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On the Gross’ property

By Yukio Nacasaxa
(Received June 14, 1977)

1. Introduction

We consider a meromorphic function w=j(2) in the unit disk D=
{z]|2| <1} and study the problem of finding a sufficient condition for f{z)
to have the Gross’ property. The main results are the following:

(i) If fl2) has the radial limits f(e”) of modulus 1 for all points e
of I'={z||z|=1} except for a closed set of logarithmic capacity zero, then
fl2) has the Gross' property except {w||w|=1}.

(i) If there exists a spiral path approaching I' on which f(z) tends
to infinity oo, then f(2) has the Gross' property.

2. The Gross’ property except a closed set

Let R be an open Riemann surface and let w=f{z) be a non-constant
meromorphic function on R. We denote by @, the covering Riemann
surface generated by the inverse function of w=f{z) over the extended
w-plane S. A point of @, which is not an algebraic branch point of @,
is called a regular point of @;. Take any regular point g,€ @; lying over
the basic point w,=f(2,)Fc0 and consider the longest segment #, on 9,
which starts from gq,, consists of only regular points of @; and lies over
the half straight line arg (w—w,)=¢ (0£0<2r) on the finite w-plane. If
2, has finite length, either the end point of #/, is an algebraic branch
point of @, or , defines an accessible boundary point of @;. The set of
all algebraic branch points is countable. Let F be a closed subset of S.
We denote by S(q,, F) the set of all argments 8 for which ¢, has finite
length and ¢, defines an accessible boundary point B, of @; whose pro-
jection b, is a point of S—FU{co}. As a set of points, H(g,)= U &, is

0£0<2z
mapped one to one conformally onto a domain £(q,) in R by f*(w) and,

for every 6€ S(qy, F), £, is mapped to a path L, which starts from 2, and
tends to the the ideal boundary of R.

DeriNITION. We shall say that f(2) has the Gross’ property except F
if the measure m of S(q, F) equals zero for every regular point g¢,€ @,
whose projection is a point of S—FU {co}.
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If F=¢ and f(z) has the Gross’ property except F, f(z) is said to have
the Gross’ property (cf. T. Kuroda and A. Sagawa [3]. We set S(g,)=S(q,,
é). W. Gross proved that every meromorphic function in the finite z-plane
has the Gross’ property (Gross’ star theorem).

Since there exists an Evans-Selberg potential on an open Riemann
surface belonging to Og (Z. Kuramochi [2]), we have the next proposition
by the same method that M. Tsuji used to extend the Gross’ star
theorem (cf. Z. Yujobo and p. 12 in K. Noshiro [4]).

PropPoOSITION. (1) Let 2 be a subdomain of R with piecewise analytic
relative boundary 09 such that 9 € Oy, where @ is the double of Q along
092. We set So={0¢cS(q)|L,CR2}. Then m(S;)=0.

(ii) Let R be a domain in the finite z-plane and K be a compact set
of logarithmic capacity zero on dR. We denote by Syx the set of all 0 € S(q,)
such that L, terminates at a point of K. Then m(Sg)=0.

3. Theorem 1

Let w=f(z) be a meromorphic function in the unit disk D. For every
e’el’, we define the radial cluster set C,(f, ¢”) of f at € by

where

THEOREM 1. Let F be a closed subset of S. If C,(f, e’)CF for every
point e’ €I’ except for a closed set E of logarithmic capacity zero, then
f(2) has the Gross’ property except F.

The result (i) in the introduction corresponds to F={w| |w|=1} in this
theorem. :

1
Proor. We set S,={0€S(q, F)|b,e S—F,}, where F, is an —,~closed
neighborhood of FU{co} in the Riemann sphere S. Since S(q,, F)=US,,

we have only to show m(S,)=0 for every .
We fix any 7, and set Fy=F, and S,=S,, for simplicity. And we set

E,={¢"eI'~E|flp.(0)) CF}.
Since C,(f, €*)CF for every e’e'—E, we have '=E=UE,. We denote

by E{ the subset of all points ¢ € E, such that there exist two sequences
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{e”*}7_, and {e“’;c};;l in E, which satisfy 6,<6<@), (=1, 2, ---) and lim §,=

k—co

lim #,=60. And we set
k—o0
E® =E,—E{Y and E,=EU(UEY).

Since E© is a countable set, E, is an F,-set of logarithmic capacity zero.

We shall show that L, terminates at a point of E, for every #€S,.
Fix any #€S,. Since #, defines an accessible boundary point of @, L,
tends to I. Suppose that L, has two cluster points a, 8 (@>p) on I
Then the set of all cluster points of L, is a continuum C on I'. Since
Cap E=0, Int(C)N(I"—E)#¢. Take any point 7 of Int(C)N(I"—E). Then

there exists a sequence {z:}7.; on of N L, such that lim z,=7, where o7 is

k—oo

the radius to 7. Then, since 7€ '—E, the set A of all cluster points of
{f(zs)}5-1 is contained in F. But, since {z:}7-1CL,, we have A={b,} € S—F,.
This is a contradiction. Hence we see that L, terminates at a point e* of
I Next, suppose e ¢E,. Then ¢¥€ED for some n. Then there exists
a sequence {2}}7_; on L,Np, such that lim 2} =%, where p,=U{p,(0)|0€ E,}.

k—oo
Then, since {z}}5-1CP,, the set A’ of all cluster points of {f(2})}%-1 is
contained in F,. But, since {2};}i-1CL,, we have A’'={b,}eS—F,. This
is a contradiction. Hence we have ¢*€ E,.

Since E, is an F,-set of logarithmic capacity zero, by (ii) of
we have that f(2) has the Gross’ property except F. This completes the
proof.

If a bounded analytic function f(z) in D has the radial limits f{e”) of
modulus 1 for all § except for a set of measure zero, then we call f(2)
a function of class (U) in the sence of Seidel. Every function of class
(U) has the Iversen’s property in {w||w|<1} but there exists a function
in class (U) which has not the Gross’ property in {w||w|<1} (Z. Kura-
mochi and p. 36 in [4]). Let (U*) be the subclass of f€(U) such that
f(2) has the radial limits f{e) of modulus 1 for all § except for a closed
set of logarithmic capacity zero.

CoroLLARY. Every function of class (U*) has the Gross’ property in
{w]| |w| <1}.

4. Theorem 2

Let ¢:2=2(t) (0<t<o0) be a piecewise analytic curve on D. If 2(¢)
has the following properties, we use the term “spiral”:|z(¢)| and arg z(¢)
are strictly increasing, lim |2(¢)] =1 and lim arg z(¢)= co.

t— t—o
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1
Let o be a spiral. For simplicity, we suppose z(0)=7 and arg 2(0)=0.

We set
G, = {z(t)IZ(n— < arg z(t)<2n7r} .

Let {J,.}; be a finite sequence of subpaths of ¢, such that J,,NJ,;=¢
(%)) We set J,= U, and J=UJ,.
THEOREM 2. Let w=f(2) be a meromorphic function in D. If
lim Cap(J,)=0 and lim f(2())=oco,

n—00 2(2)60—J
¢

— 0

then f(z) has the Gross property.

Lol

Proor. We set 2=D—(¢—J)=D—U(s,—J,) Let Q@ be the double

n=1
of 2 along ¢—J. We shall show 2€0,.
Let I, be the closed interval [a,, @], where a, is a point of ¢ such
that arga,=2(n—1)z and let G, be a subdomain of 2 whose boundary -

-1

(Ule:—Ji))Ue,UL,. Set K={z| |2 g—}l—} Let @, be the harmonic func-

=

tion on G,—K which is equal to zero on 9K and to 1 on J,UI, and
whose normal derivative vanishes on U(e;—J5), and let @), be the harmonic

i=1
" function on G, ={z||z|<2}—KUJ,UI, which is equal to zero on oK U
{||2/=2} and to 1 on J,UIL,. We denote by D( ) the Dirichlet integral.
By Dirichlet principle, we have

DGn—]{(wn) = DG,;(“’;) .
Since

lim Cap (J, UL, < lim Cap (J,)+1im Cap (£,) =0,

n—0 n—r0 n—oo

we have lim Dg(},)=0. Then lim Dg,_x(,)=0 and we have QeOq4. Next,

n—r00 n—ro0

we set
2.=D—Ule:—Js).

Similary, we get 2, € Oq.
Take any regular point g € @, with the projection w,=f{(20) and con-

sider S(g,). We set
S, = {6 € Slan)l 16— ws| <n]
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for every n. Fix any n. Since lim f{z(¢))=o0, there exists an mz, such
2(t)eo—J )

t—00

that | f(2(2))| > |w,| +7 for all z(f)e OEJ (6n—dJn) Then we have that

m=m,

U {LloeS,}c,,.

Since 4,, € Og, by (i) of Proposition, we have m(S,)=0. Since S(g,)= GS,,,
n=1
we have m(S(g))=0. This completes the proof.

CoROLLARY 1. If there exists a spiral path on which f(2) tends to
infinity, then f(z) has the Gross' property.

Let (V) be the class of holomorphic and unbounded function on D
with the property that it remains bounded on some spiral path in D. G.
Variron proved that if f(z) is a function of (V), there exists another spiral
path on which f(2) tends to infinity (cf. W. Seidel [5]. From this Vari-

ron’s theorem, we have the following :

COROLLARY 2. Every function of (V) has the Gross property.
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