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Convolutions of measures on some thin sets

By Enji SaTo
(Received November 13, 1976)

1. Introduction.

Let G be a LCA group with dual &, and E a compact subset of G.
Following Rudin [4], we say that E is a Kronecker set if, to each feC(E)
with |f|=1 and &>0, there exists 7€G such that |f—7|z<e. Let also
T={|z|=1} be the circle group. Then in [2; Lemma 6.10], T. W. Korner
proved that there exist two Kronecker sets K; and K,C 7, both home-
omorphic to D,={0, 1}*, and two nonzero nonnegative Borel measures g,
on K, and g, on K, such that K,+ K,=7, and pxp,cC>(T).

In this paper, we prove analogs to the above result for general LCA
groups. I thank Professor S. Saeki for his useful advices.

2. Notations.

Throughout this paper, G is used to denote a nondiscrete LCA group.
We shall respectively denote by A(G)=(LY&))" and C.(G), the Fourier
algebra of G, and the set of all continuous functions with compact support.
Also we shall respectively denote by M(G), M,(G), and M,(G), the measure
algebra of all bounded regular measures on G, the set of all continuous
measures in M(G), and the set of those measures pe M(G) whose Fourier-
Stieltjes transforms vanish at infinity. For peM(G), |¢]| will denote the
total variation norm. The symbols CH(G), M*(G), and M (G), will desig-
nate the set of all nonnegative functions in C,(G), the set of all nonnega-
tive measures in M(G), and the set of all nonnegative measures in M, (G),
respectively. For g, ve M(G), we write ply if ¢ and v are mutually singu-
lar. We set My (G)={peM(G)|p is singular with each ve M (G)}. For the
other notation, we refer to Rudin [4]

DErINITION 1. Let O be the unit of G. ¢(G)=sup {s|every neighbor-
hood 0€G contains an element of order >sj.

DEFINITION 2. Let ¢>2 be an integer, and E a totally disconnected

compact subset of G. We say that E is a K, -set if, to each feC(E) with
fi=1, there exists 7€G such that f=7 on E.
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3. Statements of the results.

TuEOREM A. Let G be a metrizable LCA group with q(G)=oo. Let
also ECG be a compact set, and N>2 an integer. Then there exist disjoint
Kronecker sets K, ---, Ky, all homeomorphic to D,={0, 1}, and nonzero
measures meM}(K,), ---, uxe M (Ky), such that

(i) the union of any N—1 sets of the K,;'s is a Kronecker set,

(i) pyx---*py is absolutely continuous with respect to Haar measure on
G, and its Radon-Nikodym derivative is in A(G) and positive on E.

THEOREM B. Let G be a nondiscrete metrizable LCA group with q=
q(G)< o, and N>2 an integer. Then there exists an open neighborhood
U of 0 such that for each compact set ECU with 0¢E, the conclusion of
Theorem A is satisfied with K-set in place of Kronecker set.

REMARK. In the above result, if N3=2 or g2, the condition 0¢E is
unnecessary.

CorOLLARY 1. Let G be a nondiscrete LCA group. Then there exist
nonzero measures p, M (G)NMs(G) such that

(1) [leell =1Ti—_1:§ |27 (i=1, 2),
(i) pexme A(GINCEH(G).
CorROLLARY 2 ([1]). Let G be a nondiscrete LCA group. Then M{(G)

is not an algebra.

4. Some lemmas for the proof of Theorem A.

Levva 1. Let £, g be in AGINCH(G) with || fllve=lglwe=1, and
q(G)=oco. Let also 0<9<1 be given. Then there exists ve M*(G) with
lvl|=1, such that

(1) suppvCint(suppf)
(i1) suppv is a finite Kronecker set,

(111) || frg—rxg| @ <7

Proor. Let >0 be given. Since f, g are in C/(G), there exists
{V.} a finite partition of supp f, such that

(4.1.1) int V;Nint(supp f)*+ ¢,
(4.1.2) |Alx)—f W<y, lglx)—9(y)I<y, for any z€G, z, yez+V,.

Then there exists {y;} a finite Kronecker set such that y,€ V;Nint (supp f).
Put

v=3({, fwrav)o,.
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From (4. 1. 2), we see that

(4.1.3) '] =1
= 15§, M dy—2 [ o) 1) )
<7'-m(supp f),

where m denotes Haar measure of G, and from (4. 1.2), (4. 1.3) that for
each zeG

(414 |frg@—x()
<3{{, 1ee—v) Lfw)~Avldy

+SV- lg(z—y)—g(x—y,) lf(:c/i)ldy}
<7llgllz@+7 (1 +1/-m (supp f)> .

/
Putting v = ﬁ, we have by (4. 1. 3)

(4.1.5) =y I <11= "]
<7'-m(supp f).
Also by (4.1.4) and (4. 1.5), we have
(4.1.6)  [frg(z)—vxg(z)l
< | frg(x)—v"*g (2)| + [v*g (2)— g ()]
<7 lgll e+ 7'+ (1+7 -m (supp £)) + (7' - (supp £))- | gl -

Now we can complete the proof as follows. First choose F a compact
subset of G' such that

(4.1.7) | lamnar<.

By (4.1.1), (4.1.2) and (4. 1. 6), there exists v, satisfying (i) ond (ii), such
that

(4.1.8) | frg—vxgllo < [m2(supp f+supp o) [ (8],

where 77 denotes Haar measure of G. Then by (4.1.7) and (4. 1. 8), we
have

I fra—xglua < | 1F 80 —50)lar
+| 170 00—50) g0 )1ar
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| F*0=vatlluer < [A(B] (| fro(@)—r @l da

+25,_c|a(r)|dr
F
<7.

LEMMA 2. Let E be a compact subset of G, ¢ a positive number, and

let £, fo, f5 in A(G)NC(G) satisfy |
I All ey = L foll vy = L foll 21y =1 and
int (supp f1)+int (supp f2) +int (supp fz) D E.
Then there exist vy, v, in M*(G) with ||vw||=|v.|=1, N>2 an integer, and
{ay, -+, ax} Tint (supp f;) (1=1, 2), such that
N
(1) jL£1<aﬂ+a,-2+int (suppfz)>DE,

(ii) supp vi={aw, , am} (1=1,2), suppv,Nsuppv,=¢, and (supp v;)U
(supp v») is a Kronecker set,

(iil) || faxfarfs—vxvarfsll aa <e-

Proor. Since E is a compact set, it follows from the hypothesis that
there exist N'>2 an integer, and {ay, :*+, ay} Cint(supp f;) (=1, 2), such
that

N’
(4.2.1) U <aj1+aj2+int (suppﬁ,)):)E, and
i=1
(4. 2. 2) {an, *+, ayn; Qw, "+, ayny is Kronecker set.

Then by Lemma 1, we have »eM*(G), |w|=1, and Card (suppv)=>N,
such that

(4. 2. 3) Supp v, U {as, -+, ay»} is a finite Kronecker set,
(4. 2. 4) int (supp f1)Dsupp v; D{an, ***, ay1), and
(4. 2. 5) | fixforfs—viforfsl aer < % -
In the same way, we have Y€ M*(G), ||lv,]=1 such that
(4. 2. 6) (supp v1)U(supp v) is a finite Kronecker set,
and (supp v;)N(supp v;) = 4,
(4.2.7) int (supp f2)Dsupp v: D {aw, -+, ann},

Card (supp v,)>Card (supp v), and

(4.2.8) | ffi—verfillor < 5 -
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Without loss of generality, we may assume Card (supp v;)=Card (supp v,)
(if necessary, replace v, by an appropriate ).
Put N=Card (supp v;)=Card (supp v,. We have (i), (ii) in by
(4.2.1) and (4.2.7). By (4.2.5) and (4. 2. 8), we have
| fixfoxfs— vk fil] e
<N fxforfs—vixfexfsll s

+ [[uikfofs — vikvpkfs|| aa)
e
< 3 T | foxfa—vexfal| 4o
<e.

which establishes part (iii).

LEMMA 3. Under the notation in [Lemma 2, let 7, and 7, be positive
numbers. Then there exist W a compact neighborhood of 0 and K a finite
subset of G, such that

(1) diam(W)<mn,

(i1) {as+ W}, w i-1,2 are disjoint sets, a;;+ WCint (supp f;) (j=1, -,

N
N; i=1,2), and U (le+x,2+int (suppf3)>DE for any x €a,+ W (s=1, -,
i=1
N; i=1, 2),
(ili) given ay, reals (j=1,---, N; s=1, 2), there exists T€K satisfyng
Ir(x)—exp (iajs)l <772 fO?" Z€aj,+ W (]= 1, ) N; S= 1’ 2) .

Proor. By (i) in Lemma and [5; Lemma 2], we have W, a com-
pact neighborhood of 0 satisfying (i) and (i1. On the other hand, by (ii)

in there exists KCG a finite set, such that for any a,, reals
(j=1, -, N; s=1,2), we can take 7€K satisfying

(*) (@) —exp i) < (j=1,+N; s=1,2).

After all, by (*), it is sufficient to choose W W, a compact neighbor-
hood of 0 such that
7(2) 12w <5
for any 7€K and z€a;,+W (j=1,--,N; s=1,2).

LemMA 4. Under the notation in Lemma 3, there exist f], fi€ A(G)N
CHG) with || fill 2@ = | £llzwe =1, such that
(i) int(suppf{)+int(supp f7)+int (supp f3)D E,

(i) suppfic U (ap+ W) (=12,
=1
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(iii) Hﬁ*fz*f:% _ﬂ*ﬂ*ﬁ‘lA(G) <Ze.

ProoF. First, let £ be a compact subset of G such that

(4.4.1) [ Furnar< .

Next, for W in Lemma 3, there exists A€ A(G)NC{(G) with supp hCW
and ||| zxey=1, such that

(4.4.2) [, 17sn=h) Furidr< 5.
Put f/=vpkh, f]=vxh where v, v, are as in Then, we have
| £llze9=1, ficA(G)NCI(G), and
supp fi U (ant W) (i=1,2).
So we have (i) and (ii) immediately. Also by we have

| fixfexfs—fi% iS5l aer
< || fxfrfa—vkvxfsll e
+ [lookvkfs— fxf7xfl ace
<e+2|| fi—hxfll ace -
By (4. 4.1) and (4. 4. 2), we have

| fa—h*fal| ey < % + —ff = —;— .

5. The proofs of Theorem A and Theorem B.

Tne proof of Theorem A. We prove Theorem A only for N=3, since
the proof for the general case is similar.

First, choose g1, 9;, 9:€A(G)NCF(G) with lg:ll ey = llgell 22r = ”93“11(6)
=1, such that

int (supp ¢,)+ int (supp ¢,)+int (supp ¢;) D E,
and
g1%g%9;=>0>0 on E.
Next, suppose that for some >0, we constructed

93-+15 G3r+2 g3r+36A(G) nCs (G)

with “garHHL‘(G):“gsr+2”1:‘(e)=”gsr+3”v(e)=1, such that
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int (SUpp gs,+1)+ int (supp gs,+,)+int (supp gs-43) D E,

and
Jsr+1%G3r+2%03,43>20(1—107'—+--—107") on E.

We now describe the construction in the (r+1)® step. We use Lem-
mas 2 and 3 for f;=g¢;.+; (=1, 2, 3), and positive numbers ¢, 7, 7, which
tend to O rapidly depending on . Then we get ¢} .1=f1, Grri2=S 2> Gsrss

=f:; as in Lemma 4‘ Again PUttlng ﬁ=g§r+2’ ﬁ=g3r+3’ .f;i=g1*,l'r'+1: we get
similarly 93,1, 9443, 9441 in place of £, fJ, /> as in Lemma 4. In the third

M JE 4 — 7 V44 144 V4 :
step, putting fi=g3.13, f2=gtr+1, fs=0442, We get gilis, Gari1, Jorse ID place
of fi, i, f{ as in Lemma 4.

Put 3(r+1)+5 — gg:--%-i (i =1,2, 3)-
We can demand that
(5- L 1) 93(r+1)+£€A(G>n Cy (G)) “93(r+1)+i”£‘(e) =1 (i =12, 3) ’

(5- L. 2) int (Supp J3r+1)+1 T 10t (SUPP g3(7‘+1)+2)+ int (supp 93(r+1)+3)3E ’

and
(5. 1. 3) ”g3r+l*g3r+2*g3r+3—g3(1~+1)+1*g3(r+1)+2*g3(7‘+1)+3“A(G) < ‘fgﬂ—l .
From (5. 1. 3), we have

Iatr+1)+1%0304 1)+ 2% G341y 43 =0(1 =107 — - —107“*Y) on E.
This completes our inductive construction.

Now let
Ls,+; be supp gs-+; (1=1,2,3),

and

K= ﬁLer (=12, 3).
r=0

Then if we carefully choose {g;+i}r50, Z=1, 2, 3 recalling the proots of
Lemma 3 and Lemma 4, we can demand that the K;’s (: =1, 2, 3) are dis-
joint Kronecker sets, homeomorphic to Cantor set such that the union of
any two sets in K;, K,, K; is a Kronecker set and K,+K,+K;DE. (cf
[4; 5.2 4]) |

By (5. 1. 1), we can find an increasing sequence {r,} of natural numbers
such that {gs;, ;:}.>: has a limit g, in the weak* topology of M(G) for i=
1,2 3.
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Then it is easy to see that p,e M (K,) and |[g||=1 (i=1, 2, 3).
On the other hand, by (5. 1. 3), (gs-+1%gs-+2%03-+3}-20 is @ Cauchy sequence

in A(G).
Putting ¢ the limit of gs.41%gs+2%gs,.43 as 7 tends to co, we have
geA(GNC:(G), ¢= g5 >0 on E,
and

d(pk prkprs)=gdm .
We get the desired result.

The proof of Theorem B. If we use the next Lemma 5, Theorem B
can be proved in the same way as Theorem A. Because we can use as
7, =0, aj,,e{ 2;, 4;, ey Zgn'} in Lemma 3.

LEMMA 5 ([3; chap XIII 3.7]). Let G be a nondiscrete LCA group,
and q=q(G)< co. Then there exists U an open neighborhood of 0, such that
for any k>1 integer and V., -+, V,C U disjoint, nonempty open sets, there
exist x,€V,, all with order q, such that {x, -+, x;} is an independent set.

6. The proofs of Corollaries.

Since Corollary 2 is clear from Corollary 1, it is sufficient to show
Corollary 1.

The proof of Corollary 1. Since G is a nondiscrete LCA group, G
is a noncompact set. Thus there exists Y an open subgroup of G, which
is o-compact, but is not compact. Put H=Y"'.

We have that G/H is a nondiscrete, metrizable group, and

(6. 1) H is a compact group.

By Theorem A and Theorem B, there exist v; nonzero measures in
M*(G/H), such that

(6. 2) supp v; is a compact subset of some Kjset (i =1, 2),
and
(6. 3) vixv,€ A(G/H).

Then From [4; 5.5.3] and [4; 5. 6. 10], it is easy to see
(6. 4) v,e Mi (G/H) (i=1,2).

By (6. 2), recalling v,>0 (=1, 2), we get
6.5) ol =Tl ) (=1,2).
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Let my; be the normalized Haar measure on H. We define p,e M*(G)
by setting
©.6) | fodn={ | flerpdmtnasn (=1.2)
(o] G/HJH
for feCy(G), where C,(G) is the completion of C,(G) in the supremum norm.
By (6.1) and (6.2), supp g; is compact (¢=1,2). Then for any bounded
continuous function £, we have (6.6). In particular for 7€G, we get
_ fﬁi(T) for 7€YY
"l 0o for 1¢Y.

We claim that g and p, have the required properties. Recalling the
choice of Y, (6.3), (6.5), and (6.6), we get

2l =E§|ﬁz(7)l, peMH(G)  (E=12),

(6.7) 0:(7)

and
€A (G).

To complete the proof, it is sufficient to show €My (G). Suppose that
t is not in My (G). Then there exists ¢/ a nonzero nonnegative measure
in M,(G) such that g is absolutely continuous with respect to g#. Hence
putting p=p'*my, we get that p is absolutely continuous with respect to

. We define ve M(G/H) by
[ f@dn={_ | fi+y)dmdv)ds for feClG).

Then g being absolutely continuous with respect to g, and peM,(G),
we get that v is absolutely continuous with respect to v;, and nonzero
measure in My(G/H). This contradicts (6. 4).
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