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On a theorem of Manning-Cameron”

By Shiro Iwasaxkr
(Received December 25, 1975)

In 1929, Manning ([6]) proved that if G is a uniprimitive permutation
group on £ (i.e., (G ,92) is primitive, but not doubly transitive), and if the
stabilizer G, of a point a2 acts doubly transitively on an orbit of length
k>2, then G, has an orbit whose length is greater than k& and a divisor
of k(k—1). Recently this was reproved more explicitly and strongly by
Cameron ([1I], [2]). In this short note, we remark that a similar result holds
even when G, does not act doubly transitively on an orbit of length k.

DEerINITIONS and NOTATION. All permutation groups and sets considered
in this note are finite. For definitions and notation, we follow those of
Wielandt [7] and Higman [5]. Let G be a transitive permutation group on
a finite set 2. For ae®, g=G and a subgroup H of G, we denote by af
the image of a under ¢ and set a? = {a’/g=H}. For a subset S of 2, we
set ¥={dlacS}, Gs={9geG|ad=a for all a=S}, and G, ={geG|S¥=S}.
If S={a,b, -}, Gy is written G,....

The number of G,-orbits on £ counting the trivial orbit {a} is inde-
pendent of the choice of a=Q and is called the rank of G. If (G, %) is
primitive and has rank greater than 2, it is said uniprimitive. The lengths
of the G,-orbits are called the subdegrees of G. Any G,-orbit 4(a) is chosen
so that d(af=4(a? for all a2 and all gG, and 4 is called an orbital of
G. Each 4(a) has a paired orbit defined by {a* '|gEG, a?=4(a)}, which is
also G,-orbit and denoted by 4'(a). |4(a)| = |4 (a)|,4" (a) = 4(a) by [7, §16],
and

bed(a) if and only if a4 (b).

If 4(a)=4(a), 4 or 4(a) is said self-paired. Following Cameron [1], for
orbitals 4 and I, we define

(oT)(a) ={bEQd(@N " (&), b+a},
which is a union of some G,-orbits.

THEOREM. Let G be a uniprimitive permutation group on a finite set

* This partly overlaps with “Jikken-Haichi no Kumiawase-Sugaku to Gunron”, Res. Inst.
Math. Sci., 1974, 75-82 (in Japanese).



184 S. Iwasaki

2, and for acQ let d(a) a G,-orbit of length k=2 on which G, acts as
rank r group with subdegrees 1,ky, -, k,_y (k=1+k,+---+k._)). Suppose,
either

(*) 4d(a) is self-paired, or
(%) |G, : Gauawy] is even.

Then, there exists a G,-orbit I'(a) of length | such that
(i) I'#4,4 and I'(a)S(4 o4)(a),

and for some k;(1<i<r-—1),

(i) k<l and l is a divisor of kk;,

(i) of bed(a), |I'b)Nd(a)=a sum of some kjs containing k;
(so |4(b)N4d(a)| is O or a sum of some kjs, j+i).

Furthermore, if all the r Gg-orbits on d(a) (bE4(a)) are self-paired,
I'(a) is self-paired.

ProoF. Proof is almost trivial. Take a point b&4(a). By assumption,

Gay has 7 orbits on 4(a), say {b}, 4, -+, 4,_, with |4;| =k, (and so 4(a)— {b}

=7OIA1>. First, we show that 4(b)224(a) — {b} in the case (*) and that
i=1

4(b)U 4 (b)=24(a) — {b} in case 4 is not self-paired and (**) holds. In the
former case, if 4(b)24(a)—{b}, then {a} Ud(a)={b} U4(b). This implies that,
if we take g=G with a?=5, then G 4@, and so Go.= G upaway =G, which
contradicts the primitivity of (G, ). In the latter case, suppose (4(b)U 4 (b))
N4(a)=4(a)—{b}. By Higman [5, (4.2)], [4()N d(a)| =|4'(8) N 4(a)| =(k—1)/2.

Since 4(b)N4(a) is a union of some G,;-orbits, we may set 4(b) N 4(a)= LtJAi.
i=1

Then we have 4 (b)N4d(a)= LtJAQ, where 4,={6"""|heG, b*=4}, the paired
i=1

orbit of 4;, because for all 7, 1<:<¢, 4] is contained in 4'(b) and 4(a) by
definition, 4;+4; implies 4;+ 4/, and |4(b)N4(a)| = |4 (b)N 4(a)]. Thus
d(a) ={b} U(4ud)V---Y(4,U4;) and the transitive permutation group (G,/
Guysa, 4(a) has no nontrivial self-paired orbit and so |Gu/Gayse| is odd
by Wielandt [7, Theorem 16.5]. This contradicts the assumption (*¥),
Therefore, in both cases there exists an element ¢ of some 4; such that
c&4(b)U L (b). Let I'(b) be a G,-orbit containing ¢ and set /=|I"(q)]. Then
I'#4,4. By definition (4'°4)(b)5c and so (4'04) (b)Dc%=1I"(d), proving (i).
I'(b)N4(a) contains ¢ and so is a union of some Ggy-orbits containing
c®@=4;, proving (ili). Since |Gy : Gupel =|Gy: Gus| +|Guas : Gane| =kk; and |Gy :
Gasel =Gy : Gl +|Gre : Gavel =1 Gy, : Gapel, it follows that I is a devisor of kk;.
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r'b)yNd(a)24; implies [=Fk;. If =k, then k=|G,: Gape| =|a®|. Since G,
acts on 4'(b)N 4'(c) containing a, we have 4'(b)N 4 (c) 2 4% and so 4 (b)=4'(c),
which implies G,= ;4 =G and contradicts the primitivity of (G, 2). Thus
we have [>k; proving (ii).

Next we assume that, for b=4(a), all the G,;-orbits on 4(a) are self-
paired. Since I'(b) 4(a) is nonempty and a union of some G,;-orbits on

4(a), we may set F(b)ﬂA(a)szAj. Then we have I'"(b)N4d(a) = DA’, as
i=1 =1

before. On the other hand, by assumption 4;=4;, 1<j<s and so I"(b)N
d(a)=T'(b)N4d(a). Thus I"(b)NTI'(b) is nonempty and I"(b)=I'(b). This
completes the proof. _

REMArRk 1. If =2 and k& >2, Cameron asserts 2k </ (and so
2(k—1)=<l). However, in general 2k;£!. For example, let G be the Higman-
Sims simple group of degree 100 with subdegrees 1, 22, 77. G, (= the
Mathieu group M,,) acts on the orbit of length 77 (the blocks of the associated
Steiner system) as rank 3 group with subdgrees 1, 16, 60. Although 16<
22|77+16, 216 £22. -

From (i) and the last assertion of we have immediately

CoROLLARY 1. Let G be a uniprimitive permutation group on £, and
Jor aeQ A(a) a G,-orbit with |d(a)|=2. Suppose |d(a)|<|[(a)| for any
Go-orbit I'(a) different from {a} and 4(a). Then G, does not act regularly
on 4(a).

COROLLARY 2. There exists no uniprimitive permutation group (G, 2)
such that G, (a€£) has only one nontrivial self-paired orbit d{a) and for
bed(a), all the Guy-orbits on d(a) are self-paired.

ReEMARK 2. The simple unitary group PSU(3, 3?) has a representation
as a primitive group G of rank 4 such that G,=PSL(3, 2) and the subdegrees
are 1, 21, 7, 7, and the G,-orbits of lenth 7 are paired. However, G, on
the G,-orbit of length 21 has subdegrees 1, 2, 2, 4, 4, 8 and the orbits of
length 4 are paired.

Incidentally we add

ProposiTiON. Let (G, 2) be a transitive permutation group and for
ac let 4(a) and I'(a) be G,-orbits different from {a}. Let m be the number
of Gg-orbits contained in (4 oI") (a) and for some be&d(a) let t be the number
of Gy-orbits on I'(a). Then we have

(i) 1=m=t—1if I'=4 (i.e, G, acts on d(a) as a group of rank t)
and |I'(a)|=2. In particular, if G, acts doubly transitively on 4(a), then
(4'od)(a) is a self-paired G,-orbit.
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() 1Z<m<t if I'#4. In particular, if |4(a)| and |I'(a)| are relatively
prime and |4(a)| or |['(a)| =2, then (doI)(a) is a single G,-orbit.

Proor. Let I'f(a)={a}, I'1(a)=4(a), I'y(a)=I"(a), Is(a), --- be the set of
G,-orbits on 2. Following Higman [5] we set % =|I".(c) N [';(a)| for cEI';(a).
Then, by definition (4 oI")(a)= L(J I';(a), where I';(a)=1"(a). By [5, (4.2)],

27)

50,1, "3 #0

#22#0 if and only if #+0, and so (£'I")(@)= U Ti(a). Set (4I')(a)=
i#O,y(;i)’*O
U I';,(a). Then, for all j, 1=j<m, I'(@NT;,(b) is nonempty and a union

of some G,;-orbits on I'(a). Therefor we have m<(the number of G,;-orbits
on I'(a) =¢t. In particular, if I'=4, then b&I'(a) and m < (the number of
G,,-orbits on I'(a) different from {b})=t—1. Since X4 =|I(a)| and [{=1
or 0 according as I'=4 or I'# 4, 13 +0 for some :1#0 (in case I'=4,
I'(@)) =2 by assumption) and so m=1. In general, since pf}) =g}, if
(4 o4) (a) contains a G,-orbit I';(a), then it does also the paired orbit I'j(a),
so the ‘in particular’ part of (i) is obvious. If |4(a)| and |['(a)| are relatively
prime and |4(a)| or |I'(a)|=2, then 4#1I and by [7, theorem 17.3] G, is
transitive on I'(a), i.e, t=1, hence m=1, i.e., (4°I)(a) is a G-orbit.
Therefore, by replacing 4" by 4, (4oI')(a) is a G,-orbit.

is a little available in dealing with primitive extensions of rank
3 of some permutation groups. Here we say a permutation group (G, Q) is
a primitive extension of rank 3 of a transitive permutation group (H,4) if
(G, 2) is primitive and has rank 3 and there exists an orbit 4(a) of a stabi-
lizer G,, a=R, such that G, is faithful on 4(a) and (G, 4(a)) is isomorphic
to (H, 4). For example, the following simple groups have no primitive exten-
sions of rank 3 (Here, for a group H and its subgroup K, “H>K” denotes
the representation of H on K).

1) PSU(3,5) >4,

2) The Janko’s simple group of order 175560 >PSL(2, 11)

3) Mclaughlin’s simple group>PSU (4, 3%

4) Higman-Sims simple group>M,,

Indeed, assume that each one of the above groups has a primitive rank 3
extension (G, ) and let {a}, 4(a), I'(a) be the G,-orbits with |4(a)| =k,
|[(a)] =1, and set 1=|4(a)N4(b)| for b d(a). As to 1), by
7<1)50+7 with 2=0 or 42, or 42 <[[50.42 with 2=0 or 7. However, by
Higman [4, Lemma 7] we have /=30, 45 or 48 if /<50, and /=50.49/2 if
[=>50 and 1=0,7 or 42. These are inconsistent. As to 3), take c&l'(a).
G,. is contained in a maximal subgroup of G, and by Finkelstein [3, Theorem
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1] we have [=k=275. By [4, Lemma 7] and the case /=330,
A=112 remains. However, by G, has no maximal subgroup whose index
is a divisor of 330. Likewise, in another cases we have a contradiction.
Here we use a table of parameters of possible rank 3 permutation groups
made by Dr. H. Enomoto on the basis of [4, Lemma 7] with the help of a
computer, and the author thanks him.
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