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§$1. Introduction. H. Liebmann proved

THEOREM A. The only ovaloids with constant wmean curvature H in
Euclidean space E® arve the spheres.
W. Siss generalized this result for a closed convex hypersurface in an
n-dimensional Euclidean space E”. To prove this Theorem we need integral
formulas of Minkowski type. Y. Katsurada ([4],[6]) derived integral for-
mulas of Minkowski type which are valid in an Einstein space and proved the
following :

TueoreM B.  Let R™\ be an Einstein space which admits a vector field
&t generating a continuous one-parameter group of conformal transformations
in R™Y and V" a closed ovientable hypersurface in R"** such that

(i) H,=const.,

(ii) Ci& has fived sign on V. Then every point of V" is umbilic,
where H, and C* denote the first mean curvature of V" and the unit normal
vector to V'™ respectively.

It is one of our interesting problems to find a certain condition for a
closed orientable hypersurface in a Riemannian manifold to be isometric to
a sphere. On this subject, she also proved the following two Theorems :

TueoreM C. Let &' be a proper conformal Killing vector field such that
V.&:+V.&=2¢9G; in an Einstein space R™' and V" a closed orvientable
hypersurface such that '

(i) Hy=const.,

(ii) CV.p has fixed sign on V" and is not constant along V". Then
V" is isometric to a spheve, wheve Gy and V; denote the positive definite
fundamental tensor of R™" and the operator of covariant differentiation with

respect to Christoffel symbols {]A;} formed with G;; vespectively.

TueorREM D.  Let &' be a proper conformal Killing vector field in an
Einstein space R™ and V" a closed orientable hypersurface such that
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(1) H,=const.,

(ii) Ci&; . has fixed sign on V",

(ili) @ s not constant along V". Then V™ is isometric to a spheve.

It is known that if an Einstein space R"™! of dimension #+1 admits a
proper conformal Killing vector field &%, then it admits a non-constant scalar
function v which satisfies the partial differential equation given by

ViVo=2G; (A=—R/n(n+1))([13], [15]),

where R denotes the scalar curvature of R”*!. Such being the case, we
assume in this paper the existence of a non-constant scalar function @ which
satisfies the partial differential equation defined by

1. V,V:0=p®G,; (p=non-zero const.).

The purpose of the present paper is to prove some analogous Theorems to
Theorem B, C and D, replacing an Einstein manifold by a more general one.
In § 3, we derive some integral formulas which are valid for a closed orient-
able hypersurface in a Riemannian manifold R**!. In §4, we discuss pro-
perties of R"*' admitting the scalar field @ defined by (1.1). In §5, we
apply the integral formulas obtained in § 3 to a closed orientable hypersur-
face whose first mean curvature H, is non zero constant. And, in the last
section 6, we give a certain condition for a closed orientable hypersurface to
be isometric to a sphere.

§ 2. Notation and general formulas.

Let R"*'be an (n+1)-dimensional orientable Riemannian manifold with
local coordinates x?, and Gj; the positive definite fundamental tensor of R”*.

We now consider an orientable hypersurface V” imbedded in R”*! and
locally given by

xi=x"(u®) =1, 2,...,n+1; a=1, 2,..., n,

where u#* are local coordinates of V'”. Throughout the present paper Latin
indices ¢, j, k, ... run from 1 to #n+1 and Greek indices a, B, y, ... from 1 to
n.

If we put

Bi=oxi/ou®,

then B} are #» linearly independent vectors tangent to V” and the first
fundamental tensor gz of V" is given by

2.D gsa= G;;B}BY.
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We assume that » vectors Bi, Bi, ..., Bi give the positive orientation
on V" and we denote by C? the unit normal vector to V" such that

Bi, Bi, ..., B}, C°
give the positive orientation in R"*!. .

Denoting by V. the van der Wirden-Bortolotti covariant differentiation

along V" [10], we can write the equations of Gauss and Weingarten in the
form

(2.2)  VaBi=buC, .
(2.3) Vpci:_bﬂaBé

respectively, where b, is the second fundamental tensor of V" and
b,* = g*b,s. Also, the equations of Codazzi are written as follows:

<2 . 4) Vrbﬁa_vﬂbra:RkjihB ?BfiBZCh;

where R,;;, is the curvature tensor of R**'. Transvecting ¢** to (2.4) and
remembering ¢**B’,B',=G"— C’C?, we find that

(2.5) Vrbﬂp - vﬂbrﬁ = RkhB ?Ch,

where b = g**bse and Run= G Ryjin. |
Now, if we denote by &, %, ..., k, the principal curvatures of V", that
is, the roots of the characteristic equation

det (s — kgea) =0,

then the first mean curvature H; and the second mean curvature H, of V" are
respectively given by

2.6)  nH=3 ko=b;

and

@ () H=3 =gl bb)

B<a

§ 3. Integral formulas in a Riemannian manifold R"*' admitting a
special concircular scalar field @.

As mentioned in § 1, we assume the existence of a non-constant scalar
field @ which satisfies the partial differential equations defined by

(3.1) V,0:=p0G;; (p =non-zero const.),

where @,=V,;®, and hereafter we shall call this scalar field @ a special
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concircular scalar field.

And, if @=0on V", since the second covariant derivative of ®=0 along
V" is given by V,;0.BiBi+ @,VBi=0, substituting (2.2) and (3.1) into
this equation and transvecting ¢ to the resulting equation, we see that
H®=0on V" where ®=C'®,. Hence we have the following :

LEmMA 3.1  Let R"™! be an (n+1)-dimensional Riemannian manifold
which admits a special concivcular scalar field ®. If V™ is a hypersurface in
R™" such that H ®=0 there, then we have ®=0 on V™.

On the hypersurface V", we can put

(3.2) O’ =B+ 6C7,

where @’ :G’:id),-. Transvecting G;:B5 to this equation and making use of
(2.1), we get ¢,=Bi@®;, from which, by covariant differentiation along
V" and by virtue of (2.2), (3.1) and (2.1), we obtain

Vﬂ¢a: @bﬂa +p@gﬁa- . »
Transvecting ¢g* to this equation and making use of (2.6), we get
(3.3) Veip?=nH O+ npd,

where V¢ =gV da.
We now put

Ns— bﬁanz@i»

from which, by covariant differentiation along V*, we obtain, by virtue of
(2.2), 3.1, 2.1 and Ci@,=6.

v?ﬂﬁ = V?’bﬁanz@i + bﬁabra@ +p@bpy .
Transvecting g™ to this equation, we get
(3.4) V7”7:v7b57¢ﬁ+ bﬂybrﬁ@ +p@b)

by virtue of (3.2).
On the other hand, we have, from (2.6) and (2.7),

b)=nH,, b7bf=n*H?—n(n—1H,
and consequently, we have, from (3.4),
(3.5) V' =V,bd ¢ +n{nH}— (n—1)H,} ©+ np®H,.

We now assume that the hypersurface V" is closed, and apply Green’s
formula to (3.3) and (3.5). Then we obtain
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3.6 [ HedA+ [ podi=0

and

1
3.0 o[ Vbys*dA+ [ (nHI—(n—DH}@dA+ [ p0HdA=0

respectively [4], where dA denotes the area element of V"
If we assume, moreover, that the first mean curvature of V" is non zero
constant : H,=const.%0, then we obtain, from (2.5),

V)’bﬂy - RjiB f‘?cz',

and consequently, we have, from (3.7),

1 . |
(3.8) —sz RjiB;¢ﬂcsz+fw{nH%—<n—1>Hz}@dA+H1fw pOAA=0.
Eliminating fv p@dA from (3.6) and (3.8), we find that

1 . ,
3.9 — [ RBIFCAA+(n—D) [ {Hi~H)6dA=0.
§4. Some properties of a Riemannian manifold admitting a special
concircular scalar field @.

Let R"*! be a Riemannian manifold of dimension #+1 which admits a
special concircular scalar field @ defined by (3.1). Substituting (3.1) into
the Ricci identity

ViVi0;—V,Ve®0;=— Ry’ 0,

we find that
Rl @1=p (0;Gri— 0rGjo),

from which, by covariant differentiation, we obtain

(4.1 VaRui 0= —pO{Ruin— p (GriGin— GunGs) }.

This shows that the tensor V,R,;;'®@, is skew-symmetric in % and ¢, that is,
ViRei! @4V iRy @,=0,

and consequently, transvecting G”to this equation, we get

(4.2) ViR @' =0.

Also, transvecting G’ to (4.1), we obtain
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(4.3 ViRu®'=—p@(Ru+npGus),
and if we put

4.9 Su=RutnpGu,

then (4.3) is rewritten as follows:
(4.5) ViR @'=—p@S,,.

Moreover, trahsvecting G™* to this equation and making use of 2V.R*=V.R,
we get

(4.6) VRO '=—2p0S,

where S=G"*S,,. Next, transvecting G** to (4.4), we obtain
4.7 S=R+n(n+1p.

Thus from (4.6), we have

THeOREM 4.1  Let R™! be a Riemannian manifold which adwmits a
special concirvcular scalar field @ such that V;0;=p®G;; (p=mnon-zero const.).
If its scalar curvature R is constant, them we have

p=—R/n(n+1).
Now, transvecting G to (4.1), we get, from Ry;;;=R;; and (4.4),
(4.8) Vthz‘kh@l: —[)@Sik.

On the other hand, transvecting G% to the Bianchi’s identity: V Ry
+kajlz'h+Vlekih:07 we ﬁnd that

(4 . 9) Vthjih ZVkRji_ijki;

and consequently, transvecting @* to this equation, we get, from (4.8) and
(4.5),

(410) kaji@k: _2/)@Sﬂ
Also, transvecting @ to (4.9) and making use of (4.2), we obtain
(4.11) V.R;0'=V;R,; 0’ (that is, symmetric in %4 and 7).

LEMMA 4.2 Let R"™! be a Riemannian manifold which admits a special

concivcular scalar field @. If the scalar field @ satisfies the following equa-
tion:

(4 . 12) @Skj:O,
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then we have (@,0)S,;=0 in R"*,
Proor. Covariantly differentiating (4.12), we get, from (4.4),
Q1S+ OV Ry;=0.
Transvecting @' to this equation and making use of (4.10), we obtain
(@Y S,;—2p@%S,;=0,

from which, taking account of the assumption (4.12), we conclude that
holds.

§ 5. Closed orientable hypersurfaces with H,—const.=0.
First, we shall prove the following Theorem :

THEOREM 5.1 Let R™! be an (n+1)-dimensional orientable Riemann-
ian manifold with V ,R;;=V ;R,; which admits a special concivcular scalar field
@ such that

V,;0;,=p0G;; (p=mnon-zero const.),

and V" a closed orientable hypersurface in R™ such that
(i) Hy=const. %0,
(ii) C'@; (=0) has fixed sign on V™

Then every point of V™ is umbilic.

Proor. Transvecting @* to the assumption V,R;=V,R,;, we get,
from (4.10) and (4.5), @S;;=0. Thus, using Lemma 4. 2, we have (@,0%)
-S;;=0 in R"*!. Moreover, by the assumption that C®; has fixed sign on
V" we find that S;;=0 on V7" that is, R;= —#npG,;; on V" Consequently,
from (3.9), we obtain

5.0 [ (Hi-H)6dA=0.

On the other hand, since

2__ ___1— _ 2
<52> Hl I{Z_nz<n_1> a;ﬁ(ka kﬂ) ]

we see that H{— H,>0. Thus, from (5.1) and the assumption that @ has
fixed sign on V", we conclude that H?— H,=0, and consequently, because of
(5. 2), that ky=k,=---=Fk, at each point of VV*. This means that every point
of V" is umbilic. ‘

COROLLARY 5.2  Let R™?' be an orientable Riemannian manifold with
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V.R;;=0 which admits a special concircular scalar field @, and V" a closed
ovientable hypersurface in R"*' such that

(i) Hy=const. =0,

(ii) C*'®; has fixed sign on V™.
Then every point of V™" is umbilic.

COROLLARY 5.3  Let R™?! be an orientable Riemannian manifold with
VR.iw=0 which admits a special concivcular scalar field ®, and V" a
closed orientable hypersurface in R™*' such that

(i) H,=const. %0,

(i) Ci'O®; has fixed sign on V"

Then every point of V™ is umbilic.
We next assume that R"*! is a conformally flat Riemannian manifold :

Ry = _%<Rkié\?— R;i0%+ GriR)" — GiRi")

R

h__ h
n<n 1>(szé\ Gji()\k)-

By covariant differentiation, we have

1
lekjih - -hl<lekz§h_lejl§Z+ Gkilejh - Gjilekh>

V.R
+ n(n 1) (szé\h J'ié\Z))

from which, replacing / by % and summing for %, we get

Vil = _;li__j[(ijki — Vil + GV iR — G;iV . R

1
n(n D

And, making use of (4.9) and 2V,R/”=V,R, we find that

(szv R Gjika>'

(5.3 ViR~ ViR (GuVR—GViR) =0 (n>2).

Also, in case #=2, a conformally flat Riemannian manifold is defined by
5.0 ViRu= ViR~ (GuVR—GuVuR) =0.

Therefore, assuming the scalar curvature R to be constant, we see easily,

from (5.3) and (5.4), that V;R.,—V.R;=0. Consequently, using Theo-
rem 5. 1, we have the following :
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COROLLARY 5.4  Let R™! be an orientable conformally flat Riemannian
manifold with R=const. which adwmits a special concivcular scalar field @,
and V™ a closed orientable hypersurface in R™*' such that

(1) Hy=const.=0,

(ii) Ci@; has fixed sign on V"

Then every point of V" is umbilic.

Moreover, making use of (4.11), (4.5) and (4.10), we can prove the

following Theorem by an argument similar to that used in the proof of

[I’heorem 5. 1:

THEOREM 5.5 Let R™! be an orientable Riemannian manifold with
ViR;i+ VR +V :Ryy=0" which admits a special concircular scalar field @,
and V" a closed orientable hypersurface in R™* such that

(1) Hy=const.=0,

(ii) C'®; has fixed sign on V"

Then every point of V" is umbilic.

We now assume that the length of the Ricci tensor is constant in R},

that is,

(5.5) R'R;;=a (a=const.).
By covariant differentiation, we have
(5.6) V.R7R;;=0.

On the other hand, from (4.4), we see that R’R;=S7S,;—2npS
+n*(n+1)p% Thus, we have, from (5.5),

B.7) SiS;=2npS—n*(n+1)p*+ a.

Also, transvecting V,R’ to (4.4), that is, S;;=R;;+ npG;; and using (5.6),
we have V,R’S;;=npV,R, and, moreover, transvecting @* to this equation,
from (4.10) and (4.6), we find that

(5 . 8) @SﬁSji: %/J@S
Consequently, substituting (5.7) into (5.8), we can see easily that
GR)) O{npS—n*(n+1)p*+a}=0.

So, covariantly differentiating and taking account of the fact that V.S is
equal to VR, we have

D A{npS—n*(n+1)p*+a}+np®V.R =0,

D See [2].
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and consequently, multiplying by @ and using (5.9), we obtain
(5.100 @*V.,R=0.

LEMMA 5.6  Let R™*! be a Riemannian manifold with R'R;;= const.
which admits a special concircular scalar field ®, V" a hypersurface in R"*!,
and Q,0*>0 on V™. If B0, then we have V.R=0, that is, R=const. in
R™Y, and if B=0, then we have V.R=0 on V* where B is a constant
number defined by B=p@*— @;Q’.

Proor.  Since V;(p@*— @;07) =0, we see that 8 is constant in R"*!.
Now, by covariant differentiation of (5.10), we get

200,V.R+ 0*V,V.R=0,

from which, because of V,V,R=V,V,R, we obtain O(O,V.R—Q,V,;R)=0.
Moreover, covariantly differentiating and making use of (3.1), we have

0.(O,V:R—OV;R)+p@*(G,V.R— G, V,R) + O(O,V,.V.R— 0.V, V,;R) =0,
and consequently, taking account of (5.10), we obtain
0.(O,V:R—Q.V,R)+ ®(D,V,V.R— O,V,V,R)=0.
And, transvecting G* to this equation, we have, from (5.10) and (4.6),
(5.1  —pV.R+0{0'V,V.R+ 0,(2pS—V'V,;R)} =0,

where V'V,R=G*V,V;R. Thus, if %0, then we have, from (5. 10) or
(5.11), V:.R=0. Andif 8=0, then we have p@?>= @,@¢, which is non zero on
V" and hence V,R =0 there because of (5.10).

LEMMA 5.7 Let R™' be a Riemannian manifold which admits a special
concircular scalar field @, and V™ a hypersurface in R™' such that

(1) H,=const. %0,

(ii) C'©; (=) has fixed sign on V™.
If V.R=0 on V" then we have S=0 on V™.

Proor.  Transvecting B to the both sides of V,R =0, we get V.R=0,
that is, R=const. on V". Consequently, because of (4.7), we have

(5.12)  S=const. on V7,
Moreover, making use of the assumption V;R=0on V', we get, from (4.6),
OS=0 on V"

Here @=0 on V". Because, from the assumption (i) and (ii), we have
H,©=0 on V", which shows that this holds because of Lemma 3.1. Thus,
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by virtue of (5.12), we can prove that S=0 on V"
Next, making use of these Lemmas, we shall prove the following Theo-
rem:

THEOREM 5.8 Let R™!' be an orvientable Riemannian manifold with
R7R;;=const. which admits a special concivcular scalar field @, and V" a
closed orientable hypersurface in R™*! such that

(i) Hy=const =0,

(ii) Ci@®; has fixed sign on V™.

Then every point of V" is umbilic.

Proor. Transvecting @* to (5.6), and substituting (4.10) and (4. 4)
into this equation, we obtain

O (S S;;—npS) =0.
Now, by covariant differentiation, we get, because of (4.4) and (4.7),
D, (S"S;;i—npS) + @2V ,.R*S;;— npV,.R) =0,

and, substituting (4.4) into the second term of the left-hand side of this
equation, and using (5.6), we find that

Q. (S'S;;—npS) +npdV,R =0.

Thus, making use of [Lemma 5. 6l and [Lemma 5. 7 and transvecting @* to its
equation, it follows that

(0,0%)(S"S;)=0  on V7,

and, using the assumption that C‘@; has fixed sign on V", we conclude that
Sjl’:O, that 15, Rji: ——anji on Vn_

Therefore, from (3.9), we obtain
[ CH3—Hp 0aA =0,

and consequently, by the argument similar to that used in the proof of

I'heorem 5.1, it follows that [ITheorem 5. § holds.

REMARK 1. We can see that [[Theorem 5. § is a generalization of Coro-
llary 5. 2.

REmARk 2. We need to keep in mind the fact that Theorems and
Corollaries mentioned in this section afford examples of the following
Theorem, because it can be proved that S;;=0 on V7, that is, R;=—npG;;
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on V" in all cases:

TueoreMm E. (T. Otsuki, [9]) Let R™' be an ovientable Riemannian
manifold which admits a conformal Killing vector field &', and V™" a closed
ovientable hypersurface in R" such that

(i) H,=const.,

(ii) C&; has fixed sign on V",

(iii) R;B3&Ci=0 on V™
Then every point of V" is umbilic, where & =B%&+wC’ on V",

§ 6. Some characterizations of a hypersurface in R"*' to be isometric
to a sphere.

To prove that the hypersurface under consideration is isometric to a
sphere, we use the following Theorem due to M. Obata :

THEOREM F. Let V* (n=2) be a complete Riemannian manifold which
admits a non-null function U such that V,V,¥U=—C*Wgs, (C=const.).
Then V™ is isometric to a spheve of vadius 1/C.

Making use of [Theorem 5. 1, we obtain the following :

THEOREM 6.1 Let R™! be an orientable Riemannian wmanifold with
V.R;;=V;R,; which adwmits a special concirvcular scalar field @, and V" a
closed ovientable hypersurface in R™*' such that

(1) Hy=const. %0,

(ii) C'O®; has fixed sign on V" and is not constant along V.

Then V7" is isometric to a sphere.

Proor. If we put @'=Bi¢*+OC* on ", then we obtain
6.1 O=C'0Q,.

By covariant differentiation of (6.1) along V" and by virtue of (3.1) and
(2.3), we have

(6.2) V0 =—0,B,0;.

Furthermore, by virtue of [Theorem 5. 1], every point of V" is umbilic,
that is,

(6.3) bﬂrszlgﬂr-

So, transvecting ¢’ to this equation, we see that b,"=H,85. Thus, sub-
stituting this equation into (6.2), we have

(64) Vﬂ@:'—[—lle?@i, that is, Vﬂ@+H1Vﬂ@:O-
Accordingly, under the assumption, that is, H,=const., we get
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(6.5) O+ H @=c (c=const.).

Moreover, by covariant differentiation of (6.4) along V" and by virtue
of (3.1), (2.1), (2.2) and (6.1), we obtain

V,V0=— H, (pDgys+ @brﬂ)-
‘Thus, from (6.3) and (6.5), it follows that
6.6)  V,Ve@=—{(Hi=p)O+pc}gy.

If Hi—p=0, then (6.6) becomes V,V;0=—pcg,s;, from which A®=—npc,
that is, A@=const.,, where A®=g"”V,V:0. However this is impossible,
unless ®=const. on V" ([3],[1],[12]). Thus, H{—p being different from
zero, we have, from (6.6),

6.7) vm(m#c_p):~<H%—p>(@+—}ﬁc_—p)gm,

from which we get

Pe — 2 pPC
=
and consequently, it follows that Hi—p>0 [14]. Therefore, using Theo-
rem F, the equation (6.7) shows that the hypersurface V" under considera-
tion is isometric to a sphere ([5], [6]).

COROLLARY 6.2  Let R™*' be an orvientable Riemannian manifold with
V.R;;=0 which admits a special concirvcular scalar field ©®, and V" a
closed ovientable hypersurface in R™*' such that

(1) H,=const. =0,

(ii) C'®; has fixed sign on V" and is not constant along V™.

Then V7™ is isometrvic to a sphere.

COROLLARY 6.3  Let R™! be an orientable Riemannian manifold with
ViR.in=0 which admits a special concivcular scalav field @, and V" a
closed orientable hypersurface in R™*! such that

(1) Hy=const. =0,

(ii) C'®; has fixed sign on V" and is not constant along V.

Then V™ is isometvic to a spheve.

COROLLARY 6.4  Let R™! be an orientable conformally flat Riemannian
manifold with R=const. which adwmits a special concirculay scalar field @,
and V" a closed orvientable hypersurface in R™! such that

(1) H,=const. %0,
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(ii) C'Q; has fixed sign on V" and is not constant along V™.
Then V7™ is isometvic to a spheve.

Moreover, making use of [Theorem 5.5 and [Theorem 5. 8 respectively,
we obtain the following two Theorems :

THEOREM 6.5 Let R™! be an orientable Riemanwian wmanifold with
ViR;i+ VR, +V:Ryj=0 which admits a special concircular scalar field ©,
and V™" a closed orientable hypersurface in R™*' such that

(1) H,=const. %0,

(ii) C'Q; has fixed sign on V" and is not constant along V™.

Then V" is isometric to a sphere.

THEOREM 6.6 Let R™' be an orientable Riemannian wmanifold with
R'R;;=const. which adwmits a special concirvcular scalar field @, and V"
a closed orientable hypersurface in R™™ such that

(1) Hy=const. =0,

(ii) C'OQ; has fixed sign on V" and is not constant along V™.

Then V™ is isometric to a sphere.

Next, under the new assumption of @, that is, @ is not constant along

V" we shall prove some Theorems in the same way. Making use of

[Theorem 5. 1, we have

THEOREM 6.7 Let R™' be an orientable Riemannian wmanifold with
VuR;;=V;R.; which admits a special concircular scalar field @, and V" a
closed ovientable hypersurface in R™ such that

(1) Hy=const. =0,

(ii) CiQ; has fixed sign on V7

(iii) @ is not constant along V™.

Then V™ is isometvic to a spheve.

Proor. Since Vy(@;BY)=V;0;BiBi+ ®.,V,B,, we see, from (3.1),
(2.2) and Ci@,= @, that

(68) VﬁVa@:p@gﬂa+ @b/?a-

Also, making use of [Theorem 5. 1. every point of V” is umbilic, that is,
bsa=H,gse. Thus we have, from (6. 8),

VBVaQ - (p@—*—}j.l@)gﬂa.

And, substituting (6.5) into this equation, we find that
6.9 ViV @ ={—(H2—p) O+ cH,}gs.. |
If Hi—p=0, then (6.9) becomes V,V.0=cH,gs, from which A®=ncH,,
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that is, A@=const. However this is impossible, unless @=const. on V*.
Thus, Hi—p being different from zero, we have, from (6.9),

cH, cH,
(6.10) Vﬂva(@_H—%_l_p>:_CH%-/J><@_W_1;>Q/W’

from which we get

N CHl _ 2 ( . C[{l >
A(cp ———H%_p>_ n(H=p)( 0~

and consequently, it follows that H2—p>0. Therefore, using Theorem F,
the equation (6.10) shows that the hypersurface V” under consideration is

isometric to a sphere ([5], [6], [15]).

CorOLLARY 6.8  Let R™! be an orientable Riemannian manifold with
VeR;;=0 which admits a special concircular scalar field @, and V" a closed
ovientable hypersurface in R™' such that

(i) H,=const. =0,

(ii1) C'®; has fixed sign on V™",

(il1) @ s not constant along V™.

Then V" is isometric to a sphere.

COROLLARY 6.9  Let R™! be an ovientable Riemannian manifold with
ViRyjin=0 which admits a special concircular scalar field @, and V™ a closed
orientable hypersurface in R™' such that

(i) H,=const. %0,

(ii) C'Q®; has fixed sign on V™

(iii) @ is not constant along V™.

Then V" is isometric to a spheve.

COROLLARY 6.10  Let R™! be an orientable conformally flat Riemannian
manifold with R=const. which admits a special concivcular scalar field @,
and V" a closed orientable hypersurface in R™' such that

(i) H, = const.=*0,

(i) C'®; has fixed sign on V",

(iii) @ s not constant along V.

Then V" is isometric to a sphere.

Similarly, making use of [Theorem 5.5 and [Theorem 5. 8 respectively,

we have the following two Theorems :

THEOREM 6.11  Let R™! be an orientable Riemannian manifold with
ViR;i+ ViR +V Ry =0 which admits a special concircular scalar field ®,
and V" a closed orientable hypersurface in R"*' such that
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(i) H,=const.=0,

(ii) C'®; has fixed sign on V",

(iii) @ is not constant along V.
Then V" is isometric to a sphere.

THEOREM 6.12 Let R™' be an orientable Riemannian wmanifold
with R7R;=const. which admits a special concircular scalar field ©, and
V" a closed orvientable hypersurface in R"™* such that

(i) H,=const. =0,

(ii) CiQ; has fixed sign on V",

(iii) @ is not constant along V™.

Then V" is isometric to a spheve.

REMARK 1. We can see easily that [Theorem 6.6 and [[heorem 6. 12 is
a generalization of [Corollary 6.2 and of |Corollary 6. § respectively.

REMARK 2. For the same reason as mentioned in Remark 2 of §5,
Theorems and Corollaries from 6. 7 to 6. 12 afford examples of the following
Theorem :

TueoreM G. (K. Yano, [15]) Let R™ be an orientable Riemannian
manifold which admits a nown-constant scalar field @ such that

V,V:0=kOG;;, k=const.,

and V" a closed ovientable hypersurface in R™*' such that
(1) Hy=const.,
(ii) C'V.0 has fixed sign on V",
(iii) (R;;+nkG;)C'C'=0 on V7
Then every point of V™ is umbilic. 1If, moreovey,
(iv) @ is not constant on V", then V™ is isometric to a sphere.
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