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Borel sets in non-separable Banach spaces*

By D. H. FREMLIN
(Received June 7, 1979; Revised November 16, 1979)

1. INTRODUCTION Let E be a Banach space. I shall write 4 =% (E)
for the g-algebra of norm-Borel sets of E and ¢ =% (E) for the “cylindrical
g-algebra” of E i.e. the smallest o-algebra of subsets of E for which every
element of the continuous dual E' of E is measurable. (By [2], Theorem
2.3 this is just the Baire g-algebra for the weak topology Z,(E, E').) Of
course ¥ C 4 ; if Eis separable, ¥ =%#. The question I wish to address in
this note is : if ¥ =4, does it follow that E is separable? This question was
suggested to me by S. Okada. I shall show here that the answer is “no”.

2. DeriNiTiONs (a) If E is a Banach space, the density character of
E, d(E), is the smallest cardinal of any dense subset of E. Note that if E
is infinite-dimensional, then d(E) is also the smallest algebraic dimension of
any dense linear subspace of E — the “topological dimension” of E.

(b) If X and Y are any sets and 3, T are o-algebras of subsets of
X and Y respectively, I shall write Y&,T for the o-algebra of subsets of
X XY generated by {AXB: A3, B€T}. 1 shall write #X for the power
set of X.

() If X is any set. then #1(X) is the Banach space of all functions
z: X—R such that ||z||=23cx|2(t)] < 0.

3. LEmMa If X s an infinite set such that Z(XxX)=PXR,2X,
then #(£Y(X))=¢(Z4(X)).

ProoF (a) I begin with two set-theoretic remarks. First, if Y is any
set of the same cardinal as X, then Z(XXY)=2X®,ZY. Consequently
we can use induction to see that, for any n>0, Z(X**1) is the g-algebra
of subsets of X"*! generated by #,={A4,X -+ x A, : A,C XV <n}. Secondly
the diagonal {(z,#): tX} belongs to ZX®,#X, and therefore belongs to
the g-algebra of subsets of XX X generated by some sequence (A, X B, nen-
Let & be the countable subalgebra of X generated by {A,:neN}U{B,:

*) The work of this paper was done during a visit to Japan supported by the United
Kingdom Science Research Council and Hokkaido University; the principal ideas
came during a conference supported by Kyoto University and the Matsunaga Foun-
dation. My thanks are also due to M. Talagrand for pointing out an error in the
first draft of this paper.
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neN)} ; then & separates the points of X. So if & is the (countable) family
of all finite partitions of X into sets belonging to &, we see that for every
finite IC X there is a =X such that each element of & contains at most
one point in I.

(b) The proof will aim to show that every norm-open set belongs to
@ ; I proceed by considering successively more complicated sets. First, balls

centred at 0 belong to €. To see this, write S x=2cpx(t) for DC X and
D

zeYX), so that S e(£Y for each DC X, and consider, for any 7>0,

D

B ={z: |lzll <7},

Cr =N 1egr{x : Zpea

[4=1)

Evidently B,CC,. On the other hand, if x&#\B,, so that |[z]|>7, there
is a finite set JC X such that

Siea| 2(8)| ~ Ziex] 2] >7 -
Now there is a =% such that each member of & contains at most one

g x|>r, so that x¢ C,. Thus
D

C, is actually equal to B, But since each &% is finite and & itself is
countable, C,e¥, so B,E%.
(c) For the next step, take any AC X, ac R\{0}, and 0<d<|a|. Write

element of J, and it is easy to see that X,

Q={x: €A, |x(t)—a|<5}.
Then z&Q iff
(*) 36,€QN]0,0[ such that
V@=x3iDed, E€& such that

[ e
ENA

(Here @ is the set of rational numbers.) To see this, suppose first that
z€Q. Take tA such that |z(t)—a|<d; take 6,€]|x(t)—al, [NQ. Let

IC X be a finite set such that t&1 and S |x| <0,—|x(t)—a|. Let E,&& be
X\T

such that E,N I={¢t}. Now let & be any partition belonging to & . Let D%
be such that tED and set E=DNE,e&. We have ENI={t{ CEN A, so

EED and <51.
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SEnAx—a‘<|x(t)-—al+_g | x|

ENANY) <)
<[x(z)—a|+§ |2 <& .
Jxr

Thus every x=(Q satisfies the condition (*). On the other hand, suppose
that xe/! satisfies (*). Let IC X be a finite set such that S | x| < 0—0;.
Let &% be such that each DE% meets [ in at 'most oni\lpoint. By
hypothesis, there is a DE% and an E€& such that ECD and S x—a‘ <
0;, so that o

S x—a|<S x——al—%—g | z|
ENANI ENA ENAN\T
<51‘|’5"‘51:5
As o<|al, ENANI#06; but ENANICSDNI so ENANI must be a single-

ton {¢}, where t€ A and |x(t)—a|<d. Thus z€Q.
Accordingly we have

ENA

which belongs to ¥ because @, Z and & are countable.
(d) For the third step, let ap, -, a, € R\{0} and suppose that 0<d<

min,., la;|. If AC X+ write

Q=U s,c@mo,ot ) gey U De.@“,EEé’,EQD{x :

Q(A)={z: It>icnEA such that |z(t)—a|<sVi<n).
Write o ={A: AC X", Q(A)E%). |
f A= l—[zgnAZEr%ﬂ’ then
QUA) = Nicn{z: tEA,
belongs to ¢ by (c) above, so %,C.«/. Next, o is closed under countable
unions because Q(Umen Ap)=UmeyQ(An) for any sequence {Apdmey in
P (X**1).  Thirdly, if {(Awdmevy is a decreasing sequence in (XY,
Q(N men Am)=Nmev Q(An) ; for if 2E N nev Q(An), then the set
J={<tien

is finite (in fact #(J). (min;<,|a;] —0)<||z||) and meets every A,, so must
meet () men A

Thus &/ includes %, and is closed under arbitrary countable unions
and monotonic countable intersections. It follows that .o/ includes the sub-

)

x(t;) —ai|<5Vi < n}
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algebra of #(X*"!) generated by %, and the therefore the g-subalgebra of
P(X**1) generated by %, which is 2 (X**") itself, by (a). So we see that
Q(A)e# for every AC X*t1,

(e) Observe next that every non-empty norm-open set GCZ}(X)\{0}
is expressible as a union of sets of the form

(x: Ix(ti)—ai|<5\/i<n, ||| <7‘}

where ty, -, t,€X, ap -, E€Q\{0}, 7, 6€Q, and 0<d<min;e, |a;|. As
there are only countably many choices of the parameters ay, -+, @, 7, 6, G
is expressible as a countable union of sets of the form QN B,, where Q is
of the type discussed in (d). Putting (b) and (d) together, we see that GE%.
As G is arbitrary, every norm-open set belongs to ¢ (because {0} =B,&%),
and ZC¢&.

4. THEOREM Let k be an infinite cardinal. Then the following are
equivalent :

(i) There is a Banach space E such that d(E)=k and #(E)=%(E);

(i) Z(Zx)=%¢((«));

(i) P(kXK)=PrR,Pk;

(iv) if E is any Banach space with d(E)<«, the map (a, x,y)r>az+y:
R X E X E—E is measurable for the c-algebras #(R)X),%(E)X,%(E) and #(E).

Proor (iii)=(ii) is Lemma 3 above, and (ii)=(i) is obvious. For the
equivalence of (i), (iii) and (iv), we can use Theorem 1 of [5], which shows
that for any Banach space E the map (q, z,¥y)—>ax+Yy is measurable iff
P(d(E)Xd(E))=2(d(E))®,?(d(E)). But of course the map (a, z, y)—>az+y
is always measurable for Z(R)R,%#(E)X),%# (E) and ¢ (E), so it Z(E)=%(E)
then Z(d(E)Xd(E))=2(d(E))®,Z (d(E)).

5. OkapA’s PROBLEM Okada’s question therefore becomes : is there an
uncountable & satisfying the conditions of Theorem 47 Now condition (iii)
has been extensively studied; see for a recent survey of the known
results. For our present enquiry the following are the most relevant:

(1) Z(RX X X)=Z(X)R.Z (X

(ii) if Martin’s Axiom is true, Z(k X £)=2£X, P« for every r<c;

(i) assuming that the continuum hypothesis is false, it is still unde-
cidable whether Z(eX¢)=Z¢X),Zc.

Of these we need only (i) to settle Okada’s question; Z(£Y(%))=
% (ZY(X)) and (R, is not separable. (This was conjectured by G. A.
Edgar.)

6. PRoBLEM We can ask a similar question concerning %, the algebra
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of Borel sets for the weak topology Z,(E, E'). G. A. Edgar ([2], Theorem
1.1) has given an important class of spaces for which #,=4 ; there is no
restriction on their density character. (For instance, all uniformly convex
spaces have this property.) However, we can ask: are there spaces of large
density character for which #,=% ? in particular, is this always possible
with d(E)=e¢, even if Z(exc)#=PeR,Pe?

It is perhaps worth repeating here a simple observation due to Okada.
If #,(E)=%(E), then {0} % (E), so that E’ is & (E', E)-separable. If E is
reflexive, it follows at once that E is separable. Of course, with E=Z"(N),
we have E' 7 (E', E)-separable but % (E)+ %,(E)+% (E) (see [4]).
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