if}-H_{fi}) 1\leqq i<j\leqq n ,

R(X, H_{ii})X=0 , i=1, \cdots , n ,

R(X, H_{if})X=x_{i}^{2}H_{if} for j>n (possible only when m>n),

R (X, \frac{1}{\sqrt{2}}(K_{ij}+K_{fi})) X=(x_{i}+x_{f})^{2} \frac{1}{\sqrt{2}}(K_{if}+K_{fi}) 1\leqq i<j\leqq n ,
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R (X, \frac{1}{\sqrt{2}}(K_{if}-K_{ji})) X=(x_{i}-x_{j})^{2} \frac{1}{\sqrt{2}}(K_{ij}-K_{ji}) , 1\leqq i<j\leqq n,\cdot

R(X, K_{ii})X=(2x_{i})^{2}K_{ii}j i=1, \cdots , n ,
R(X, K_{if})X=(x_{i})^{2}K_{ij} for j>n (possible only when m>n),

R (X, \frac{1}{\sqrt{2}}(L_{i\alpha}+L_{\alpha-n,n+i})) X=(x_{i}+x_{\alpha-n})^{2} \frac{1}{\sqrt{2}}(L_{i\alpha}+L_{\alpha-nn+i}) n+i<\alpha\leqq 2n ,

R (X, \frac{1}{\sqrt{2}}(L_{i\alpha}-L_{\alpha-n,n+i})) X=(x_{i}-x_{\alpha-n})^{2} \frac{1}{\sqrt{2}}(L_{i\alpha}-L_{\alpha-nn+i}) n+i<\alpha\leqq 2n ,

R(X, L_{in+i})X=(2x_{i})^{2}L_{in+i} . i=1, \cdots , n_{j}

R(X, L_{i\alpha})X=x_{i}^{2}L_{i\alpha} for \alpha>2n (possible onlywhen m>n),

R (X, \frac{1}{\sqrt{2}}(M_{i\alpha}+M_{\alpha-nn+i})) X=(x_{\ell}+x_{\alpha-n}) \frac{1}{\sqrt{2}}(M_{i\alpha}+M_{\alpha-nn+i})X

n+j<\alpha\leqq 2n ,

R (X, \frac{1}{\sqrt{2}}(M_{i\alpha}-M_{\alpha-nn+i})) X=(x_{i}-x_{\alpha-n}) \frac{1}{\sqrt{2}}(M_{i\alpha}-M_{\alpha-nn+i})X

n+j<\alpha\leqq 2n’.
R(X, M_{in+f})X=(2x_{i})^{2}M_{in+i},\cdot i=1, \cdots , n ,
R(X, M_{i\alpha})X=x_{i}^{2}M_{i\alpha} if \alpha>2n (possible only when m>n).

Thus the tangent conjugate locus of M=G_{n,m}(H) is given by \bigcup_{p<q}\{Adh\sum_{i=1}^{n}

\frac{r\pi x_{i}}{|x^{p}\pm x^{q}|}H_{ii} ; h \in K,\sum_{i=1}^{n}x_{i}^{2}=1 , r\in Z-\{0\} (with mutiplicity 4) \}, (possible only

when n>1 ), \bigcup_{p}\{Adh\sum_{i=1}^{n}\frac{r\pi x_{i}}{2|x_{p}|}H_{ii} ; h\in K, \Sigma x_{i}^{2}=1 , r\in Z-\{0\} (with multiplic-

ity 3)\}, and \bigcup_{p}\{Adh\sum_{i=1}^{n}\frac{r\pi x_{i}}{|x_{p}|}H_{ii} ; h\in K, \Sigma x_{i}^{2}=1 , r\in Z-\{0\} (with multiplicity

4 (m-n)\} (possible only when m>n). On the other hand, in this case \Gamma(G,

K)=\{A\in a|\exp A\in K\}=\{\Sigma m_{i}\pi H_{ii} ; m_{i}\in Z\} . So we have \tilde{t}_{0}(X)
;={\rm Min} A\epsilon\Gamma(G,K)-\{0\}

\frac{\langle A,A\rangle}{2|\langle X,A\rangle|}-={\rm Max}\frac{\pi}{2|x_{p}|} for a unit X=\Sigma x_{i} H_{ii}\in a , from which we know
that the first conjugate locus coincides with the cut locus of 0. Now G_{n,m}

\langle H) may be identified with manifold of all quaternionic n dimensional sub-
spaces of H^{n+m} . Put 0 :=\{^{t}(x_{1^{ }},\cdots, x_{n}, 0, \cdots, 0)\in H^{n+m} ; x_{i}\in H\} and 0^{\perp}: =
\{^{t}(0, \cdots, 0, X_{n+1}^{ },\cdots, x_{n+m})\in H^{n+m} ; x_{i}\in H\} and V_{l} :=\{Z\in G_{n,m}(H) ; dim (Z\cap 0^{\perp})

\geqq l\} and \overline{V}_{l} := {Z\in G_{n,m}(H) ; dim (Z\cap 0)\geqq l}. Then the argument as before
sh
\cup\{

ows that the cut locus of 0 is given by V_{1} . Now it is easy to see
(\exp Ad h \sum_{i=1}^{n}\frac{r\pi x_{i}}{2|x_{p}|}H_{ii}) \cdot 0;h\in K, \Sigma x_{1}^{2}=1\} is equal to V_{1} (resp. \hat{\acute{V}}_{1} ) if r
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is odd (resp. if r is even), and\cup\{(’\exp Ad h \sum_{i=1}^{n}\frac{r\pi x_{i}}{|x_{p}|}H_{ii})\cdot 0;h\in K, \Sigma x_{i}^{2}=1\}

is equal to \overline{V}_{1} for every r\in Z-\{0\} . Thus if n=1(i. e. quaternion projec-
tive space), then the whole conjugate locus of 0 is given by V_{1}\cup\overline{V}_{1} . On
the other hand Wong [13] has announced that the conjugate locus of 0 is
equal to V_{1}\cup\tilde{V}_{1} for every n, which seems to be incorrect. In fact, gener-

ally (\exp Ad h \Sigma\frac{r\pi}{|x_{p}\pm x_{q}|}x_{i}H_{ii}) \cdot o has zero intersection with 0^{\perp} , 0, and

for n>1 the conjugate locus seems to be fairly complicated. We shall men-

tion only the following : \cup\{\exp(Adh\sum_{i=1}^{n}\frac{r\pi}{x_{p}+x_{q}}x_{i}H_{ii})\cdot o ; h\in K, \Sigma x_{i}^{2}=1 ,

x_{p}=x_{q}\} is equal to V_{2} (resp. \tilde{V}_{2}) if r is odd (resp. even), and \cup\{\exp(Adh

\sum_{i=1}^{n}\frac{r\pi}{x_{p}-x_{q}}x_{i}H_{ii})\cdot o ; h\in K, \Sigma x_{i}^{2}=1 , x_{p}+x_{q}=0\} is equal to V_{2} (resp. \tilde{V}_{2}) if

r is odd (resp. even).

4^{o} . U(n)/O(n). see [10].

5^{o} . U(2n)/Sl/(n). Put G=U(2n), K=Sp(n) and let \mathfrak{g}=\{(\frac{A1B}{-t\overline{B}|D}) ; A,

D\in \mathfrak{u}(n)\} be the Lie algebra of G, f=\{(\frac{A1B}{-\overline{B}1\overline{A}});B symmetric, A\in u(n)\}

be the Lie algebra of K.- If \underline{w}e define the involutive automorphism \theta of

U(2n) by \theta (\begin{array}{ll}A B\backslash C D\end{array})=(\begin{array}{ll}D -C-\overline{.B} \overline{A}\end{array})-

, then f is the +1-eigenspace of d\theta and

i n+i

the -1-eigenspace nt of d\theta has an orthonormal basis \{ \mathfrak{A}_{i} :=(n+i \frac{\sqrt-2|0}{0|\sqrt{-2}})i

i kn+in+k

(1 \leqq i\leqq n), (\mathfrak{D}_{ik} :=(n+k \frac{-11}{0}n+iki|^{1}1 0-1](1\leqq i<k\leqq n) , \mathfrak{Z}_{ik} :=

i k n+in+k i kn+in+k

n+kn+iki[ \frac{\sqrt{-1}\sqrt{-1}10}{01\sqrt{-1}\sqrt{-1}}](1\leqq i<k\leqq n) , \mathfrak{F}_{ik} :=n+kn+iki -101||-10 1)
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n+in+k

(1 \leqq i<k\leqq n), \mathfrak{G}_{ik} :=[nn+k \sqrt{-1}-+i\sqrt{-1}ki0||-\frac{-1}{0}\sqrt{-1}](1\leqq i<k\leqq n)\} with

respect to an invariant riemannian structure defined by Q(X, Y)=- \frac{1}{4} tr

XY, X, Y\in \mathfrak{g} . Now a :=\{\mathfrak{A}_{i} ; 1\leqq i\leqq n\} is a Cartan subalgebra of (\mathfrak{g}, f,
M) and the curvature tensors at 0 are given as follows. For a unit
X\in\Sigma x_{i}\mathfrak{A}_{i}\in a,

R(X, \mathfrak{D}_{fk})X=2(x_{f}-x_{k})^{2}\mathfrak{D}_{fk} ,
R(X, \mathfrak{Z}_{fk})X=2(x_{j}-x_{k})^{2}\mathfrak{Z}_{fk} ,
R(X, \mathfrak{F}_{fk})X=2(x_{f}-x_{k})^{2}\mathfrak{F}_{fk} ,
R(X, \mathfrak{G}_{fk})X=2(x_{f}-x_{k})^{2}\mathfrak{G}_{jk}\epsilon

Thus the tangent conjugate locus of 0 is given by \cup\{Adh\sum_{i=1}^{n}\frac{m\pi x_{i}}{\sqrt{2}|x_{p}-x_{q}|}

\mathfrak{A}_{i} ; h\in K, \Sigma x_{i}^{2}=1 , p<q, m\in Z-\{0\}\} and especially the first tangent conju-

gate point of 0 along a geodesic \gamma_{X} : tarrow ExptX, X= \sum_{i=1}^{n}x_{i}\mathfrak{A}_{i}\in a(\Sigma x_{i}^{2}=1) is

given by Minp<q\frac{\pi}{\sqrt{2}|x_{p}-x_{q}|} . On the other hand, since \Gamma(G, K):=\{A\in a

|\exp A\in K\} is given by \{\sum_{i=1}^{n}\frac{m_{i}\pi}{\sqrt{2}}\mathfrak{A}_{i} ; m_{i}\in Z\} , we get \tilde{t}_{0}(X);=\frac{\pi}{2\sqrt{2}}{\rm Min}\frac{1}{|x_{p}|}p

( \leqq{\rm Min}\frac{\pi}{\sqrt{2}|x_{p}-x_{q}|})p<q . Thus the tangent cut locus is given by \cup\{Adh\sum_{i=1}^{n}

\frac{\pi x_{i}}{2\sqrt{2}{\rm Max}|x_{p}|}\mathfrak{A}_{i} ; h\in K, \Sigma x_{i}^{2}=1\} . Now let H^{2n}=\{(a, b)|a, b\in H^{n}\} be 2n-

dimensional quaternionic right vector space. We shall define a hermitian
skew symmetric forms \alpha in H^{2n} by

\alpha ((a, b), (c, d))=\langle a, d\rangle-\langle b, c\rangle ,

where \langle , \rangle denotes the symplectic product of H^{n}. Let M=\{P=\{(a, b)\}\subset

H^{2n} : n-diemensional subspace on which \alpha|_{P}\equiv 0 }. Note that P_{0}=\{(a, 0)\} ,
P_{0}^{\perp}=\{(0, b)\}\in M. Now we have

Lemma 4. 5. M is diffeomorphic to U(2n)/S\mu(n) .

Proof. Put J=(\begin{array}{ll}0 I-I 0\end{array}) \in S4^{J}(2n) . Then \tilde{A}\in Sp(2n) leaves \alpha invariant



On cut loci of compact symmetric spaces 159

if and only if \tilde{A} commutes with J. Now let H=\{A\in Sp (2n);\tilde{A}J=J\swarrow\tilde{4}\}=

\{\tilde{A}= (\begin{array}{ll}A B-B A\end{array})\in Sp(2n)\} , then H acts transitively on M. In fact if P,

Q\in M, then P, JP (resp. Q, JQ) are orthogonal and so there exists an
\tilde{A}\in Sp(2n) which commutes with J and maps P onto Q. Now it is easy

to see that the isotropy subgroup of H at P_{0} is given by L:=\{ (\begin{array}{ll}A 00 A\end{array}) ;

A\in Sp(n)\} , which may be identified with Sp {n). Next we shall show that

H is isomorphic to U(2n). In fact, for \tilde{A}=(\begin{array}{ll}A B-B A\end{array}) \in Sp(2n) set A=a_{1}+

ja_{2}, B=b_{1}+jb_{2}, where a_{i} , b_{i}(i=1,2) are n\cross n-complex matrices, and define

\varphi(A):=(\begin{array}{ll}a_{1}+ib_{1} \overline{a}_{2}+i\overline{b}_{2}-a_{2}-ib_{2} \overline{a}_{1}+i\overline{b}_{1}\end{array}) , then we can show that \varphi is an isomorphism

between H and U(2n) and maps L onto (\{ -a_{2}a_{1}\delta_{1}\delta_{2)}, \in U(2n);{}^{t}a_{1}a_{1}+{}^{t}\overline{a}_{2}a_{2}=1 ,

\ell a_{1}a_{2}=^{t}a_{2}a_{1}\} . Thus we have a diffeomorphism \Phi:M=H/L\cong G/K. Q_{-^{1}}^{)}E.D.

Now we get

THEOREM 4. 6. Let M carry the riemannian structure which is
induced from that of U(2n)/Sp(n). Then the cut locus of P_{0} is given by
\Gamma_{P_{0}^{\perp}:}=\{Q\in M|Q\cap P_{0}^{\perp}\neq\{0\}\} .

Proof. We may identify M and H/S1/(n). Let \Phi:H/Sp(n)arrow U(2n)/

Sp (n) be the diffeomorphism given in the Lemma. Firstly we shall show

that \cup\{\varphi^{-1}(\exp(Adh(\sum_{i=1}^{n}\frac{\pi x_{i}}{2\sqrt{2}{\rm Max}|x_{i}|}\mathfrak{A}_{i})))P_{0} ; h\in K, \Sigma x_{i}^{2}=1 , Max |x_{i}|=

|x_{i_{1}}|=\cdots=|x_{i_{k}}|\} is contained in \{Q\in M|\dim(Q\cap P_{0}^{\perp})=k\} , and \cup\{\varphi^{-1}(exp

( Adh(\sum_{i=0}^{n}tx_{i}\mathfrak{A}_{i})))P_{0} ; h\in K, \Sigma x_{t}^{2}=1,0\leqq t<\tilde{t}_{0}(X)\} is contained in \{Q\in M|\dim

(Q\cap P_{0}^{\perp})=0\} . In fact, let Max |x_{i}|=|x_{i_{1}}|=\cdots=|x_{i_{k}}| . We may assume Max
]x_{i}|=|x_{1}|=\cdots=|x_{k}|>|x_{k+1}|\geqq\cdots\geqq|x_{n}| . Then
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( \varphi^{-1}(\exp\sum_{i}\frac{\pi x_{i}}{2\sqrt{2}{\rm Max}|x_{i}|}\mathfrak{A}_{i}))(P_{0})=

\{(\begin{array}{ll}a_{1}cos(\frac{\pi}{2} \frac{\sqrt{2}x_{1}}{\sqrt{2}{\rm Max}|x_{i}|})a_{n} \vdots cos(\frac{\pi}{2} \frac{\sqrt{2}x_{n}}{\sqrt{2}{\rm Max}|x_{i}|})-a_{1}sin(\frac{\pi}{2} \frac{\sqrt{2}x_{1}}{\sqrt{2}{\rm Max}|x_{i}|})\vdots -a_{n}sin(\frac{\pi}{2} \frac{\sqrt{2}x_{n}}{\sqrt{2}{\rm Max}|x_{i}|})\end{array}\}=(\begin{array}{lll} 0 \vdots 0 a_{k+1} cos \frac{\pi x_{k+1}}{2{\rm Max}|x_{i}|}a_{n}cos \frac{\pi x_{n}}{2{\rm Max}|x_{i}|} -a_{1} -a_{k+1} \vdots sin\frac{a_{k}\pi x_{k+1}}{2{\rm Max}|x_{i}|}- \vdots \end{array})\}

\subset {Q\in M ; dim Q\cap P_{0}^{\perp}=k}

Since Ad K leaves P_{0} , P_{0}^{\perp} invariant we get our assertion. Thus we get

M=Cut locus of P_{0}\cup Int(P_{0})

=( \bigcup_{h\epsilon K,\Sigma x_{i}^{2}=1}\varphi^{-1}(\exp(Ad h( \sum_{i}\frac{\pi x_{i}}{2\sqrt{2}{\rm Max}|x_{i}|}\mathfrak{A}_{i})))P_{0})

\cup(\bigcup_{h\epsilon K,\Sigma x_{i}^{2}=1}\varphi^{-1}(exp ( Adh0\leqq t<\frac{\bigcup_{\pi}}{2\sqrt{2}{\rm Max}|x_{i^{1}}}(\sum_{i}tx_{i}\mathfrak{A}_{i})))P_{0})

\subset\{Q\in M|\dim Q\cap P_{0}^{\underline{\mathfrak{l}}}>0\}\cup\{Q\in M|\dim Q\cap P_{0}^{\perp}=(0)\}=M.
Q. E. D.

REMARK 4. 7. Note that \pi_{1}(M)\cong Z and \Gamma_{p_{0}^{\perp}}^{k}: =\{Q\in M ; dim Q\cap P_{0}^{\perp}=k\}

= \cup\varphi^{-1}(\exp(Adh(\sum_{i=1}^{n}tx_{i}\mathfrak{A}_{i})))P_{0} ; h\in K, \Sigma x_{i}^{2}=1 , Max |x_{i}|=|x_{i_{1}}|=\cdots=|x_{i_{k}}|\}

defines a submanifold of codimension k(2k-1) in M. Thus in these exam-
ples, cut loci has a natural stratification. It seems to be interesting to
know whether this holds for all compact symmetric spaces.

REMARK 4. 8. After the preparation of the present note, Prof. S.
Murakami informed me that H. Naito has studied the tangent cut loci of
compact symmetric R-spaces.
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The author wishes to express his sincere thanks to Prof. S. Murakami
and Prof. T. Suguri for their useful comments during the preparation of
the present paper.
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