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Introduction. The purpose of this article is to compute infinitesimal
deformations T'! of cusp singularities of two dimension. It is known that
cusp singularities of three or higher dimension are rigid [3]. Let T be a
cusp singularity of two dimension. The minimal resolution of 7 has a cycle
of rational curves as its exceptional set. Let C be the (reduced) cycle of
rational curves, » the number of irreducible components of C. Then our
main consequence is that dim 7" is equal to »— C? (if C*< —5). This solves
a conjecture of Behnke in the affirmative. It should be mentioned that
he himself solved his this conjecture in in a manner different from ours.

Our method is just the same as in | 1], where Behnke showed that T is
the space of solutions of a system of infinitely many linear equations in
infinitely many variables. We reduce this to finitely many linear equations
in finitely many variables (§2). After preparing some lemmas about
support points (§ 3), we solve the system of finitely many linear equations in
the case C?<—5 (§4). The same method yields a complete description of
T' in the case —1=C?= —4 except for r= —C?=1. The consequence leads
us to a conjecture about deformations of 7,,, and I,,,s in the cases
C?*=-3, —4 (§5).
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Index of notations and terminologies

C complex numbers B(n) 1.7

H ={z&€C; Im(2)>0} x, x» (2.2), (2.5), (4.2),
BG4

M a complete module wt 3.D, 4.3

Ut(M) 1.D internal ~ (3.1), (4.3)
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|%4 a.n extremal  (3.1), (4.3)

X'(M, V) 1. Eint (4.3)

X, XM, V) 1Q.D Eext (4.3)

YYWMV) .D h(B) (4.3)

C¢,9 a.D e(x) exp(2zix)

w, Ax, ax 1.2 0(u) e(uz+u'z), where u' is
w,, By, by 1.3 the conjugate of u

M* the dual of M 0ij 4.1)

(M*)* (1.3) O 0/ 0z

t((M*)) (1.3 E(D (4.5)

o2 (M) (1.3 F (4.6), (4.7), See the
7, S 1.3 case [=h(B)+2

§1 Definitions.

(1.1) Let M be a complete module in a real quadratic field K, U*(M)
the group of all totally positive units keeping M invariant by multiplication,
V' an infinite cyclic subgroup of U*(M). We define a subgroup G(M, V)
of SL(2, R) by

GM, V)= {( o om ) eSLA.R): veV, meM}.

We define an action of G(M, V) on the product H X H of two upper half
planes by

( % 71n )2 (21, z2)—(vzy+m, vV'za+m")

‘where v" and m’ denote the conjugates of v and m respectively. The action
of GIM, V) on HxH 1is free and properly discontinuous. We have a
nonsingular surface X'(M, V) as quotient. This X'(M, V) is partially-
compactified by adding a point co into a normal complex space X (M, V).
Let f: Y(M, V)>X (M, V) be the minimal resolution of X (M, V), C the
exceptional set of £, # : —>Y (M, V) the universal covering of Y (M, V),
% =x~'(C). For brevity we denote X(M, V) and Y(M, V) by X and Y
respectively. The space X has a unique isolated singularity at co, which we
call a cusp singularity. The exceptional set C is a (reduced) cycle of
rational curves.

(1.2) Without loss of generality, we may assume that M =Z +Z w,
w>1>w'>0. Let [[@, ..., a-]] be the modified continued fraction
expansion of w, and let aj...=a; for j=0,..., r—1, k€Z. We define
inductively wy=w, w,=1/(@r-1—Wn-1) (B>0), Who1=an-1— A/w,) (n=0),
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A, =1/ ww, ... we (n>0), Ao=1, Apn=tWns1 ... wwo (#<0). Following
we define complex variables x,, ¥ by

2ry —1 z,=A, log x,+ A, log yn
2z —1 z,=A; log x,+ A% 10g n.

Then by [4], & is covered by infinitely many charts U,={(xx, y») €C?;
| x2ydr| <1, |27 y4| <1}. The charts U, and Uy, are patched by %=
yzl, Vi1 =XnY " -

By choosing a suitable integral multiple of » instead of » if necessary,
we may assume that a generator v of V transforms U, onto U,., by (xu, y)
— (Xnir, Yner) = (Xn, y») and vA,= A,., for any .

(1.3) Let M* be the dual of M, i. e. by definition M*={xEK ; tr
(xy) EZ for any yEM . Define a mapping 7 of K into R? by 1(x)=(x, 7,
xeK. Let (M*»*={x&M*; x>0, x>0}, and let 2*(M*) be the convex
closure of i((M*™*), a2*(M*) the boundary of X*(M*). Then we
number “lattice points” lying on 982*(M*) in a consecutive order.
Namely we let i'(@2*(M*)Ni(M*))={B;; j&Z} with B;<B, for j>k.
The group V actson M*, 2*(M*) and 92*(M*). Let v be a generator of
V with 0<v<1. Then there exist » and s such that for any &

UAk = Ak+ s ka = Bk+s .

We know that s=—C? by [6]. Moreover there are positive integers b
(22) (k€Z) and w €K such that

M?* is strictly equivalent to Z+Zw_,
w=[[bo, ..., bs]],
bk+s:bk, kak:Bk_1"|"Bk+1 for any kEZ

U M=Z+Zw, w=[[p,2,-.) 2, Doroevr «un Pn,2,..., 2]]
—_—— [ ——
(¢ —3) (gn—3)
for some p;, q;=3, then QI
w=[1qn 2., 2, qur, ..., @, 2,..., 2]] (see [1].
, —_——
(Pn—3) (=3

In the same way as above we can define M*, 31*(M) for a complete
module M=Z+Zw in (1.2). With the notations in (1.2), we have
TR (MHINI(MY))=1A,, j&Z}. Wecall A, and B, support points of M
and M * respectively.

(1.4) We denote by Q}(log C) the sheaf over Y of germs w of
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meromorphic one forms such that the poles of @ and dw are contained in C
(=Creq). Since C is of normal crossing, Qi (log C) islocally free. Infact,
Q4 (log C) is isomorphic to 7 ,(F)® & ,(—F) for a flat line bundle F on
Y. This can be seen by using natural extensions of two sections dz, and dz,
to. Let §,= %y, Qy(og C), 7 ).

Let Y, be the interior of the closure in Y of Yy, (R=0)

Yii ={(a, z)€HXH ; qm z)(Im z)>R}/G(M, V).

We notice that any open neighborhood of the cycle C contains Y, for R
large enough.

LEMMA (1.5) Let Z be a strongly pseudoconvex open meighborhood of
CinY. Then
D HYZ®,)=0 (¢>0), H(Z ¢ H)=H'(C, o), H¥Z 0, =0,
2) HYZ0,nC)H=H'(Z0,(nC)® ) for any n>0,
3) the following is exact for any n>0,
0-HY(Z 7 ,)—H'(Z 2 ,(nC))—H'(Z 2 ,.(nC))—0.

Proor By [5], HYZ ¢,)=lim H%Z 0,)=HC, 2 (g>0).

Similarly H9(Z 6,)=lim HYZ ,® 7,.)=lim HYZ 2,.(F))&lim

HY(Z, 7 ,(—F)) (g>0). It is easy to see H¥(Z, & ,.(F))=0 for any
nontrivial flat line bundle F. Thus we infer 1). By 1) and the exact
sequence

H\(Z®8,)—~H'(Z6,(nC)—H'(Z8,(nC)® 7 ,)—H*(Z 6,)
we infer 2). Finally we shall show 3). First we consider the exact sequence
-0 (e (=D C)-C ,(nC)— T (nC)—0.

Since H°(C, Z .(nC))=0 for any n>0,
we have H(Z, 7 ,_,c((n—DC))=H*(Z 7 ,.(nC)) for any »n, hence
H(Z 0 ,.(nC))=H°(C, 7 .(C)))=0. Therefore from the exact sequence

0> ,—0 ,(nC)— o (nC)—0

we infer an exact sequence

—HZ 7 ,(nCH—-H(Z 7 ))—H'(Z 7,(nC))
—H'(Z,0 ,.(nC)—H*(Z, 0)

which is just 3) because H*(Z, 7,)=0. g. e. d.
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COROLLARY~ (1.6) For any n>0,
D h(Z 0,(nC))=n*+n)s,
2) (2,7 ,(nC))=n*+n)s/2+1.

Proor. By Riemann-Roch and #°(Z, & ,.(nC+ G)) =0 for any flat line
bundle G, we have h'(Z, 7 ,.(nC+G))=—#n*C*—nK,C)/2. Hence h'(Z,
0,(nC))=(n*+n)s by (1.5). q. e. d.

Lemma (1.7)  For any n>0,
D HYZ0,nCH=H(V, H(2,0: (n%))),
2) H' (Z o ,(nC)HZH'(V,H (2,0, (n%))).

Proor. Let z: 2 —Y be the natural projection, Z=z"'(Y,). Let
Bn)={—aB..1—bB, (#—aB;); 0 q, b 1=a+b<mn 1=<k<s}. Since
(B, is contained in H°(2, dy (— %)), but not in H (2, 0o (—2%)),
0(u)o; (usB(n)) belongs to H°(Z, ég(n%)). Then by the same
argument as in [1], H'(V, H°( %, @_@R (n%))) is generated by 6(u)o, and
0(u)o,, usB(n). Hence H'(V, HO(@,@)@W%’))) is a subspace of
H'(V, H(2,, (:)@R (n%))) for any R>0. By [11, Théoréme 5.2.1, 5.3.1]
H'(V, H (2, ®@R (n%))) is asubspace of H'(Y,, @YR (nC)) forany R=
0. By choosing R large enough so that Z contains Y,, we have a commuta-
tive diagram

injective
HY(V,H'(2,85n%))) - H'(V,H (24,084, (n%)))

H'(Y,0,(nC)) — HYZ6,(nC)) — H'(Y, 8, (nC)).

Hence H'(V, H*(Z,0,(n%))) is a subspace of H'(Z 6,(nC)). Since
#(B(n))=(n*+mn)s, wehavel) by (1.6). Similarly we infer 2). q. e. d.

§2 T' of a cusp singularity.
In (2.1)-(2.3) we work in the category of algebraic varieties over C.

(2.1) Let T be a cusp singularity, isomorphic to (X (M, V), o), a
germ of X (M, V) at co. Let U be an affine variety with a unique
singularity T at p. We notice that such a U really exists. Let f : WU
be the minimal resolution of U, C the exceptional set of £ Let d be the
embedding dimension of 7. It is known that d=max(3,s). We may
assume that U is an affine subvariety of the affine d-space A<

(2.2) There is an exact sequence
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X
0->T'>H'(U—p,0,_,)— HU—=p, 7 y_,)%

Behnke gave a description of ¥ : H'(X —c0,8y_.)—H'(X —oo,
O «_)% in terms of B, (kEZ), where the kernel of x is T'. We shall
improve his description in the subsequent lemmas (2. 3)-(2.5).

Lemma (2.3) Let O, =%, QyUog C), ¢ ). Then for any
sufficiently large n>0,

X
0->T'>H'(W,8y, (nC)— H'(W, 7 ,(nC))*

is exact.
Proor. Since 6, =0, outside C, i*®W_C:1irr01 O, nC), i .0 w_c=
n>

lirr(} 2 »(nC) for the inclusion i : W —C—W, we have
n>

HA(W—-C0,_=HY(W, z'*@)wﬁc)zlirrg HYW, 8, xC))
n>

HAW—C, 0 y_o)=H W, i, o=lim H(W,Z ,(xnC)).

n>0

So by (2.2) 0->T'=lim H'(W, 8, (xrC)-lim H' (W, ,(nC)* is

n>0 n>0

exact. H'(W,0,((n—1)C)) is a subspace of H'(W, ®, (nC)) because
H(W, @W ®7 ~(nC))=0. Since T is finite-dimensional for any isolated
singularity, there exists #, such that T'' is contained in H'(W, @W(nC )) for

~ X
any #n>#n,. Hence 0-T'->HYW,0,xnC)) - H (W, 7 ,nC)?* is

exact. q. e. d.

LEMMA (2.4)  Let Z be a strongly pseudoconvex open meighborhood of
C, contained in W. Then we have for q, n>0.

HY(Z,8,(nC)=HYW, 8, (nC)), H(Z, ¢ ,(nC)) =
HYW, & (nC))

Proor We have exact sequences of ¢~ , modules and ¢ ,, modules;

0—o,—»0,(nC)—»¢ ,nC)—0
0—-0 ,-0,(nC)—0,(nC)® 7 ,.—0
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0= = (nC)— 2, (nCH—0
0—6,-0, (nC)—0, (nC)®r 0.

Therefore we have commutative diagrams of exact sequences

H'(Z 7 )—-H'(Z 7 ,(nC)—-H'(Z 7 ,.(nC))—>H*Z, 7 ;)=0

H'(W, y)— HW,0ynC)H— H' (W0, (nC)— H* (W, 7 ,)

HY(Z 8,)— H(Z 0,(nC))—> H(Z 0,(nC)® & ,.)—
H*(Z 6,)=0

H W, 8,)—H'W,®8,(nC)—H (W,8,(nC)®7 . H—
H*(W,0,)

By (1.5) H'(Z,0,)=0, H'(Z, 7 H)=1lim HYZ o ,. )= H'(C 7 ().
Since U is affine, we have H%(W,®,)=H°(U, R ®,). We shall show
that R"f*@W:O for ¢>0. Since f is projective, it suffices to show that

R*(funa) B y)anar=0 for ¢>0. We have H(U’, R%um,(©)=lim
HY(Z,0,87,.)=0by (1.5) where Z'=f"'(U") is strongly pseudoconvex.
Hence  RY%6,=0 (¢g>0). Similarly HYW, 2 ,)=H(C ),
H*(W, 2 ,)=0. Moreover it is clear that for >0. HYZ ¢ ,,(nC))=H"*
(W, 2 ,-(nC), H(Z, 6,(nC)® ¢ ,.)= H(W, 8, (nC)® ¢ ,.) Hence
from the above commutative diagrams we infer the isomorphisms H (Z, ® 7
(nCHH=ZHI(W, @W(nC)), HY(Z o ,(nCHZHYW,Z ,,(nC)) for q, n>0.

LEmMMA (2.5)  For any sufficiently lavge n>0,
0->T'->H'(V, H"(2,8,(ng)—H'(V, H(Z, s (n%)))*
is exact.
Proor. Clear from (1.7), (2.3) and (2. 4). q. e. d.
§3 Lemmas.

(3.1) Letu bein (M*)*. Then there exist &, @ and b such that y =
aB,+ bBy,.;, a>0, b=0. These k£, a and b are uniquely determined by .
We call u internal if a, b6>0 and call y k-extremal if a>0, b=0. We say
that u is extremal if u is k-extremal for some k. We define the weight of u
by wt u=a+b, wt(0)=0. It £(+0) is not in (M*)*, then we define wt
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u=—oo, We notice that if Vu,= Vu,, then wt u,=wt u,.

Lemma (3.2)
1) Let uy, uo€(M*)*.  Then wt(u,+u,) = wt () + wt (us).
i1
2)  Suppose that ji<jh=...<j. Then wt(B,—,+B,~z+...—I~B]-,);A]Z‘. (b —

=5+1
2)+ 1. Equality holds only when b, =2 for any A (1H+2<A<j5,—2).
3)  Suppose that 1 <j,=...<j,.. Then wt(B,+B,+...+B)=1iff by=2 for
h+l=Aa<s)—1L

Proor. First we shall prove 1). Let A=aB;+ bB;.,, B=cB.+ dB..:,
a b c, d=0, k=5, n=k—j. We shall prove an inequality E(n, d): wt
(A+B)zwt(A)+wt(B) by the double induction on # and d. E(0,d) is
clearly true. E (1, d) is proved by noticing that B;+ B,,,= b;,:B8;:;. In fact,
aB;+ bB;.,+ c¢B;.1+dB;. .= (b+c+ab;,,) Bjs1+(d—a)B;y, or (a—d)B;+(b+
c+db;) B, so that wt(A+B)=a+b+c+d. Now we assume n>1. We
assume E(n’, d") for any ' <#n—1 and any d’ or for w'=#» and d'<d—1.
We shall prove E(n, d). Since E(n, 0) follows from E(n—1, ¢), we may
assume d=1. Let B=B—B...=cB.,+(d—1)B,.,. Then there exist i, &
and 6" such that A+ B'=a’B;+b'B;,., a’, 6'=0. Clearly j<:<k If k—i<
n, then wt(A+B)zwt(A+B)+1 by E(k—1i, 1), hence by E(n, d—1) wt
(A+B)zuwt(A+BH)+1zwt(A)+wt(B)+1=wt(A)+wt(B). So we
consider the case k—i=#n, i=j. Wemay assume ¢'>0. Therefore A+ B=
(a'—1)B;+b'B;.1+ (B;+ Byey1). Let Bi4+B,..=fB,+¢B,., for f=0, ¢>0, j<
[<k. Clearly f+g=2. If [=Fk then B;=fB.+ (¢—1)Bs.; which is absurd.
Hence [<k Hence [—j<m and by E([—j,g9) wt(A+B)=wt((a’—1)B;+
b i+1 T (fBL+g B..))zwt((a'— 1>BJ+ b’ j+1> + Wt(fBl+g B.)=a+b -1+
f+g=za+b+1=wt(A+B")+1. Hence by E(n,d—1) we have wt(A+
B)zwt(A+B)+1zwt(A)+wt(B)+1=2wt(A) +wt(B).

Next we shall show 2). First we notice for k=7,

B,— B;.1— Byt Bivi = (bj1 —2) Bjsi + (by—2) By + (Bjs1— Bjso— Bees + Be),

hence by the induction on 2—j, we have

k
Z%%‘£ﬂ+1::l%+1%‘£ﬂ‘+ E] (bl——2>£ﬁ.

P
+n—1
By D ZUt(Bj“‘BjJrn)_Z_Z‘i’iZ_ 1 (b,—2), equality holding only if wt
=i+
+n—2
(B + Bion)=2. But since B+ Bjin,= j+2+Bj+n2+12+2 (,—2)B,,
=j

wt (B + Bjyn1) =2 implies that b, =2 for j+2<A<j+n—2.
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The proof of 3) is easy. qg. e. d.

(3.3)  Suppose n, a, b>0.

D wtnB,—B)=n—b:+1 if 1+j. If equality holds, then ome of the
following holds ;

1-1) j=i+1o0r i—1,

1-2) j=i+2, b,=2 for i<k<j—1

1-3) j<i—2, b,=2 for j+1<k<i.

2) wt(aB;\+bB:—B)<a+b—11if a b>0. If equality holds, then one of
the following holds ;

2-1) j=i—1or i

2-2) i+1=<y, bi=...=b,=2

2-3) J=i—2, bju=...=b_,=2.

Proor. Let nB;—B;=u. Suppose u &(M*)*. Then there exist m, a
(2z0) and &b (>0) such that #»nB;=B;+aB,_.+bB,. We consider the
following three cases separately ;

Case 1. 1<y, a, b>0. Case 2. 1<y, a=0, b>0.
Case 3. i>j, b>0.

Case 1. Then m=i By (3.2), n=2a+b+1+4+(bn—2)+...4(b;_.1—2)
=a+b—1+b;=wt(u)+ b;—1. Equality holds only if b, =...=b;,=2 and
bn+b;1=0b;+2. Suppose the equality holds. If j=¢+1, then 1-1) occurs.
If j—2=i=wm+1, then b;=2, b,_,=b,=2, hence 1-2) occurs. If j—2=i=
m, then b, =2, (n—b—b;)B;+B;;,,=B;+(a—1)B,_,. If a=1, then it is
absurd. If a>1, then wt(B;+(a—1)B:-y)=a+b,—2, hence n—b—b;+1=
a+b;—2, so b;=2. Therefore 1-2) occurs.

Case 2. Then m=<i—1. Suppose j=i+2. By (3.2) n=b+1+
(b —2)+..+(bi-—2)2 b+ b;—1=wt(u)+ b;—1. If equality holds, then

bm+2:...: j—2:2 and bm+1+bj_1:b{+2. Ifméz—Z, then bi:2, bm+1:bj—1:
2. If m=i—1, then b_,=2, (b+b;—1)B;=B;+bB;,_,. Hence B;+(b—1)
(b;—1)B;=bB;,,. Since b;,=...=b;_,=2, we have wt(B;+(b—1)(b;—1)

B)=1+0b—-1)(b;—1)=wt(bB;.1)=5b. Therefore (b—1)(b;—2)=0, so b=
lor b;=2. If b=1, then B;+ B,_,= b;B;, hence j=17+1 which contradicts j =
:+2. Hence b;=2. This is the case 1-2). If j=:+1, then 1-1).

Case 3. The proof in this case is similar to the above. Thus the proof
of 1) is complete.

Next we consider 2). Let y=aB:.,+bB;—B;. Suppose u&(M*)".
Then there exist m, ¢ (=0) and d (>0) such that aB;_,+ bB;= B;+ ¢Bp-1+
dBn, u=cBn_1+dB,. We consider the following three cases separately ;
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Case 1. i<y, ¢>0, d>0. Case 2. 1<y, ¢=0, d>0,
Case 3. 1—1>7, d>0.

Case 1. Then m=<i By (3.2) a+b=2c+d+1+(bp—2)+...4+(b; —
D=wtw)+1+(bp—2)+...+(b;.1—2). If wt pu=a+b—1, then b,=...=
b,_,=2, hence 2-2) occurs.

Case 2. Then m=<i—1. By (3.2) a+b=2d+1+ (bpi1—2)+...+
(bj-y—2). If wt u=a+b—1, then bp,1=...=b;_,=2, 2-2) occurs.

CaseE 3. Then m=i Similarly it follows that b;,,=...=b,_1=2, 2-3)
occurs. q. e. d.

CorOoLLARY (3.4)  Suppose m+0, n=b;, 0<i<s—1, 0<;<s—1.

1) If s=2, then wt(nB;— Biyms) <n— b;.

2) If s=3, then wt(nB;— Biy1ims) <n—>b;+1, equality holding only if
m=—1, b,=2 for [+i+1 mod s.

3) If s=3, then wt nB;— Bi_1sms) < n—b;+1, equality holding only if m=1,
b=2 for |#+1—1 mod s.

4) If s=4, i+2=5751+s—2, then wt(nB;— B ms) <n—b;+1, equality
holding only if m=—1, =2 for j—s+1<[<1.

5 It s=24, i—s+2=5j<i—2, then wt(nB;— Bjims)<n—b:+1, equality
holding only if m=1, b=2 for i<I<j+s—1.

Proor. 1) Since m=+0, s=2, we have i+ms=i+2 or i+ms<i—2.
Hence if wt(nB;—Bjims)=n—0b;+1, then by (3.3) m>0, bj=b;s,=...=
birs1=2 or m<0, bi_s;1=b;_si2=...= b;=2, which contradicts that at least
one of &; (=0, ..., s—1) is greater that two. Hence 1) follows. 2) Since
m=+0, s=3, we have i+14+ms=i+2 or i+1+ms<i—2.

Hence if wt(nB;— Biy1oms)=n—5b;+1, then by (3.3) m>0, bj)=b;s1=...=
birs=2 or m=—1, bi_so=...=b;i_1=b;=2, or m<—1, bj_s5:2=bj—25:1=...=
b;=2. Hence 2) follows. The assertions 3)-5) are proved similarly.

g. e. d.

CorOLLARY (3.5)  Suppose m=+0, a, b>0, 0<i<s—1, 0<5;<s—1.

1) If s=22, wt(aBi_1+bB;— Bi_1:ns)=a+b—1, then m=1, b=2 for [+i—1
mod s.

2) If s=22, wt(aB;_,+bB;—Bisms)=a+b—1, then m=—1, b)=2 for [+1i
mod s.

3 If s=3, i—s+1=<j<i—2, wt(aB; \+bB;—Bj ns)=a+b—1, then m=1,
b=2 for iI<j+s—1.

4) If s=23,i+1=7=<i+s—2, wt(aB;_1+bB;—Bj ns)=a+b—1, then m=—1
b=2 for j—s+1<[<i—1.
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Proor. Clear from (3.3) 2). qg. e. d.

LEmma (3.6) Let s=4, 0si<s—1, 0=j<s—1, u=aB:+BB:.. E

(M*)*, a>0, =20, m>1, a, b>0.

1) If u—Biirs=(m—1)Bj.ps, then wt u=m, equality holding only if

1-1) k=h=0, or

1-2) b=2 for l+j mod s and (k, h) is one of the pairs (1,0), (0,1),
(—=1,0), (0, —D).

2) If u—Bjirs=aB; 1.ns+(b—1)B;ins, then one of the following holds :

2-1) u s internal and wt p=a+b+1,

2-2) u is i-extremal and wt y=a+b+b,—1

2-3) k=h=0o0r k=h=1

2-4) b=2 for l+5—1, j mod s, b;_,, b;=3, b=1, (k, h)=(0,a), or
(—1,0),

2-5) b,=2 for l+j mod s and (k, h)=(0,1) or (—1,0)

3) It u—Bjirs=(a—1)Bjins+ bBjs11ns, then ome of the following holds ;

3-1) u is internal and wt y=a+b+1,

3-2) u is t-extremal and wt y=a+ b+ b, —1,

3-3) k=h=0, or

3-4) b=2 for l+j, j+1 mod s, b;, b;1=23, a=1, (k, h)=(0, —1) or
(1,0),

3-5) b=2 for I+j mod s, (k, h)=(0,—1) or (1,0).

Proor. 1) is clear from (3.2). We shall prove 2). We first assume
that u is internal. Since u = Bjirs+ aBj_1:ns+ (b—1)Bj, s, we have wt u=
a+bby (3.2). If |h—Fk|=2, then wt u=a+ b-{-l:]]_g}:sﬂ (by—2) or wt u=
a+b+]J;ZZj]jl (by,—2), hence wt u=a+b+1. Suppose wt u=a+b. Since
u=aB;+BB;.,, (k, h) is one of (0,0), (£1,0), (0, +1), (1,1). Suppose
(k, h)=(1,0). Then b, =2for j<A=<j+s—1, hence b, =2 for any A, which
is absurd. Suppose (& 2)=(0, —1). Then 5, =2 for j—s<A<j—1, which
is again absurd. If (% %#)=(0, 1), then it follows from (3.2) that &, =2 for
JH+1=<A<j+s—1orthat b=2for A +7—1, j mod s and b=1. If (k h)=
(—1,0), then by (3.2) b, =2 for A#7 mod s or b,=2 for A+7—1, s mod s
and b=1.

Next we consider the case u is i-extremal. We shall prove that if y4 is
i-extremal, then wt y =a+ b+ b,—1 or 2-2), or 2-3) istrue. Letuy=aB,. If
wt w=a+ b+ b,—1, then it is easy to see by using (3.2) repeatedly that
(k, h) is one of (0,0), (£1,0), (0, +1). Suppose (& h)=(0,0). Then
aB;=aB,_,+ bB; which is absurd.
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Case 1. We assume (k, h)=(0,1). Assume moreover b>1. Then by
(3.2) and j+1<i<j+s—1,
f+s—1
a/:Wt<Bj+dBj—l+s+(b—1>Bj+s>ga+b+i+2 1<bl“2>§a+ b+ bz—2
=j+

If a=a+b+b;—2, then b,=2 for A+, i mod s. Since
Bi=(k+1)Bjss—kBjsssy 0=k=<i—j—-D=0G—-pB;,—(G—j—DB,
we have

aBi+ (i—j)Biy=(—7)(Bies+ Biwt) — (i —j— 1D Bi+aBj-1+s+ (b—1) Bjss
=((G—7)(b:—D+ D Bi+aBji+s+ (b—1) Bjss.

By (3.2) 3), we have a—i—j=G—7)(bi—1D)+a+b, so (1—j—1)(b;—
2)=0. Consequently i=j+1, or b=2. We assume i=j+1 to derive a
contradiction. We have then a«B;— B;=(a — b;:1)Bji1+ Bj;2=aBjs 1+ (b—1)
B;.s. Since s=3, this is impossible. Hence b;=2, and this is the case 2-3).
When 6=1, by the same argument we infer 5;=2 or i=j+1 and that 5, =2
for A#+j—1, j, i mods. If i=j+1, then we derive a contradiction by s=4
so that 2-2) occurs.

Case 2. We assume (k, h)=(—1,0). Assume moreover b>1. Then

by (3.2) aza+b+ 8 (b—=atb+b—2 If a=a+b+b—2, then

A=j—s+1
b,=2 for A+ j mod s and B;_s=(({—j+s)(b;—D)+1DB;—(—j+s)B;.
Hencea+i—j+s=(G—j+s)(b;—1)+1+a+b—1sothat i=j—s+1or b;=2.
If i=j—s+1, then (=0, j=s—1, aB;— B, s=aBy,—B_,=(a—b,) B,+ B, +
aBs_,+(b—1)B,_, which is absurd. Hence 2-3) occurs. When b=1, 2-2)
occurs.

CaseE 3. We assume (k, h)=(1,0). If a=a+ b+ b;—2, then b, =2 for
A+7 mod s, hence »=3. By the same argument as above (i—j—s+1)
(b;—2)=0 so that i=j+s—1, i=s—1, j=0. Hence aBs-1—Bs=(a—bs_1)
Bs\+Bs;+aB..+(b—1)B, by s=4, which is absurd. So (& h)=(1,0)
does not occur. Similarly we can show that (k, h)= (0, —1) does not occur.
Thus the proof of 2) is complete. The remaining assertions are proved
similarly. qg. e. d.

LEMMA (3.7) Let s=5, (=22, 0=i<s—1, 0=5j<s—1, u=aB;+ 6B
eM*, a>0, f=0.
D If u—Bjirs=(—2)B;_1:nst+ Bj_2sns, then one of the following holds ;
1-1) u is internal and wt p=[+1
1-2) u is i-extremal and wt u=1+b;—1,
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1-3) k=h=0, u=U+b_1—2)B;-,, or k=h=1, j=0, u={U+bs.1—2)Bs_1,
1-4) b,=2for A+j—1, j mod s, (k, h)=00,1) or (—=1,0)

1-5 b=2for A+j—2, j—1, j mod s, =2, (k, h)=(00,1) or (—=1,0)

2) If u—Bjiws= (1 —2)Bji1ins+ Birzins, then one of the following holds ,
2-1) u is internal and wt p=10+1,

2-2) u is i-extremal and wt u =1+ b;—1,

2-3) k=h=0,u=U+bs—2)Bjs,, or k=h=—1,j=s—1, u={U+b—2)5,.
2-4) b, =2 for A+j4, j+1mod s, (k, h)=(,0) or (0,—-1)

2-5) b, =2 for A+j, j+1, j+2 mod s, =2, (k, h)=(1,0) or (0, —1)

Proor. We shall prove 1). First we assume that g is internal. Then
by (3.2) wt u=I[ Suppose wt u=1[ If |h—k|=2, then by (3.2) b =2
for any A which is absurd. Hence (&, h)=(0,0),+ (1, 1),£(1,0),+(0, 1).
If (k h)=(,0) or (0, —1), then b, =2 for any A which is absurd. Clearly
(b, WH+(—1,-1). If (B h)=(0,0) or (1,1), then x is extremal. Hence
(k, h)=00,1) or (—1,0), 1-4) or 1-5) occurs.

Next we consider the case u is i-extremal. Letu=aB:;. Thenby (3.2)
azl+b—2. If a=I1+b;—2, then (k hH)=(00,0), (1,1, £(,0), =0, 1).
Suppose a =1+ b;—2.

Case 1. Assume (k& £)=(0,0) or (1,1). Then 1-3) occurs.

CasE 2. Assume (k h)=(0,1). Assume moreover [>2. Then b, =2
for A+1¢ j—1,7 mod s. Then by the same argument as in (3.6), we infer
i=j+1or b;=2. If i=j+1, then (@ —b;:1)Bii+B;.= i2+sT ([ —2) Biovss
which contradicts »=5. Hence 1-4) occurs. When wt y=1[=2, we have
b,=2for A+j—2, j—1, j mod s in the same manner. Hence 1-4) or 1-5)
occurs.

Case 3. Assume (k h)=(—1,0). Assume [>2. Then b, =2 for A +
i, 7—1, jmods. Weinfer =2 or i=j—s+1. If i=j—s+1, then we have
a contradiction as above. So 1-4) occurs. If /=2, then 1-5) occurs.

Case 4. Assume (k h)=(1,0). Thenby (3.2) b =2for A +imods.
We infer i=j—1 or b;=2. In either case we have a contradiction. When
(k, k) =(0, —1), then we have a contradiction similarly. q. e. d.

(3.8)  Suppose s=4, b;Bi—B,&(M*)*. Then
D) j=1 i+1o0or i—1or
2) j=i+2 and bi_,=b;= b, =2.

Proor. Assume j=i+2. Let b:B;=B;+aB.+ 8By for a>0, g=0.
Then A2<i—1. Hence b=wt(b;B)=a+B+1+ (bri1—2)+ (brez—2)+...+
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(bj-,—2)=b; by (3.2), equality holding only if a=1, =0, b, =2 for k+1=
A<j—1, except when i=%+1 or j—1. By our assumption i#5—1. If /=
k+1, then a=1, =0 and b;B;=B;+ B,, hence B,,,=B; which is absurd.
Hence we havea=1, =0, by=2forany k+1<A=<j—land k<i—2, j—k=
(1+2)—(—2)=4. If j—k=5, then b =2 for any A which is absurd.
Therefore j—k=4, j=i+2, k=7i—2. So we must have B; ,+ B;,,= b;B;.
Since b, =2 for i—1=1=<:+4+1, we have B;_,+ B;1.,=2B;_,—2B;+2B,;,,=2B;.
So we are done.

(3.9)  Suppose s=3, 0<i<2.

D If wnBi—B,e(M*)*, 1<nu<b;, then

1-1) j7—1 or

1-2) j=1i+1, and n=2>b,

2)  Suppose (b;+1)B;—B;,e(M*)*.

2-1) Assume by, b=3. Then j=1, 1—1 or i+1.

2-2) Assume by=4, bj=b,=2. Then j=1,1i—1,i+1 or (1, 7)=(1,3) and
3Bi=2By,+ B, or (1,7)=(,0), 3B,.=B,+25;.

2-3) Assume b,=3, bp=b,=2. Then 1=1:—1,1+1, or (1,7)=(,3) and
3Bi=2B,+B;, or (2,0) and 3B.=B,+2B;, or (3, 7)=(0,2), (0, —2)
and 4B, =B+ B_,.

Proor, 1) follows from (3.3) 1). In fact, if j=:+2, then b,=2 for
i<k<j—1, hence b;=b;;,=2 and n=20b;, j=i+2 and b;B;— B;=B;_,. This
is absurd because b;B;— Bi,,=(b;+1)B;—2B;;,=B; 1+ B;— B, +B;_,. Ifj<
i—2, then we can derive a contradiction similarly.

Next we shall prove 2-1). First we assume j=7+2 and w¢((b;+1)B;—
B)=2. Thenby (3.3) itisequalto2and §,=2for i<A<j—1. Hence:=
7—1 because b only can be 2. But i=j—1 contradicts the choice of ;.
Hence if j=¢+2, then wt(b;+1)B;,—B;)=1. So we write (b;+1)B,=B;+ B,
for some %k (£i—1). So by (3.2) b;+1=224 (bps1—2)+...+ (b;-1—2),
hence k+1=7 or i—1, and j=17+2.

If /=i—1ori—2, then B;_.1+ Bio=(b;—1)B;+ (bis— 1) Bi, # (b;+ 1) B,
B2+ B;.,=2b;—2)Bi+ B;.,# (b;+1)B;. In either case we have a con-
tradiction. Hence j<i+1. Similarly we can prove j=i—1. Thus the
proof of 2-1) is complete. The remaining assertions can be proved
similarly. q. e. d.

§4 Main theorem (the cases s=5).

THEOREM (4.1)  Let T be a cusp singularity with embedding dimension
s (=5). Then the space T' of infinitesimal deformations of T 1is, as a
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subspace of H'(V, H*(2,1@4_%)), generated by

CS\,',J': :6(—ZBJ>()\J, Oéjés—l, lélébj—l

where (S\j:B}al—Bjaz.
(4.1) is proved in (4.8).

(4.2) For the proof of (4.1) we re~call the description of ¥ from .
By the proof of (1.7) H'(V, H(2,8,(rng))) is a subspace of H'
(V,H (2,184 _%)). Let x,be therestrictionof x:H'(V, H*(2,i0,_%))
—H'(V,H" (2,1, o _¢))® T,(C*®) to the subspace
H'(V,H (2,8 5(n%))). Then by the definition of x, the image of x, is
contained in H'(V, H(2, s (n%)))® To(C°. By choosing a suitable

embedding 7 into (C%, 0), hence by choosing a basis e, ..., es, of T,(C?®),
we can express by [1, Th.5.1]

s—1

Xn(5<ﬂ>al>:20 Ek’ Bj+k50(ﬂ + Biirs)e;
j=
s—1

Xn<9<ﬂ)82>:20 %.‘ B;+ksa<ﬂ +Bj+ks>ej
i=

where 2}’is the summation over the set of all £ with u + B, ,s&— (M *)*U{0}.
If Vin="Vu,, then 6(u)=0(u) in H'(V, H'(2, o (n%))), (6(u:)/u:)0;
= (0 (u2) /u2) 01, () /1) =(0(u)/u2)d, in H(V, H(2,05(n&))).
We notice the converse is true.

(4.3) Let u&—(M*)*. We call u internal if u=—aB;— bB;., for
some ¢, a(>0) and 6(>0). We call u i-extremal if u = — mB; for some m >
0 and «. We say that u is extremal if u is i-extremal for some 7. We define
wt u=wt(—yu). Take e€HW(V, H(2,0s(n%))) and write

§=2ues 0w (CW)a+Du)ay)

for a subset B of B(#n) and constants C(u), D(u). (See (1.7) for the
definition of B(#n).) We define

Eint=2en: interna 0 W) (C W) +DW)3y),

«’Eext:ZﬂeB; extremal 0<ﬂ><c<ﬂ>al+D(ﬂ>aZ>’

h(B)=max {wt (u)—b;; u(EB) i-extremal, 0<i<s—1}.
[E]"=2 ch wruzm 0 (Cw)a+D(u)ay),

[E1n = utnm 0 (CB+D ()3,

Take p, n,€H'(V, H" (9, 0o (n%))), n€H'(V, H (2, o (n€)))® T,
(C®), and suppose p=21, .5 Ew)0u), n=me+me+...+5s1es, for a
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subset of B of B(n). We define

[P]mzz,‘ea wtp=m EQu)0u),
[P1n=2,cB wtu=m E@WIOW),
[#1™=[m]"e+[m]™e+ ...+ [7s-1] 75
[(7]m=[m0]meos+[m]nert...+[7s 1] mes-1.
Let e}, ..., et be a dual basis of T,(C*)*= HomC(R(CS) C), then we
have 7,=(n, e%), [7,]"=Ux1" e, [n:]ln=Unln, €

LemMa (4. 4)  Suppose s=5, x.(&)=0, h(B)=0. Then
D Cw)=Dw)=0if u is internal and if wt u=h(B)+2,
2) Cu)=Du)=0if u is i-extremal (0=i<s—1) and if wt u=2h(B)+b:.

We consider C(u)=D(u)=0 if 4 is not contained in B.
For the proof of (4.4) we shall consider the following three cases
separately ;
Case 1. there is no consecutive subsequence b;, bji1, ..., bjssof b; (iEZ)
with b,=2 for j<k<j+s—3,
Case 2. b, =3, =2 for [#0, 1 mod s,
Case 3. b =3, =2 for [#+0 mod s.

We notice that we may take (b, ..., bs) for (b, bivi, ..., birs—1)
for any i by a cyclic permutation.

(4.5) Case 1. We shall prove, by induction on /(=h(B)+2) from
the above, E(1): C(u)=D(u)=0if g is internal and if wt u=1 En+1)
is clear. So we assume E(t) for t=[+1 to prove E(l). Suppose [=
h(B)+3. By (3.3) 1) and (3.4) 1), if —mB,EB, we have wt~(—mB;+
Biirs) <m—b+1<h(B)+1<1—2 for i+j, any m, and wt (—mB,+
Biiws) <m—b;<I—2 for k+0. Hence

Al) [xn<gext)]l_1:; mzzl (C(_ mBJ>BJ+D<— MBJ>B;>0<_ (m"‘1>B]>€J

By E(t) for t<1+1,

A2) [)Cn(fint)]L_IZXn<[§z‘nt]z>]z—1
—2 202 (C@>Bj+ks+D<ﬂ>B +ks>9<ﬂ+BJ+ks>eJ

J ku

where 32 is the summation for all 2 and g such that u€B, wt u=1 u is
internal and g+ By xs€— (M*)*U {0}, wt~(u+ Bjias)=1{—1. We have

A3> ([}Cn(‘f)]zﬂl, e’;>:([Xn<§ext>]l—l, ej’)"’([,’{n('gint)]l_l; et)
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=2 (C(—=mB)B;+D(—mB)B)o(—(m—-1B)

m=l

+kZ‘.2 (CW)Bjsrst D) Bjirs) 0 (u+ Biass).

Let @, >0, a+b=1Then the coefficient of (the equivalence class of)
6(—aB;,.,—(b—DB)) in ([x.(&)]"}, e3) is equal to

k23 (C@>Bj+ks+D(ﬂ>B;’+ks

where 3¢ is the summation for all # and g such that wt u=1[ u=—aB;—
BB;.€B forsomei (0i<s—1), a>0, 820, u+ Birss=—aBj_1:ns— (b—1)
B;..s for some 4. By (3.6) 2) and by ([x.(&)1°%, e%) =0, we have

A4> 0:23 (C([J)Bj+ks+D<ﬂ)BJ{+ks
= C("aBj_l‘— ij)Bj‘l"D(_aBj—l— bB.J)B.;

The coefficient of (the equivalence class of) #(—(a—1)B;—bB;;,) in
([x(&)]FY, e*) is equal to

A5> 0:24 (C(ﬂ)Bj+ks+D</l>BJ{+ks)
=C(—aB;— bB;..) Bi+ D(—aB;— bB;.,)Bj,

where 3¢ is the summation for all 2, u such that u €B, u+ Bjirs=—(a—1)
Bjins— bB;.1.ns for some h, wt g =1, u isinternal. Hence by substituting j —
1 for j, we have

A6) C(—aB;-1—bB;)B;_,+D(—aB;-,—bB;)B};_,=0.
Since [B;.,, B;]: =Bj..B,—B;_,B;+0, we infer from A4) and A6) that
C(—aB;.,—bB))=D(—aB;-,— bB;)=0 for a+b=[=h(B)+3.
This completes the proof of E(l) for (= h(B)+3.

Next consider the case [=h(B)+2. If u is i-extremal and u + Bj,xs=
—aB;_1i0s— (b—1)B;ins or —(a—1)B;yns— bBjs140s, a+b=1, then wt y=a+
b+b,—2 by (3.6). By the definition of Z(B), wt u—b;<h(B)=1[1—-2 for u
€B. Hence wtu=a+b+b;—2. Therefore by (3.6) 2) h=k=0, u=—
aB;_,— bB; or —aB;— bB;,, which is absurd. Therefore there is no extremal
u in B such that g + Bjiws=—aBj_140s— (b—1) Bjyps or— (a— 1) B;y ns— 0B 141,
a+b=1[ This implies that the coefficient of §(—(a—1)B;_,— bB;) or §(—
aB;— (b—1)B;,,) in (xn(&ext), €%) is equal to zero if a+ b=1[. This proves
E(h(B)+2) by the same argument as in the case where [=h(B)+3.

Next we shall show C(u)=D(u)=0 if i is i-extremal and if wt u=h
(B)+b:. We notice that this is clear from the definition of Z(B) if wt u =
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h(B)+b;+1. Solet m;=h(B)+b;, 0=:<s—1.
Suppose 2(B)>0. The coefficient of 6(—(m;—1)B;) in (x.(&), e%)
equals

A7) C(=mB)B,+D(—mB)B; (=0)

by (3.6) 1). The coefficient of §(—h(B)B;_,—B;_,) in (x,(&), e%) equals,
by 3.7 D),

AB) 0= 2 (CW)Bjirst+DW)Bjirs) + 2 (CU)Binst D) Biis)

uint

:O_I_C<—mj—lBj—1>Bj+D<_mj-lBj—1>B.;"

Substituting j for j—1, we have C(—wm;B;)B;.,+D(—m;B;)B.,=0.
From this and A7), we infer C(—wm,;B;) =D (—m;B;)=0.

Finally we consider the case Z(B)=0, m;=b;. First we assume that
there is no consecutive subsequence b;.,, bz, ..., birs3(=2) of b, (REZ).
Then by (3.6) 1)

A9 C(—m;B;)B;+D(—m;B;) B;=0.
By 3.7 D
A10) C(—m;B) B +D(—m;B)Bj,=0so C(—m;B;)=D(—m,;B;)=0.

If there is a consecutive subsequence b;,1, ..., birs3(=2) of b, (REZ),
we may assume that &y, b,, 5,23, b,=2 (3£j<s—1). Thenby (3.7) 1)-5)

Al C(=mB)B+D(—mB)B;+C(—B—B)B,+D(—B—Bs)B;=0,
Al12) C(—m;By) By +D(—m;B;)Bj.,=0 for j+1.

Hence by A9) and Al2) we have C(—wm;B;)=D(—m;B;,)=0 for j+1.
Since B+ Bs=B,+ By, or 2B, (3£k<s—1) according as s=2k—1, 2k—2,
we have C(—B,—Bs)=D(—B,—B;)=0 by E(2) or the above. Hence by
A9) and All) C(—mB)=D(—wmB,)=0. This completes the proof of (4.
4) in Case 1.

(4.6) Case 2. We consider the case b, b=3, ;=2 for 2<7<s—1.
We shall prove E (/) by induction on [(=h(B)+3). Assume E(¢) for t=
[4+1. Leta b6>0, a+b=1 mi=h(B)+b;. Then C(u)=D(u)=0 if x4 is
internal and wt u=/+1. And C(u)=D(u)=0if & is i-extremal and if wt~
u=m;+1. As is easily seen from (3.6) 2) and 3), the coefficients of §(—
aB;, ,—(b—1)B;), 6(—(a—1)B;—bB;,,) in (x.(&), e*%) are equal to

C<_aBj_1_ij)Bj+D<—aBj_1—ij>B; (]-#:1 or b>1>
B C<_aBo-Bl>Bl+D(_dBo_Bl>BH'C<_Bl—aBs>Bl+
D(—B,—aB;s)B] =1,b6=1
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and

C(—aB;— bB;.1) B;+ D (—aB;— bB;,,) B} (G#+0ora>1)
B2) { C(—B,—bB\) B+ D(—B,— bB,) B+ C(—bB,— B,) Bs +
D(—bB,—By) B (G=0,a=1

Hence

B3) C(—aB;-,—bB)B;+D(—aB;-,—bB;)B;=0
B4) C(—aB;-1,—bB))B;_,+D(—aB;.,—bB;)B;_,=0

for j#1. Hence C(—aB;,.,—bB,))=D(—aB;_,—bB;,)=0 for j#+1 mod s.
Since wt (B, +aBs) = wt(bB,+ Bs) = [ =3 and both B,+aB; and bB,+ B; are of
the form aB, +8B. (2<k<s) or aB, (2<k<s—1), C(—B —aBs)=
D(—B,—aBs)=C(—bB,—B;)=D(—bB,—Bs)=0. Hence C(—aB,—B)=
D(—aB,—B)=C(—B,—bB)=D(—B,—bB,)=0. By Bl) and B2) we
have C(—aBy—bB,)=D(—aBy,— bB,)=0 for a, b>1. This completes the
proof of E(l) for [Zh(B)+3.

Next consider the case [=h(B)+2. We shall show E(h(B)+2) and
that F : C(—m;B,))=D(—m;B;)=0 for any i. Suppose first 2(B)>0. The
coefficient of §(—aB;,_.1—(b—1)B;) and 8(—(a—1)B;.,—bB;) are the same
as in B1) and B2) where [=Zh(B)+3. Hence

B5) C(—aB;-i,—bB;))=D(—aB;-,—bB;)=0

if j7#lorif jJ=1and a, b>1, a+b=1 Next the coefficient of § (— (m;—1)
B;) in (x.(&), €3) is by (3.6)

B6) C(—m;B;))B;+D(—m;B;)B;.

The coefficients of 8(—h(B)B;.,—B;_,) and 6(—h(B)B;.,—B;;,) in
(x2(&), e%) are equal respectively to

C(_ mj_lBj_1>Bj‘+'D<_ Mj_lBj_1>B_;' (jil)
B7) { C(—=meBo) Bi+ D (—myBy) Bi+ C(— B, —Bs-y— h(B)Bs) B +

D(—B,—Bs..—h(B)B;)B| U=D

and
C (—my1Biv) Bi+ D (— mj By ) B G+

B8 { C(—=mB)B,+D(—mB,) B+ C(—h(B)B —B,— Bs) Bs +
D(—h(B)B,—B,—Bs)Bj =0

hence we have

B9 C(—mB)B;.+D(—m;B,)B;.,,=0 (G+0)
Bl()) C(—mJBJ>BJ—1+D<_WlJBJ>B,_1:O (]il)
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Bll) C<—mJBJ>B_,+D<—‘mJBJ)B;:O (fOr any ])

Therefore C(—m;B;) =D (—m;B;)=0 for any j. Hence by B5)

C(—B —aBy)=D(—B,—aBs)=C(—bB,—Bs)=D(—bB,— B;)=0. Hence
by the coefficients of #(—aB;-,) and 6(—bB;.,) in (x.(&), e}) we have
C(—aB,—B)=D(—aB,—B)=C(—B,—bB))=D(—B,— bB,)=0 for a=b=
/—1. Hence the proof of E(h(B)+2) and F is complete.

We consider the case #(B)=0, /[=2. Since we need no essential change
of the previous proof, we shall give an outline of our proof. First we can
show C(—B;_,—B;)=D(—B;_;—B;)=01for j#1. From the coefficients of 6
(=Bj—2) and 6(—B;;,) in (x.(&), e3) we infer

B12) C(—m,_,B,_.))B;+D(—m,;,_,B;_\)B;=0 (=+1, 2)

B13) C(—m;Bix1) Bi+D(—m; By )B;=0 (+—1, 0), hence
C(—m;B) B+ D(—=m;B)B ;1. =C(—m;B)B, 1+ D(—m;B;))B ., =
for 7#0, 1.

Hence C(—m;B;))=D(—m;B;)=0 for j+0, 1. Since B+ Bs=B:..+B.
or 2B, according as s=2k—2, 2k—1, we have C(—B,—B,)=D(—B,—B;)
=0. Then by the coefficient of (—B;_,) or 8(—B;.1) in (x3.(&), e%), we
have C(—B,—B)=D(—B,—B,)=0. Then by B6), B7) and B8) we have
C(—mBy,)=D(—mB,)=C(—mB)=D(—mB,)=0. This completes the
proof of E(2) and F'.

(4.7) Cast 3. Finally we consider the case 5,=3, ;=2 for 1<;<s—
1. We shall prove E(I) for {=h(B)+3 by the induction on /. Assume E
(t) fort=[/+1toproveE(l). Leta b>0, at+b=1[ m=h(B)+b (0<i<
s—1). We notice that C(u)=D(u) =0 if x4 is i-extremal and if wt u =m;+
1. By the coefficients of §(—aB;.,—(b—1)B;) and 6(—(a—1)B;—bB;.1)
we have

Cl) C(—aB;.,—bB)B;+D(—aB;.,—bB;)B;=0 (+1, sor j=1, b>1)

C2) CC—aBs—l_st>Bs+D(_aBs—l"‘st>B;+'C<—Bo_aBs—l"‘(b_1>Bs>
By+D(—B,—aBs.,—(b—1)By)Bi=0 (U=s)

C3) C(—aB—B)B+D(—aB,—B)Bi +C(—B —aBs) B+ D(— B —aBs)

Bi=0 (U=b=D

and

C4) C(—aB;—bB;s)B;+D(—aB;—bB;.,)B;=0 (+0, s—1 or j=s—1,
a>1)

C5 C(—aB,—bB)B,+D(—aB,—bB)B;+C(—B;—(a—1)B,—bB)Bs+D
(=Bs—(@a—DB,—bB)B=0 (=0



Infinitesimal Deformations of Cusp Singularities a1

C6) C(—Bs.,—bBs)Bs1+D(—Bs-,—bBs)Bs., + C(—bBy— Bs_1)Bs_1 +D
(=bBy—Bs-1)Bs.,=0 (=s—1, a=1)

Hence

C7) C<_dBj_1_ij)Bj_]+D<_aBj_1“ij>B;_1:0 (]il, S, Or j:S, a>
1.

Hence C(—aB;.,—bB;)=D(—aB;.,—bB;)=0 for 7+0, 1 mod s. By
substituting 6=11in C2) we have, from C(—By,—aBs_,) =D(— B,—aBs_,) =0,

C8> CC_aBs—l_Bs>Bs+D<_aBs—1—“Bs>B,;:0.

By C1) and C4) C(—aBs..—Bs)=D(—aBs.,—Bs)=0 for a=[—-1>1.
We consider E*(b") : C(—a’'Bs-y—b'Bs)=D(—a'Bs_,—b'B;) =0 where a'+
b'=1 a, b’>0. We assume E*(b") for any 4'< b and prove E*(b) for 1<
b<1—-2. By C2) and C7) we have

C9 C(—aBs.i1—bBs)Bs+D(—aB;_,— bBs)Bs=0.

Hence by C4) for a>1, C(—aBs.,—bB;)=D(—aBs_,—bBs;)=0. This
completes the proof of E*(b) for 6</—2. Similarly

C10) C(—aBy,—bB)=D(—aBy,—bB,)=0 for a+b=1, a>0, 6>1.
So we infer from C2), C3), C5) and C6)

C(—U-DB,—B)B+D(—{U-1DB—B)Bi=0
C(—(U-1DB—B)B,+D(—{U-1DB,—B)B;=0
C(=Bss—(U—=DBy)Bs+D(—Bs-., —(I-1)Bo) Bs=0,
C(—=Bs.i,— (-1 By)Bs-1+ D(—=Bs-,— (=1 By) B, =0.

Hence C(u)=Du)=0 for uy=—({U—-1)B,—B, or —B;_.,—({—1)Bs. This
completes the proof of E(l) for [=h(B)+3.

Next we consider the case [=h(B)+2, h(B)>0. We shall prove
E(h(B)+2) and F : C(—m;B;))=D(—m;B;)=0. In the same way as in
Cases 1 and 2 we have

Cll) C<—Mij>Bj+D<—leBj>BJ,':O (ji())

C12) C(—=myBy)By+D(—myBy)Bi+ C(—(mo—1)By— Bs) Bs+
D(—(my—1DB,—Bs)Bi+ C(—(m—1)B;— B)) B, +
D(—(my—1)Bs—B,)B¢=0

C13) C(—m;-,B;-1) Bi+ D(—m,;_.B;-,) B;=0 U=*1, s)

Cl14) C(_ms—lBs—1>Bs+D<_ms—lBs—1>B s+ C(=By—Bs_,—h(B)Bs-,) B+
D(—By—Bs »—h(B)Bs-1)B;=0

C15) C(—=mB)B+D(—mB)Bi+C(—B—Bs.,—h(B)Bs)B+
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D(—B—Bs.,—h(B)B;)B1=0,

C16) C(—m;1Bs1)Bi+D(—m; B )B;=0 U=#1, 0)

C1D) C(—mB)B,+D(—mB,)Bo+ C(—h(B)B —B,— B;) Bs+
D(—h(B)B—B,—B;)B;=0

C18) C(—=mBy)B.,+D(—mB)B" 1+ C(—h(B)By—B,—Bs1)Bs-1 +
D(_h<B>B0—B1—Bsﬂ)Bls—l:O.

Hence by C11) C13) and C16) C(—wm;B;)=D(—m;B;)=0 for j+0. In
the same way as in Cases 1, 2 we infer also C(—aB;.,—bB;)=D(—aB;_,—
bB;)=0for a+b=1 a b>0, j#+1, s. So in the same way as in the case /=
h(B)+3 we have C(—aB;_,—bB;)=D(—aB;_.,—bB;)=0 for a+b=1, a, b>
0, 7=1, s. By C12) and C15) we have C(—myB,)=D(—myB,)=0. Thus
the proof of E(h(B)+2) and F is complete if 2(B)>0.

Finally consider the case #(B)=0, [=2. It is easy to see C(—B;_.,—
B)=D(—B;_.,—B;)=0 (J#1, s), C(—2B,)=D(—2B,)=0 (k+0, 1, s—1).
We prove C(u)=Du)=0 for u=-2Bs,, —bBy, —2B,, —B— B, —
Bs_,—Bs. We have C2) a=b=1, C3) a=1, C5 a=b6=1, C6) b=1, Cl11),
C12), C14), C15), C17) and C18) where m,=m,_,=2. By C2), C6) with
a=b=1wehave C(—Bs.,—B;)=D(—Bs.;,—B;)=0. By C3), C5) with a=
b=1wehave C(—B,—B)=D(—B—B)=0. ByCll) j=1, C17) we have
C(-2B)=D(—-2B)=0. By Cl11), C14) we have C(—2Bs.,)=D(—
2Bs.,)=0. Finally by C12), C15) C(—wmyB,)=D(—myB,)=0. Thus we
complete the proof of E(2) and F.

(4.8) Proof of (4.1). In (4.5)-(4.7) we have proved
(4. 4). (4.4) implies that if 2(B) >0, then & is expressed as a linear
combination 2}, 5 (C(u)8(u)o,+ D (u)6(u)3.) with a finite subset B’ of B
(n), strictly smaller than B. If #(B") >0, then we can apply (4.4)
again. Exentually we obtain B” with 2(B”)<0. If h(B”)<0, then by
adding — b,B; to B” we may assume that #(B”)=0. Then by 4. 4
we have C(u)=D(u)=0 for all internal x, because any internal x4 has wt~
u=2. By (4.4) we also have C(—mB;)=D(—mB;)=0 for m=b;.
So we can write

&E=2, Zjb (C(=mB)8(—mB;)o+D(—mB;)§(—mB;),).
J m ;i
Then by the expression of x,(&...) in (4.5) for /=1, we derive
C(—mB;)B;+D(—mB;) B;=0 for any j and m <b,;. This shows that Ker y
is generated by ¢;; (1=:<5,—1, 0=<7<s—1).
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§5 The cases 1<s<4.

(5.1) In the cases 1<s<4, the cusp singularity 7" is a complete
intersection singularity of embedding dimension 3 (s<3) or 4 (s=4).
Their defining equations are known explicitly ;

Trar: xP+y34+2"—xyz2=0 (s<3)
Opgre: xP+2"—yw=y"4wi—xz=0 (s=4).

We notice that by [6], T is isomorphic to I, . iff (p, q, 7, t) = (b, b,
b2, b). By a well known formula [9] dim 7'=dim Ext' (Q}, 7 ,)=p+
q+7r—2, pt+qg+r+t—2 respectively. Hence in order to describe T!, we
suffice to find (p+qg+7r—2) or (p+q+r+¢—2) linearly independent
elements in Ker x. This is an easier way to describe T than doing in the
same way as in § 4.

3
THEOREM (5.2)  Suppose s=4. Then dim T is equal to ZO (b;—1)+2.
F

A basis of T' is given by 6,;:=60(—iB))¢; (1<i<bh,—1, 0<7<3) and
0(—boBy) 6o+ 60(— b,B:) 6, 9(“‘[7131)61‘*‘0(_@33)63 where 6j:B;’al_Bjaz-

Proor. Let& (9( boBo)(Yo‘}—@( szz>§2 ");-2 0( ble>§1+0< bsBa)d\%
Then we have by (3.8),

x(£1>:6<_bOBO+B1>[BO, Bl]‘Jr‘a(“szz-i'Bl)[Bz, BlDel
+(0(—bBy+B- D[ By, B, ]+6(— 0B+ B)[ B, Bi])es

76(‘5:2): <6<_b1B1+BZ>[Bl’ Bz]+0<_bsBs+Bz)[Ba, Bz])ez
+<0(_blBl+BO>[Bl, Bo])"‘a(_ba&‘{‘BO[B% B4D€0

where [A, B]=A'B—AB’. Since |[B,, B]=[—B+bB,, Bl=—[B, B],
[Bx, Beii]=[By, B] for any k, [A, B]=—[B A], 6(—B.))=6(—B,).
6(—B)=60(—B,) in H'(V, H(2, 0y(n%)) for n=1, we have x(&)=y
(&2)=0. It is clear from (1.10) that &,, & and ¢;, are linearly indepe-
ndent. g. e. d.

TueoreM (5.3)  Suppose that s=3. Then dim T'=b+b+b+1. A
basis of T is given by 6;;: =0(—iB;)d; (1<i<bh;—1),

e :é 0(—(b;+1)B,)o; (if by, b=3 or bh=4)
2

2 6(=(b;+ 1B —20(=B—B)(6+6) (if (b, by, b)=

(3 2,2))
Cj' _€< bB>§ +0( _7+1 j+2><§j+l+é\j+2) 0:01 1’ 2)
where 6;= B0, — B;0,.
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Proor. By (3.9) 4., is contained in Ker x. Let p=5b+1, g=b+1,
r=b,+1. Thenif (p,q, r)=04,3,3), by (3.9

X(C):0<—4B<>+Bz>[Bo, Bz]€z+0<_4Bo+B_2>[Bo, B_z]el
+0<—4BO+BI>[E), Bl]el+0(_4BO+B—l>[BO, B—l]eZ
+6(—=3B,+B)[ B, B)]le;+6(—=3B,+B)[ B, B]e,
+0(=3B:+B)[B,, Bi]ley+6(—3B,+B)[ B, B]e
+0(=3B,+B)[ B, Bileo+0(—3B,+ B[ B, B]e
_20(_Bl>[B1, 32]82—29<_Bz>[32, Bl]elzo

If p, g=4 or p=5, then

x(§)=6(=pB+B)[ B, Ble+6(—pBt+B-)[ B, B-i]e
+0(_qu+BZ>[Bl, Bz]ez+0<—qu+Bo>[Bl, Bo]eo
+0(—rB.+B)[ B, B:]e,+6(—vB+B)[B:, Bi]e;=0

Similarly by (3.9) x(&)=0. qg. e. d.
(5.4) In the cases s=1 and 2, we define

s=1) Gr=2Bs.1+Bx, Grar=Bs1+ B, Gria=D5, (kEZ)
$s=2) Gr=Bu1+ B, CGrir=5Br, Griz=Bu (REZ).

We also define a homomorphism y of H'(V, H(Z, @@(n?f))) into
H'(V,H"(2, %2 (n%)))* by

% (CGO0GOB+D 0w =2 5 (CG)Croant D) Chuss)
6 (u+ Cise)e;

where y €B(n), Zk)’ is the summation for all 2 such that u+ Cj.s,e— (M *)*
U{0}. By [1,7] the space T" is Ker y.

TueoreM (5.5)  Suppose s=2. ThendimT'=b,+ b, +4. A basis of T
is given by

di; + =60(—1iB)d; 7=0, 1, 1=iZ);

& : =0(—(bt2)B)d+0(—(0+2)B)&+60(—2B.,—2B)
(01+ 00)+0(—2B,—2B,) (& + )

Co : :H<_B—1—BO)<60+6\—1>+6<_BO_—B1>(60+§1>

& =0(—(b+DB)e+0(—2B—B)(28:+3d)+
6(— B,—2B,)(d+26,)

& 1 =0(—(h+1D)B)6+0(—B —2B,)(6,+28,)+

6 (—2B,— B,)(260+61)
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where é\j = B;al — Bjaz .

TueorREM (5.6)  Suppose s=1. Then dim T'=b+7. Let b=b,, &=
B’a,— B;a, and suppose b=4. Then a basis of T' is given by

S =0(—B.,—B) (014 6),
Si2 1 =0(—iB)d& (1=i<b+1)
6(—(b+2)B)do+6(—2B.,—2By) (-1 +6) (=b+2)
& : =6(—2B.,—B)(28.,+8)+6(—B.,—2B,)(6-,+28&)
& : =6(—2B.,—2B)(0-14+%)+6(—3B,— B,)(3d+3d)+
6 (— By—3B,)(d+36)
& =0(—(b+3)By) o+ 60(—3B,—2B,)(38+26,)+

6(—2B,—3B))(28+36,) 426 (—4By— B,) (4 o+ 1) +
20(—By,—4B,)(&+46))

& : =0(—(+HB)dt+8(—3B—3B)(d+d)+
(—4B,—2B,)(280+01) +6(—2B,—4B,) (&h+201) +
5<_580—B1>(5§0—|—§1>+0('—30—531)(()\0-{—56‘])+
9(5\17,46(_GBO> (yo

where 6,,=0 (b+4), 1(b=4).

Theorems (5.5) and (5.6) are proved in the same manner as (4.1), (5.
2) and (5.3). We notice that §(—aB;.s— bBi.is)01.s=60(—aB;— bB,)d, for
any J, k, [. We were unable to find a basis of T in the case s=1, b=050=3.
In this case 8,1, 62, (1=<i<b+2) &, & and &+146(—5B8,)4d, are contained
in Ker x and they are linearly independent. It remains to find & such that x

(&+&)=0.

CoNJECTURE. There is a natural way to relate the bases in (5.2) and
(5.3) and the deformations of I, . and T, - given by

p—1 oor=1 .
xP+ 2"+ _21 Uo, ;%°+ _21 Wy, ;2" — yw+ u, =0,
i= j=
g—1 o1 .
yq+ wi+ 21 u1,jyj+ 21 u3,jwj—“xz + 7/02:0
j= i=
and

p—2 . q—2 o or=2 .
xp+yq+ 2"+ 21 Uo,jxj+ 21 Ul,jy']‘{’ 21 Vs, jZJ
1= J= J=
+uo(xP +y2) + o T+ uwx) 0, (2T Hay) —xyz + 0 =0
where T, ;. is perhaps to be excluded. (Compare [7,8].)
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