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Introduction.

In the present paper, the author will study certain hypersurfaces of the
(n+1)-dimensional unit sphere S"*! which are defined by the harmonic con-
jugate relation with respect to it as a quadratic hypersurface in R"*2. Here,
the harmonic conjugate relation is used in the sense as follows: a point x
in R**2 is called harmonic conjugate to a point ¥ in R"*? with respect to
Sr+1if x is on the polar hyperplane of ¥ with respect to S**!:

The motivation of the introduction of such hypersurfaces of S**! is due
to his work in which he has investigated minimal hypersurfaces of S**!
with three principal curvature fields and tried to find out examples of such
hypersurfaces. He succeeded in constructing such hypersurfaces of special
type (Theorem 4 in [3]) under certain conditions for three tangent vector
fields of them determined corresponding to these principal curvature fields.
In order to find out examples of such minimal hypersurfaces of S**! without
the above mentioned conditions, the author payed his attention to the family
of hypersurfaces dealed with in the present paper which were perceived
through the properties of the examples in and will try to find out min-
imal hypersurfaces of this kind out of these families. And, he will show
naturality of the examples in by in some sense. However
he will not succeed in finding out minimal hypersurfaces expected to be in
these families.

§ 1. The harmonic conjugate relation

For a subset ACR"!, we denote by [A] the smallest linear subspace
containing A in the following. For A,, A, -+, An,C R, let

[Al’s A29 B Am] L= [AIU A2U tte UAm] .
Let S* be the unit n-sphere in R**! given by

n+l

(1.1) §1 x? =
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and P, the polar hyperplane of a point ¥ of R*"! with respect to .S* given
by
n+l

(1.2) 2 Y =1,
t=1
where Y=y, -**,Yns1). For ACR™1, we define
h-conjA: = NzaPs.

We can easily prove the following
LemMma 1. For A, BC R, we have

i) h-conj A = h-conj [4],
ii) dim (h-conj A) = n—dim [A]
iii) h-conj AD B—h-conj BDOA.

Now, we call A is harmonic conjugate to B with respect to S, if h-conj
BDA. By[Lemma 1, we can say A and B are mutually harmonic conjugate
(with respect to .S”).

LemMmAa 2. Let A and B be mutually harmonic conjugate linear sub-
spaces of R! with respect to S, then for any point y of S" yEAUB,
the spheres S,=[A,y]NS* and Sz=[B,y]NS* are orthogonal at y.

Proor. Putting dim A=p=1 and dim B=¢=1, we choose (p+1) points
a,=(a,), a=0,1, .-, p, spanning A and (¢g+1) points b,=(b,), 2=0,1, ---, q,

spanning B. Then, we have
n+1

(1.3) (s by) 2 = ;l Ay by = 1.

Since any point x&[A4,y] can be written as

(1. 4) x = ; u.a,+ty,

where

(1.5) 2y, =1,

we have

(1.6) (x, x) = § (Qus ) U s +2 ; (ws Y) ut +12=1.

For y, we have (ug, -+, up, t)=(0, ---,0,1). Hence for any differential at y
along S, we have from (1.5) and (1. 6)
2 du,+dt=0, 4 (a,y)du,+dt =0,
that is
(1.7) dt = — L du,
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(1. 8) S {(aa, y)—l} du, = 0.

«x

Therefore, any tangent vector X of S, at ¥ can be expressed as
(1.9) X=2¢(a.—Y),
where &, satisfy the condition :

(1. 10 2@y -1je. = 0.

a

Analogously, any tangent vector Y of Sy at ¥ can be expressed as
(1.11) Y= Zin(b:—y),

where 7, satisfy the condition :

(1. 12) % {Bry) -1} =0.

Now, we compute the inner product {X,Y) of X and Y. By means
of (1.9), (1.11), (1.10), (1.12) and (1. 3), we have

(X, Yy = L(a.—y, b—y)
= T {(au b)— (@) — by ) +1} & 7

a,i

= — ; M 2 {(aa,y)—l} Sa"‘; &, ; {(bx,y)_l} = 0,

a

which shows that
T,5:,1T,Sz. Q.E.D.

Let A and B be linear subspaces as in Lemma 2. If AN B+#¢, for
any point xEAN B it must be (z, x)=1, hence x is a point of S*. Fur-
thermore we have ACP, and BCP,. Since P, is the tangent hyperplane
of S* at z, A and B must be tangent to S and orthogonal to each other.
If AN B=¢, there exists no direction which is parallel to A and B, because
we have the same situation in the hyperplane at oc with respect to the
induced polarity from S». Thus, we obtain easily the following

LemMA 3. Let A and B two linear subspaces of R"*' which are not
tangent to S* at the same point and harmonic conjugate to each other, then
A and B are mutually independent, 1. e.

dim [A, B] = dim A+dim B+1.

LEmMMA 4. If A is harmonic conjugate to B, and B, then so is A
to [By, By].
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Proor. By the assumption, we have h-conj ADB; and B, hence
h-conj ADI[B;, B,] . Q.E.D.
§ 2. The definition of M= (x,; L, Ly, L)

In the following, we suppose that L7, i=1,2,3, are m;-dimensional
linear subspaces of R"*? respectively such that they are mutually harmonic
conjugate to each other with respect to the unit (n+1)-sphere:

2.1 %12 x?=1,
not tagent to S™! and
(2.2) my+my+my =n.
Lemma 5. We have
(2. 3) h-conj L = [L7s, L7*] (3, 7, k : distinct) ,
(2. 4) (L7, Ly, L] = R**2.

ProoF. By Lemma 3, L™ and L7: are mutually independent and so
dim [L;"/‘, LGz] == m1—|-m2-|-1 .
By [Lemma 4, [L?, L?%] is harmonic conjugate to L?. Once more by

3, [L?, L7:] and L7 are mutually independent and hence
h-conj L7 = [L7, L] .
Since [[Ly, Ly-], L] = [Lps, Ly+, Ly], it must be
[Lgn,’ L;'bz’ L;’%] = Rtz Q E.D.

Now, we take a fixed point z, of S**! not contained in each L3¢, i=
1,2,3, and P, pL?, i=1,2,3. We choose w;€L?, i=1,2,3, such that
dim [x,, 2%, us, us) =3. Let us put

[0, 2] NS — {20} = ;.
[z, u) NS —{x} = 2 1F7;
[zij, ue] N S™—{x; )} = g, kF1, kFJ;
i kE=1,23.
Here we have used the convention that for x&S8**!, uR"*2, u+xz, [z, u] N
Snt1_{x} =z if the straight line [z, ] is tangent to S"*1.
LEMMA 6. =x,;=x;; and x;p=az; for i #j, k+i, k+j.

Proor. We may put i=1, j=2, k=3. Since u, and u, are harmonic
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conjugate to each other with respect to the circle:
Sl = [ul’ Ug, xo] ﬂS"+1 .

Hence, by the well-known fact in projective geometry as shown in Fig. 1,
we have

T2 = X1 -

~Li2 U ty % Uz

Fig. 1.

Next, since {x;, X1z, 215} satisfies analogous conditions to those of {z, z;,
x,} we obtain easily 5= Z;3,. Q.E.D.

By virtue of this lemma, we denote the point x5 by x=1x(uy, us, us)
Now, for i#j we put
P15 = [0, 2] N [ws 4] = Py,
tij = [z 23] N [g, ug] = ty,
iy = P 2, [ [ws uj] = qji
then we see easily that
i) the pair {u;, «;} is harmonic conjugate to the pair {p;j, ¢},
i) p;; and q;; are harmonic conjugate to each other with respect to
Srrt,
Since p.,E[uy, us], P12 and ws are harmonic conjugate to each other
with respect to S**!. Regarding as

[0, P12l N St — {xo} = T2,
we have
[ 2o, Z198] N [P12, us] =[x0, 2] N [241, 1o, 143]

which we denote p=p (u;, us, us,).
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Using the fact that 3 lines [uy, pus], [us pu] and [us, p1s] are concurrent
at p and the above mentioned fact i), we obtain easily the following

LEMMA 7. 3 points ty, ty and t,, are on the line m which is harmonic
conjugate to the point p with respect to the triangle u, usu, and 3 points
Qo3 qu and gy, are on the line 1=Py N [uy, uy, uy] .

Fig. 3.

DeTiNITION. Let L7, i=1,2,3, and x, be the above mentioned linear
subspaces of R**2 and a point of S**1. We denote the set of points x(,,
Uy, ug) for u;e L7, 1=1, 2, 3, such that

i) dim [y, uy, us, ug) =3,

ii) at most one of {u;, uy, us} belongs to P, ,

i)  [oy, us, ug] does not tangent to S**' at one of {wuy, us, us},

by Mr=M" (x, L7, Ly, L),
LEmMa 8. For a point x(uy, uy, us) as in the above definition, we have
e LY, 29 E LY, xpE L.

ProoF. Supposing x,= L?:, we obtain immediately
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[L7, L] C Py,
hence P, Su,, u,, which implies x,=x,=2,=x, and so
w, €EP; and u,EP; .
This fact contradicts to the condition ii). Q.E.D.
LeMMA 9. SPi(uj, ug) : =[L7, x5] N S*™ 1, where (i, j, k) is one of (1,2, 3),
(2,3,1) and (3,1, 2), is an m;-dimensional sphere.
Prorr. By [Lemma 8, [L?, x;,] is an m3+1 dimensional linear subspace
of R**2, Since we have

T%S;“ (201, ug) = qu N[L3s, z4],
it is sufficient to prove that P, pIL3, 1],

Now, we suppose P, DL3:. Then, we have x,&h-conj Ly»=[Lm™, L]
by Lemma 5. If x,=ux, we have P, Suy, uy, ug, which contradicts to the
above condition ii) for x. Therefore, we have z,#x). I xp#p,, it must
be x,&[L{, L] and hence P, Dh-conj[Ly, Ly]=L7s, which contradicts
to the way of choice of the point x,. Therefore, we have z;,=p;,. In the
following we divide our argument into the two cases:

0() PIZ i u1 and ug; ﬂ) P12 = U or ug.

Case a). It must be x;=u, and x,=u, which is impossible, because
S7*1 is a sphere.

Case B). If pp=wu,;, then x;=wu; and [uy, uy] is tangent to S**! at w,.
If S"*1N [y, uy, ug] is a circle, then it is impossible that the triangle u, u, u,
is self-conjugate with respect to this circle. Hence, the plane [u,, u,, u,] is
tangent to S"*! at u;, and this is also impossible by the condition iii) for

x. Thus, we see that P, L3 Q.E.D.
By virtue of [Lemma 9, setting
(2.5) EpPix): =ToS7(us, ug)y Epa(z): =TS8 (us, wr)y Eps(z): =TwSy (ws, us),
we have
Eri(x) | E7i(x) for i#j
by Lemma 2, because we can prove
(2. 6) zELM, i=1,2,3.

For if xeLp, it must be u;=x, therefore [uy, u, us] must be tangent to
S**1 at u; by the analogous argument to the proof of Lemma 9.

Therefore EPi(x) makes an m;-dimensional distribution of M* for =1,
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2,3 and these are mutually orthogonal to each other.

§ 3. The normal vector of M* in S"*!

In this section, we shall determine the normal unit vector N, of M"
at .

At the beginning, for fixed /=1, 2,3, we denote the hyperplane con-
taining L7 and parallel to h-conj L by P;*’. Then, by means of Lemma
5, we can express a point x&R""? uniquely as

(3.1) T = pyly+ patly+ psils,

where
pitpetps=1, 4,€Ly, i=1,2,3.
3
We call a point x of M* a general point provided x& U P;+'.
i=1
LEMMA 10. On the expression (3.1) for a general point x of M* we
have
Nw[l [121’ 222, 123] ﬂ Px

ProoF. By the argument at the end of § 2, we have
(3.2) Epi(z) = [Ly, 2] N Py = [L74, xp] N Poy i), ik,

which are orthogonal subspaces in P,.

Now, we shows that £&[L, L"4] for i#j. Suppose that x&[L{, L],
then P,D L7+, which implies x=x,,. The fact x,&[L7, L7:] implies x,&[ L7,
L7<] and hence P, DLys. This is impossible from the way of choice of x,.

Therefore [L™, z]NP,=Epi(x) and [L74, LP?*, x] NP, are mutually
orthogonal complements in P, by means of [Lemma 2. Hence, we obtain
the fact:

N, ||[L%}3, Ly®, x] for j+k.
Next, we obtain from (3.1) for x=x(us, us, uy)

3

;Pm(d@—x) = 0.
For the point z, it is clear that p;+0, for =1, 2, 3, since x&[L7, L7}4] for
i1#j. By the expression

Pl —2) = —py(tly— x) — pa(ds— ),

we see that

dy—z|| [[ Ly, 2], [L3, 2]] = [Ly, Ly, 2]
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We have also
,—x||[ Ly, LT, x] and d,—x||[L?, LY, z].
Hence we obtain
d,—x|| N3, [h-conj L7, x].
Analogously we obtain the relations

#;—x|| N3-1[h-conj L7, x], for j=1,2,3,
from which, using the fact x&[d,, d,, 45], we get
(3.3) [dy, ds, ds] C N3-1[h-conj L7, x].
Therefore, we obtain

[, dg» ] (1 P.C N3y ([h-conj L7, 2] N Py),

of which the right hand side has the common direction of the orthogonal
complements of E’(x) in P, that is the normal direction of T,M™ in P,.
Hence we have

Nm”[dl, 122’ ds]ﬂPx Q E D
Now, we suppose that x,& U3_,P?*! in the following. Then, by (3.1)

we can put
(3.4) xo = P+ pis+ piis,
+pr+pi=1, @elr, i=1,2,3.

LEmMma 12. On (3.4), we have p}+0, 1=1, 2, 3.

ProoF. Supposing p{=0, we have x,&[L7:, L7*], hence L?:C P, which
contradicts to the way of choice of the point x, given in § 2. Hence p}+0.
Analogously we have p}+#0 and p3+0. Q.E.D.

LemMa 13. When mg=2, the normal lines of M* along St (u;, us) in
R**2 form locally an (my+1) dimensional right cone.

Proor. Fixing «, and u,, we regard u; as a variable. By the definition
of x=ux(u,, us, us), we can put

(3. 5) Tyg = xo+Q1(u1—xo)+Q2(u2_xo)
= (1_‘]1—(12)~T0+(I1u1+%u2

and

(3.6) x = (1—p)zs+pus,

where p is regarded as a real valued function of u;. Substituting (3. 4) and
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(3. 5) into (3. 6), we obtain

z=(1—p){(l—q:—q) Tt + g+ gutta} + pus

(3.7) { 1—gi—q P1u1+‘hu1}
{(1 h—q: quz'l’%uz}
( ) (1 —q1—qs) pis+p us .
Setting

pr=(1—p{1-q—g) p+a},
3.8 pr=(1—p) {1 —a—q) B+,
Ps=(1—p)(1—qi—gq) pi+p,

we can easily see that

3.9 pit+petps=1.
By means of (2.6), x#u; hence we have
(3.10) p+1.
We have also
(3.11) @tgFl.

Otherwise, from (3.5) we get x=qu,+(1—q,) uy, which implies
) xy=wu, Ty=uy xypFx, and x,;
or
i) xy=wu;=x4; or ) Ty=uy=21,.
i) is impossible for S**! and ii) and iii) are also impossible since the triangle
wusuy is self-conjugate with respect to the circle [uy, u,, ug] N S*H1.
We consider the case
(3.12) 220 for i=1,2,3.
This condition is equivalent to the following :
1—q—gq) pi+ a0,
(3.13) (1—qi—q) p2+¢#0,
1—0)(1—q1—gqs) ps+p+0
by (3.10). Then, we can set
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(4 = (L—@i—qs) i+ g
! 1—q—gq)pita ’
(1—q1—qo) pris+ Qotis
l—q—g)pi+gq ’
. (1—p) (1 —q1—qo) P+ pus
(l—P)(l"fb“‘(h)Pg‘H’ ’

(3. 14) $ iy =

and (3.7) can be written as
3

(3.15) x= ) pitdy, prtpetps=1, d;€LP, 1=1,2,3.
i=1

The first two of (3.14) shows that the points #; and 4, are also fixed.

Fig. 4. Fig. 5.

By the normal line of M" at x is [d, 4y, 45] N P, and we denote
its intersection with [#;, @] by ¥s. It is clear that the point ws=[z, 5] N
[4,, 4;] is a fixed point on the (mg+1)-plane [z, L3:]=[xy, L3*] and dim
[4, dy, 20, L7 ]=ms+2. Therefore, as is shown in Fig. 4, S7(uy, ws), 4,
4, the normal line at z are all in a fixed (m;+2)-dimensional linear space.

Now, noticing m;=2, we can prove that ¥; is on the line in this linear
space which passes the centor z; of S7s(u;, u;) and is perpendicular to [z,
Lz:}. Otherwise, let y}+#2; be the orthogonal projection of y; onto [z, L74].
Then, 3 points ¥} 23 and x are collinear. Accordingly, the moving point
x must be on the great circle which is the intersection of S**! and the plane
determined by 2, and the orthogonal projection of the line [d;, ;] onto [z,
L™]. This contradicts to my=2.

We see easily that the point ¥, is a fixed point on [, #5]. This shows
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that the normal lines of M" along .S (w4, u,) make locally a right cone.

THEOREM 1. When m;=2, i=1,2,3, Mr=M"(x,, L™, L7, L7 is a
hypersurface of S**' with 3 principal curvatures of multiplicities my, m,
and mg respectively. _

ProoF. On each L™, 1=1, 2,3, we choose an orthonormal cartesian
coordinates

us, ag=1, -+, my; u*, ag=my+1, -, m+my; u, ag=my+my+1,--,n
and denote the tanget vector fields on M" corresponding to 9/0u*: on L7:;
d/0u*: on L¥:; 0/ou* on L7, through the projections from z, g, x;; by
X., 5 Xa,; X,, respectively.

Using the local coordinates u!, ---, «*, we denote the line element of M~
by s
(3.16) dt= 3 0:5(u) du' du?
1, =1

then we have
9s; =<Xi, Xj> = (Xi, Xj),
where <, > denotes the Riemannian innerproduct of M* and (, ) the Euclidean
inner product in R**2. By means of [Lemma 2, we have
(3.17) Joza; = 0 for i#j.
Next, we set the components of the 2nd fundamental form of M~ :
(3.18) hij: =FxX; Ny = hy, i,j=1,2,-,n,

where I denotes the covarint differentiation of S**!. At each point x of
M", we assign a vector &(x) which is the unit outer normal vector of Sy
(uy, us) at x. Then, we decompose N=N, as

(3.19) N = <N, &) &s+s.
We see easily that
ns L [2, L] .
By means of Lemma 13, <N, &> is constant and 7; is parallel along S (u,,

u,). Therefore, from (3.19) we obtain

N 38,
B = N e

and

ox oN dx  0f
Coger ey = N>l » e
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On the other hand, we have z—z;=|x—2/&, where 23=2z;(uy, u;) is
the centor of Sy (u,, u,) and so

ox 6;6%

auaa :lx—z3l auaa .

Hence, we obtain from (3. 18)

dx  ON . (N,&> , dx oz

hese, = = Coui > um? = T o] $aurt
1. e.
b N

Xj%y

BERE G

Considering analogously z,(us, u,), & (g us) for Sr(us, us) and 2, (us, uy), &
(us, uy) for Sy:(us, u,), we obtain the following :

heww, =0, 1 #7;
(3. 20) g, = — fi\’_é?l Goso 17 =1,2,3,
which shows that
(3.21) piz—%—iﬁ—,i:l,zﬁ,

is a principal curvature of M"™ of multiplicity 7, and the corresponding eigen
space is Eri(x). Q.E.D.
LEMMA 14. For M"™ as in Theorem 1, we have
3 mi

3
3.22 = ,
(3.22) 2 mit = 2, =,

where xy; denotes the length with sign measured by N on the normal line
of M* at x.

Proor. Along Sp+(uy, u,), let 6; be the angle as is shown in Fig. 6
determined by

(N, — &> = cos b. \\ Y
Then, we have easily
ZYs cos Oy = |x—24| ,
and hence from (3. 21) o\
cos 1 Z3 I\E

M

B |z — 23 x@ . Fig. 6.
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We shall obtain analogous formulas for g, and g, and so (3.22).
Q.E.D.

Now, we compute the right-hand side of (3.22). Let x& M" be a gen-
eral point, then by (3.1) we can put

x = P+ patlst+ pstls
where

P1+P2+P3 = 1, diEL;"’i’ i: 1, 2, 3 .
Foe any point ¥ on the normal line in [#,, 4,, 4s], we put

Y =qth+ @iyt qsily, qi+g+g=1.

Then, we have

hence

izi bipi(gi—p) =0,
where
(3. 23) b,: =, d)—1, 1=1,2,3.

We have also

3

i§1 (g:i—p)=0.
Therefore, we obtain the equalities

bopo — by bsps— by bip1—bops
3. 24 = = .
( ) Gi— P Q:— P2 qs—Ps
THEOREM 2. Let x be a general point of Mr=M"(x,, L7, L7, L)
with m;=22, 1=1, 2,3, and represent it as

3
= Zpidi, P1+P2+P3:1’ dzEL;nl’ l:]-y 2’3
i=1
Then, M* is minimal at z, if and only if

(3. 25)

m, msy my
y 21 y 2! Ds

Proor. First, we notice that p;#0, =1, 2, 3, which was shown in

(bopo— bsps) + (bspps — bypy) + (bipy—b, ps) = 0.
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the proof of Lemma 10. Using (3.24), we put

3
Ys = T+ ps Zl rit;,
i=
where

71 = bopy— bsPa, ro= bsPs - blPl; rs = blP1 - bsz .

Since ¥Y; <[4, 4,], it must be py+ ps73=0, hence we have

3
Ys—x = _& 2 Tt

s =1

By the way of measuring length on the normal line of M" at zx, we have

N 3
XTYs = —%(Z r,;llz,N).
3 \i=1
We obtain analogous formulas for ¥, and ¥,. Hence, from (3. 22) and these
formulas we obtain the following :
R 1

Y, — — 3 \
(3. 26) BT (G ranN)

LY _ my ms
X { Pl (b2p2 bSPS) _l_ p2 ps

which implies immediately the statement of this theorem. Q.E.D.

(byps—bup) + T (bupr— b2p2>} ,

§ 4. The conditions in order that M* is minimal

In this section, we shall investigate the conditions that M"= Mn»(x, L™,
72, L7s) with m;=2, {=1,2, 3, is a minimal hypersurface in S"*!.

Using the notation in the proof of since we have

1 =(x,x)= Z; D (d4,0:) + 2(pops+ psps + Pr )

for a general point x of M", we obtain the equality:

3
(4 1) Z bipiz = O’
i=1
where
(4. 2) bz - (72,, 22,)—1, l: ]., 2, 3,
(4- 3) pitptps = 1.

If we consider b; as constants and p; as variables, (4.1) represents in
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general an ellipse or hyperbola. In fact, considering (py, ps, ps) as homoge-
neous coordinates in the projective plane P2?(R), (b,by, bsby, bib,) is the pole
of the projective line p;+p,+p;=0. Using this fact, p,, p, and p; satisfying
(4.3) can be written as

byb.
( Pl = 283 '—'$+b277’
b.b
(4.4) p=—f +é+biy,
b,b
P = 132 — (by+b5) 7,

where B=b,b;+ b;b,+ b,b,. Substituting (4. 4) into (4. 1), we obtain

b1byb
2 2 . _ 7178
(4. 5) E +Bn - (bl b2)B .

Now, we fix u, and wu, in x=x(u,, 43, us). Then, 4, and 4, given by
(3.14) and b, and b, given by (4.2) are all fixed. Suppose u; moves along
a curve in L7+ and we denote the derivatives with respect to the parameter

ce 9

of this curve by “/”’. Setting

(4. 6) pPi=q, i=1,2,3,
we obtain from (4.3) and (4.1)
(4.7) at+g+tge=0,
3 bé
(4.8) Z; bipiqi+ 9 p’=0.

On the other hand, by means of (3. 24), the equality <2/, N,>=0 implies
3 3 3
<:U, 1; r’idi> = <z§ qzdz"{"‘psdg s jZ:l lelj>
3 74 .
= Z:l bzr,q,-l— 7P37‘3 = 0, 1. €.
3 bg
(4.9) ;;1 birq:+ 9 prs=0.

Since we have easily

Prs—1ips = —bopy,  pirs—reps = bipy
by (4.1) and (4. 3), we get from (4. 8) and (4. 9)

3
i; b, (pirs—7ips) @ = biby (P1ga—poqr) = 0
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Now, in general we may suppose that b, b,#0, i.e.
(4. 10) 4 ES™! amd 4, S,

taking note of the right-hand side of (3.14). Therefore, from the above
computation we may put

(4.11) G = PPy, @ = pps, G = —p(P1FPs)-
Then, substituting (4. 11) into (4. 8) we obtain

P {b1P12‘|‘ byps’ — byps (P1‘|’P2)} 2 b;=0, i.e.

by = 2p zs
3

(4. 12)

by (4.1) and (4. 2).

Finally, we compute the derivatives of the quantities in (3. 25), using
the formulas obtained above. Since

bups— bupy \ 1 b
(%) = - P2 (bopps— bsps) + A (Doge— bsgs— b5 ps) = “P?j ’
bypa—bipy \ 1 b
<_1P_3P_2_13L) - P L (bpy—bupy) + 3 (bsgs— b1+ b4 ps) = o P_sz ’
(;PIEE&) = P =5 (bipr—bypy) + ra (b1q1— bogs) = p_1P1_P322_P2 ’
we have

3 7.V
(Z m{‘i> = Pbs(_ ;’7111 + m2>+ o (b1p1— bypy)

i=1 Pz Pz P32
_ o mrs P { My (bypo— bspy) m2<bspa—b1P1)} <_ )
“hE b s T o T = T
1 €.
3 m;r; / L 3 p mym, (blplz N b2P22>
(4.13) <z§1 p: ) bs g bi P1P2Ps 1 my )’
We obtain easily
(4.14) (blp;" _ bpl > — > (blpf B bsz)
) my my, | P my my /°

THEOREM 3. M"*(x,, L™, Ly, L) with m;=2, i=1,2,3, can not be
minimal in S*t1.

Proor. It is clear that on M*= M"(x, L™, L7+, L) almost all points
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are general points in the sense stated at the beginning of §3. Therefore,
we can use the argument above. Hence, from (4. 13) and (4. 14) and
2, the condition in order that M" is minimal is that there exist general points
such that

(i) bipy’ _ bopy’  bypy
my my mg
m my ms

(ii) (bypa—byps) + (bsps—bypy) + (bipr—by p2) = 0.

2

From (i), we get easily

2’ P

3
bipi 7Z=:1 bips

m; = =0 for 1=1,2,3,

and so p;=p,=p;=0. This is impossible. Q.E.D.

§5. The limiting case L7:C P!

In this section, we shall consider the case in which L7+ in M*(x, L7,

L7, L7s) goes into the hyperplane at infinity of R""? which we denote by
P2t Then, we have

h-conj L7s>origin O of Rrt?

hence
h-conj Lys = [Lp, L] : = Ep++m+1 1 [O, L],

where [O, L7-] denotes the (m;+1)-dimensional plane through the origin O
of R**? with the direction L7:CP2*'. Therefore,

Sénl+m2 . = Srtin E§n1+m2+1

is an (m,+m,)-dimensional great sphere of S**! and L7 and L7 are har-
monic conjugate with respect to Sritm: .

We define M* by an analogous way to the definition of M"™ described
in § 2, but we represent use L7 by a unit vector v_| E71*™*! whose direction
corresponds to us. Let P?*' be the hyperplane through L7 and parallel
to [L74, L] (i, j=1.2, i#j).

We take a fixed point z, of .S"*! not contained in Prt'UPp+ty Eptm+,
and P, DLy, i=1,2,3. For w;eLfi, i=1,2,3, such that i) dim [z, %, us,
us) =3, i) at most one of {uy, uy, us} belongs to P, , iii) [uy, us us] does not
tangent to S"*! at u, or u, we construct the points x;, x;;(#j), Zin(i#7,
k=i, k+j) as before. The point ==z (4, us, us) not contained in P7*!
UPptty Epatmtl is called a general point of Mr= M*(x, L7, Ly, L7) and
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it can be written as
(5.1) x = pydy+ potls+ P,
where
@ Ly, i=1,2; 9 LEM™"Y, |9 =1;
(5. 2) prtp=1.

Since z=.5*"!, we get from (5.1)

(5.3) bipl+bp’+p =0,
where
(5 4) bi - (127,, 127;)—1, i= 1, 2.

We can express a vector with the direction of normal vector N, at
e Mr= M (xy, L7, L7, L7%) as rydy+ryly+s9, r+7,=0, and get from the
equality
0 = {x, niy+rytls+50) = bipiri+bepory+ps
=(byp1— bopy) 11+ s,
(5.5) Nz|| —ptiy+pids+(b1p1— bapy) O -

Now, we assume that m;=2, ¢=1,2,3. Then, is true with

slight modifications owing to the fact L7*C Pz*' and so we have

5.6 3 B
(5. 6) zZ:l mip;, = Ay \J%
Setting N
TTRNE
Y= T+ P {P (de— 1)) + (b1 pr— bap) ‘l‘)'} ’
we have the following % % -y<
p1i—pip=0, potp:p=0, p+p05(b1p1—baps) =0, Fig. 7.

3
from which we see that the equality >, m;u;=0 is equivalent to the equality :
i=1
m my bipr—bsps
=L —my A2 g,
( 2! y 2 )P s Y4
Therefore, we have the following

THEOREM 4. Let x be a general point of Mr=M"(x, L7, Ly, L7)
with m;=2, i=1,2,3, and LyC P~ and represent it as
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X = P1d1+P2122+P‘5, P1+P2:1, dZEL:”‘Z’ i: 1, 2,
O L[L, L], |9 =1.

Then, M* is minimal at x, if and only if

5.7 (= ) p 8 (bt = 0,
where b; = {ds, d>—1.

First, fixing », and u, in x=x(u;, uy, v), by an analogous consideration
to that in § 3, #, and #,, so b, and b, are all fixed. Let move v along a
curve and put

(5. 8) Pi=gq, i=1,2, and p =gq.
Since we have ¢,+¢,=0, from (5. 3) we obtain easily
(5.9) (b1p1— bopps) 1+ pg=0 .
The equality (£, N;>=0 and (5. 5) imply
{qutly— quly + q0+ Pt , — Py + Pty +(byp1 — bopy) )
= —pq1 (b1+ b)) +(bip1— bepa)g =0, i. e.
(5. 10) (by+by) pg1—(b1p1— b, py) g=0..
Regarding (5.9) and (5.10) as linear equations of g; and g, we have
(b1 — bops)?+ (by + by) P?
= (bypr— bapo)l* + (b1 + by) P> —(by+ by) (bipi+ b+ 1)
= —bbs (p1+ P = —b1bs .
Since we may suppose that b,6,#0 as before, we get from (5.9) and (5. 10)
(5.11) QIZQ2:q:O,
hence
x =pd.

Therefore, we obtain in this case

m m m '
.12) [( b p:)”_ ? <1’1”1'"b21’2>] =90

Second, fixing u, and v in x=x(u, uy, v), let move u, along a curve.
In this case, x,, 3 and x;; are fixed. Using (5. 8) and noting 4, is constant,
we obtain from (5. 3) ’

b
(5.13) (011 —bopy) g1 + P+ 72 P’ =0.
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snﬂ
] o
~ M+ M+ 1
& zk
3
Fig. 8.

The equality <2/, N,>=0 and (5. 5) imply
(it — quils+ q0 + patly, — Pty + Py + (b pr— bep2) D)
b, .
= —pq1 (b1t ;) +(b:1p1 — baps) g+ “2_2 pp:=0, i.e.
b/
(5. 14) —(b1+bs) pq1+(b1pr— bops) g+ szpz =0.
Eliminating b, from (5.13) and (5. 14), we get

{Bspr— baput (B b)) po} P+ {07 — (Bips—bopy) P2} 4 = bu(pgs—prg) = 0
We may suppose in general that 5,b,0 as before. Hence, we can put

(5. 15) G=ppP, @= —pp, g=pp.
Substituting (5. 15) into (5.14), we get

b} :
P {—(b1+bz) po1+(bipr— bopy) p} +5 pp=0, ie.
—pbzp‘}"%z_PPz =0

For a general point, we may suppose p+#0 and p,#0. Hence
b

K23
(5. 16) by, = 2p— by
By (5.15) and (5.16), we have

[( 7;11 Pz )P P (blpl bsz)] = - (% q1— “;nT: CI2>P

+ ( 7;11 %) q+ “”;qu (bypr— bypy) — % (bypr— bygs— bz'?2)
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— _ ﬂ _”_124 m;y _ my mg _
B P[ (P12 P22>P1P+< b1 Ps >‘I+ » (b101— bsps)

2msb .
P b pirt | = (P pt P e
' b
6.1 (B o T —tupd| = o~ T+ ).
We have laso
(__bzp 2.2 _ LZ) _ 20,49, + b, pi . 2pq
mq mg o msy msy mg
_ b2P1P2 bsz Pz > i <b2[)22 Lz > .
——210( my My + ms =20 my  my)’ e
(5. 18) <bzP22 _ﬁ)’ _ 9 by p)’ _ﬁ)
. my mg — P niy mg )

By means of (5.18), we see that if there exists a general point x of

M" such that

(5. 19) - bpd P,

my ms ’

then on the m,-sphere Sp*:(u,, v)=.5""'N[x, L] this equality holds identically.
Third, fixing u, and v in x=x(u,, us, v) and moving u, along a curve,
we obtain

[ b
(5. 20) [( 7;1 T 7;: >P_ 23 (b1P1—172P2)] =p <_ 7;15 + —m;"‘l‘>
and
(5. 21) (M _ ﬂ)’ — 2 ( bp _P‘i>
m ms my ms

by an analogous computation. Hence, we see that if there exists a general
point x of M" such that

(5.22) bpt P

my ms

’

then on the m,-sphere S7:(u,, v)=.5""' N [x, L] this equality holds identically.
THEOREM 5. M™(xy, L, Ly, Ly) with m;=2, i=1,2,3, and L7C P!
can not be minimal in S*1.
Proor. If M"=M*(x,, L, L7+, L) is minimal in $"*1, then (5. 7) holds
on it by [Theorem 4. Hence, from (5.17) and (5.20) we obtain
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bip:  bpt PP _ bip2+byps+p* _

m my ms n

0,

and so p;=p,=p=0. This is impossible. Therefore, M" can not be minimal
in S"t1, Q.E.D.

§ 6. The limiting case L3, Ly»C P*!

In this section, we shall consider the case in which L7 and L37: in
M~ (xy, L, L, L7) go into the hyperplane at infinity PZ*' of R*t2. L7
L7 P2 implies

h-conj Ly : = Epst™+150, h-conj Ly : = Emtm+150
and hence
L™ = h-conj L?: N h-conj Lrs = Epstmtin fratm.+1
is a linear space through the origin O of R**2, and L7, [L7, O] and [L7},
O] are mutually orthogonal to others at O.

As in the case of L7C P2*! treated in §5, we represent u, and u; in
x=2x(uy, us, us) by unit vectors v, and v; whose directions correspond to u,
and wu, respectively.

We take a fixed point xz, of S**! not contained in Epstmtiy Emtmt
and P, pL7, i=1,2,3. For w,€L}, i=1,2,3, such that

i) dim [y, uy, ts, ug] = 3,

i) at most one of {uy, us, ush belongs to P, in P**2=R | P2*,

i) [uy, #s, us] does not tangent to S**' at u,
we construct the point x=x(u,, us u;) as before. Then, the point x can
be written as
(6.1) x = ty+ po0s+ psDs,
where

ﬁlELinl, 626[03 L;’bz] ’ 6E[()’ L;”s], i ‘21, = !‘63’ - 1 .

Since z=S5"*1, we get from (6. 1)

(6. 2) b1+P22+P32=0,
where
(6. 3) b]_ - (221, 121) — 1 .
LemMA 15. On the expression (6.1) of x, we have
1 1
N-’L‘H E vz— ps 7)3 .
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Proor. For simplicity, we set L7=R, [O, Ly:] =Rp-*, [O, L] = R+
and we have R*"2=Rp X Rp»*!x R7s*!, Then, we put

(6. 4) xy = (@3, P03, p303)
and we have
(6. 5) i+ (P3P + (P =0, &) = (a3, 4% —1.

Writing x,=x, (4,) as
Ty = Ty t+Avy, |0y =1,
we have
x5 = (&, P20y + Avy, P309) .
From 1=(xz,, x,), we have
B+ | 303+ Avg| 2+ (P2 = 0
and A2+ 2p3<?0), v;»=0 by (6.5). Hence, we get
(6.6) z = (i, 4 (84— 2(88, vppva), P48
Next, writing 3= Zss (13, u3) as
Ty = Xa+ Ay, |Us] =1,
we have
ZLyg = (d‘{, D) (03— 2413, vy ) vy), p§13§+2v3> .
From 1=(xy, xs3), we have
B+ () + |03+ Ay = 0
and A+ 2p¥?3, v;»=0 by (6.5). Hence, we get
(6.7) i = (28, P4 (85— 2%, vapvs), 3 (83— 2C88, vidwy)) .
Then, writing x=2x (uy, us, u3) as

xXr = 2]:23‘]‘(1_2)%1: ‘
> $0

from (x, x)=1 we have WY, A

1= (28 (1= 22+ 2 (09 +(297)

= 2 (B+1)+22 (1 — )<, uy>
+(1—2)2%(b,+1)— b}, i.e. B,=00-2408, 9>,

(A=1)[A+1 228, wy+(2—1) (b +1)] = 0, Fig. 9.
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where b,=(u;, u;)—1. In general, we may put i#1, we get

by _
(6. 8) A= b1+2 2<u1’ u> ’ bl = <u1, u1>_1 .

Hence, regarding the expression (6.1) for x, we have
dy = A0+ (1 — Q) wy = o+ 2 (4 —wy)
(6.9) Dy = 09— 203, v)vs, 0y = D3 — 205, V303,
=A%, ps=Ap}, where A is given by (6. 8).
Now, putting N,=(&;, £, &), &ER, LERP™, LERY, we have
(&, Ny = iy, &)+ P05 &2+ P05, &) = 0.
Fixing v, and v; and moving u, along a curve in L7, we have from (6.9)

Z = @+ pi0,+pids = i+ (P30 p3ds)
) +/2, ( U, —Uy +P2'Ug +Pg'(‘)3)

I

/\

= 1=+ (e—u),
and hence
0 = (2, Nop = (1= D) ud+ o (z—), N, i.e.
l’

(6. 10) (A=2) ui— et & =0.

On the other hand, we get from (6. §)

( <u1’ u1>)

1-1= b+ 2 — 24, uyy #0

and so (6.10) implies ¢§,=0. Therefore, N, is of the form
NJ: = <0a &2, EB) .

Next, fixing %, and v, and moving v, along a curve in the unit m,-
sphere of Rp:*! with centor at the origin. Then, 2, ps, ps, %, and 95 are all
fixed by (6.9). Hence we have

& = pots = — 2Py ({03, V)0 + <D}, V) VY)
and hence from {z', N,>=0
<v2’ 'U2> <v21 52>+<v2’ v2> <‘U£, $2> = O .

Taking first v, 1 v, and 93, we get <{v}, &,>=0, because we may put {%), v,)
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#0 in general. Hence &, linearly depends on v, and 9. Second, we put
in the above equality as

= {0— <0, vy '02}/4/ 1— <'U2, Vy)?
and we obtain
<$2’ ‘U2> <$2’ ‘Ug>
—( B vy (B vy

which shows that &,)||9,. Analogously, we obtain &||?;. Therefore, we can
write N, as N,=(0, 740y, 7505). Then, from &, Npy=p,, &2) 4 PsDs, &=
paratpsrs=0, we get '

1 1
Nl 5 do— . Q.E.D.

By means of Lemma 15, we see that M* has also 3 principal curvatures
Y with multiplicity m;, i=1, 2, 3, as in the previous cases and that

1 1

6.11 =0, = =,
( ) A Ha XY, e xYs \ 2
where 9, and y; are the points on the normal N
line at x as is shown in Fig. 10. Therefore, Z’ST I
we have "

Uy

3 m2 m3 ——l yx
6. 12 i = — — . 25 .
(6.12) ; Tt Y, + ZYs “ y,eP
Setting Fig. 10.
1. 1.\ .
yi:x+Pi<Ev2"Ev3>’ 1=2,3,
we have
P2+ % = 0 and P3— % — 0,

3
from which we see that the equality ), m; ¢,=0 is equivalent to the equality
i=1
niy mg
P22 P32
Now, first fixing u, and u, in x=x(u;, us, us), i.€. v, and vy let move
u, along a curve in L7 and put p,=g¢,, pi=qs. Then, from (6. 2) we obtain

1
D) bH‘Pz @t g = 0.
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The equality </, N,>=0 and imply

1 1 9z s
Al A A Y S| — 42 13 __
<+ geDy+ g5, br Uy b Vs b " s 0,

because ¥, and ¥, are also fixed by (6.9). Hence, we can put

(6.13) @ = PPy @ = pPs, bl = —20(pS+ps) = 20b,.
Therefore, we have

my _ meY (e
019 (G =) =20 = 3%),

from which we see that if there exists a general point x of M™ such that

my  my

(6 15) P22 - P32 - O,
then on the m;-sphere S™(uy, ) =S8""1N[xy, L] this equality holds iden-
tically.

Second, fixing #; and u; in x=2x(uy, us us), i. €. u; and v, let move v,
along a curve in the unit m,-sphere of Rp:*'. Then, xz, x5, x5, 4y, U5, p, and
ps are all fixed as easily seen from (6.9). Therefore, we have

my ms

(6. 16) (ﬁ — F) =0,
from which we see that the analogous fact holds in this case. And, we
have the same fact for the case in which #, and %, in x(uy, s, u) are fixed
and u; is moved.

In the present case, a point x of M" is called a general point if &
Ematmit1 ) frutmtl From the argument above, we obtain the following

LEMMA 16. Mr=M"(x,, L™, L7, L7s) with m;=2, i=1, 2, 3, and
Ly P2, Lr-C P2, is minimal in S, if there exists a general point x
of M* such that my/p.:=ms/ps.

THEOREM 6. M*= M (x,, L7, L7, L) with m;=2, i=1, 2,3, and
Ly Pz, L= P2*Y, is minimal in S**1 by suitable choice of the point x,.

Proor. It is sufficient to prove this theorem to show that there exist
points x, satisfing the condition stated in [Lemma 16

First of all, putting p,=pen my, ps=pe¥ my, ea==+1, es=+1, we get
from (6. 2)

(121’ ﬁ1) =1+, = 1—P22‘P32 = 1_Pz(m2‘|‘ms)-

Therefore, taking a number >0 such that p<1/¥ m,+m;, we take a point
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z for i, Dy, D5 given by
x = ty+ pely+ psOs

where

;€L and |4y = ¥ 1—2(my+my) ;

Dy L RPsT™*, |0y = 15 Gy LRE™, [0 = 1.

It is obvious that we can choose wu,, @3, vy, 03, vs, 73 so that they satisfy (6. 9)
for the given point z above. In fact, taking ¥, 9, u; and setting #}=u,+
(1/2) (@, —wu,), where 2 is now considered as a variable to be determined, we
substitute this into (6.8). Then, we obtain easily

_ gy ty) +1 =244y, uy)
{ugy uyp—1 )

Using this value of 4, ?? is determined by the above equality. By virtue
of this process, we obtain x, given by the equality

A

x(,:a<;+%~og+%«og. 0Q.E.D.
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