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In the present paper we shall study Martin or $N- Martin’ s^{1),2)}$ boundary
points of domains in the $z$-plane of some typical types.

\S 1. Domain $\Omega$ . Let $\Omega$ be the domain such that

$\Omega=|/\backslash z|<1^{\mathfrak{l}},-F$,

where $F$ is a closed set in { $|z|\leqq 1$ , $|$ arg $z| \geqq\frac{\pi}{2}($, and $F\ni_{1}j$ $z$ $--0$ }. Let $G(z$,

$p)$ : $p\in\Omega$ be a Green function. Put $K(z, p)= \frac{G(z,p)}{G(p_{0},p)}$ : $p_{)}=\{z=_{\frac{1}{2}/}^{1}$ . Let
$\prime p_{?/}^{1}\backslash$ be a divergent sequence in $\Omega$ such that $K(z, p_{i})$ converges uniformly to
an HP (a positive harmonic function) $U(z)$ . Put $U(z)=K(z, p)$ and we
say { $p_{i/}^{1}$ determines a boundary point $p$ . Denote by $\Delta$ the set of boundary
poists and put $\overline{\Omega}=\Omega+\Delta$ . Let $pl$ and $p_{2}$ . Then the Martin’s distance between
$p_{1}$ and $p_{2}$ is given as

$di_{S}^{M}t(p_{1}, p_{2})=\sup_{z\in r}|\frac{K(z,p_{1})}{1+K(z,p_{1})}-\frac{K(z,p_{2})}{1+K(z,p_{2})}|$ ,

where $\Gamma=\{|z-\frac{1}{2}|=\frac{1}{32}\}$ .

The Martin’s topology is introduced by this metric on $\overline{\Omega}$ . We shall prove

THEOREM 1. Let $\Omega$ be the domain. Let { $p_{\dot{\tau}/}^{1}$ be a sequence in $\{|\arg z|$

$< \frac{\pi}{2}-\delta\}$ with $p_{i}arrow z=0$ . Then $K(z, p_{i})$ tends to a uniquely determined

minimal function $K(z, q)$ for any $/\iota 0<\delta<_{\frac{\pi}{2}1}^{1}$ , $i$. $e$ .

sup $(d^{M}ist(z, q)$ on $\backslash /|z|\leqq\frac{1}{n}$ , $|$ arg $z|< \frac{\pi}{2}-\delta^{(},arrow 0$ as $narrow\infty$ .

We use often solutions of Dirichlet problems and H. M. (harmonic

measure) of $A$ . We denote by $H_{U}^{G}$ the solution of the Dirichlet problem in
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$G$ with boundary value $U$ on $\partial G+\Delta$ . If $U=1$ on $A$ and $=0$ elsewhere, we
call $H_{U}^{G}$ the H. M. of $A$ denoted by $W(A, z, G)$ .

LEMMA 1. 1). Let $S_{a}=_{\mathfrak{l}}^{j}$ Re $z=0$ , $|$ Im $z|\leqq a$ , and let $F$ be a continuum
tending to $z=\infty$ in the $z$ -plane such that $F\cap S_{a}=0$ . Let $\mathfrak{M}$ be the module of
the complementary set $G$ of $F+S_{a}$ . Then there exists an increasing function
$\Psi(9J\})$ of $9J1$ such that

dist $(F, S_{a})\geqq a\Psi(\mathfrak{R}?)$ ,

where $\mathfrak{R}l$ $= \frac{1}{D(V(z))}$ and $V(z)$ is an $HB$ (a positive bounded harmonic

function) in $G$ such that $V(z)=0$ on $S_{a}$

$,$

$=1$ on $F$ and has an M. D. $I$.
(minimal Dirichlet integral).
2). Let $T$ be an arc on $|z|=1$ containing $z=-1$ , symmetric relative to
Im $z=0$ and $T$ has length $2m$, where $m\leqq m_{1}<\pi$ . Let $F$ be a continuum in
$|z|\leqq 1$ containing $z=1$ . If there exists an $HB$ in { $|z|<1_{)}-F$ such that
$V(z)=0$

on $T,$ $=1$ on $F$ and $D(V(z))<M<\infty$ , then there exist functions $\theta(m)$

and $L(M, m_{1})$ such that

dist(F. $T$ )
$\geqq\frac{2\theta(m)\Psi(\frac{1}{2M})}{L(M,m_{1})}$

,

where $\theta(m)=\frac{\sin m}{1+\cos m}$ , $L(M, m_{1})$ is a function of $M$ and $m_{1}$ $and<\infty$

for $m_{I}<\pi$ and $0<M<\infty$ .

PROOF of 1). We denote the module of the complementary set of $F+$

$S_{a}$ by $\mathfrak{R}1(F, S_{a})$ . By $\xi=\frac{z}{ia}$ ,

$S_{a}arrow S=$ ( $|$ Re $\xi|\leqq 1$ , ${\rm Im}=0$) in the $\xi$ -plane.

Map the complementary set of $S$ onto { $|w|>1^{(}$, by

$w=g(\xi)=\xi+\sqrt{\xi^{2}-1}$ : $\xi=\frac{1}{2}(w+\frac{1}{w})$ .

Then $VJl(F, S_{a})=\mathfrak{J}J?(F_{\xi}, S)=\mathfrak{R}?(F_{w}, C)$ , where $F_{w}=g(F_{\xi})$ , $F_{\xi}$ is the image
of $F$ and $C=\backslash /|w|<1_{j}^{1}$ . Then by Gr\"otsch’s theorem there exists an
increasing function $\Phi(\mathfrak{M})$ of $\mathfrak{M}$ such that

$F_{w}\subset/\backslash |w|\geqq 1+\Phi(\mathfrak{R}l)\}$

and dist $( F_{w}, C)=\Phi(\mathfrak{R}?)$ is attained if and only if $F_{w}$ is a ray:
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$F_{ll’}=$ { $1+\Phi(\mathfrak{R}?)\leqq|w|\leqq\infty$ , arg $w=const$ .}.

Put $R=1+\Phi(\mathfrak{R}?)$ and let $\mathfrak{L}$ $(R)$ be the image in the $\xi$-plane of { $|w|=R^{\mathfrak{l}}$, :
Then $F_{\xi}$ is outside of $\mathfrak{L}(R)$ , $i$ . $e$ .

dist $(F_{\xi}, S)\geqq dist(\mathfrak{L}(R), S)$ .

Hence it is sufficient to investigate the behaviour of $\mathfrak{L}(R)$ . Now $\mathfrak{L}(R)$ is
given as

$\frac{1}{2}(R+\frac{1}{R})\cos\theta+\frac{i}{2}(R-\frac{1}{R})\sin\theta$ : $0\leqq\theta\leqq 2\pi$ , $w=Re^{i\theta}$ .

Put $\xi(R, \theta)=g^{-1}(w)$ : $w=Re^{i\theta}$ and $\beta(\theta)=dist(\xi(R, \theta),$ $S)$ .

Then, Case 1. $|$ Re $(\xi(R, \theta))|\leqq 1$ . In this case

$\beta(\theta)=\frac{1}{2}(R-\frac{1}{R})|\sin\theta|$ .

Case 2. $|$ Re $(\xi(R, \theta))|>1$ . Then

$\beta(\theta)=[(\frac{1}{2}(R-\frac{1}{R})\sin\theta)^{2}+_{1}^{j}\frac{1}{2}(R+\frac{1}{R})\cos\theta-1^{\iota 2},]^{\frac{1}{2}}$

Put $\alpha=\beta(0)$ , $i$ . $e$ . $\alpha=\frac{1}{2}(R+\frac{1}{R})-1$ . We.have only to study for $0 \leqq\theta\leqq\frac{\pi}{2}$ .

Case 1. Let $\theta_{0}$ be the $\theta$ such that Re $(\xi(R, \theta_{0}))=1$ .

Then cos $\theta_{0}=\frac{2R}{1+R^{2}}$ and sin $\theta_{0}=\frac{R^{2}-1}{R^{2}+1}$ . Now

$\beta(\theta_{0})-\alpha=\frac{(R-1)^{2}}{1+R^{2}}\geqq 0$ .

Since $\beta(\theta)$ is increasing for $\theta_{0}\leqq\theta\leqq\frac{\pi}{2}$ , $\beta(\theta)\geqq\alpha$ for $\theta_{0}\leqq\theta\leqq\frac{\pi}{2}$ .

Case 2. In this case

$\beta^{2}(\theta)-\alpha^{2}=$ ( $1-$ cos $\theta$ ) { $( \frac{1}{R}+R-2)+(1-$ cos $\theta)$ } $\geqq 0$ .

Hence dist(2(#), S) $)= \alpha=\frac{1}{2}(R+\frac{1}{R})-1$ . Let $\Psi(\mathfrak{M})=\alpha$ . Then since $R=$

$1+\Phi(\mathfrak{R}?)$ ,

$\Psi(\backslash JJ?)=\frac{\Phi(\mathfrak{R}\uparrow)^{2}}{2(1+\Phi(\mathfrak{M}))}$ .
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Consider $F$ in the $z$ -plane. Then $\Psi(\mathfrak{R}?)$ is the required function and we have
Lemma 1. 1)

PROOF of 2). Map { $|z|<1^{(}$, by $\xi=g(z)=\frac{1+z}{1+z}$ onto $|$ arg $\xi|<\frac{\pi}{2}$ .

Then

$Tarrow S_{a}=$ { Re $\xi=0,|$ Im $\xi|\leqq a$ }.

By brief computation we have $a= \frac{\sin m}{1+\cos m}<\frac{\sin m_{J}}{1+\cos m_{1}}=N(m_{1})<\infty$ by

$m_{1}<\pi$ . Put $\theta(m)=\frac{\sin m}{1+\cos m}$ . Then $\theta(m)\nearrow$ as $m\nearrow$ . Now $\theta(m)\leqq$

$N(m_{1})<\infty$ . Let $\hat{F}_{\xi}$ be the symmetric image of $g(F)=F_{\xi}$ relative to $|$ arg $\xi|$

$= \frac{\pi}{2}$ . Let $V^{*}(z)$ be an HB in $\{|z|<1\}-F$ such that $V(z)=V^{*}(z)$ on

$F+T$ and has M. D. I. Then $\frac{\partial}{\partial n}V^{*}(z)=0$ on $\{|z|=1\}-T-F$ and

$D$ $( V^{*}(z))\leqq M$. Put $V^{*}(\xi)=V^{*}(g^{-1}(\xi))$ . We extend $V^{*}(\xi)$ into $|$ arg $\xi|$

$\geqq\frac{\pi}{2}$ so that $V^{*}(\hat{\xi})=V^{*}(\xi)$ , where $\hat{\xi}$ is the symmetric point of $\xi$ relative to

$| \arg\xi|=\frac{\pi}{2}$ . Then the module of $\{|\xi|<\infty\}-F_{\xi}-\hat{F}_{\xi}-S_{a}\geqq\frac{1}{2M}$ , where $\hat{F}_{\xi}$

is the symmetric image of $F_{\text{\’{e}}}$ . Hence by 1)

dist $( S_{a}, F_{\xi}+\hat{F}_{\xi})\geqq(\frac{\sin m}{1+\cos m})\Psi(\frac{1}{2M})=\lambda(m, M)$ .

Let $J=$ { $\xi$ : dist( $S_{a}$ , $\xi)<\lambda(m,$ $M)$ }. Then $J\cap(F_{\xi}+\hat{F}_{\xi})=0$ .

Let $J_{z}$ be the image of $J$ and let $d=dist(T, \partial J_{z})$ .

Then there exists a straight $\Lambda$ of length $d$ connecting a point $z_{0}\in T$ and a
point $q\in\partial J_{z}$ . Assume $\Lambda\not\subset J_{z}+\partial J_{z}$ . Then there exists at least one inner
point $q’(\neq q)$ of $\Lambda$ such that $q’\in\partial J_{z}$ . This means dist(T, $\partial J_{z}$) $<d$. This is a

contradiction. Hence $\Lambda\subset J_{z}+\partial J_{z}$ . Let $\Lambda_{\xi}$ be the image of $\Lambda$ by $\xi=\frac{1+z}{1-z}$ .

Then $\Lambda_{\xi}\subset\overline{J}and\Lambda_{\xi}$ connects a point $\xi_{0}\in S_{a}$ and a point $q_{\xi}$ on $\partial J$. By $z= \frac{\xi-1}{1+\xi}$

$d= \int_{\Lambda_{\xi}}|\frac{dz}{d\xi}|d\xi=\int_{\Lambda_{\xi}}\frac{2}{|1+\xi|^{2}}d\xi$ .

$\Lambda_{\xi}\subset\overline{J}$ implies $|\xi|\leqq\theta(m)\Psi$ $( \frac{1}{2M})+\theta(m)$ in $\overline{J}$ and
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$|1+ \xi|^{2}\leqq_{1}^{\mathfrak{l}}1+\theta(m)(1+\Psi(\frac{1}{2M}))_{/}^{\mathfrak{l}2}\leqq\{1+\theta(m_{1})(1+\Psi(\frac{1}{2M}))t/2$ .

Let $L(m_{1_{I}}M)=^{1}1 \backslash +\theta(m_{1})(1+\Psi (\frac{1}{2M}))\}^{2}$ . Then

$d \geqq\frac{2\theta(m)\Psi(\frac{1}{2M})}{L(m_{1},M)}$

.

We see at once $L(m_{1_{J}}M)<\infty$ for $m_{1}<\pi$ and $0<M<\infty$ . Hence

dist $( T, F)\geqq dist( T, \partial J_{z})\geqq d$.

Thus $\theta(m)$ and $L(m_{1}, M)$ are the functions required and we have 2).

LEMMA 2. Let $D_{r}$ be a domain such that
$D_{r}=\{1<|z|<r, |\arg z|<\theta\}$ : $r\geqq 4$ , $\theta\leqq\pi$ . Let $U(z)$ be an $HP$ in

$D_{r}$ such that $U(z)=0$ on $|z|=r$. Then there exists a const. $t_{1}$ depending on $\theta$

and $\delta$ but not $r$ such that

$\frac{1}{t_{1}}<\frac{U(z_{1})}{U(z_{2})}<t_{1\prime}$

where $2<|z_{1}|=|z_{2}|<r$, $|$ arg $z_{l}|$ and $|$ arg $z_{2}|\leqq\theta-\delta:0<\delta<\theta$ .

1
$\frac{\partial}{\partial n}U(z_{1})$

$\overline{t_{1}}<\frac{\partial}{\partial n}U(z_{2})<t_{1}$

: $|z_{i}|=r$, $|$ arg $z_{1}|$ $|$ arg $z_{2}|\leqq\theta-\delta$.

PROOF. Let $z_{\iota}$ and $z_{2}$ be points such that $|z_{1}|=|z_{2}|$ , $|$ arg $z_{1}|$ , $|$ arg $z_{2}|<$

$\theta-\delta$. We can suppose without loss of generality

arg $z_{1}=\phi 1\leqq\phi_{2}=\arg z_{2}$ and $\phi_{0}=\frac{\phi_{1}+\phi_{2}}{2}\geqq 0$ .

Let $D’=_{1}^{j}1<|z|<r$, $\phi_{1}-\delta<\arg z<\phi_{2}+\delta^{(},$ . Then $D’\subset D$. Let

$F= \{\frac{3r}{4}\leqq|z|\leqq r, \phi_{1}\leqq\arg z\leqq\phi_{2}\}$ .

By the mapping $\xi=\frac{z}{r}$ , $D_{r}arrow D_{\xi}$ and $D’arrow D_{\xi}’$ . $N$ow

$\partial D_{\xi}’=C_{\frac{1}{r}}+L_{1}+C_{1}+L_{2}$ ,

where
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$C_{\frac{1}{r}}= \{|\xi|=\frac{1}{r}$ , $\phi_{1}-\delta\leqq\arg\xi\leqq\phi_{2}+\delta^{(}$,

$L_{1}=_{1}^{j} \frac{1}{r}\leqq|\xi|<1$ , arg $\xi=\phi_{1}-\delta$ },

$C_{1}=\{|\xi|=1, \phi_{1}-\delta\leqq\arg\xi\leqq\phi_{2}+\delta\}$

$L_{2}=$ { $\frac{1}{r}\leqq|\xi|\leqq 1$ , arg $\xi=\phi_{2}+\delta$ }

Put $\xi_{0}=\frac{1}{2}e^{i\phi_{0}}$ and $T_{\xi}=L_{1}+C_{\frac{1}{r}}+L_{2}$ . We map

$D_{\xi}’arrow onto_{\iota}^{j}|\eta|<1^{\iota}$, by $\eta=g(\xi)$ ,

so that $\xi_{0}arrow\eta=0$ , { arg $\xi=\phi_{0}$ } $arrow\{{\rm Im}\eta=0\}$ . Then $g( \frac{z_{1}}{r})$ and $g( \frac{z_{2}}{r})$ are
symmetric relative to $j\backslash$ Im $\eta=0$ }. Let $T=g(T_{\xi})$ . We shall estimate the
length of $T$. Then the length of $T=2\pi W$ $( T_{\xi}, \xi_{0}, D_{\text{\’{e}}}’)$ . Clearly
$W$ $( T_{\xi}, \xi_{0}, D_{\xi}’)\downarrow asr\uparrow and\downarrow asD_{\xi}’\uparrow$ Hence

length of $T\geqq 2\pi W$ $( T_{\infty} , \frac{1}{2}, D_{\xi}^{\infty})=2m_{0}$ , (1)

where $T_{\infty}=$ { $0\leqq|\xi|\leqq 1$ , arg $\xi=\theta$ } $+\{0\leqq|\xi|\leqq 1$ , arg $\xi=-\theta^{(}$, and $D_{\xi}^{\infty}=\{0<$

$|\xi|<1$ , $|$ arg $\xi|<\theta$ }. Evidently $m_{0}$ depends on $\theta$ but not on $r$ and $\delta$ . Also

length of $T\leqq 2\pi W$ ( $T_{\frac{1}{4}}$ , $\frac{1}{2}$ , $D’\gamma=2m_{1}$ , (2)

where $T_{\frac{1}{4}}= \{\frac{1}{4}\leqq|\xi|\leqq 1$ , arg $\xi=-\delta^{(},+$ { $| \xi|=\frac{1}{4}$ , $|$ arg $\xi|\leqq\delta$ } $+ \{\frac{1}{4}\leqq|\xi|\leqq$

$1$ , arg $\xi=\delta$ } and $D^{rr}= \{\frac{1}{4}<|\xi|<1$ , $|$ arg $\xi|<\delta^{\mathfrak{l}},$ , and $m_{1}$ depends on only $\delta$ .

Let $G_{\delta}= \{\frac{1}{2}<|\xi|<1,0<\arg\xi<\delta\}$ . Then there exists an $HB$ , $A(\xi)$ in $G_{\delta}$

such that $A(\xi)=1$ on { arg $\xi=0^{(},$ , $A(\xi)=0$ on { arg $\xi=\delta$ } and

$D(A(\xi))=M_{1}<\infty$ .

Let $\overline{A}(\xi)=A(\overline{\xi})$ , where $\overline{\xi}$ is the symmetric point of $\xi$ relative to {Im $\xi=0$ }.

Let $B( \xi)=\log\frac{|\xi|}{\frac{1}{2}}/\log\frac{6}{4}$ in $\{\frac{1}{2}<|\xi|<\frac{3}{4}\},$ $=0$ in $\{|\xi|<\frac{1}{2}\}$ , $=1$ in $\{|\xi|$

$\geqq\frac{3}{4}\}$ . Then $D(B(\xi))=M_{2}<\infty$ . We shall construct a Dirichlet function

$V’(\xi)$ in $D_{\xi}’$ as follows: $V’(\xi)=0$ in $\{\frac{1}{r}<|\xi|<\frac{1}{2}\}$ , $V’( \xi)=\min(B(\xi)$ ,
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$A(\xi e^{-t\phi_{2}}))$ in $\{\frac{1}{2}<|\xi|<1, \phi_{2}\leqq\arg\xi\leqq\phi_{2}+\delta\}$ , $V’(\xi)=1$ in $j_{\frac{3}{4}\leqq}\backslash |\xi|\leqq 1$ , $\phi_{1}\leqq$

$arg\xi\leqq\phi_{2}\}=F_{\xi}$ ( $F_{\xi}$ is the image of $F$), $V’( \xi)=\min(B(\xi),\overline{A}(\xi e^{-i\phi_{1}})$ in

$\{\frac{1}{2}\leqq|\xi|\leqq 1, \phi_{1}-\delta\leqq\arg\xi\leqq\phi_{1}\}$ , $V’(\xi)=B(\xi)$ in $J_{\frac{1}{2}\leqq|\xi|\leqq\frac{3}{4}}\backslash$ , $\phi_{1}\leqq\arg\xi$

$\leqq\phi_{2}\}$ . Then $V’(\xi)=0$ on $T_{\xi},$ $=1$ on $F_{\xi}$, continuous Dirichlet function and

$D(V’(\xi))\leqq(2M_{1}+M_{2})=M<\infty$ not depending on $r$.

Hence there exists an $HB$ , $V(\xi)$ in $D_{\xi}’-F_{\xi}$ such that $V(\xi)=0$ on $T_{\xi},$ $=1$ on
$F_{\xi}$ and

$D$ $( V(\xi))<M<\infty$ not depending on $r$. (3)

Hence by (1), (2), (3) and Lemma 1, 2,), there exists a const, $\epsilon_{0}$ depending
only on $\theta$ and $\delta$ such that

dist $( T, g(F_{\xi}))>\epsilon_{0}$ .

Map $D’$ by $\eta=f(z)$ onto { $|\eta|<1^{(}$, so that { arg $z=\phi_{0}\}arrow_{1}^{j}$ Im $\eta=0$ } and
$3r$

$f( \frac{r}{2}e^{i\phi_{0}})=0$ . Let $F=\{_{\overline{4}}\leqq|z|\leqq r$, $\phi_{1}\leqq\arg z\leqq\phi_{2/}^{1}$ . Then

dist $(f( T), f(F))>\epsilon_{0}>0$ ,

where $T=\{|z|=1, \phi_{1}-\delta\leqq\arg z\leqq\phi_{2}+\delta\}+_{1}^{j}1\leqq|z|\leqq r$, arg $z=\phi_{1}-\delta_{/}^{\iota}+$

$3r$

{ $1\leqq|z|\leqq r$, $\arg z=\phi_{2}+\delta^{(},$ . Suppose $|z_{1}|=|z_{2}|\geqq\overline{4}$ , arg $z,$ $=\phi_{1}$ , $\arg$ $z_{2}=\phi_{2}$ .

Then $z_{1}$ , $z_{2}\subset F$ and evidently $\eta_{1}=f(z_{1})$ and $\eta_{2}=f(z_{2})$ are symmetric
relative to {Im $\eta=0$ }.

$U( \eta_{i})=\frac{1}{2\pi}\int U(e^{i\phi})\frac{1-\rho^{2}}{1-2\rho\cos(\phi-\Psi_{i})+\rho^{2}}d\phi$ ,

$\eta,=\rho e^{i\Psi}$ ” $i=1,2$ .

Since $1-2\cos(\phi-\Psi_{i})+\rho^{2}=(dist(e^{i\phi}. \eta_{i}))^{2}\geqq\epsilon_{0}^{2}$ for $e^{i\phi}\in g(T)$ , $\eta_{i}\in g(F)$ ,

$( \frac{1-\rho^{2}}{4})U(0)\leqq U(\eta_{i})\leqq(\frac{1-\rho^{2}}{\epsilon_{0}^{2}})U(0)\cdot,$ $i=1,2$ .

$( \frac{\epsilon_{0}}{2})^{2}\leqq\frac{U(z_{1})}{U(z_{2})}\leqq(\frac{2}{\epsilon_{0}})^{2}$ .

$3r$

Consider for $2\leqq|z_{i}|\leqq\overline{4}$ . Let
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$D^{rr}=_{\iota}^{j} \frac{3}{4}|z_{\tau}|<|z|<|z_{i}|\frac{4}{3}$ , $\phi_{1}-\delta<\arg z<\phi_{2}+\delta\}$ .

Then $D’\subset D$ and $U(z)$ is an HP in $D’$ Map $D’$ by $\eta=\log\frac{z}{|z_{i}|}$ . Then $D’$

$arrow_{\backslash }’|$ Re $\eta|<\log\frac{4}{3}$ , $\phi_{1}-\delta<{\rm Im}\eta<\phi_{2}+\delta^{1},$ . Put $\rho=\min(\delta, \log\frac{4}{3})$ and $F=$

$j\backslash$ Re $\eta=0$, $\phi l\leqq{\rm Im}\eta\leqq\phi_{2/}^{\mathfrak{l}}$ and $C$ $( \frac{\rho}{2}, p_{i})=\{|\eta-p_{i}|<\frac{\rho}{2}\}$ . Then we can

find at most $n_{\delta}$ number of circles $C$ $( \frac{\rho}{2}, p_{i})$ such that $\rho_{\dot{\tau}}\in F$, $\sum_{i}C$
$( \frac{\rho}{2}, p_{i})\supset F$.

We see at once the number $n_{\delta}$ attains its maximum in case { $|$ Re $\eta|<\log\frac{4}{3}$ ,

$|$ Im $\eta|<\theta$ } and $F=\backslash /$ Re $\eta=0$ , $|$ Im $\eta|\leqq\theta-\delta$ }. Then after Harnak’s
principle

$( \frac{1}{3})^{2n_{t}}\leqq\frac{U(z_{1})}{U(z_{2})}\leqq 3^{2n_{6}}$ , $z_{1}$ , $z_{2}\in F$.

Put $t_{1}= \max(3_{r}^{2n\sigma} (\frac{2}{\epsilon_{0}})^{2})$ . Then we have

$\frac{1}{l_{1}}<\frac{U(z_{1})}{U(z_{2})}<l_{1}$ , for $z_{1}=\rho e^{\iota\phi}$” $z_{2}=\rho e^{i\phi^{2}}$ : $2\leqq\rho\leqq r$.

Now $z_{1}$ and $z_{2}$ are arbitraly points in { $2\leqq|z|<r$, $|$ arg $z|\leqq\theta-\delta^{(},$ . Hence

$\frac{1}{l_{1}}<\frac{U(z_{1})}{U(z_{2})}<l_{J}$

for $2\leqq|z_{1}|=|z_{2}|<r$ and $|$ arg $z_{i}|\leqq\theta-\delta$. By $U(z)=0on|z|=r$, we have at
once

$\frac{1}{l_{1}}<\frac{\partial}{\partial n}U(z_{1})/\frac{\partial}{\partial n}U(z_{2})<l_{1}$ : $|z_{1}|=|z_{2}|=r$, $|$ arg $z_{i}|\leqq\theta-\delta$.

Thus we have the Lemma.

Let $L_{i}=^{j} \backslash \frac{1}{r}\leqq|z|<\infty$ , arg $z=i\theta$ }, $r \geqq 8,0<\theta<\frac{\pi}{8}$ , $i=0$ , $\pm 1$ , $\pm 2$ , $\pm 3$ ,

$\pm 4$ . Let $\Lambda_{1}$ be a simple compact analytic curve in $\{1\leqq|z|<\infty\}$ , $0\leqq$

arg $z\leqq\theta^{(}$, connecting two points $p_{0}=1+\delta_{0}$ , $p_{1}=(1+\delta_{1})e^{i\theta}$ : $\delta_{0}$ , $\delta_{1}\geqq 0$ such
that $\Lambda_{1}$ has no common points with $L_{0}+L_{1}$ except $p_{0}$ and $p1$ and dist(2 $=0$ ,
$\Lambda_{1})=1$ . Then there exists a point $p_{1}^{*}\in\Lambda_{1}$ such that

$p_{1}^{*}=i^{\theta}$

.
$0\leqq\theta^{*}\leqq\theta$ .
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Let $T_{i}(i=0, \pm 1, \pm 2, \pm 3,)$ be a symmetric transformation with respect to $L_{i}$ .
Let $\Lambda_{i+1}=T_{1}(\Lambda_{i})$ : $1\leqq i\leqq 3$ , $\Lambda_{-1}=T_{0}(\Lambda_{1})$ , $\Lambda_{i-1}=T_{-i}(\Lambda_{?})$ , - $1\geqq i\geqq-3$ . Let
$D_{r}$ : $r\geqq 8$ be a simply connected domain such that

$\partial D_{r}=_{1}^{j}|z|=\frac{2}{r}$ , $|$ arg $z| \leqq 4\theta^{1},+\sum_{i=-4}^{i-4}\Lambda_{7}-+_{\mathfrak{l}}^{j}\frac{2}{r}\leqq|z|\leqq 1+\delta_{0}$ , arg $z=4\theta^{1}$,

$+_{\iota}^{j} \frac{2}{r}\leqq|z|\leqq 1+\delta_{0}$ , arg $z=-4\theta$ }.

Let $z\in\{0\leqq\arg z\leqq\theta\}\cap D_{r}$ . We call $z+T_{1}(z)+T_{2}T_{1}(z)+T_{3}$. $T_{2}T_{1}(z)+T_{0}(z)$

$+T_{-J}T_{0}(z)+T_{-2}T_{-1}T_{0}(z)+T_{-3}T_{-2}T_{-1}T_{0}(z)$ the equivalent class of $z$ . If
$z_{\iota}$ and $z_{2}$ are contained in the same class, we denote by $z_{1}\approx z_{2}$ .

LEMMA 3. Let $D_{r}$ be the domain mentioned above. Let $U(z)$ be an $HP$

in $D_{r}$ vanishing on $\sum\Lambda_{\dot{\tau}}$ . Then there exists a const. $l_{2}$ not depending on $r$

and the shape of $\Lambda_{1}$ such that

$\frac{1}{l_{2}}<\frac{U(z_{1})}{U(z_{2})}<l_{2}$

where $z_{2}=T_{j}(z_{1})$ in $\iota^{\frac{4}{r}\leqq}/|z_{1}|<\infty$ , $(j-1)\theta\leqq\arg z_{1}\leqq(j+1)\theta\}\cap D_{r}$ : $j=0$ , $\pm 1$ ,

and $\frac{1}{l_{2}}<\frac{\frac{\partial}{\partial n}U(z_{J})}{\frac{\partial}{\partial n}U(z_{2})}<l_{2}$ on $\Lambda_{-2}+\Lambda_{-1}$ : $j=-1$ on $\Lambda_{-1}+\Lambda_{1}$ : $j=0$ and on $\Lambda_{1}+$

$\Lambda_{2}$ : $j=1$ respectively.

PROOF. At first we consider only $D_{\acute{r}^{=}\backslash }/|\arg z|\leqq 3\theta$ } $\cap D_{r}$ . Let $t_{r}=$

{ $\frac{2}{r}\leqq|z|\leqq 1+\delta_{1}$ , arg $z=3\theta$ } $+ \{|z|=\frac{2}{r}$ , $|$ arg $z| \leqq 3\theta^{1},+\{\frac{2}{r}\leqq|z|\leqq 1+\delta_{1}$ , arg

$z=-3\theta\}$ and $F= \{\frac{3}{4}\leqq|z|\leqq 1$ , $|$ arg $z|\leqq 2\theta^{\mathfrak{l}},$ . Map $D_{\acute{r}}$ by $\xi=g(z)onto|\xi|$

$<1$ so that { arg $z=0$ } $- j\backslash$ Im $\xi=0$ }, $\{ z=\frac{1}{2}\}arrow\{\xi=0_{1}^{(}$ . We estimate the

length of $g(t_{r})$ . $W(t_{r}, z, D_{\acute{r}})\downarrow asr\uparrow and\downarrow D_{r}\uparrow$ for $r$ const. Hence
$W(t_{r}, z, D_{\acute{r}})\geqq W(t, z, D_{1}’)$ ,

where $t=_{1}^{j}0\leqq|z|\leqq 1$ , arg $z=3\theta$ } $+$ { $0\leqq|z|\leqq 1$ , arg $z=-3\theta$ } and $D_{1}’=j\backslash 0<$

$|z|<1$ , $|$ arg $z|<3\theta^{1},$ . Hence there exists a const. $m_{0}$ not depending on $r$ and
the shape of $\Lambda_{\rceil}$ such that

length of $g(t_{r})\geqq m$ . (4)
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Fig. 1

Now $W(t_{r}, z, D_{\acute{r}})=1-W( \sum_{i=-3}^{-}\Lambda_{7}, z, D_{\acute{r}})i-3$ . Instead to estimate $W(t_{r}, z, D_{\acute{r}})$

from the above, we estimate $W(\sum_{i=-3}^{i=3}\Lambda_{i}, z, D_{\acute{r}})$ from the below. $\Lambda$ , separa-

tes $|z|= \frac{4}{r}$ from $z=\infty$ in $A_{i}=_{\iota}^{j}(i-1)\theta<\arg z<i\theta^{1},\cap D_{\acute{r}}$ . We denote by $G_{i}$

the component of $A_{\tau}$ containing $z=\infty$ divided by $\Lambda_{\dot{\tau}}$ in $A_{\dot{7}}$ . Then $G_{i}$ must
contain a curve $\gamma_{r}$ starting from $p_{i}^{*}$ : $(p_{i}^{*}\approx p_{1}^{*})$ and tending to $z=\infty$ . Then
$W( \sum_{i=-3}^{-}\Lambda_{i}, z, D\acute{r})i-3\geqq W(\sum_{i=-3}^{i-3}\gamma_{i}, z, D_{\frac{1}{4}}-\sum_{i=-3}^{i_{-}^{-}3}\gamma_{i})-\geqq W(\gamma_{1}. z, D_{\frac{1}{4}}-\gamma_{1})$ , where

$D_{\frac{1}{4}}=$ { $\frac{1}{4}\leqq|z|<\infty$ , $|$ arg $z|<3\theta$ }. Map $D_{\frac{1}{4}}$ by $\eta=f(z)$ onto $\backslash /|\eta|<1^{\iota}$, so

that $z= \frac{1}{2}arrow\eta=0$ and { Im $z=0$ } $-$ { ${\rm Im} y=0(,$
$.$ Let $J_{1}=_{1}^{1}|z|=1,0\leqq\arg z\leqq\theta$ }.

Then there exists a const $\beta 0<1$ such that

$f(J_{1})\subset\{|\eta|\leqq\rho_{0}\}$ .

Then $\gamma_{\eta}=f(\gamma_{1})$ contains a curve $\gamma_{\eta}’$ connecting $\rho_{0}e^{i\phi}$ and $j\backslash |\eta|=1$ }. Let $\hat{\gamma}_{\eta}’$

be the symmetric image of $\gamma_{\eta}’$ relative to arg $\eta=\phi$ and let $S=\rho_{0}\backslash \leqq/|\eta|\leqq$

$1$ , arg $\eta=\phi$ }. Then $W$ $(\gamma_{\eta}’ , 0, C_{\eta}-\gamma_{\eta}’)=W(\tilde{\gamma}_{\eta} , 0, C_{\eta}-\tilde{\gamma}_{\eta})$ , where $C_{\eta}=$

$j\backslash |\eta|<1\}$ . Since $\gamma_{\eta}’+\hat{\gamma}_{\eta}$ encloses $S$,
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$W(\hat{\gamma}_{\eta}’, 0, C_{\eta}-\tilde{\gamma}_{\eta})+W(\gamma_{\eta}’, 0, C_{\eta}-\gamma_{\eta}’)\geqq W(S, 0, C_{\eta}-S)$ .

Hence $W$ $( \gamma_{\eta} , 0, C_{\eta}-\gamma_{\eta})\geqq W(\gamma_{\eta}^{\prime }, 0, C_{\eta}-\gamma_{\eta}’)\geqq\frac{1}{2}W(S, 0, C_{\eta}-S)$ .

Evidently $W(S, 0, C_{\eta}-S)$ does not depend on $r$ and the shape of $\Lambda_{1}$ . Hence

there exists a const. $\alpha$ such that $W(t_{r}, z, D_{r}’)\leqq\alpha<1$ at $z= \frac{1}{2}$ , and there
exists a const. $m_{1}$ not depending on $r$ and $\Lambda_{1}$ such that

length of $g(t_{r})\leqq 2m_{1}<2\pi$ . (5)

Since $F$ is compact and since dist(F, $\partial D_{\frac{1}{4}}$) $>0$ , there exists a Dirichlet
function $V’(z)$ in $D_{\frac{1}{4}}-F$ such that $V’(z)=0$ on $\partial D_{\frac{1}{4}},$

$=1$ on $F$ and
$D(V’(z))<M<\infty$ . Hence there exists an HB $V(z)$ in $D_{\acute{r}}-F$ such that
$V(z)=0$ on $t_{r},$ $=1$ on $F$ and has M. D. I., $i$ . $e$ .

$D$ $( V(z))\leqq M$ for any $r\geqq 8$ and $\Lambda_{J}$ . (6)

We shall study the behaviour of $\xi=g(z)$ . We attend to the point $p_{1}^{*}$ on
$\{|z|=1\}$ : $p_{1}^{*}=e^{i\theta}$

.
Put $p_{-1}^{*}=T_{0}(p_{1}^{*})$ , $p_{-2}^{*}=T$-1 $(p_{-1}^{*})$ , $p_{2}^{*}=T_{1}(p_{1}^{*})$ . Then following 3 cases
occur.

Case 1. $0<\theta^{*}<\theta$ . In this case $p_{\dot{\tau}}^{*}\neq p_{j}^{*}$ , $i\neq j$, $i$, $j,$ $=\pm 1,$ $\pm 2$ .

Case 2. $\theta^{*}=0$ , in this case $p_{1}^{*}=p_{-1}$ , $p_{2}^{*}\in L_{2}$ , $p_{-2}^{*}\in L_{-2}$ .

Case 3. $\theta^{*}=\theta$ , in this case $p_{1}^{*}\in L_{1}$ , $p_{-1}^{*}\in L$-1 , $p_{\pm 1}^{*}=p_{\pm 2}^{*}$ .
Put $F_{\xi}=g(F)$ and $1et\Gamma_{\xi}$ be the part of $\partial F_{\text{\’{e}}}$ between $g(p_{2}^{*})$ and $g(p_{-2}^{*})$ sepa-
rating $\{\xi=1\}$ from $g(t_{r})$ and let $\Gamma_{\xi}’$ be the arc on $j\backslash |\xi|=1$ } between
$g(p_{2}^{*})$ and $g(p_{-2}^{*})$ and containing $\{\xi=1\}$ . Then $\Gamma_{\xi}+\Gamma_{\text{\’{e}}}’$ encloses a simply
connected domain $E_{\xi}$ : $\partial E_{\xi}\ni\{\xi=-1\}$ such that

$E_{\text{\’{e}}}\supset F_{\xi}=g(F)$

Since $\Gamma_{\xi}$ separates $\{\xi=1\}$ from $g(t_{r})$ , by (6) there exists an HB $V’(\xi)$ in
$j\backslash |\xi|<1\}-E_{\text{\’{e}}}$ such that $V’(\xi)=0$ on $g(t_{r}),$ $=1$ on $E_{\xi}$ and

$D(V’(\xi))\leqq M<\infty$ . (7)

Since $\overline{E}_{\xi}\ni\{\xi=1^{\{},$ , by 4), 5), 7) and by Lemma 1. 2) there exists a const. $\epsilon_{0}$

not depending on $r$ and the shape of $\Lambda_{J}$ such that

dist $(g(t_{r}), E_{\xi})>\epsilon_{0}>0$ .
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Let $J_{1}=$ { $\frac{1}{r}\leqq z\leqq 1$ , arg $z=\theta^{*}$ } and $J_{2}=T_{1}(J_{1})$ , $J_{-2}=T_{0}(J_{2})$ . Let $J_{2}’=J_{2}\cap$

$\{|z|\geqq\frac{3}{4}\}$ . Then $J_{2}’+T_{0}(J_{2}’)\subset F$. Hence similarly as Lemma 2

$( \frac{\epsilon_{0}}{2})^{2}\leqq\frac{U(z\gamma}{U(z’ 0}\leqq(\frac{2}{\epsilon_{0}})^{2}$ , (a)

for $z’$ and $z’$ such $that|z’|=|z’|$ $z’+z’\in J_{2}’+T_{0}(J_{2}’)$ , $i$ . $e$ . $z’=T_{0}(z’\gamma$ . For
$\frac{4}{r}\leqq|z’|=|z’|\leqq\frac{3}{4}$ . Consider $D’=_{\iota}^{j} \frac{3}{4}|z’|<|z|<\frac{4}{3}|z’||$ arg $z|<3\theta^{1},$ . Then
$D’\subset D_{r}$ . Hence also as Lemma 2 there exists a const. $l_{2}’$ such that

$\frac{1}{l_{2}’}<\frac{U(z0}{U(z’)},<l_{2}’$ , (b)

where $\frac{4}{r}<|z’|=|z’|\leqq\frac{3}{4}$ , $|$ arg $z’|\leqq and$ $|$ arg $z’|\leqq 2\theta$ . Also there exists a

const. $l_{2}’$ for $z’$ and $z’$ on $C_{\frac{\prime 2}{r}}=$ { $|z|= \frac{2}{r}$ , $|$ arg $z|\leqq 2\theta$ } such that

$\frac{1}{l_{2}’},<\frac{U(z\gamma}{U(z’\gamma}<l_{2}’$ . (c)

Let $\Lambda_{2}’$ be the part of $\Lambda_{2}$ between $(1+\delta_{1})e^{i\theta}$ and $p_{2}^{*}$ . Let $G$ be the domain
such that $\partial G=C_{\frac{\prime 2}{r}}+(J_{2}+\Lambda_{1}+\Lambda_{2}’)+T_{0}(J_{2}+\Lambda_{1}+\Lambda_{2}’)$ . Then by (a), (b), (c)

$U(z)<l_{2}U(T_{0}(z))$ on $\partial G$ : $l_{2}= \max((\frac{2}{\epsilon_{0}})^{2},$ $l_{2}’$ , $l_{2}’0$ .

Hence by the maximum principle

$U(z)\leqq l_{2}U( T_{0}(z))$ in $D_{\acute{r}} \cap\{\frac{4}{r}\leqq|z|<\infty$ , $|$ arg $z|\leqq\theta$).

Next for $T_{j}$ : $j=\pm 1$ , consider $\{\frac{2}{r}\leqq|z|\leqq\infty, (j-3)\theta\leqq\arg z\leqq(j+3)\theta\}\cap D_{r}$ .

Then similarly as before

$U(z)\leqq l_{2}U(T_{j}(z))$ in $\{\frac{4}{r}<|z|r(j-1)\theta<\arg z<(j+1)\theta\}\cap D$.

Hence we have Lemma 3.

On Green functions. I. Let $\Omega$ be the domain in Theorem 1. Then $\Omega$

$\cap\{|z|>r\}=\Omega_{r}$ : $r< \frac{1}{16}$ consists of components. There exists a component
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$\Omega_{\acute{r}}$ containing $z= \frac{1}{2}$ . We can consider the Green function of $\Omega_{\acute{r}}$ the Green

function $G_{r}(z, p)$ of $\Omega_{r}$ simply, where $G_{r}(z, p)=0$ in the other component.
Denote by $\hat{z}$ the symmetric point of $z$ with respect to Re $z=0$ . Then

LEMMA 4. 1). $G_{r}( \hat{z}, \frac{1}{2})\leqq G_{r}(z, \frac{1}{2})$ : $|argz| \leqq\frac{\pi}{2}$ .

2). Let $0< \delta<\frac{\pi}{4}$ and $r< \frac{1}{16}$ . Then there exist const.s $h$ and $l_{3.\delta}$ depending

only $\delta$ but on $r$ such that

$\frac{\partial}{\partial n}G_{r}(_{Z}, \frac{1}{2})\leqq h.\frac{\partial}{\partial n}G_{r}(|z|, \frac{1}{2})$ , $|z|=r$.

$\frac{\partial}{\partial n}G_{r}(z, \frac{1}{2})\geqq\frac{1}{l_{3,\delta}}\frac{\partial}{\partial n}G_{r}(|z|, \frac{1}{2})$ : $|z|=r$, $|argz| \leqq\frac{\pi}{2}-\delta$.

$P$ R00F. Put $V(z)=G_{r}(z, ^{\frac{1}{2})-G_{r}(\hat{z}}, \frac{1}{2})$ : $|$ arg $z| \leqq\frac{\pi}{2}$ . Then $V(z)$ is an

SPH. (a positive superharmonic function) in { $|\arg z|<_{\frac{\pi}{2}/}^{\mathfrak{l}}\cap\{\Omega-F\}$ and

$V(z)=0$ on { $|z|=1^{(},+ \{|z|=r^{1},+\{|\arg z|=\frac{\pi}{2}\},$ $\geqq 0$ on $\hat{F}$, where $\hat{F}$ is the

symmetric image of $F$. By the minimum principle

$G_{r}(_{\hat{Z}}, ^{\frac{1}{2})\leqq G_{r}(Z}, \frac{1}{2})$ : $|$ arg $z| \leqq\frac{\pi}{2}$ . (8)

Let $D= \{\frac{2}{3}<|z|<1, -\frac{\pi}{4}-\frac{\pi}{12}<\arg z<0\}\supset D’=\{\frac{2}{3}<|z|<1$ , $- \frac{\pi}{4}<\arg z$

$<- \frac{\pi}{12}\}$ . Map $D$ by $\xi=(\frac{81}{16}e^{\frac{2\pi i}{3}}z^{4}$ . Then $D arrow D_{\xi}=\{1<|\xi|<\frac{81}{16},-\frac{2\pi}{3}<\arg\xi<$

$\frac{2\pi}{3}\}\supset D_{\xi}’=\{1<|\xi|<\frac{81}{16},-\frac{\pi}{3}<\arg\xi<\frac{\pi}{3}\}$ . Hence by Lemma 2, there exist

a const. $m_{1}$ such that for any HP $U(z)$ vanishing on $|z|=1$ ,

$U(\xi)<m_{1}U(\xi\gamma$ : $2<|\xi|=|\xi’|$ , arg $\xi=-\frac{\pi}{3}$ , arg $\xi’=\frac{\pi}{3}$ .

Hence

$G_{r}(_{Z}, ^{\frac{1}{2})\leqq m_{1}G_{r}(z’}, \frac{1}{2})$ : $1>|z|=|z’| \geqq\frac{2}{3}\circ 2^{\frac{1}{4}}$ , arg $z=- \frac{\pi}{4}$ , $argz’=- \frac{\pi}{12}$ .

Apply this method twice to $j1- \frac{\pi}{6}<\arg z<\frac{\pi}{6}$ } and $\{\frac{\pi}{6}\frac{\pi}{12}<\arg z<\frac{5}{12}\pi_{/}^{1}$ .

Then since $\frac{5}{12}\pi>\frac{\pi}{4}$ ,
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$G_{r}(_{\mathcal{Z}}, \frac{1}{2})\leqq m_{1}^{3}G_{r}(z’$ ,

$1>|z|=|z’|> \frac{2}{3}\cdot 2^{\frac{1}{4}}$ , argz $=- \frac{\pi}{4}$ , arg $z’= \frac{\pi}{4}$ . (9)

$G_{r}(z, \frac{1}{2})$ is an HP in { $\frac{1}{16}<|z|<1$ , $|$ arg $z|< \frac{\pi}{2}$ } $- \{z=\frac{1}{2}\}$ . There exists a
const, $m$ by Harnack’s principle such that

$G_{r}(z, \frac{1}{2})<mG_{r}(z^{\prime _{\frac{1}{2})}}$, : $\frac{1}{8}<|z|=|z’|\leqq\frac{2}{3}\cdot 2^{\frac{1}{4}}$ , arg $z=- \frac{\pi}{4}$ , arg $z’= \frac{\pi}{4}$

(10)

Since $G_{r}(z, \frac{1}{2})=0$ on $|z|=r$, (putting $\theta=\frac{\pi}{2}$ , $\delta=\frac{\pi}{4}$), by Lemma 2 there

exists a const. $m$. such that

$G(z, \frac{1}{2})\leqq m_{3}G(z^{\prime \frac{1}{2}}$. $)$ : $r<|z|=|z’| \leqq\frac{1}{8}$ , arg $z=- \frac{\pi}{4}$ , arg $z’= \frac{\pi}{4}$

(11)

Hence by 9), 10), 11)

$G_{r}(_{Z}, ^{\frac{1}{2})\leqq m_{4}G_{r}(z’}, \frac{1}{2})$ : $r<|z|=|z’|<1$ ,

arg $z=- \frac{\pi}{4}$ , arg $z’= \frac{\pi}{4}$ and $m_{4}= \max(m_{1}^{3}, m_{2}, m)$ . (12)

Let $\hat{\hat{z}}$ be the symmetric point of $z:|$ arg $z| \leqq\frac{\pi}{4}$ relative to arg $z= \frac{\pi}{4}$ . Then

by (8) and (12)

$G_{r}( \hat{\hat{z}}\frac{1}{2})\leqq G_{r}(z’\frac{1}{2})\leqq m_{4}G_{r}(_{Z}, \frac{1}{2})$ : $|_{\hat{\hat{\mathcal{Z}}}}|=|z’|=|z|J$ arg $\hat{\hat{z}}=\frac{3\pi}{4}$ ,

$z’= \frac{\pi}{4}$ , $z=- \frac{\pi}{4}$ .

Hence by the minimum principle

$G_{r}( \hat{\hat{z}}, \frac{1}{2})\leqq m_{4}G_{r}(z, \frac{1}{2})$ : $|$ arg $z| \leqq\frac{\pi}{4}$ (13)

Similarly

$G_{r}( \dot{z,}\frac{1}{2})\leqq m_{4}G_{r}(_{Z}, \frac{1}{2})$ : $|$ arg $z| \leqq\frac{\pi}{4}$ , (14)

where $\dot{z}$ is the symmetric point of $z$ relative to arg $z=- \frac{\pi}{4}$ . On the other
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hand, by Lemma 2, we can prove similarly as (12), there exists a const. $m_{5}$

such that

$G_{r}(_{Z}, \frac{1}{2})\leqq m_{6}.G_{r}(|z|, \frac{1}{2})$ : $|$ arg $z| \leqq\frac{\pi}{4}$ .

Put $l_{3}=m_{4}\cdot m_{\backslash }.$ . Then we have by (7), (13), (14)

$G_{r}(_{Z}, \frac{1}{2})\leqq l_{3}G_{r}(|z|, \frac{1}{2})$ . (15)

Also by Lemma 2, we see by the methods as before, there exists a const.
$l_{3.\delta}$ such that

$G_{r}(z, \frac{1}{2})\geqq\frac{1}{l_{3.\delta}}G_{r}(|z|, \frac{1}{2})$ : $r<|z|< \frac{1}{8}$ , $|$ arg $z| \leqq\frac{\pi}{2}-\delta$ . (16)

Since $G_{r}(z, \frac{1}{2})=0$ on $|z|=r$, we have 2) by (15) and (16) and we have

Lemma 4.

Green functions, II. Let $\theta=\frac{2\pi}{8n}$ ( $n$ is a positive integer). Let $L_{i}=_{\iota}^{j}0<$

$|z|<\infty$ , arg $z=i\theta:i=0,$ $\pm 1,$ $\pm 2$ ,
$,$

$\pm 4n$ }.

$A_{i(}=^{j}0<|z|<1$ ,$(i-1)\theta\leqq\arg z\leqq i\theta\}$ .

$T_{i}$ is a symmetric transformation with respect to $L_{i}$ . Let $z_{J}\in A_{1}$ , $z_{?}\cdot+l=$

$T_{i}(z_{\dot{\tau}}):1\leqq i\leqq 2n-1$ , $z_{-1}=T_{0}(z_{1})$ , $z_{i-1}=T_{i}(z_{i})$ : $-4n+1\leqq i\leqq-1$ . We call

$\sum_{i}z_{\dot{7}}$ an equivalent class of $z_{1}\in A_{J}$ and denote by $j\backslash z_{1}$ }. If two points $z_{1}$ and
$z_{2}$ are in the same $j\backslash z$ } , we denote by $z_{1}\approx z_{2}$ . We remark for $z\in L_{0}+L_{1}$ ,

there exist only $2n$ equivalent points. Let $\Lambda_{1}$ be a simple compact analytic

curve in $A_{1}$ separating $z=0$ from $|z|=1$ in $A_{1}$ , $\Lambda_{1}\cap(L_{0}+L_{1})=p_{0}+p_{1}$ and

$\max_{z\in\Lambda}$

,
$|z|=r$. Let $\Lambda_{+1},\cdot=T_{i}(\Lambda_{\tau})$ : $1\leqq i\leqq 4n-1$ . $\Lambda_{-1}=T_{0}(\Lambda_{1})$ , $\Lambda_{?- l}=T_{1}\cdot(\Lambda_{i})$

: $-4n+1\leqq i\leqq-1$ . Then
$\Lambda_{r}=\sum_{i=-4n}^{i=4n}\Lambda_{i}$

is a closed Jordan curve. Let $D_{r}$ be a doubly connected domain bounded by
$\Lambda_{r}+_{\iota}^{j}|z|=1\}$ . Put

$\Omega^{\Lambda}=\Omega\cap D_{r}$ .

Let $G(z, \frac{1}{2})be$ a Green function of $\Omega^{\Lambda}$ . Then
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Lemma 5. 1) $\frac{\partial}{\partial n}G(\hat{z}, \frac{1}{2})\leqq\frac{\partial}{\partial n}G(z, \frac{1}{2})$ : $|argz| \leqq\frac{\pi}{2}$ , $z\in\Lambda_{r}$ .

2) Tfoere exists a const. $l_{4}$ not depending $r$ and the shape of $\Lambda_{1}$ such that

$\frac{\partial}{\partial n}G(_{Z’}, ^{\frac{1}{2})\leqq l_{4}\frac{\partial}{\partial n}G(z}, \frac{1}{2})$ : $z\approx z_{\mathcal{F}}’z\in\Lambda_{1}$ .

3) Tfoere exists a const. $l_{4}’$ such that

$\frac{\partial}{\partial n}G(z_{J}’\frac{1}{2})\leqq\frac{1}{l_{4}’}\frac{\partial}{\partial n}G(z, \frac{1}{2})$ : $z\approx z_{r}’z\in\Lambda_{1}$ , $|argz’| \leqq\frac{\pi}{2}-2\theta$ .

PROOF. Since $D_{r}$ is symmetric with respect to $|$ arg $z|= \frac{\pi}{2}$ , we have as

Lemma 4, 1)

$G(_{\hat{Z}}, ^{\frac{1}{2})\leqq G(Z}, \frac{1}{2})$ : $|$ arg $z| \leqq\frac{\pi}{2}$ . (a)

Let $D_{j}=D_{r} \cap\{|z|<\frac{1}{2}, (j-4)\theta<\arg z\leq(j+4)\theta\}$ . Consider $\xi=\frac{re^{-j(i\theta)}}{z}$ .

Then $D_{j}arrow onto$ a domain { $2r<\xi<1$ , $|$ arg $\xi|<4\theta$ }. Hence by Lemma 3 there

exists a const. $m_{1}$ depending only $n$ (or $\frac{2\pi}{8n}=\delta$) but on $r$ and the shape of $\Lambda_{1}$

such that

$\frac{1}{m_{1}}\leqq\frac{G(z,\frac{1}{2})}{G(T_{j}(z),\frac{1}{2})}\leqq m_{1}$ : (17)

$z \in\Omega^{\Lambda}\cap\{|z|\leqq\frac{1}{4}, (j-1)\theta<\arg z<(j+1)\theta\},|j|\leqq 2n-3$ .

Hence

$\frac{1}{m_{1}^{2n}}\leqq\frac{G(z’,\frac{1}{2})}{G(z’.\frac{1}{2})},\leqq m_{1}^{2n}$ : $| z’|=|z’|\leqq\frac{1}{4}$ : arg $z’= \frac{\pi}{4}$ , arg $z’=- \frac{\pi}{4}$ . (b)

For $\frac{1}{8}\leqq|z’|=|z’|<1$ , arg $z’= \frac{\pi}{4}$ , arg $z’= \frac{-\pi}{4}$ there exists a const. $m$

similarly as (10) and (11) such that

$\underline{1}\leqq\frac{G(z’,\frac{1}{2})}{1}\leqq m_{2}$

.
$m$

$G(z_{J}’)\overline{2}$

(c)
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Hence by (b), (c)

$\underline{1}\leqq\frac{G(z’\frac{1}{2})}{1}\leqq nu$

: (d)
$m$

$G(z’,)\overline{2}$

$m$. $=$ max $(m_{1}^{2n}, m_{2})$ : $|z’|=|z’|$ , arg $z’= \frac{\pi}{4}$ , arg $z^{rr}=- \frac{\pi}{4}$ .

By (a), (d)

$G( \tilde{z,}\frac{1}{2})\leqq m_{3}G(_{Z}, \frac{1}{2})$ : $|$ arg $z| \leqq\frac{\pi}{4}$ , (e)

where $\tilde{z}$ is the symmetric point of $z$ relative to arg $z= \pm\frac{\pi}{4}$ .

Hence by (a)

$G(z_{J}’ \frac{1}{2})\leqq m_{3}G(z’\frac{1}{2})$ , $z^{rr}\approx z’$ and $|$ arg $z’| \leqq\frac{\pi}{4}$ .

By (17)

$G(z’, ^{\frac{1}{2})\leqq m_{1}^{n}G(Z}, \frac{1}{2})$ , $z’\approx z’z\in A_{1}$ , $|$ arg $z’| \leqq\frac{\pi}{4}$ .

Hence

$G(_{Z’}. ^{\frac{1}{2})\leqq l_{4}G(Z}, \frac{1}{2})$ : $z’\approx z$, $z\in A_{1}$ , $l_{4}=m_{3}\cdot m_{1}^{n}$ . (18)

By (17)

$G(z’ \frac{1}{2})\leqq\frac{1}{l_{4}’}G(z, \frac{1}{2})$ : $l_{4}’=m_{1}^{2n}$,

$z’\approx z$, $|z| \leqq\frac{1}{4}$ , $|$ arg $z’|\leqq(2n-2)\theta$ , $z\in A_{1}$ . (18)

Since $G(z, \frac{1}{2})=0$ on $\Lambda_{r}$ , we have by (18) and (19) the Lemma 5.

For the following we modify Lemma 2 as

LEMMA 2’ Let $D=_{\mathfrak{l}}^{j}0<|z|<1$ , $|argz|<\theta$ } and let $U(z)$ be an $HP$ in
$D$ such that $U(z)=0$ on $|z|=1$ . Then there exists a const. $l_{1}$ depending on
$\theta$ and $\delta$ such that

$\frac{1}{l_{J}}<\frac{U(z0}{U(z’)},<l_{1}$ : $|z’|=|z’|$ , $|arg$ $z’|$ and $|argz’|<\theta-\delta$.
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In fact, let $D_{r}=_{\iota}^{j}r<|z|<1$ } , $|$ arg $z|<\theta$ }. Consider $U(z)$ in $D_{r}$, using $\xi=$

$\frac{z}{r}$ , we have by Lemma 2 there exists a const. $l_{1}$ not depending on $r$ such that

$\frac{1}{l_{1}}<\frac{U(z\gamma}{U(z’\gamma}<l_{1}$ : $|z’|=|z$
\prime\prime

$|>2r$, $|$ arg $z’|$ and $|$ arg $z$

\prime\prime

$|<\theta-\delta$. Let $r\downarrow 0$ .

Then we have Lemma 2’.

Class $\mathfrak{H}$ . Let $\Omega$ be the domain. We denote by $\mathfrak{H}^{\delta}$ the class of functions
$j\backslash$ $K(z, p)(,:p\in\Delta$ such that $p_{\tau}^{M}arrow p$

, $p_{\dot{\tau}}$
-$arrow\{z=0\}$ and $p_{i} \in\{|\arg z|\leqq\frac{\pi}{2}-\delta^{(},$ . Put

$\mathfrak{H}=\bigcup_{\delta>0}\mathfrak{H}^{\delta}$ .

LEMMA 6. 1). Let $U(z)\in \mathfrak{H}$ . Then $U(\hat{z})\leqq U(z)$ and there exist
consts. $\lambda_{1}$ and $\lambda_{1,\delta}$ such that

$U(z)\leqq\lambda_{1}U(|z|)$ ,

$U(z) \geqq\frac{1}{\lambda_{1,\delta}}U(|z|)$ : $|$ arg $z| \leqq\frac{\pi}{2}-\delta$ , $0< \delta<\frac{\pi}{2}$ ,

where $\hat{z}$ is the symmetric point of $z$ relative to { arg $z= \frac{\pi}{2}$ }.

2) Let $U(z)\in \mathfrak{H}$ . Then $U(z)=0$ on $F+\{|z|=1\}$ except at most a set

of capacity zero, $i$ . $e$ . $U(z)$ is singular and $\lim_{zarrow\xi}U(z)<\infty$ : $\xi\in F$, $\xi\neq 0$ .

3) Let $\Omega_{r}=\Omega\cap\{|z|>r\}:\gamma<\frac{1}{16}$ be the domain in Lemma 4. Let $\gamma$ be

an arc on $j\backslash |z|=r$, $|$ arg $z|< \frac{\pi}{2}-\delta$ }. Let $U(\gamma, z, \Omega_{r})=H\phi\Omega_{r}$ : $\phi=U$ on $\gamma$

and=0 elsewhere. Then there exists a const. $\epsilon_{1}$ not depending on $r$ such that

$U$ $( \gamma, \frac{1}{2}, \Omega_{r})\geqq\epsilon_{1}$ {angular mes of $\gamma$).

4) $\Omega^{\Lambda}$ be the domain in Lemma 5: $\theta=\frac{2\pi}{8n}$ . Let $\Lambda_{i}$ : $|i|\leqq 2n-2$ and

$U(\Lambda_{7}, z,\Omega^{\Lambda})=H_{\phi}^{\Omega}$ : $\phi=U$ on $\Lambda_{i}$ , $=0$ elsewhere, then there exists a $const.\epsilon_{2}$

depending on $\theta$ but not on $r$ and the shape $\Lambda_{1}$ such that

$U(\Lambda_{i}, ^{\frac{1}{2}}\prime ^{\Omega^{\Lambda})>\epsilon_{2}}$ .

PROOF of 1) and 2). We can suppose $p_{i} \in\{|z|<\frac{1}{32},0\leqq\arg z<\frac{\pi}{2}-\delta\}$

: $\delta<\frac{\pi}{8}$ . Let $\hat{z}$ be the symmetric point of $z$ relative to $|$ arg $z|= \frac{\pi}{2}$ . Then
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Fig. 2

as Lemma 4
$K(\hat{z}, p_{7})\leqq K(z, p_{i})$ : $|$ arg $z| \leqq\frac{\pi}{2}$ . (20)

Hence

$K(z_{2}, p_{i})\leqq K(z_{3}, p_{7}\cdot)$ : $|z_{2}|=|z_{3}|$ , $z_{2}\in L_{2}$ , $z_{3}\in L_{3}$ , $L_{2}=_{1}^{j}$ arg $z=$

$- \frac{3\pi}{4}\}$ , $L_{3\mathfrak{l}}= \arg z=-/\frac{\pi}{4}/($ .

$K(z, p)$ is an HP in $j_{-\frac{\pi}{2}<\arg z}\backslash <0$ } $,$

$=0$ on $|z|=1$ . By Lemma 2’, there

exists a const. $l_{1}$ such that

$K(z_{3}, p_{i})\leqq l_{1}K(z_{5}, p_{7})$ ,

$|z_{3}|=|z_{5}|$ , $z_{3}\in L_{3}$ , $z_{5}\in L_{5}=_{\mathfrak{l}}^{j}$ arg $z=- \frac{\pi}{4}+\delta$ }. Now $L_{2}$ is symmetric to $L_{5}$

relative to $L_{4}=_{\mathfrak{l}}^{j}$ arg $z=- \frac{\pi}{2}+\frac{\delta}{2}11$ . By the maximum principle

$K(\hat{\hat{z}}, p_{i})\leqq l_{J}K(z, p_{i})$ : $- \frac{\pi}{2}+\frac{\delta}{2}\leqq\arg z\leqq-\frac{\pi}{4}$ , (21)
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where $\hat{\hat{z}}$ is the symmetric point of $z$ relative to $L_{4}$ . Let $L_{6}= \{\arg z=-\frac{\pi}{4}$

$-\delta\}$ . Then similarly as before, there exists a const. $l_{2}$ such that

$K(z’, p_{i})\leqq l_{2}K(z, p_{1})$ : $|z|=|z’|$ , $z’\in L_{2}$ , $z\in L_{6}$ .

$L_{6}$ is symmetric to $L_{2}$ relative to $L_{1}= \{\arg z=\frac{\pi}{2}-\frac{\delta}{2}\}$ . $K(z, p_{i})-l_{2}K(z’. p_{i})$

is an SPH in $\{-\frac{\pi}{4}-\delta<\arg z<\frac{\pi}{2}-\frac{\delta}{2}\}$ . Hence by the maximum prin-

ciple

$K(z’p_{i})\leqq l_{2}K(z, p_{i})$ : $- \frac{\pi}{4}-\delta<\arg z<\frac{\pi}{2}-\frac{\delta}{2}$ , (22)

where $z’$ is symmetric to $z$ relative to $L_{1}$ .
Put $l_{3}= \max(l_{1}, l_{2})$ . Then by (20), (21), (22)

$K(z, p_{7}) \leqq l_{3}\max(K(\zeta, p_{i}))\zeta$ for ( $\zeta=|z|$ , $|$ arg $\zeta|\leqq\frac{\pi}{2}\delta$) for any $z$ .

Suppose $p_{?}\in\{|z|<\epsilon\}$ and consider $K(z, p_{i})$ in $|$ arg $z|< \frac{\pi}{2}$ . Then by

Lemma 2’, there exists a const. $l_{\delta}$ depending on $\frac{\pi}{2}$ , $\delta$ such that

$\frac{1}{l_{\delta}}K(|z|rp_{i})\leqq K(z, p_{i})\leqq l_{\delta}K(|z|, p_{i})$ : $2\epsilon<|z|<1$ , $|$ arg $z| \leqq\frac{\pi}{2}$ .

Put $\lambda_{1}=h.l_{\delta}$ and $\lambda_{1.\delta}=l_{\delta}$ . Then

$K(z, p_{i})\leqq\lambda_{1}K(|z|, p_{i})$

and

$K(z, p_{\iota} \cdot)\geqq\frac{1}{\lambda_{1,\delta}}K(|z|, p_{i})$ : $|$ arg $z| \leqq\frac{\pi}{2}$ . (23)

Let $p_{?}\cdotarrow z=0$ and $\epsilonarrow 0$ . Then

$K(z, p)\leqq\lambda_{1}K(|z|\prime p\Gamma)$ ,

$K(z, p) \geqq\frac{1}{\lambda_{1,\delta}}K(|z|. p)$ : $|$ arg $z| \leqq\frac{\pi}{2}-\frac{\delta}{2}$ .

For case $p_{i}\in\{\arg z\geqq 0\}$ , we used only angular domains whose boundary does
not touch $p_{\dot{7}}$ . For $p_{\tau}\in\{\arg z<0\}$ , we have the same result. Hence we have
1).

Let $p_{i}\in\{|z|<\epsilon;$
( and $r>2\epsilon$ . Since $K$ $( \frac{1}{2}, p_{i})=1$ , there exists a const.
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$C(r)$ depending only on $r$ such that $K(r, p_{i})\leqq C(r)$ . Hence by (23)

$K(z, p_{i})\leqq C(r)\lambda_{1}W(\Gamma_{r}, z, \Omega_{r})$ : $r<|z|<1$ ,

where $\Gamma_{r}=\{|z|=r^{\iota},$ . Hence by letting $p_{7}\cdot-z=0$ and $\epsilonarrow 0$

$K(z, p)\leqq\lambda_{1}C(r)W(\Gamma_{r}, z, \Omega_{r})$ : $|z|\geqq r$.

Hence $K(z, p)$ is singular and $K(z, p)<\infty$ for $|z|>0$ . Thus we have 2).

Proof of 3) and 4). Let $G_{r}(z, \frac{1}{2})$ be a Green function $\Omega_{r}$ . Then since
$U(z)\in \mathfrak{H}$ is singular,

$1=U( \frac{1}{2})=\frac{1}{2\pi_{1’}}lU(\zeta)\frac{\partial}{\partial n}G_{r}(\zeta, z|=r\frac{1}{2})ds$ .

By Lemma 4) and 6)

$\frac{\partial}{\partial n}G_{r}(\hat{\zeta}, \frac{1}{2})\leqq l_{3}\frac{\partial}{\partial n}G_{r}(|\zeta|, \frac{1}{2})$ and $U(\hat{\zeta})\leqq U(\zeta)\leqq\lambda_{1}U(|\zeta|)$ ,

whence

$\frac{1}{2}\leqq\frac{1}{2\pi}\int_{\frac{2}{\pi}}^{\frac{\pi}{2}}-U(\zeta)\frac{\partial}{\partial n}G_{r}(\zeta, \frac{1}{2})d\theta\leqq\frac{1}{2}l_{3}\lambda_{1}U(|\zeta|)\frac{\partial}{\partial n}G_{r}(|\zeta|, \frac{1}{2})$ ,

and

$U(| \zeta|)\frac{\partial}{\partial n}G_{r}(|\zeta|. \frac{1}{2})\geqq\frac{1}{l_{3}\lambda_{1}}$ .

On the other hand $\gamma$ is in { $|z|=r$, $|$ arg $z| \leqq\frac{\pi}{2}-\delta$ } and

$\frac{\partial}{\partial n}G_{r}(\zeta, \frac{1}{2})\geqq\frac{1}{l3,\delta}\frac{\partial}{\partial n}G_{r}(|\zeta|, \frac{1}{2})$ , $U(\zeta)\geqq_{\lambda_{1.\delta}}^{\underline{1}}U(|\zeta|)$ .

Hence

$U( \gamma, \frac{1}{2}, \Omega_{r})=\frac{1}{2\pi}\int_{\gamma}U(\zeta)\frac{\partial}{\partial n}G_{r}(\zeta, \frac{1}{2})ds\geqq\frac{ang\cdot mes\gamma}{2\pi l_{3}\lambda_{1}l_{3_{1}\delta}\lambda_{1,\delta}}$ .

Put $\epsilon_{1}=1/2\pi l_{3}\lambda_{1}l_{3,\delta}\lambda_{1,\delta}$ . Then we have 3).

Let $G$ $(z, \frac{1}{2})$ be Green function of $\Omega^{A}$ . Then similarly as 3), by Lemma 5)

and 6), 1), by putting $\delta=\frac{\pi}{4n}$ ,
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$\frac{1}{2}\leqq\frac{1}{2\pi}\int_{\Sigma A,|i|\leqq 2n}U(\zeta)\frac{\partial}{\partial n}G(\zeta, \frac{1}{2})ds\leqq\frac{4n\lambda_{1}l_{4}}{2\pi}1_{\Lambda_{1}}U(\zeta)\frac{\partial}{\partial n}G(\zeta, \frac{1}{2})ds$ .

$U( \Lambda_{ , ^{\frac{1}{2}}\prime ^{\Omega^{\Lambda})=\frac{1}{2\pi}}},\int_{\Lambda}.U(\zeta)\frac{\partial}{\partial n}G(\zeta, \frac{1}{2})ds\geqq\frac{1}{4nl_{4}\lambda_{1}l_{4}’\lambda_{1,\delta}}$ : $|i|\leqq 2n-2$ .

Put $\epsilon_{2}=1/4nl_{4}\lambda_{1}l_{4}’\lambda_{1,\delta}$ . Then we have 4).

On fine neighbourhoods of $p$ $\in\Delta_{1}$ and canonical representations of
SPH, where $\Delta_{1}$ is the set of minimal boundary points.

Let $G$ be an open set in $\Omega$ . If $K(z, p)-K_{CG}(z, p)>0$ , we call $G$ a fine
neighbourhood of $p$ and denote by

$G^{K}\ni p$,

where $K_{CG}(z, p)$ is the least positive SPH not smaller than $K(z, p)$ on $CG$.

Then $V_{n}(p)\ni pK$ and $V_{M}(p)\ni pK$ are well $known^{1)2)}$ , where $V_{n}(p)=\{z$ : $d^{M}ist(z,p)$

$< \frac{1}{n}\}$ and $V_{M}(p)=\{z : ^{K(z, p)}>M\}$ : $M< \sup_{Z}K(z, p)$ . Let $E$ be a

closed set in $\Omega$ . Let $U(z)$ be an SPH. Then

$U_{E\cap\Delta}(z)= \lim_{n}U_{E\cap\Delta_{n}}(z)$ : $\Delta_{n}=\{_{Z} _{:} dist(z, \Delta)<\frac{1}{n} M\}$ .

Then if $U_{E\cap\Delta}(z)>0$ , then $U_{E\cap\Delta}(z)$ is represented by a canonical $mass^{1\rangle}$ on
$\overline{E}^{M}\cap\Delta_{1}^{1\rangle}$ : $\overline{E}^{V}$ is the closure of $E$ with respect to Martin’s topology(in the
following we denote it by $\overline{E}$ simply). Hence if $U_{E\cap\Delta}(z)>0,\overline{E}\cap\Delta_{1}\neq 0$ .

Let $E=$ { $z:|$ arg $z| \leqq\frac{\pi}{4}$ }. Then $\gamma_{m}=E\cap\{|z|=r_{m}\}$ has $ang$ . mes $= \frac{\pi}{2}$ .

Let $U(z)\in \mathfrak{H}$ . Then $U(z)\in \mathfrak{H}^{\delta}$ for a positive number $\delta$ . Hence by Lemma
6. 3)

$U_{E\cap\Delta}( \frac{1}{2})\geqq\lim_{m}U_{E\cap D_{m}}(\frac{1}{2})\geqq\varliminf_{m}U(\gamma_{m}, \frac{1}{2}, \Omega_{r_{m}})\geqq\frac{\pi\epsilon_{0}}{2}>0$ ,

where $D_{m}= \{z:|z|\leqq\frac{1}{m} \}$ . Hence $\overline{E}\cap\Delta_{1}\neq 0$ and there exist at least a

sequence $\{ p_{f}\}$ such that $p_{i} \in\{|\arg z|\leqq\frac{\pi}{4}\}$ and $p_{\tau}\cdotarrow q\in\Delta_{1}M$ .

LEMMA 7. Let $p\in\Delta_{1}$ and $K(z, p)$ be singular. Then $\sup K(z, p)=\infty$

and then
1) $K_{CV_{M}(p)\cap\Delta}(z, p)=0$ : $M<\infty$ .

2) $G\ni pK$ if and only if $\Delta(K_{CG}(z, p))=0=\lim_{M=\infty^{V_{M}(p)}}(K_{CG}(z, p))$ .
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Also $G^{K}\ni p$ implies $K_{CG\cap\Delta}(z, p)=0$ .

3) Let $\Omega$ be the domain. Let $q\in\Delta_{1}$ corresponding to an $HP$ in $\mathfrak{H}$ , $i$. $e$ .
$K(z, q)\in \mathfrak{H}$ , $q\in\Delta_{1}$ , $q$ lies on $z=0$ and $K(\hat{z}, q)\leqq K(z, q)$ . Let $\gamma$ be a closed

set consisting analytic curves clustering nowhere in $\Omega\cap$ { $|$ arg $z| \leqq\frac{\pi}{2}$ } such

that $C\gamma$ (complementary set of $\gamma$ ) $\ni qK$ . Let $\hat{\gamma}$ be the symmetric image of $\gamma$

relative to { $|$ arg $z|= \frac{\pi}{2}$ }. Then

$\Delta(K_{\gamma+\hat{\gamma}}(z, q))=0$ , $i$ . $e$ . $C(\gamma+\hat{\gamma})\ni qK$ .

PROOF of 1). Since $K(z, p)$ is singular, we see at once $\sup_{z}K(z$,

$p)=\infty$ . Assume $CV_{M}(p)\cap\Delta K(z, p)>0$ . Then $CV_{M}(p)\cap\Delta K(z, p)$ is an $HP$ . By

the minimality of $K(z, p)$ , $CV_{M}(p)\cap\Delta K(z, p)=aK(z, p)$ : $a>0$ . Evidently
$CV_{M}(p)\cap\Delta K(z, p)\leqq M$. This is a contradiction. Hence we have 1).

2) Let $G^{K}\ni p$. Assume $\Delta(K_{cc}(z, p))>0$ (or $K_{CG\cap\Delta}(z,$ $p)>0$). Then this is

an HP and by the minimality, $\Delta(K_{cc}(z, p))=aK(z, p)$ (or $K_{CG\cap\Delta}(z, p)=a’K$

$(z, p))$ : $a$, $a’>0$ . Hence

$K_{CG}(z, p)=\beta K(z, p)+V(z)$ : $\beta=a$ or $a’$,

where $V(z)$ is an $SPH\geqq 0$ and $V(z)=(1-\beta)K(z, p)$ on $\partial G$ . By the
definition of $K_{CG}(z, p)$ , $V(z)\geqq(1-\beta)K_{CG}(z, p)$ .

$K_{CG}(z, p)\geqq\beta K(z, p)+(1-\beta)K_{CG}(z, p)$ .

Hence for $0<\beta\leqq 1$ , we have $K_{CG}(z, p)\geqq K(z, p)$ . This contradicts $G^{K}\ni p$ .

Hence $G\ni pK$ implies

$\Delta(K_{CG}(z, p))=K_{\Delta\cap CG}(z, p)=0$ .

$G^{K}*p$ implies $K_{CG}(z, p)=K(z, p)$ , whence $\Delta(K_{cc}(z, p))=K(z, p)>0$ .

We show $\Delta(K_{cc}(z, p))=0$ if and only if $\lim_{M=\infty}V_{M}(p)(K_{cc}(z, p))=0$ .

$\Delta n^{(K_{cc}(z,p))\leqq_{\Delta}(K_{CG}(z,p))\leqq_{\Delta\cap CV_{M}(p)}(K_{CG}(z,p))+}V_{M}(p)$

$\Delta n^{(K_{cc}(z,p))}V_{M}(p)$ .
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But $\Delta\cap CV_{M}(p)(K_{cc}(z, p))=0$ by 1). We have

$V_{M}(p)(K_{CG}(z, p))\geqq_{\Delta\cap V_{M}(p)}(K_{CG}(z, p))=_{\Delta}(K_{CG}(z, p))$ .

Let $M\nearrow\infty$ . Then $\lim_{M}$
$V_{M}(p)\subset\Delta$ by the maximum principle. Hence

$\lim_{M=\infty}(V_{M}(p)K_{cc}(z, p))\leqq_{\Delta}(K_{CG}(z, p))$ . Hence

$\lim_{M=\infty^{V_{M}(p)}}(K_{CG}(z, p))=_{\Delta}(K_{CG}(z, p))$ .

3) Let $U_{1}(z)=H_{\phi}^{\Omega-\gamma-\hat{\gamma}}$ : $\phi=K(z, q)$ on $\gamma,=0$ elsewhere, $U_{2}(z)=H_{\psi}^{\Omega-\gamma-\hat{\gamma}}$ :
$\psi=K(z, q)$ on $\hat{\gamma},=0$ elsewhere.

Then $K_{\gamma+\hat{\gamma}}(z, q)=U_{1}(z)+U_{2}(z)$ (23)

and

$U_{1}(z)\leqq K_{\gamma}(z, q)$ . (24)

Let $G(z, z_{0}):z_{0}\in$ { $|$ arg $z| \leqq\frac{\pi}{2}$ } be Green function of $\Omega-\gamma-\hat{\gamma}$. Then as

Lemma 5 $G(\hat{z}, z_{0})\leqq G(z, z_{0})$ and $\frac{\partial}{\partial n}G(\hat{z}, z_{0})\leqq\frac{\partial}{\partial n}G(z, z_{0})$ , $z\in\gamma$, where $\hat{z}$ is
the symmetric point of $z$ . Put $V(z)=K_{\gamma+\hat{\gamma}}(z, q)$ . Then since $K(z, q)\in \mathfrak{H}$ ,

$K(\hat{\zeta,}q)=V(\hat{\zeta})\leqq V(\zeta)=K(\zeta, q)$ : $\zeta\in\gamma$ , $\hat{\zeta}\in\hat{\gamma}$. (25)

$U_{2}(z_{0})= \frac{1}{2\pi}\int_{\hat{\gamma}}V(\hat{\zeta})\frac{\partial}{\partial n}G(\hat{\zeta}, z_{0})ds\leqq\frac{1}{2\pi}\int_{\gamma}V(\zeta)\frac{\partial}{\partial n}G(\zeta, z_{0})ds=U_{1}(z_{0})$ . Now

$z_{0}$ is an arbitrarly point in $\backslash j|$ arg $z| \leqq\frac{\pi}{2}$ } and

$U_{2}(z)\leqq U_{1}(z)$ : $|$ arg $z| \leqq\frac{\pi}{2}$ .

Hence
$V(z)=U_{1}(z)+U_{2}(z)\leqq 2U_{1}(z):|$ arg $z| \leqq\frac{\pi}{2}$ . (26)

On the other hand, $V(z)-V(\hat{z})=0$ on $|$ arg $z|= \frac{\pi}{2},$ $\geqq 0$ on $\gamma+\hat{F}:\hat{F}$ is the

symmetric image of $F$. Hence

$V(\hat{z})\leqq V(z):|$ arg $z| \leqq\frac{\pi}{2}$ . (27)

Hence by 24) and 26)
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$V(\hat{z})\leqq V(z)\leqq 2K_{\gamma}(z, q):|$ arg $z| \leqq\frac{\pi}{2}$ . (28)

Let $D_{n}=\backslash /|z|<_{\frac{1}{n}1}^{\mathfrak{l}}$ . Then since $K(z, q)<\infty for|z|>0$ by Lemma 6. 2, for

any given $D_{n}$ , there exists an $M_{n}$ such that $D_{n}\supset V_{M_{n}}(q)=\backslash /z\in\Omega$ : $K(z, q)>$

$M_{n}\}$ . Hence

$\Delta\supset\lim D_{n}\supset\lim_{M}V_{M}(q)$ . (28)

By the assumption $C(\gamma)\ni qK$, $0= \lim_{\Delta}(K_{\gamma}(z, q)$ , $i$ . $e$ .

$0= \lim_{n}(D_{n}K_{\gamma}(z,) z=_{\frac{q1}{2}}’ )=\lim_{n}\frac{1}{2\pi}\int_{\partial D_{n}\cap\Omega}K_{\gamma}(\zeta, q)\frac{\partial}{\partial n}G^{n}(\zeta,\frac{1}{2})ds\geqq$

$\lim_{n}\frac{1}{2\pi}\int_{\partial D_{n}\cap\{|\arg\xi|\leqq\frac{\pi}{2}\}}K_{\gamma}(\zeta, q)\frac{\partial}{\partial n}G^{n}(\zeta, \frac{1}{2})ds$ : (30)

$G^{n}(z, \frac{1}{2})$ is a Green fumction of $\Omega-D_{n}$ .

$C1ear1y\frac{\partial}{\partial n}G^{n}(\hat{\zeta}, \frac{1}{2})\leqq\frac{\partial}{\partial n}G^{n}(\zeta, \frac{1}{2}):\zeta\in\partial D_{n}\cap j\backslash |\arg z|\leqq_{\frac{\pi}{2}1}^{\mathfrak{l}}$ .

By (28)

$D_{n}(K_{\gamma+\hat{\gamma}}( \frac{1}{2}, q))=\frac{1}{2\pi}\int_{\partial D_{n}\cap\Omega}V(\zeta)\frac{\partial}{\partial n}G^{n}(\zeta, \frac{1}{2})ds$

$\leqq\frac{1}{\pi}\int_{\partial D_{n}\cap\{|\arg z|\leqq\frac{\pi}{2}\}}V(\zeta)\frac{\partial}{\partial n}G^{n}(\zeta, \frac{1}{2})ds$

$\leqq\frac{2}{\pi}\int_{\partial D_{n}\cap\{|\arg z|\leqq\frac{\pi}{2}\}}K_{\gamma}(\zeta, q)\frac{\partial}{\partial n}G^{n}(\zeta, \frac{1}{2})ds$ .

Hence by (30)

$\lim_{n}D_{n}(K_{\gamma+\hat{\gamma}}(z, q))=0$ .

At last by (29) and (2) we have

$\Delta(K_{\gamma+\hat{\gamma}}(z, q))=0$ .

Thus we have 3).

On the behaviour of Martin’s topology.

$d^{M}ist(p_{1;}p_{2})=\sup_{z\in r}|\frac{K(z,p_{1})}{1+K(z,p_{1})}-\frac{K(z,p_{2})}{1+K(z,p_{2})}|:\Gamma=_{\mathfrak{l}}^{j}|z-\frac{1}{2}|=_{\frac{1}{32}\mathfrak{l}}^{1}$ .
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Let $\Omega’=\Omega\cap\{|z-\frac{1}{2}|>\frac{1}{8}\}$ . Then $K(z, p)$ are uniformly bounded $in_{1}^{j}|z-\frac{1}{2}|$

$\leqq\frac{1}{16}\}$ for $p\in\Omega’$
‘ We define a new distance $\delta^{*}$ $(p_{1} , p_{2}):p_{i}\in\Omega’$ as

$\sup_{z\in\Gamma}|K(z, p_{1})-K(z, p_{2})|$

We denote by $M^{*}-$ the topology induced by this metric. Then we see at
once $M^{*}-$ top. and Martin’s topology are isomorphic in $\overline{\Omega}’$ . Let $q\in\Delta_{1}$ over
$j\iota Z$ $=0\}$ corresponding to a function in $\mathfrak{H}$ . Put $V_{n}^{*}(q)= \{z : \delta^{*}(z, q)<\frac{1}{n}\}$ .

Then $\{ V_{n}(q)\}$ and $j\backslash V_{n}^{*}(q)\}$ are equivalent. To study the behaviour of
$V_{n}(q)$ we investigate $V_{n}^{*}(q)$ instead of $V_{n}(q)$ .

LEMMA 8. Let $q\in\Delta_{1}$ corresponding $lo$ a function in $\mathfrak{H}$ . Let $g(z)$

$=\delta^{*}(z, q):z\in\Omega’$ Then clearly $g(z)$ is continuous in $\Omega’$ Let $G$ be $a$

compact domain in $\Omega’$ Then

$g(z)< \max_{z\in\partial G}\neq g(z)$ : $z\in G$

and $j\iota Z$ : $g(z)=const.(/$ does not contain an open set. Therefore { $z$ : $g(z)\geqq\delta>$

$0^{\iota}$, is not compact in $\Omega’$ .

PROOF. Put $M= \max_{z\in\partial G}g(z)$ and $M^{*}= \max_{z\in G}g(z)$ . Suppose $M^{*}>M$.

Put $E=\{z\in G:g(z)=M^{*(},$ . Then dist $(E, \partial G)>0$ . There exists a point $zO$

$\in\partial E\cap G$ and $r$ such that $C(r, z_{0})\subset G$ and $\partial C(r, z_{0})\cap CE\neq 0$ , where
$C(r, z_{0})=\{|z-z_{0}|<r^{t},$ . Then mes $\partial C(r, z_{0})\cap CE)>0$ . $g(z_{0})=M^{*}$ means

$M^{*}= \sup_{z\in\Gamma}|K(z, z_{0})-K(z, q)|$ , $\sup_{z\in\Gamma}|K(z, z’)-K(z’q)|$

$<M^{*}$ for $z’\not\in E$.

Since $C(r, z_{0})\ni z_{0}$ and $\partial C(r, z_{0})$ is compact,

$K(z, z_{0})=K_{C(r,z_{0})}(z, z_{0})=H_{\Psi}^{\Omega-C(r.z_{0})}$ : $z\not\in C(r, z_{0})$ ,

where $\Psi=K(z, z_{0})$ on $\partial C(r, z_{0})$ and $=0$ elsewhere. Hence there exists a
positive, continuous unit mass $distribution^{1\rangle}\mu(z_{\tau})$ exists on $\partial C(r, z_{0})$ such
that

$K(z, z_{0})= \int_{\partial C(r.z_{0})}K(z, z_{\tau})d\mu(z_{\tau})$ : $z\not\in C(r, z_{0})$ .

There exists a point $t_{0}$ on $\Gamma$ not depending on $r$ such that
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$M^{*}=|K(t_{0}, z_{0})-K(t_{0}, q)| \leqq\int|K(t_{0}, z_{\tau})-K(t_{0}, q)|d\mu(z_{\tau})$ . (31)

Now $\int_{\partial C(r,z_{\cap})\cap CE}d\mu(z_{\tau})>0and|K(t_{0}, z_{\tau})-K(t_{0}, q)|<M^{*}:$ $z\in(\partial C(r, z_{0})\cap$

CE). The term on the right hand of $(31)<M^{*}$ This is a contradiction.
Hence $M^{*}=M$. If $0\neq E\subsetneqq\overline{G}$, we have the same contradiction. Hence $E=G$

or $E\cap G=0$ . Suppose $E=G$. Then there exist a point $z_{0}\in G$ and $C(r, z_{0})$

$\subset G$. Then by (31), there exist a point $t_{0}\in\Gamma$ not depending on $r$ such that

$M=|K(t_{0}, z)-K(t_{0}, q)|= \int_{\partial C(r.z_{\cap})}|K(t_{0}, z_{\tau})-K(t_{0}, q)|d\mu(z_{\tau})$ .

Hence $K(t_{0}|, z_{\tau})=K(t_{0}, q)+C:C=M$ or- $M$ for $z_{\tau}\in C(r, z)$ for any $r<dist$

$(z, \partial G)$ , whence $K(t_{0}, z_{\tau})=const$ : $z_{\tau}\in C(r, z_{0})$ , $i$ . $e$ .

$K(z_{0}, z_{\tau})= \frac{G(t_{0},z_{\tau})}{G(\frac{1}{2}\prime z_{\tau})}=\frac{G(z_{\tau\prime}t_{0})}{G(z_{\tau},\frac{1}{2})}=const$
.

Whence $G(z, t_{0})= const.\cross G(z, \frac{1}{2})$ . This is a contradiction. Hence $E\cap$

$G=0$ . $i.e$ . $g(z)< \max_{z\in\partial G}g(z)$ : $z\in G$ . The other assertions are contained in

the above discussion.

Proof of Theorem 1. We shall show.
1) There exists only one minimal function in $\mathfrak{H}$ . We denote such function

$U(z)=K(z, q)$ : $q\in\Delta_{1}$ .

2) Let $A^{\delta}= \{|\arg z|\leqq\frac{\pi}{2}-\delta\}$ . Then $\overline{A}^{\delta}\cap\Delta_{1}$ consists of only one point $q$ .

3) Let $A( \theta_{1_{J}}\theta_{2})=\{\theta_{1}<\arg z<\theta_{2}\}:-\frac{\pi}{2}<\theta_{1}<\theta_{2}<\frac{\pi}{2}$ . Then $CV_{n}^{*}(q)\cap$

$A(\theta_{1} , \theta_{2})$ does not contain a continuum tending to $z=0$ for any $n$ .
4) For any $n$ and $\delta>0$ there exists $r$ depending on $n$ and $\delta$ such that

$(\{|z|<r\}\cap A^{\delta})\subset V_{n}^{*}(q)$ .

Thus we have the Theorem 1.

PROOF. Let $U(z)\in \mathfrak{H}$ . Then there exists $\delta>0$ such that $U(z)\in \mathfrak{H}^{\delta}$ .

Then there exist const. $s$ , $\lambda_{1}$ , $\lambda_{\delta}$ depending on $\delta$ by Lemma 6 such that

$U(z)\leqq\lambda_{1}U(|z|)$ and $U(z) \geqq\frac{1}{\lambda_{\delta}}U(|z|)$ : $|$ arg $z|< \frac{\pi}{2}-\delta$.

Let $\lambda_{r}=$ { $|z|=r$, $|$ arg $z| \leqq\frac{\pi}{4}$ }. Put $M(r)= \max U(z)$ on $\lambda_{r}$ and $N(r)=$
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min $U(z)$ on $\lambda_{r}$ and $W(\lambda_{r}, z, \Omega_{r})$ be H. $M$ of $\lambda_{r}$ , where $\Omega_{r}=\Omega\cap\{|z|>r\}$ .
Then by Lemma 6

$\frac{M(r)}{N(r)}\leqq\lambda_{5}=\lambda_{1}\cdot\lambda_{\delta}$ and $1=U$ $( \frac{1}{2})\geqq U(\lambda_{r}, \frac{1}{2}, \Omega_{r})\geqq\frac{\pi\epsilon_{1}}{4}>0$ .

$N(r)W(\lambda_{r}, z, \Omega_{r})\leqq U(\lambda_{r}, z, \Omega_{r})\leqq M(r)W(\lambda_{r}, z, \Omega_{r})$ . (32)

Putting $z= \frac{1}{2}$ ,

$N(r) \leqq\frac{1}{w(\lambda_{r},\frac{1}{2}\prime\Omega_{r})}$
,

$M(r) \geqq\frac{\pi\epsilon_{1}}{4w(\lambda_{r},\frac{1}{2},\Omega_{r})}$
. $(32\gamma$

We can find a sequence $\{ U (\gamma_{\frac{1}{n} },z, \Omega_{\frac{1}{n}})\}$ tending to an HP $V(z)(\leqq U(z))>$

$0$ by Lemma 6. Let $U(z)\in \mathfrak{H}$ . Then $U(z)\in \mathfrak{H}^{\delta}$ for a number $\delta$ . Let $A=$

$A(\theta_{1} , ^{\theta_{2}})=\{\theta_{1}\leqq\arg z\leqq\theta_{2}\}$ : $| \theta_{i}|<\frac{\pi}{2}-\delta$ . Then $U_{An_{\backslash }^{1}|z|\geqq r}(z)\geqq U(\gamma_{r}, z, \Omega_{r})>$

$0$ by lemma 6 not depending on $r$. Let $rarrow 0$ . Then $U_{A\cap\Delta}(z)>0$ and $U_{A\cap\Delta}(z)$

is represented by a canonical mass on $\overline{A}\cap\Delta_{1}$ . This implies there exists a
sequence $\{ p_{l}\}$ in $A$ such that $p_{i}arrow q\in\Delta_{1}\cap\overline{A}$ . Hence $\mathfrak{H}$ has at least one
minimal function. We shall show $\mathfrak{H}$ has only one minimal function. Let
$U_{7}(z)$ : $i=1,2$ be minimal in $\mathfrak{H}^{\delta}$ . We can find $V_{7}\cdot(z)$ from $\{ U_{\dot{\tau}}(\gamma_{r}, z, \Omega_{r})\}$ as
$rarrow 0$ . By the minimality of $U(z)$

$V_{i}(z)=a_{i}U_{i}(z)$ : $i=1,2$ .

By 32) and 320 we have $V_{1}(z)\leqq\lambda_{5}V_{2}(z)$ .

By the minimality of $U_{i}(z)$ , $U_{\iota}(z)=a’U_{2}(z)$ : $a’>0$ .

Now $U_{i}( \frac{1}{2})=1$ . Whence $U_{1}(z)=U_{2}(z)$ . Thus $\mathfrak{H}$ has only one minimal

function.

2) Let $\gamma_{r}=\{|z|=r, \theta_{1}\leqq\arg z\leqq\theta_{2}\}$ , $A= \{\theta_{1}\leqq\arg z\leqq\theta_{2}\}:-\frac{\pi}{2}<\theta_{1}<\theta_{2}<\frac{\pi}{2}$ .

Then $U_{A\cap\Delta}(z) \geqq\lim_{rarrow 0}U(\gamma_{r}, z, \Omega_{r})>0$ . $\overline{A}\cap\Delta_{1}=one$ point $q$ by 1). Hence
we have 2).

Proof OF 3. Since $\{ V_{n}^{*}(q)\}$ and $\{ V_{n}(q)\}$ are equivalent, we use
$V^{*}(q)$ instead of $V_{n}(q)$ . Assume $CV_{n}^{*}(q)$ has a continuum in $A(\theta_{1}, \theta_{2})$

connecting a point $z_{0}$ : $|z_{0}|>r_{0}$ and $z=0$ . Then we can find a continuum $\gamma$ in
it satisfying the condition of Lemma 7). 3) Then $\gamma\subset CV_{n}^{*}(q)\subset CV_{m}(q)(m$
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depends on $n$). Hence by Lemma 7. 2)

$0=_{\Delta}(K_{\gamma}(z, q))=_{\Delta}(K_{\gamma+\hat{\gamma}}(z, q))$ ,

where $\hat{\gamma}$ is the symmetric image of $\gamma$ . Now $\gamma+\hat{\gamma}$ dividedes $\{|z|<r_{0}\}$ .
$K$ $K$

Evidently $V_{M}(q)\ni q$ : $M<\infty$ and $C(r_{0})=\{z\in\Omega : |z|<r_{0}\}\supset V_{M}(q)\ni q$ for

large $M$, because $U(z)<\infty for|z|>0$ by Lemma 6. Hence

$(C(r_{0})-\gamma-\hat{\gamma})\ni qK$ .

Hence there exists exactly one component $G$ of the above such that $G\ni qK$ . $G$

must be contained in $A_{1}$ or $A_{2}$ :

$A_{1}=\{|z|<r_{0}$ , $\theta_{1}<\arg z<\pi-\theta_{1/}|$ ,

$A_{2}=_{1}^{j}|z|<r_{0}$ , $-\pi-\theta_{2}<\arg z<\theta_{2}\}$ .

We can suppose without loss of generality $G\subset A_{J}$ . Then by Lemma 7. 2)

$K_{\Delta\cap CG}(z, q)=0$ .

On the other hand by Lemma 6

$K_{\Delta\cap CG(Z, q)\geqq K_{A’\cap\Delta}(z, q)>0}$ ,

by $CG \supset A’=_{\mathfrak{l}}^{j}-\frac{\pi}{2}+\delta<\arg z<\theta_{1}$ } $:- \frac{\pi}{2}+\delta<\theta_{1}$ . This is a contradiction.

Hence we have 3).

PROOF OF 4. Assume 4) is false. Then there exist $\delta>0$ and a const.
$\epsilon_{0}=\epsilon_{0}(\delta)$ such that there exists a sequence $j\backslash z_{\dot{\prime}}$ } such that

$z_{n}arrow z=0$ in $A^{\delta}= \{|\arg z|<\frac{\pi}{2}-\delta^{(}$, : $\delta>0$ , and $\delta^{*}(z_{n}, q)>\epsilon_{0}>0$ .

Then we can find $\Psi_{0}$ such $that|\Psi_{0}|\leqq_{\frac{\pi}{2}}-\delta$ , $A(\Psi_{0})=$ { $|$ arg $z- \Psi_{0}|<\frac{\delta}{12}$ }

has a subsequence $j\backslash z_{n}’$ } of $\{ z_{n}\}_{1}$ For simplicity we denote by $\{ z_{n}\}$ also.

We can suppose $\Psi_{0}\geqq 0$ . Put $\theta=\frac{2\pi}{8n}$ . Then we find an integer $n$ such that

$\theta\geqq\frac{\delta}{6},5\theta+\frac{\delta}{12}<\delta$ . (33)

Because $\frac{5}{11}(\frac{\pi}{\delta})<n<3(\frac{\pi}{6})$ and $(3- \frac{5}{11})$ $( \frac{\delta}{6})>2$ , by $0< \delta<\frac{\pi}{2}$ . Let $A_{i}=$
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{ $i\theta<\arg$ $z<(i+1)\theta^{(}$, : $i=0,\pm 1$ , $\ldots,\pm 2n$ . Then by (33) there exists a
number $i_{0}$ such that

Case $A$). $A_{i_{0}}\supset A(\Psi_{0})$ , $A_{j}\cap A(\Psi_{0})=0:j\neq i_{0}$ and $-2n+5<i_{0}<2n-5$ or
Case $B$). $A_{i_{0}}+A_{i_{0}+1}+\backslash /$ arg $z=i_{0}\theta_{j}^{1}\supset A(\Psi_{0})$ $:-2n+4\leqq i_{0}\leqq 2n-4$ .

$A_{j}\cap A_{\Psi_{0}}=0:j\neq i_{0}and\neq i_{0}+1$ .

At present we consider the case $A$). Let
$A^{+}=\{(i_{0}+1)\theta<\arg z(i_{0}+2)\theta(,$ ,
$A^{-/}=(\backslash i_{0}-1)\theta<\arg z<i_{0}\theta^{1},$ .

Put $A=A^{+}+A_{i_{0}}+A^{-}+ \{\arg z=(i_{0}+1)\theta\}+_{1}^{j}\arg z=i_{0}\theta\}\subset\{|\arg z|<\frac{\pi}{2}-3\theta\}$ .

Let $E=C^{o}V^{*}(q)\cap A:C^{o}V^{*}(q)=z/\backslash$ : $\delta^{*}(z, q)>\epsilon_{0)}$
( Let { $z_{n/}^{1}$ be a

subsequence of $\{ z_{n}\}$ in $A_{i_{0}}$ and let $E_{n}$ be a component of $E$ ) containing $z_{n}$ .
Then
Case 1. Any $E_{n}$ does not tend to $z=0$ by 3).
Case 2. If the number of $/\backslash E_{n}$ } is finite, there exists at least a component $E_{0}$

containing a subsequence $j\iota Z_{m}$ }. This implies $E_{0}$ tends to $z=0$ . This also
contradicts 3). Hence it is sufficient to consider the case
Case 3. There exist a sequence $\{$ $E_{m/}^{(}$

Let $a_{m}= \sup|z|forz\in E_{m}$ . Then $\lim_{m}a_{m}=0$ .

Assume $\varlimsup_{m}a_{m}>d>0$ . Then there exists a sequence $\{ ^{E_{m}}\}$ such that $E_{m}\ni z_{m}$ :

$E_{m} \cap\backslash /|z|\geqq\frac{d}{2}$ , $z\subset\overline{A}^{\{},\neq 0$ and $z_{m}arrow 0$ . Put $\Gamma=\Sigma E_{m}+\{|z|>\frac{d}{2}$ , $z\in\overline{A}^{\iota},$ .

Then $\Gamma$ is a continum in $\overline{A}$ and tends to $z=0$ . Let $\epsilon_{1}=\min(\delta^{*}(z, q))$ : $z\in$

{ $|z| \geqq\frac{d}{2}$ , $z\in\overline{A}_{)}^{1}$ . Then $\epsilon_{1}>0$ . Hence

$\Gamma\subset CV_{\epsilon_{2}}^{*}(q)$ : $\epsilon_{2}=\min(\epsilon_{0}, \epsilon_{1})$ .

This contradicts also 3). Hence lim $a_{m}=0$ . By Lemma 8, $E_{m}$ is not compact
$m$

in $A$ . Hence $E_{m}$ must intersect { arg $z=(i_{0}+2)\theta$ } or $\backslash /$ $\arg$ $z=(i_{0^{1}}-1)\theta_{J}^{(}$ .
$N$ow $z_{n}\in A_{\iota_{\mathfrak{n}}}$ , $E_{m}$ intersects
1) ( arg $z=(i_{0}\oplus 1)\theta_{1}^{1}$ and { arg $z=(i_{0}+2)\theta$ } or
2) $\backslash /$ $\arg$ $z=i_{0}\theta$ } and $\iota\arg=/(i_{0}-1)\theta^{(},$ . It is sufficient to consider the case 1.

In this case by lim $a_{m}=0$ , since $E_{m}$ is a closed domain we can find a compact
$m$

analytic curve $\Lambda_{m}$ in $E_{m}$ separating $z=0$ in $A^{+}from|z|=1$ and satisfying the
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conditions of Lemma 3 and $\Lambda_{m}arrow_{\backslash }’z=0^{(}$, as $marrow\infty$ . By Lemma 6, there
exists a positive $const.\epsilon_{1}$ depending only $n$ but $\Lambda_{m}$ such that

$U( \Lambda_{m}, \frac{1}{2}\Omega^{\Lambda})>\epsilon_{1}$ $m=1,2$ , $\ldots$

where $\Omega^{\Lambda}$ is a domain constructed from $\Lambda_{m}$ in the manner of Lemma 6. 4).

Now { $V_{n}(q)$ (, and { $V_{n}^{*}(q)_{/}^{1}$ are equivalent. There exist $V_{m}(q)$ such that
$K$

$V_{m}(q)\subset V_{n}^{*}(q)$ . $V_{m}(q)\ni q$ implies

$0=K_{CV_{m}(q)\cap\Delta}(z, q)\geqq K_{CV_{n}^{*}(q)\cap\Delta}(z, q)$ . (34)

Now $\lim_{m}a_{m}=0$ means, for any $\Delta,=/\backslash z$ : dist $(z, \Delta)$

M
$< \frac{1}{l}/$(, there exists $m_{0}$ such

that $\Lambda_{m}\subset\Delta_{l}$ : $m>m$ . Hence

$K_{CV_{n}^{*}(q)\cap\Delta},(z, q) \geqq K_{\Lambda_{m}\cap\Delta},(z, q)=K_{\Lambda_{m}}(z, q)\geqq U(\Lambda_{m}, \frac{1}{2}, \Omega^{\Lambda})>\epsilon_{1}$ : for

$z= \frac{1}{2}$ .

Let $marrow\infty$ and then $larrow\infty$ . Then $K_{CV_{n}^{*}(q)\cap\Delta}(z, q)>0$ . This contradicts (34).

Case $B$. Put $A^{+}=/\backslash (i_{0}+2)\theta<\arg z<(i_{0}+3)\theta^{t},$ , $A^{-}=((i_{0}-1)\theta<\arg z<i_{0}\theta_{J}^{1}$

$A’=\{i_{0}\theta\leqq\arg z\leqq(i_{0}+2)\theta|,$ . Then we have the same contradiction. Thus
we have Theorem 1.

\S 2. Domain $\Omega^{\frac{1}{3}}$ . Let $D$ be a domain $\backslash /|z|<1$ , $|$ arg $z|< \frac{3\Psi}{2}$ }. $\Psi\leqq\frac{2\pi}{3}$ .

Let $F$ be a closed set in { $|z|<1$ , $|$ arg $z| \geqq\frac{\Psi}{2}/$
( such that $\Omega^{\frac{1}{3}}=D-F$ is a

domain. We suppose Martin’s topology introduced on $\overline{\Omega}^{\frac{1}{3}}$ . We define the

classes $\mathfrak{H}$ and $\mathfrak{H}^{\delta}$ as \S 1. $i$ . $e$ . $\mathfrak{H}^{\delta}=K(z, p)$ : $p\in\Delta$ , $p_{r}arrow pM$, $p_{7}\cdot\in_{\iota}/|$ arg $z|<$

$\frac{\Psi}{2}-\delta\}$ : $0< \delta<\frac{\Psi}{2}$ . Then for $U(z)\in \mathfrak{H}$ , $U(\hat{z})\leqq U(z)$ and $G(\hat{z}, \xi)\leqq G(z,\xi)$

or $G^{\Lambda}(\hat{z}, \xi)\leqq G^{\Lambda}(z, \xi)$ , where $G(z, \xi)$ or $G^{\Lambda}(z, \xi)$ are Green function of
$\Omega_{r}=/\backslash |z|>r^{1},\cap\Omega^{\frac{1}{3}}$ or $\Omega^{\Lambda}$ respectively and $\hat{z}$ is the symmetric point of $z$ :

$|$ arg $z|< \frac{\Psi}{2}$ with respect to arg $z= \frac{\Psi}{2}or=-\frac{\Psi}{2}$ . The proofs of Theorem 1

depend on the observation of symmetric image of functions relative to some
rays chosen suitably. The methods can be applied on this domain without
any essential alteration but some trivial modefication. Hence we have



144 Z. Kuramochi

THEOREM 2. There exists only one minimal function $K(z, q)$ in $\mathfrak{H}$ and

$\lim_{n}z_{n}=0$ in{l arg $z|< \frac{\Psi}{2}-\delta$ } : $\delta>0$ implies $z_{n}arrow Mq$ .

\S 3. Let $F$ be a closed set in $|z|<1$ such that $\Omega=\{|z|<1\}-F$ is a domain
and $\partial F\ni\{z=0\}$ . We suppose an $N-$Martin $topology^{2)}$ is defined over $\Omega+\Delta$ ,

where $\Delta$ is the set of boundary points with respect to the $N-$Martin topology.
We proved

$THEOREM^{3)}3$ . If $F$ is irregular at $j\backslash z=0$ }, then $\Delta(onz=0)$ consists of
only one point which is clearly $N$ -minimal.

Let $A$ be a set of enumerably infinite number of analytic curves $A_{n}$

clustering nowhere in $0<|z|<1$ . Put $F= \sum(A_{n}+A_{n}^{0})$ , where $A_{n}^{0}$ is a
domain bounded by $A_{n}$ and $A_{n}^{0}$ may be empty. We suppose $\Omega=\{|z|<1^{1},-F$

is a domain. Let $\hat{\Omega}$ be the same leaf as $\Omega$ . Identity $\partial F$ with $\partial\hat{F}$. Then we
have a Riemann surface $\tilde{R}$ called the double of $\Omega$ . $\tilde{R}$ has a compact bound-
ary $\Gamma+\hat{\Gamma}$ on $\{|z|=1\}$ and has one boundary component $\mathfrak{p}$ . For a set $E$ in $\Omega$

we denote by $\hat{E}$ the symmetric image with respect to $\partial F$. It is well known
$\tilde{R}$ is an end of a Riemann surface $\tilde{R}^{*}\in O_{g}.4$

) Let $N(z, p)$ : $p\in\Omega$ be an $N$

-Green function.
Then

$N(z, p)=G(z, p)+G(z,\hat{p})$ ,

where $G(z, p)$ is a Green function of $\tilde{R}$ .

Rings and modified rings. Let $J$ be a ring domain in $\Omega$ with two bound-
ary components $\gamma_{1}$ and $\gamma_{2}$ , where $\gamma_{2}$ separates { $z=0^{\iota}$, from $\gamma_{J}$ and $\gamma_{1}$

separates $\gamma_{2}$ from $|z|=1$ . Usually module $2$)$t(/)$ of $J$ is given as

$\backslash ])\}(J)=D(U(z))=2\pi M$,

where $U(z)=H_{\phi}^{J}$ : $\phi=0$ on $\gamma_{1}$ and $=M$ on $\gamma_{2}$ and $\int_{\gamma},\frac{\partial}{\partial n}Uds=2\pi$ .

Let $J’$ be a ring in $\backslash /0<|z|<1$ } with two boundary components $\gamma_{1}$ and $\gamma_{2}$

as above. If $J=J’-F$ is a simply connected, we call $J$ a modified ring and
$J’$ the primitive of $J$.
$\partial J=(\gamma_{1}+\gamma_{2}-F)+(\partial F\cap I\gamma$ . Module of $J$ is given as

$9Jl(J)=D(V(z))=2\pi M$,

where $V(z)$ is an HB in $J$ such that $V(z)=0$ on $\gamma_{1}-F,$ $=M$ on $\gamma_{2}-F$,

$\int_{\gamma,-F}\frac{\partial}{\partial n}V(z)ds=2\pi$ and $V(z)$ has M. D. I.(minimal Dirichlet integral). Let $J$
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be a modified ring and $J’$ be its primitive. Suppose $\backslash$])}$(J’)=2\pi M’$ Let $U’(z)$

be an HB in $J’$ such that $U’(z)=0$ on $\gamma_{1}-F,$ $=M’$ on $\gamma_{2}-F$ and $U’(z)$ has

M. D. I. Then $D_{J}$ ( $U\gamma\leqq 2\pi M’$ and $\int_{\gamma_{1}-F}\frac{\partial}{\partial n}U’ds\leqq 2\pi$ . This implies

$\backslash ])\}_{(’}J)\geqq’ JJt(J’)$ .

For the convenience, we define the primitive of a ring $J$ in $\Omega$ by $J$ in itself,
i.e. $J$ $=J’$

Let $J_{1}$ and $J_{2}$ be rings or modefied ring and let $J’,\cdot$ be the primitives of $J_{7}$ . If
$J_{1}’\cap J_{2}’=0$ and $J_{2}’$ separates $z=0$ from $J_{1}’$ , we denote $J_{2}<J_{1}$ . Then

THEOREM 4. Let $\Omega$ be a domain such that $\Omega=\{|z|<1_{)}^{(}-F$ as before.
If there exists a sequence of rings or modified rings $J_{1}$ , $J_{2}$ , $\ldots$ such that

$J_{1}$ $>J_{2}>J_{3}\ldots$ $J_{n}arrow_{\backslash }^{j}z=0$ } as $narrow\infty$ , and $\Sigma 0JlU_{n}’$ ) $=\infty$ .

Then $\Delta_{1}=\Delta=one$ point, where $\Delta$ and $\Delta_{1}$ are set of boundary points and of
$N-$minimal poists over $j\backslash z=0_{/}^{(}$ .

PROOF. Case 1. $\sum 9JlU_{n}’$ ) $=\infty$ , where the summation is over only
modified rings. Then $\tilde{\gamma}_{n}=(\gamma_{n.?}-F)+(\hat{\gamma}_{n}-\hat{F})$ is connected and $\tilde{J}_{n}=$

$(J_{\acute{n}}-F)+\hat{U}_{\acute{n}}-\hat{D}$ is an ordinaly ring with module $\frac{0Jt(J_{n})}{2}(\geqq\frac{\backslash ))\}(J_{n})}{2})$ in $\tilde{R}$,

where $\gamma_{n,?}\cdot(i=1,2,)$ are boundary of $J_{\acute{n}}$ : $J_{\acute{n}}$ is the primitive of $J_{n}$ . Denote by
$\tilde{R}_{n_{2}}$ the compact part of $\tilde{R}$ divided by $(\gamma_{n}-F)+(\hat{\gamma}_{n}-\hat{F})$ . Then $\tilde{R}_{n}$ is an
exhaustion of $\tilde{R}$ . Then there exists a number $m$ such that $\tilde{R}_{no}\ni p$ . Consider
$G(z, p)$ in $\tilde{R}-\tilde{R}_{n_{0}}$ . Then $G(z, p)$ is an HBD. Hence by M. Heins’s
$theorem^{5)}$

$G(z, p)$ has limit as $zarrow \mathfrak{p}$ in $\tilde{R}$ . (35)

Case 2. $\sum 0JlU_{n}$ ) $=\infty$ , where the summation is only rings. We can suppose
$\sum_{n=l}^{\infty}\sim 9J?U_{n})=\infty$ , where $J_{n}$ is a ring: $n=1,2$ , $\ldots$ . In this case both $J_{n}$ and $\hat{J}_{n}$ are
rings in $\tilde{R}$ . Let $\tilde{R}_{n}$ be the compact part of $\tilde{R}$ divided by $\gamma_{n}+\hat{\gamma}_{n}$ (of $J_{\acute{n}}$ and $\hat{J}_{\acute{n}}$ ).
Then $\tilde{R}-\tilde{R}_{n}$ is an end and has a boundary component. Since $p\in\Omega$ , there
exists a number $m$ such that $R_{n_{0}}\ni p$ and $G(z, p)$ is an HBD in $\tilde{R}-\tilde{R}_{n_{0}}$ .
Attend to the closed set $F$ in $|z|<1$ . If $F$ is irregular, our assertion is
Theorem 3. In the following we suppose $F$ is regular at $z=0$ . Let $\Lambda$ be a
curve in $\Omega$ tending to $z=0$ . Then $S(z)=G(z, p)-G(\hat{z}, p)=0$ on $\partial F$ by $\hat{z}=$

$z$ . $S(z)arrow 0$ as $zarrow\{z=0^{(}$, in $\Lambda$ . Hence

$\max_{z\in\Lambda\cap J_{n}}|S(z)|=\epsilon_{n}$ : $\epsilon_{n}\downarrow 0$ as $narrow\infty$ .
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Let $J$ be one of $J_{n}$ and let $U(z)$ be the HB function defining $U$ ). Let $A_{\rho}=$

$\backslash /z\in I:e^{U}=\rho\}$ and $\hat{A}_{\rho}$ be the symmetric image of $A_{\rho}$ in $\hat{J.}$ Put $\tilde{A}_{\rho}=A_{\rho}+\hat{A}_{\rho}$ ,

$\tilde{L}_{\rho}=\int_{\tilde{A}\rho}|\frac{\partial}{\partial s}G(z, p)|ds$ . and

$L( \tilde{J)}=l\leqq\rho\leqq e\min_{M(\rfloor)}\tilde{L}_{\rho}$ . Then by Schwarz’s inequality

$J+\hat{J}D(G(z, p))\geqq 2\tilde{L}U)^{2}9JlU)$ .

$\infty>D(G(z, p))\geqq 2\Sigma\tilde{L}^{2}U_{n})(JJlU_{n})\tilde{R}-\tilde{R}n_{0}$

implies there exists a sequence of $\tilde{A}_{\rho(n’)}$ of $\tilde{J}_{n}$ such that

Os of $G(z, p)$ on $A_{\rho(n’)}+0s$ of $G(z, p)$ on $\hat{A}_{\rho(n)}=\delta_{n’}\downarrow 0$ as $n’arrow\infty$ ,

where Os means the oscillation.
Since $\Lambda$ and $\hat{\Lambda}$ intersects $A_{\rho(n’)}$ and $\hat{A}_{\rho(n’)}$ respectively,

Os of $G(z, p)$ on $\tilde{A}_{\rho(n’)}<\epsilon_{n’}+\delta_{n}$ .

Let $\tilde{R}-\tilde{R}_{n’}$ , be the part of $\tilde{R}-\tilde{R}_{n’}$ divided by $\tilde{A}_{\rho(n’)}$ which contains $\mathfrak{p}$ . Since
$\tilde{R}$ is an end of a Riemann $surface\in 0_{g}$ ,

$\sup_{\tilde{R}-R_{n’}}G(z, p)-\inf_{\tilde{R}-\tilde{R}_{n}}G(z, p)<\epsilon_{n’}+\delta_{n’}$ .

Let $zarrow \mathfrak{p}$ and $n’arrow\infty$ . Then

$G(z, p)$ has limit as $zarrow \mathfrak{p}$ . (36)

By (35) and (36) $G(z, p)$ has limit as $zarrow \mathfrak{p}$ . Since $p$ is arbitrary, $G(z, p)$ .

tends uniquely determined function $G(z, p)$ as $parrow \mathfrak{p}$ . $i$ . $e$ . $\mathfrak{p}$ is of harmonic
dimension 1. Evidently $N(z, p)=G(z, p)+G(z, p)arrow 2G(z, \mathfrak{p})$ as $parrow z=0$

and $G(z, \mathfrak{p})$ is $N-$minimal. Hence $\Delta$ over $\backslash /z=0_{I}^{\mathfrak{l}}=\Delta_{1}$ over $\{ z=0\}$ consists
of only one point.

Map $\Omega$ conformally onto a domain in $|w|<1$ with
radial slits such that $z=0$- $w=0$ . Then the mapping function $w=f(z)$

must be-exp $( U(z)+iV(z))e^{i\theta}$ . where

$U(z)= \int N(z, p)d\mu(p)$ ,

$\mu$ is a positive unit mass on $\Delta_{1}$ (over $z=0$) and $V$ is the conjugate of $U$ .

APPLICATIONS.
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COROLLARLY. If there exists a sequence of rings or modified rings in $\Omega$

of Theorem 4, the mapping function is uniquely determined except rotatiom.
As a special case, $\Omega=\{|z|<1\}-\Sigma S_{n}$ , where $\Omega$ is a domain and $S_{n}$ is $a$

circular slit and $S_{n}arrow z=0$ as $narrow\infty$ . Then the mapping function $\Omegaarrow a$

domain with radial slits is uniquely determined except rotations.
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