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On defect groups of interior G-algebras
and vertices of modules

Tadashi IKEDA
(Received July 15, 1989, Revised July 5, 1990)

Let G be a finite group and p is a prime number. Let ¢ be a com-
plete discrete valuation ring with unique maximal ideal (x) such that the
residue field #=¢/(x) is characteristic p. We assume that the field % is
algebraically closed. In (5), Green defines a defect group for a G-algebra
A (.e. an Z-algebra A endowed with a G-action on A as ¢ -algebra
automorphism) such that A¢ is local. After, in (8), Puig introduces the
concept of a source algebra of interior G-algebra A (i.e. an ¢ -algebra A
endowed with an unitary ¢ -algebra homomorphism p: 7[G]—A) such
that A€ is local and proved that the algebra A and its source algebra are
Morita equivalent. The interior G-algebra A is a G-algebra by the conju-
gate G-action. A block B=7[G]Je (e is a central primitive idempotent
of Z[G]) of Z[G] is an interior G-algebra by the projection 7 [G] —
B : x—— xe such that B€ is local. Then a defect group of B in Green’s
sense equals a defect group for a block. See (5).

Let B be a block of Z[G] with defect group D. In block theory, it
is well known that there exists an indecomposable ¢ [G]-module V
belonging to the block B such that the vertex of the Z[G]-module V
equals D, see (2) (57.10). Now we can also define “belonging 7[G]-
module ” for interior G-algebras just like for blocks. The purpose of this
paper is to extend this for interior G-algebras of some type using the the-
ory of source algebras. See theorem 3.5.

In this paper, we use the following notation. Whenever A, B and C
are sets and f :A—— B and ¢g: B—— C are maps, the composed map of
f and g is denoted by gof. All ¢ -algebras are 7 -free ¢ -algebras of finite
rank with the unit element 1 and any ¢ -algebra homomorphism is an
unitary homomorphism. All modules over a Z-algebra A are 7 -free left
A-module of finite rank. Whenever M and N are A-modules, we denote
by N|M if the A-module N is isomorphic to a direct summand of the
A-module M. Whenever H and K are subgroups of G, the sets (G/H)
and (K\G/H) are complete sets of representatives of left cosets gH and
double cosets KgH, respectively. Whenever V is an #[G]-module and
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W is an ¢[H]-module, we denote by Resfi(V) and Indi(W) the
restricted module of V and the induced module of W, respectively. We
denote by V¥ the set of the fixed points of V under the action of H. We
employ the other usual terminology of the representation theory of finite
groups as in (2) and (4).

1. Interior G-algebras

In this section, we give some results for interior G-algebras, according
to Dade (3) and Watanabe’s lecture at Hokkaido University. Now A is
an interior G-algebra with an #-algebra homomorphism po: Z[G] — A.
Whenever A’ is other interior G-algebra with < -algebra homomorphism
o : 7[G] —A’, an ¢-algebra homomorphism r: A —A’ is a morphism
as interior G-algebra if p’=r°p, and the morphism r is isomorphism as
interior G-algebra if r is an ¢ -algebra isomorphism.

Whenever A is an interior G-algebra, we set

xa=p(x)a, ax=ap(x) and a*=x""ax,

where x€G and a€A. Then by the action a—— a*, the ¢ -algebra A is
a G-algebra. Whenever H is a subgroup of G, we set

AP={acA:a*=a for any x&H},
and define the relative trace mapping 77¥ by

Trs: A"— A° a—Ducicim a* .

Then the image Af=Trs(A") is a two sided ideal of A€ See (5).
Whenever A° is the opposite ring of A, the £ -algebra A° is an interior
G-algebra by the homomorphism

p°: C[G] — A°, x—p(x™V).
Note that A”=(A°)# and Afi=(A4A°)%

1.1. Whenever A is an interior G-algebra, let A[G] be a free A-
module generated by the elements of G. Then A[G] becomes a strongly
G-graded ring by the product

ax<by=ab* 'xy,
where ax and by A[G].

EXAMPLE 1.2. The group algebra #[G] is an interior G-algebra
through the identity mapping. Then we have an Z-algebra isomorphism
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Z[G][G] = C[GXG]
Xy —> (xy’y),

where x and y&G. Therefore the ¢ -algebra homomorphism p introduces
an ¢ -algebra homomorphism

IlGXG]— A[G]
(x,y) —— oLy Dy

If o is an epimorphism, then the induced -algebra homomorphism is an
epimorphism.

1.3. Whenever H is a subgroup of G, the interior G-algebra A is an
interior H-algebra through the restricted mapping o|s, and we can define
a ring A[H]. Whenever M is an A[H]-module and End.(M) is the
A-endomorphism ring of M, then End.(M) is an interior H-algebra by
the group homomorphism

ow: H— Enda(M)
x — on(x),

where

oux): M— M
m— p(x"Hxem.
Then we have
F*m) =x7f Cem),

where f€Enda(M), x€H and m<M. Note Enda(M)¥=Endam(M),
and M is an indecomposable A[H ]-module if and only if Enda(M)¥ is

local. Therefore A[G]-modules have unique decomposition property.
See (4) Ch. 1 corollary 11.2.

1.4. Let A be an interior G-algebra, H a subgroup of G, M an
A[G]-module and N an A[H]-module. we denote by Resfi(M) the
restricted A[H ]-module of M and by Indf(N) the induced A[G]-module
A(G) @am N. Lo

1.5. The symbol & means the tensor product over A[I—f ] in 1.5, 1.6
and 1.7. Whenever N is an A[H ]-module, then

IndZ(N) =®uecimy 0™ Du@N,

as 7 -module. Moreover we have
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ap(u D u@n=pu D uQan
xo(u D u@n=p((x) Dxu@p(x)n,

where a€ A, x€G and p(u Du®n<EIndi(N). In particular, the induced
module Ind(N) is isomorphic to |G : H|N as A-module.

Indeed, since p(#™") is an unit of A the first isomorphism is evident.
The second equality is followed from

ap(u™ Du@n=p(u™ o(u)ap(u™) uQn
=o(u ™ Va*"'u®@n
=o(u Dua@n
=o(u D uRan.

The third equality is followed from

x0Cu Du@n=px) p((xu) ™D xuQn
= p(Ce) Dxu® o (x) n.

.6.  Whenever H is a subgroup of G and N is an A[H ]-module, N
is A[H*"']-module by

ah* " s n=a"hn,

where ah*'€A[H*"'] and nEN, and we denote this A[ H*"']-module by
*@N. Then by the similar argument for ¢ [G]-module, we have Mackey
decomposition theorem for A[G]-modules. See (4) Ch. 2 theorem 2.9.

1.7. Whenever H and K are subgroups of G and N is a A[H]-
module, then

ReSIC(;C[ndg(N)) l’(‘Bue[K\G/H] InduHu”ﬂK"(ReSZZZ:iﬂk (M®N>>,
as A[ K ]-module.

1.8. Whenever M is an A[G]-module and H is a subgroup of G, we
call M is H-projective if there exists an A[H ]-module N such that

M|Ind§(N).

Then Higmann’s criteria for relative projectivity is extended for A[G]-
modules similarly for #[G]-modules. See (4) Ch. 2 theorem 3.8.

1.9. An A[G]-module M is H-projective if and only if
Enda(M) =Ends(M)§

for the interior G-algebra End.(M). In particular, any A[G]-module is
S-projective, where S is a p-Sylow subgroup of G.
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1.10. By 1.7, we can ‘define a vertex for an indecomposable A[G]-
module. That is, whenever M is an indecomposable A[G]-module, the
minimal subgroups H satisfying M is H-projective are G-conjugate, and
we call this subgroups the vertex of M and denote by vtxc(M). When-
ever P is a vertex of M, then there exists an indecomposable A[P]-
module such that

N|ResS(M) and vtxp(N)=P.

These A[P]-modules satisfying the above condition are N¢(P)-conjugate,
and we call this module source of M. Note that

M|Ind$(N).
By 1.9, the vertex is p-subgroup of G.

EXAMPLE 1.11. Whenever A is an interior G-algebra such that A°

is local, then the ¢ -algebra A is an indecomposable A[G]-module by the
action

ax*b=ab*",

where ax€A[G] and b€A. We call the vertex vixc(A) a defect group of
A. But we have the following isomorphism as interior G-algebra

Ends(4A) = A°
foo—rQ,

and by 1.9, the definition of defect group in this paper is equivalent to the
definition of defect group in Green’s sense (5). Let D be a defect group
of A and a indecomposable A[D]-module L a source of A. We call
source algebra of A the endomorphism ring Enda(L). Since

L|Res$(A),

for the projection pr of A to L, the element i=p,(1) is a primitive
idempotent of A” and

(1A7)°~Enda(L),

as ¢-algebra. Thus the definition of source algebra is equivalent to the
definition of source algebra in Puig’s sense (8). Note that

L=~Azi,

as A[D]-module.
In (8), Puig prove that the module categories of A and B is Morita
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equivalent. We shall prove this using the above definitions and the follow-
ing lemma of (8).

1.12. Whenever A and B are ¢ -algebras and 7 is an idempotent of
A. Assume that the & -algebra iA: is isomorphic to B as ¢ -algebra and
A is directly embedded to the full matrix ring M,(B). Then we have
isomorphisms

AiQr A=A as (A, A)-bimodule,
IAQa Ai=B as (B, B)-bimodule.

THEOREM 1.13.  (Puig) Let A be an interior G-algebra such that A€
1s local and B =1A1 a source algebra of A. Then the module categories of
A and B are Morita equivalent by

M— 1AQRQ4s M and N — AiQ®s N,
where M is an A-module and N is a B-module.

PrROOF. Let D be a defect group of A. By 1.11, the Z-algebra A is
an indecomposable A[G]-module and we set L a source of A. Then L is
an indecomposable A[ G]-module and

Al|Ind5(L)
and
B°~End.(L).

This implies that the endomorphism ring Enda(A) is directly embedded to
Ends(Ind%(L)). By 1.5,

Ind5(L)=|G: DI|L,

as A-module, and this implies A is directly embedded to the full matrix
ring Mic.pi(B). Thus the ¢-algebras A and B satisfy the condition of 1.
12. Therefore By (2) (3.54), the module categories of A and B are Mor-
ita equivalent through the above correspondence.

1.14. By 1.2 and 1.11, for the A[G]-module A the ~-algebra A is
7 [ G X G]-module through the ¢ -algebra homomorphism

lGXG]l— A[G]
in 1.2. Then the action of GXG on A is

(x, y)ea=paply™),
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where (x, yY)EGXG and a<=A. Note that Z[GXG]-module A is in-
decomposable if p is an epimorphism.

1.15. Whenever M, is an A[G]-module, théen by 1.3, the A-
endomorphism ring Ends(M) is an interior G-algebra, and End4(M) is
Z[GX G]-module. Whenever M’ is an A(G)-module such that M’ is a
direct summand of M, then Z[GXG]-module End.a(M’) is a direct sum-
mand of End.(M).

Indeed, whenever f : M — M’ is the projection, we have
Enda(M")=fEnda(M)f,
as interior G-algebra. But it is obvious that
FEnda(MDf|Enda(M),

as 7 [GX G]-module, and proved.

Whenever H is a subgroup and N an A[H ]-module, similarly the
endomorphism rings Ends(N) and End.(Ind%(N)) become ¢[H XH]-
module and Z[GX G]-module. Then we have the following lemma.

1.16. Whenever N is an A[ H]-module, we have
Ind§x% (Enda(N)) ~End.(Ind%(S)),

as Z[GX G]-module.
Indeed, by 1.5, we have

Indl(:;((N)Z@ue[G/H] p<u_l> M®H N

Whenever s, tG and 2€Enda(N), we define the mapping
f:s®h : IndZ(N) — Indg(IN) by

fs@h: o™ Du®u n
— { ot DtQ®u h(p((s) Dsusn) if sucH,
0 otherwies.

The mapping f:s®% is in Enda(IndG(N)). Then the following map-
ping,
Ind%%% (Enda(N)) — Enda(Ind&(NV)),
(t, s )Xh —  fis1Quxa h
introduces an ¢ [G X G]-module isomorphism.

2. Source algebras and source of modules

In this section, we define #[G]-modules belonging to interior G-
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algebras and show that the source of a module belonging to an interior
G-algebra can be introduced from a module belonging to its source alge-
bra.

Let A be an interior G-algebra with #-homomorphism o satisfying
the subalgebra A¢ is local. Let D be a defect group of A and B=1iA: is
source algebra, where 7 is a primitive idempotent of A”. We define an
7 -algebra homomorphism p: by

o0:: 0[D]— B, X — po(x)i.

Then B is an interior D-algebra through p:.
Whenever M is an A-module, then M is an Z[G]-module through p.
Similarly, any B-module N is an #[D]-module through p:.

2.1. Let V be an indecomposable #[G]-module. We call the
Z[G)-module V is belonging to A if there exists an A-module M such
that

ViM,

as Z[G]-module. The #-endomorphism ring End(M) is an interior G-
algebra by the representation afforded by the #[G]-module M, and the
representation A — End(M) afforded by the A-module M is a morphism
as interior G-algebra. Therefore since D is a defect group of A the
7 [G]-module M is D-projective, and an indecomposable <[G]-module
V belonging to A is D-projective. Of course, for block algebra this
definition of “ belonging ” is equivalent to one of block theory.
In this case, we obtain the following propositions.

PROPOSITION 2.2. Whenever N is a B-module and U is an in-
decomposable D) -module such that U is an indecomposable divect sum-
mand of N as O D]-module satisfying

vtxp(U)=D.

Then the A-module Ai Qs N has indecomposable divect summand V as
O [ G)-module satisfying

vixc(V)=D
and U is a source of V.

PrROOF. Let M=A: ®3 N. Then because 7 is primitive idempotent
of AP, we have

iM|Res5(M),
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as ¢ [D]-module. But by theorem 1.13,
iM>=N,
as B-module and so we have
UliM,

as 7[D]-module. Therefore there exists an indecomposable direct sum-
mand V of M as Z[G]-module such that

Ul|Res§(V).

Since vixp(U)=D the vertex of the indecomposable ¢[G]-module equals
D and U is a source of V.

PROPOSITION 2.3.  Whenever M is an A-module and V is an in-
decomposable 7 [ G]-module such that V is an indecomposable divect sum-
mand of M as 7[G]-module satisfying

UtXc(U)ZD.

Then the B-module iM has indecomposable direct summand U as C[D]-
module satisfying

vtp(U)=D
and U 1is a source of V.
PROOF. Let
Res5(A) = AP ALD- - DAi-DANPARD - Ajs

be an indecomposable decomposition as A[D]-module, where #, 2, -, ir

and 51, 2, ***, Js are primitive idempotent of A°. Assume that the vertices

of the indecomposable A[D]-modules Az, Az, -+, Ai» are D (.e.

sources of indecomposable A[G]-module A), and the vertices of the in-

decomposable A[D]-modules Aj, Aj., -, Ajs are proper subgroups of D.
Then we have the following decomposition

Resf(M) =i MDieM P BiM BjiMDjpMD--jsM,

as Z[D]-module. But whenever U, is a source of indecomposable
Z[G]-module V, there exists an idempotent % in (i, &2, =, ir, J1, Jo, =
Js) such that

)

UilhM,

because
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VIM,

as Z[G]-module.
We claim h=1i, for some k. Indeed, if 2=jn for some m, then

UrljmM.

But jnM is a jmAjn-module and interior D-algebra jnAj» has defect group
smaller than D by assumption. Thus 2.1 implies that the vertex of the
indecomposable Z[D]-module U, is smaller than D, and this is contradic-
tion.

Since Ai, is source of A there exists x&N¢(D) such that z=:7*. So
we have

(DD*'|iM.

We set U=(U)*", then the indecomposable ¢ [D]-module U is a source
of V, and proved the proposition.
By proposition 2.2 and 2.3, the following corollary is immediate.

COROLLARY 2.4. There exists an indecomposable C[G]-module V
belonging to A such that vixc(V)=D if and only if there exists an in-
decomposable 7 [ D]-module U belonging to B such that vtxp(U)=D.

3. Defect groups and vertices

In this section, A is an interior G-algebra with an epimorphism
p: 7[G] — A such that A° is local. We call this interior G-algebra A
and epimorphic interior G-algebra. Let D is a defect group of A and B=
;A7 is a source algebra of A, where /€A’ is a primitive idempotent. By
1.14, the Z[G X G]-module A is indecomposable.

3.1. We have
B|Res$:5(A) and A|Ind§x5(B).

In particular, whenever L is a source of the indecomposable I[GXG]-
module, there exists an indecomposable direct summand B’ of the
7 [ D x D]-module B such that

xthxG<A> - UtxDxD<B,>

and L is a source of B’.
Indeed, the definition implies that

Ai|Res$(A) as A[D]-module,
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and
A|Ind§(A7) as A[G]-module.
So by 1.15, we have
Enda(AD)|Enda(4) as Z[G X G]-module,
and
Enda(A)|End.(Ind§(A47) as ¢ [G X G]-module.

But End.(A)>~A° as Z[GXG]-module, End.(47)=~GAi)°~B° as
7 [ DX D]-module and by 1.15

Ind8X5(End.(A47)) ~End,(Ind§(A47)),
as 7[GXG]-module. Thus we have
B|Res§x5(A) and A|Ind§:5(B).
The second statement is introduced from the first part.
The following is prove in (6) and (7).
3.2. We set
4D ={(d, d)ED XD : dED}.
Then we have
AD = vtxexc(A)=D X D.
Moreover,
vixexc(A)=(1>X Q)+4D,
where Q={dE€D : (1, d)Evtxsxc(A)} is a normal subgroup of D.
3.3. Whenever V is an Z[G X G]-module and
V<Xe={peV A, x)v=0v for any xEG},
then ¥V <'**¢ is an ¢ [G X G]-submodule of V. Note that
(x, Do=(, x)v,

where vE V<>*¢ and x=G.
The following lemma is (4) ch. 2 lemma 3.4.

3.4. Whenever H is a subgroup of G and W is an ¢ [H]-module.
Then we have
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(Indg<W>>G:{2ue[G/H] u@w rwe WH}.
In particular,
(Ind§(W))e=WH

as < -module.
The following is the main result of this paper.

THEOREM 3.5. Whenever A is an epimorphic interior G-algebra such
that AC is local and D is a defect group of A. Let R=(I>XQ)+4D be
a vertex of indecomposable 7 [ G X G]-module A and L its source. Assume
that the ¢ [4D]-module L<>*° has an indecomposable divect summand
whose vertex equals AD. Then there exists an indecomposable ¢ [G]-
module V belonging to A such that the vertex of V equals D.

ProOOF. Let B=iAi (i€ A" :primitive idempotent) be a source alge-
bra of A. Then B is an interior D-algebra with vertex D. By corollary
2.4, we may prove that there exists an indecomposable ¢ [D]-module W
belonging to B such that vtxp (W) =D.

The ¢ -module B<>*? becomes a left B-module, so becomes ¢ [D]-
module. We shall prove that there exists an indecomposable direct sum-
mand W of the ¢ [D]-module B such that the vertex of W is D.

By 3.1, there exists an indecomposable direct summand B’ of
¢ [ DX D]-module B such that

UtxDxD<B,) =R

and L is a source of B’. Because the residue field %2 is an algebraically
close field and D is a p-subgroup of G, the Green’s indecomposablity theo-
rem ((4) ch. 3 Theorem 3.8) implies

B’~=Indg*?(L).
So by Mackey decomposition theorem, we have
Res2i&p (Ind2*P(L)) ~Indsi3x8 (Resfisxe(L)).
But 3.4 implies that
(Indsizx8 (Resfisxo(L))) 7P L1
as ¢~ -module by
Duemial, X1 — 1,

where 1EL<"*? 1t is easily checked that this ¢ -module isomorphism is
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an & [4D]-module isomorphism. Thus we obtain
Resi3? (B’<”*P)~Resfp (L9,

as Z[4D]-module. By assumption, the & [4D]-module Res§p(L<""*9)
has an indecomposable direct summand whose vertex is 4D, and so the
7[4D]-module Res2>?(B’<>*P) has indecomposable direct summand
whose vertex is 4D. Note that

(d,1Db=(d, d)b,

where b€B’ and d€D. Thus the Z[D xX<1>]-module B’<*>’*? has in-
decomposable direct summand W whose vertex is D X<1>. W can be an
indecomposable ¢ [ D]-module whose vertex is D by

dw={d,Dw,

where wE W and d€D. Then the indecomposable ¢ [D]-module W is
an indecomposable direct summand of the # [D]-module B<'>*?, because

B'|B,

as Z[D X D]-module.
Therefore there exists B-module B<'**? such that

WlB<1>><D’
as Z[D]-module and vtxp(W)=D, and proved theorem.

COROLLARY 3.6. Under the wmotation of theovem 3.5, if & -rank of
the source L is not larger than p and the O -submodule L<">*° is not {0},
there exists an indecomposable 7 [G)-module V belonging to A such that
the vertex of V equals D.

PROOF. There occur two cases. If the ¢ -rank of ¢ [4D]-module
L<'>*9 is smaller than p, any indecomposable direct summand of & [4D]-
module L<>*? has vertex 4D. So the assumption of theorem 3.5 is hold.

If the & -rank of ¢ [4D]-module L<'>*? equals p, then we have

L<1>XQ:L.

But L is an indecomposable ¢ [R]-module and R/(K1>X@Q)=4D. So L
becomes & [4D]-module and this module is isomorphic to the restriction
of L to 4D. Therefore the #[4D]-module L<"**?(=L) is indecomposa-
ble. Since the vertex of the indecomposable 7 [R]-module L is R, the
vertex of the indecomposable Z [4D]-module L<'>*? is 4D.
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