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time-dependent singularity or degeneracy
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Introduction

Let H be a Hilbert space with norm |+|, and let A be a non-negative
self-adjoint operator in H. Let S, &, %, « and v be real numbers with
SE0=S, SEHES, a’>—1 and —2a—1<v<1. We are concerned with
the well-posedness of the following singular or degenerate hyperbolic equa-
tion in H :

0.D w (D) +2OAuD+v (D (D)+EDult) =F(t)

on (4, &), } (WE)
(02) u(to):uo, |t|”u’(t)l¢:t0=u1,

where #’ is the f-derivative in the sense of vector-valued derivative, ¢ and
¢ are functions on [Si, S;] to [0, +o0] satisfying the following ;

0.3) ¢(HEWEUS, SH\0D,
0.4  C =4 ClH"
0.5 | DOISCIHY, ¢ (DI=ClEe 2,

for a.e. t on (S, &), with some positive constant C,
0.6) ¢ —v/teL' (S, S,

We note that ¢ takes value 0 or oo at #t=0. That is, the singularity or
the degeneracy of (0.1) occurs at =0, which may be initial time (4#=0)
or not (4+#0). Especially if 2a>—1, we can take v=0. In [15], we
showed the well-posednes of (WE) in the space H =L%*(Q), where Q is a
bounded domain in R” with smooth boundary, A=—A with homogeneous
Dirichlet boundary condition, 2a>—1, v=0, ¢(£)=1¢t% ¢ =F=0, E=0.
The purpose of this paper is to generalize the above theorem. For this
purpose, we first prove an abstract theorem on the well-posedness of non-
homogeneous evolution equation, which generalizes the abstract theorem
on that of homogeneous equation in [15] (see [Theorem 2). Then we
solve (WE) by applying this abstract theorem (see [Theorem 1.

Equation (0.1) with %=0 is studied by various authors: see Carroll-
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Showalter and Lacomblez [7]; Bernardi [1], and Coppoletta for
@ <0; Imai [4], Ivrii [5], Kubo [6], Oleinik [8], Protter [9], Sakamoto
[10], Segala and Taniguchi for concrete partial differential equa-
tions with «>0 and A being dependent on ¢: and the references quoted
there and in [13]. (Here we note that [1] and [3] obtained more irregular
solutions to more irregular equation (0.1) than our setting.) But in their
results, the regularity of a solution of (WE) is lost at & (=0). Hence,
the initial data needs strong regularity. Hence they did not show the
well-posedness in H itself.

The main difference between above results and this paper is that the
sum of the space regularity of a solution # and that of ||« is conserved
for all ¢, whether the singularity (or the degeneracy) occurs at initial
time or en route. In particular, the initial condition is weaker than that
of the known results. More precisely, let D (8=0) denote the domain of
A? with its graph norm and let D, (8<0) denote the dual space of D_s.
For an arbitrary real number x», we define a product space:

. { Daj2y+x X Dy for t=+0,
‘ D7-+-/¢ X Do‘-{-/c for t:(),

where y and ¢ are real number with y+o¢=1/2 determined by a and v
(see (1.1) and (1.2)). Then we show that for every (w, )< z%,, (WE)
has a unique solution # with (u(?), |t|*u’ ())E =% for every t=4. Thus
the sum of the space regularity of » and |#|“«’ is conserved 1/2+2x for
every t=f. In other words, the well-posedness of (WE) in Dqujzy+x+ De
holds in some sense.

We apply the result of this paper to quasilinear degenerate hyperbolic

equations in [14].
§1. Notations and result

First we describe notations and definitions.

Let X and Y be Banach spaces. For an operator A from Y to X,
the norm |A|y,x is defined by |Aly,x=sup{l|l4ylx; yEY, llylr=1}, which
may be o0, The dual space of X is denoted by X*. The duality map of
X into X* is denoted by Jx.

Let m=0,1. For a closed interval I in R, AC™(I; X) denotes the
set of functions in C™(J; X) all of whose derivatives of order =m are
absolutely continuous on I (as an X-valued function). For a subset I of
R, ACic(I ; X) denotes the set of functions belonging to AC™(I’; X) for
all closed interval I’'CI. ACc(I; X) is denoted by AC,,.(; X)
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Let A= A A dE; be the spectral decomposition of A.
For a nonnegative number x, we define Hilbert space D, as Dc=D (A",

« of A*, where A":le"dE,\.

the domain of A*, with the graph norm

For a negative number », we define
D/c = (D—/c) *,
We put

(1.1 y=(a+2—v)/{4(a+1D} (>1/4), y=min (y, 1/2),
1.2) o=(a+v)/{4(a+D} (>—1/4), ¢’=min (o, 0).

Here we note that y+o=1/2. For each real number », we define product
spaces

o= { Dijzyse X Dy for t=+0,
‘ Dyie X Do s« for t=0,

REMARK 1.1 The sum of the space regularity in the product space
nt is constantly 1/2+2x for every ¢.
We assume that E and f satisfy the following.

(H1) For every yEDi+,, E(*)y is a Dajz+r-valued measurable func-
tion on (S, ) with

(13) ”E(tDHDHv,sz)wéb<t>)
(13>, ”E<t>“D(1/2)+7'+:7,Dr’+v§b<t>)

for some non-negative function 6(+) satisfying

1.4 |t e(HeL (S, S if a+v=0.
(1.5  |tIeHeLH(S, S if a+v<0.

(H2) f is a Duj+o-valued function on [Si, ] satisfying

(1.6) |l‘|(_a+u)/2f<t)ELl<Sl, Se; Dajzy+n) if a+v=0.
a.7m It () ELYS, S ; Dajaysn) if a+v<0.

Now we describe our main result :

THEOREM 1. Let 5 be an arbitrary fixed real number and let y”,
and o’ be arbitrary numbers with y"<y’+n and oc”<c’+»%. Assume
(0.3)~(0.6), (H1) and (H2) for #u. Then for every (uo, wm)E nti@*7,

there exists a unique solution u of (WE) in the following sense ;

(u(H), |t|'w () Ex] for every tE[h, S.



128 T. Yamazak:

MEC([tO’ SZ] ; Dy) ﬂLwd&); SZ] i Dyyizyen)
N ACoc([to, IO} ; Daszyen) NACic([ o, SINO}; Dy,
|tl”u’(t)EC([&), Sz] ; Ds+) ﬂL“’([&), SZ] ; Dd’+(1/2)+n>,
(0.1) holds in Dy, a. e. on (h, S,
u(t) =wuo, |t|*t’ ()|i=te=1t1 (so that w'(0)=0 if t=0 and v<0).

Furthermore, the following estimates hold :

(1.8) tosél}ESZ<||u<t)“7'+(1/2)+7i+|t|UHu’<t>“0"+(1/2)+7]+It‘a+/2|lu<t>“1+”> <o,
1.9 Ol = G(gpertmes=d 4 p () + [t | (O +F Dll),

for some positive constant C,. Here we write ¥ =max{z, 0} for real num-
ber .

Assume moreover that +, E and f satisfy the following ;

vEC' ({6, SIN0}; [0,0]), FEC Uk, SINO}; Dus+n),
E(e) s strongly continuous on [to, S2]\{0}, as an operator from
Diin to Dy, Then

(1.10) uElé)Ci([to, SN0} 5 Di—iyizyen).

REMARK 1.2. If a+v=0 and

ess. sup (||~ @V L p () + | (O] H|F O] <oo,

to<t<S2

then
use Wh((h, S ; D) NW2>((h, S ; Do).

In fact, that «+v=0 means ¢’=0. Thus, (1.8) and (1.9) imply the
assertion.

We reduce this theorem to the case that a>—1/2 and v=0. For the
sake of this we change the variables as follows:

(1.1  tls)=|s*t's (B=1/A—wv) (>0)),
v(s)=u(t(s)),

for SS=s=<S,. Then it is easy to see that (WE) is transformed into the
following equation for v(s) :

")+ (—=t"()/t’ )+ ()P(t(s)))v'(s)
+2() 2t (A () + 12 (HEU () v(s) =) f (t(s)) (WE)’
for $5<s<3Sj,

v(s8) =, v'(%)=pLwm,
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where s=|t|™"% and S3=S:"*'. We show that the equation (WE)’ (s-
invariant) satisfies the assumption of with « replaced by

1.12) a'=ap+p—1=(a+v)/A—-v) (>—1/2)

and v=0. From (0.3)~(0.5), (1.11) and (1.12), it follows that the func-
tion ¢ : s—|t’(s)|¢(t(s)) satisfies the assumption (0.3)~(0.5) with « re-
placed by a’. Using the relations: 1—g8=—p8v, we have

")/ P&+ ()P t(s)))ds
=t () (—v/t()+y¢Ut))ds=(—v/t+¢(t))dt.

Thus by (0.6), the function ¥ s——17()/P()+1 ()P (t(s)) belongs to
L'(—1,1). Thatis, ¢ satisfies (0.6) with v=0. Inequality (1.3) means

1£2()E D pimamn=t?()b(t(s)),
So it remains only to prove that functions

b: s—t2()b(t(s)) (€0, )]
and

fis=t2 () (t(s) (EH)

satisfy (1.4)~(1.7) with « and v replaced by &’ and 0, respectively. For

the sake of this, we have only to note the following relations which follow
from (1.11) and (1.12);

Is|=*¢2(s) b (t(s))ds=Blt|=°b(t) dt,
t2(s)b(t(s))ds=pt|*b () dt,

|s|" P2 f (t(s))ds =Bt 2f (t)dt,
a’>0 if and only if a+v>0.

We have proved that (WE)’ satisfies the assumption of theorem 1 with «
and v replaced by «’ and 0 respectively.

Here we note that the value of y in (1.1) (resp. ¢ in (1.2)) with
substituted &’ for @ and 0 for v equals original y in (1.1) (resp. ¢ in
(1.2)). We also note that v’(s)=g|¢t|"s«’(¢). Thus it is easy to see that
(WE)’ has a unique solution v (s-invariant) if and only if (WE) has a
unique solution # (¢-invariant) in the sense of [Theorem 1. We also see
that the additional condition and estimates except (1.9) in are
satisfied by original one if and only if they are satisfied by transformed
one. The estimate (1.9) immediately follows from (0.1), (0.4), (1.3)’
and (1.8), by noting that ¢’+1/2=0 and ’=0. Therefore, it suffices to
show except (1.9) in the case that «>—1/2 and v=0. We
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shall prove this by using an abstract theorem for generating an evolution
operator, which we describe in the next section.

§ 2. Abstract linear evolution equations

In this section, we study a linear evolution equation in a Banach space
Z with norm

(CP; F)s du(t)/dt+A(Du(t)=F(t) for s=t=<T, u(s)=y,

where 0=s<T, {A(H)}icro, 11 is a family of linear operators in Z and F(¢)
is a Z-valued function on [0, T]. In [13] we obtained unique solutions
to (CP; 0)s. Using this theorem, we shall show the well-posedness of
(CP; F)s for non-zero function F.

First, we describe some definitions described in [13].

Let { Wi}t r1 be a family of Banach spaces in a Banach space Z with
norms {

Wt} .

DEFINITION 1. We say that ||*|w, is differentiable at t if the following
holds; W:+» equals W, as a linear space for sufficiently small |4| with ¢+ %
€[0, T] and (Jxllwen—lxllw) /% is convergent as % tends to 0, uniformly
with respect to x in each bounded subset of W:. The limit of the above is

denoted by %leﬂ We.

DEFINITION 2. A two-parameter family {U( s); 0=s<t<T} of
operators in Z is said to be an evolution operator on {W;:} if it satisfies the
following : for 0Ss<r=<¢=<T,

(i) U(t s) is a bounded linear operator on Ws into W,

(i) U tH)=Ion Wrand Ut r)U(r,s)=U(t, s) on Ws.

Now, we describe the assumtions in this section.

Let T be a closed subset of [0, 7] which has at most countable num-
bers. Let {X:}te,r1 and {Y:}icpo, ) be families of Banach spaces in Z with
norms {||*|x} and {|||lv.} respectively such that Y. is continuously and
densely imbedded in X; for each ¢{. Here we note that X: (resp. Y:) is
not necessarily equivalent to Xs (resp. Ys) if s=*t.

(S.1) There are constants C; ¢=1, 2, 3, and 8 (0, 1] such that
l-lz= Gl lx= Glellv., I+1x=Gl %0015 for 0=¢t<T.

(S.2) If t tends to t<[0, T] from the left and {(mE Y.} is a

sequence such that sup Iyally,,<oo and y. converges to y in Z, then y

belongs to Y: with

Iylx.<lim supyalx., [yllv.<lim sup |y ...
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(S.3) For each t&(0, TO\T, |xlx, (resp. |xlv.) is differentiable with
derivative bounded uniformly with respect to s near ¢ and x in every
bounded set in X; (resp. Yi).

(S.4) For every t&T and &>0, if £>0 is sufficiently small, then
there exists a linear operator P on Y: into Y:.» such that

1P|l x, xeon and [|Plye ven<lte, [(I—=P)ly.z<e.

Let {A(#)}ict0,m1 be a family of linear operators in Z which satisfies
the following conditions ;

(A.1) For each t<[0, TI\I', A(#) is a closed operator in X; with Y,
CD(A(t)) (CXy), and if A is sufficiently large, A belongs to the resol-
vent set of A(¢) and (A(¢)+AI)"'Y; is densely included in Y-.

(A.2) (Weak stability condition) There are integrable functions wx
and wy which are continuous at every point of [0, 7]\I' and satisfy the
following. If t€[0, TI\I', then for every x€Y; and yED (AW |y) ={yE
Y:; A(DyE Yy}, there are x*€Jx.(x) and y*€Jy.(¥) such that

2.1 —ddTHx"?réZRe(A(t)x, x*) + wx ()| x| %,
2.2 LyRS2Re(ADy, 3+ or(Dlylie,

(A.3) For each t€[0, TI\I' and each y€ Y., A(s)y is right continu-
ous at ¢ in X;.

(A.4) |AW@|y,x. is dominated by an integrable function &(¢) which
is continuous at every point of [0, T]\T.

Let F(+) be a Z-valued function with F()&EX; a.e. t on (0, T).

DEFINITION 3. In the above situation, we say that #(-)eC(s, T];
Z) is a solution of (CP; F)s with yE Y, if

(i) u()EY,; for every t<[s, T] and u(s)=y.

(i) For all ¢ except at most countably many points of (s, 7), there
is ¢:>0 such that « belongs to AC([t—¢, t+6:]; X:) with

du(r)/dr+A»)u(r)=F(r) in X; a.e. on (t—&, t+3).
Now we state a theorem in [13].

THEOREM A (Theorem 2.1 in [13]). Assume the conditions (S.1)
~(S. ), (A.1D~CA. 4. Then there exists an evolution operator {U(t, s) ;
0<s=<t=T} on {X:} and on {Y:} with the following three properties.

t t
() UG DlxxSexp [ wx(dr, | UG OlyarSexp [ or(dr,
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for 0=s=t=<T.

(i1) If Y. is a separable Banach space for every t<[0, TI\T, then
for each s€[0, T) and yEYs, u(+)=UC(+,s)y is a unique solution of
(CP; 0)s with s§9£T||M<t>'|yt<OO. Furthermore, u(+) is in AC(s, T]; Z)

with
u(t)—u(s)-i—/s.tA(r)u(r)dr:O n Z for s<t=T.

Using Theorem A, we have the next theorem.

THEOREM 2. Assume the same situation as in Theovem A (ii) and
assume morveover that D(A(t)) (the domain of A(t) as an operator in
X)=Y: for all t€[0, T]. Let U(t s) be the evolution operator given by
Theorem A. Let F be a Z-valued function on [0, T] with F(t)EY: a. e.
on 0, T), and with the following properties.

(i) There exists a sequence of Z-valued step functions {Fn} such that

Fn(t)—F() in X as m—© for a.e. t on (0, T),

(i) |FWOlv=c(@®) on [0, T), for some cL* (0, T).
Then for every yEYs (s€[0, T)),

w(H=U(t s>y+fU<t, DF () dr

is a unique solution of (CP; F)s with szlzlgrllu(t)” ¥ <00,

Furthermore u(+) is an absolutely continuous Z-valued function on
[s, T].

REMARK 2.1 Assume that for interval [z, 2] [0, T], there exists a
positive constant d such that

A7l sl-le=dl:]x for n=t==

Then, #(+) is an X -valued absolutely continuous function on [n, ).
This immediately follows from the second inequality of (S.1) and the
absolute continuity of U(+, s)y in Z.

REMARK 2.2 Assume that there are Banach Spaces X, Y:.(Gi=1, ...,
n) and that [0, T'] is divided into finite intervals {[;}:-1,..» with the fol-
lowing properties; for each 7, X;~X; and Y.~ ¥; as Banach spaces a.e. ¢
on I;, and F(+) is X:-measurable on I, Then (i) is satisfied.

In fact, X;-measurability on ; means the existence of step functions
{F;,n} such that



Second order hyperbolic equations with time-dependent singularity ov degeneracy 133

Fin(t)>F(t) in X; as m— for a.e. ¢ on L.

By the denseness of Y: in X;, we can assume that F;.()EY; a.e. on L.
If we put Fu(t)=F;,n(¢) for t€IL (i=1,...,n), then {Fn} satisfies (i).

PROOF. We assume that wx=wy=0 without losing generality. Let
t* be an arbitrary element of [0, TI\I'. Then by (S.3) and the closed-
ness of I, there is an interval [4, %] with the following two properties ;

4, &]2t*, [4, L]INT =0,
Xt’\’Xt*' Wlth d_l Xtéd

2.3) - NMEPINM
Y:~ Y with d7! r=d|*|.,

Xt'é Xt*

Y g

for h={=f, with some positive constant 4. By the same reason as
Remark 2. 11,

2.4 UC, s)yeAC(4, t]; X.»)

for every fixed s€[0, 7] and y€Y,. By the assumption, we can take a
subset ® of [0, T'] satisfying ; ,
[0, T]\® has measure 0, ® NI =4,

(2.5 F(s)&Ys and Fn(s)—F(s) in Xs for s€0.
We put

T={t )E[4, £]1X[0, T]; s<t}
Te={(t S)E[t, L] X0 s<t}.

2

(1) First we prove that U(¢, s)F(s) is an X,.-valued integrable func-
tion with respect to (¢, s) on T. It can be written as

Fn(s)=Fn(sn,;) for S€[smi-1, Sm.;),
where sp,o0=0<++* <$n,; <Sm,j+1<**<Smnn=¢. We define a function Gn,: by
Gm(t, S): U(t, Sm,j)Fm(Sm,j) fOI' SE[Sm,j—l, Sm,j),

Then by (2.4), Gn» becomes an X;-valued measurable function with
respect to (£, s). Thus for the measurability of G, it suffices to show that

(2.6) Gn(t, s)>U(t, s)F(s) in X; for every (¢t s)ETe,
i.e, a.e. on T. For every (4 s)ET,, it is written as

Gn(t,s)— U, YF(s)=U(t smi)F(sm;)— Ut s$)F(s)
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=UC, $m,5) Fn(sm,s) —F () + U, su) (L —UC(sm,j, $))F(S)
with some partition point s»,;. Thus by (i) of theorem A, we have

2.7 NGa(t $)—Ut s)F()|x
< MAI|F (sm, ) = F (llxt0n, T 1T = U (8,5, $))F ($)]lxs),

for some positive constant M. The right-hand side of (2.7) tends to 0 as
m—oo, by (2.4), (2.5) and the continuity of norm |[+|x, at r=s (&I).
Thus (2.6) holds, and therefore the integrability of U (¢ s)F (s) immedi-
ately follows from (i) of Theorem A and assumption (ii).

(2) We prove that A(t)U(t s)F(s) is integrable with respect to
(ts) on T. By assumptions (2.3) and (A.2), if @>0 is large enough,
then

(2.8) 0=Re(A(B)x, x*)+ ol|x|% for some x*<Jx,(x),

for every x€Y; t<E[4, ). From (2.8) and the assumption (A.1), we
easily see that A(#)+wl is m-accretive in X; for every tE[4, £]. Thus,
for every tE[4, t),

J®O={I+e(AD+ oD}
exists and satisfies the following ;
2.9  J(t)—I as e—0+
in the strong topology of bounded operators in X; (~X:.),
210 e@®lxox=1.
We put
AW =AW ] CJAWD.
Then it follows from (2.9) that
A (Hx—A)x in X; as e—0+,
for every x&D(A(t)), t<[4, ). Hence
2.11) AU s)F(s)—=AW U, s)F(s) in X as e—0+,

for every (¢, s)€ Tg, and thus for a.e. (£, s) on T. We show that
A(H Ut s)F(s) is measurable with respect to (¢, s) on T. By (A.3),
(2.3) and (2.10), A:(#) is strongly right-continuous with respect to ¢ as a
bounded operator in X:.. Hence in the same way as in (2.7),
A:()Gn(t, s) converges to A:(t)G(t s) as m—oo. Thus by the same
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reason as the proof of (1), A:(L) Ut s)F(s) is X:--measurable with
respect to (¢ s), and so is A()U(t s)F(s) by (2.11). By (A.4) and
the assumption (ii), the integrability follows.

(3) We show that

@12 LUt OF©ds+AD [V OF©=F®
for a.e. t on (4, k). First we show that
(2.13) L{/HhU(t—i-h s)F(s)ds—ftU(t s)F(s)ds}
: 7o > p U b
—»—fA(t)U(t, S)F(s)ds+F(t)
as h—0+, for a.e. t on (4, ). Let h>0. We have
2.14) %{[“’U(Hh, s)F(s)ds—[Uu, OF(s)ds)
= [T W+ OF©-F)dst+ [ F(ds
+ 24 [(UG+h - UG ) F()ds
:—% t”h sHhA(r)U(t, s)F(s)drds+%_[+hF(s)ds
—%ff”lqcr) Ut $)F(s)drds,
since U(t, s)F(s) is a solution of (CP; 0)s with y=F(s) (see (ii) of

Definition 3). We estimate the right-hand side of (2.14). By assumption
(ii) of Theorem, (A.4) and result (i) of Theorem A,

t+h ft+h t+h t+h
(2.15) II%_/; fs AU, s)F(s)dm’sIIé%/t §(s)dsjt‘ c(s)ds,
which tends to 0 as 2—0. By the assumption, we easily see that F(¢) is
integrable with respect to ¢t on (4, £). Hence

1 t+h
.16+ [ F()ds—F(®) as k=0 for a.e. t on (4, ).
Fubini’s theorem implies

2.17) %fot[”Amwr, s>F<s>drds=%f”’[A<r>U(n S F(s)dsdr

:%f“’[,qm U(r, $)F(s)dsdr
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+—}l—lt+h/r.t/l(r) U(r, s)F(s)dsdr.

—»fOtA(t)U(t, OF(s)ds as h—0+,

Here we used that A rA(r) U(r, s)F(s)ds is integrable with respect to 7,

and the estimate similar to (2.15). Equality (2.14) combined with
(2.15)~(2.17) yields (2.13). Convergence (2.13) with “hA—0+ " re-
placed by “ ~—0— " holds similarly. Therefore, using that A(¢) is closed
in X; for every tE[4, ], we obtain (2.12).

The above and the definition of #(#) imply that «(#) is a solution of
The uniqueness holds by Theorem A, and the rest is easily seen.

§ 3. The existence of an evolution operator for (WE)

In this section, we consider (WE) with ¢¥=0, E=0, f=0 and v=0.
Then by putting v(t)=#’(¢t), (WE) in D, is transformed into the follow-
ing;

AU /dt+Au(t)=0  for fo<l‘<Sz,}
(E)

Uw=(") x>,

u
where

U“):(Zgi)’ A<t>:<¢2(0t)A —01)

For each real number », we shall define Hilbert spaces {X¥ with X*
~zt for —1=¢=<1 and Z* so as to apply Theorem A to (E). For A>1,
we define £ by

3.1  8C%7*t=2a'
we define the functions p°, ¢° and 7° on [S, $]X[0, ©) as follows:

1 for 0SA<1, SStS,
Mt U+ )+ (=t (L—1)}/ Q)

for A>1, |H|£¢,
Aé (1) for A >1, [t|> 4.

p°(t )=
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1 for 0SA<1, S<t<S,
)= Cto/{¢t) U+ 1)+ ¢ (—td(h— 1)}
’ for A>1, |t|<¢t,
1/é(t) for A>1, |t|>¢.
0 for 011, S¢S,
ro(t )= 01 for A>1, |t|=4,
—2—¢’(t)/q52(t) for A>1, [¢|> 4.

For each function v°=p°, ¢°, r°, we put
1
58, 0= pe) (D= [ w(s, Dpe(t=5)ds,
where pe is a Friedrichs mollifier and e: is a positive number depending on
A and determined later in Propositions and B.2. We define

(3.2) a(t 1=20pt 1)—2¢* D27t D}/ (L, 1),

(3.3) @t =2{g & A)+27 DY Gt Q)

B4 @Gt =47 D+ A =2 (DA DI/ POV, 1),
g(t, V=max{gi(t, 1), ¢:(¢, 1), g:(¢, 1)},

t
G, 1= [ g5, Vs
-1
and we put
v(t ) =e V5t L) for v=p, q, 7,

Using the above functions p, ¢ and », we define Hilbert spaces X ¥ and
Z"* for each real number » and —1=¢=1.

s=(U=("); U

%g:fow(HD“[p(t, Vd(Ewu, u)

+q(t, MDd(Ew, v)+2r (¢ A)d (Eawu, v)]
(= [ QA+D"ueu(U)) <0}, with norm ||

Z¢={U= ( ) |U1|zx—f A+D*[A7d (B, 0)+ 22 d (Ew, )]

(= [ +D*:(U) <o), with norm [+[.

Here we note that

Ul Ul Ulxs for U:<Z> -



138 T. Yamazaki

PROPOSITION 3.1. If e is sufficiently small, then theve exists a posi-
tive constant ay for which the following holds :

o S u
U UR=al UL for cvery U=(")

where | U | }zlem(lﬁ%)z"{p (t MVA(Eiu, u)+q°(t 1)A(E v, v)}. Thus

|+|lx¢ actually defines the norm which is equivalent to |*|%x.

REMARK 3.1. The constant @ depends only on the constant C in
(0.4) and (0.5), and not depend on ¢ itself.

PROOF . Using (0.4), (0.5) and (3.1), we have
|7°(t, l)lé—é-l”2=%(p°q°)”2(t, ) for every ¢, A.
Thus
(3.5) |7 (t, A)lé%(ﬁ@”z(t, 1)  for every t, A.
if e is sufficiently small, and therefore
|7 (¢, l)\é%(ﬁq)”z(t, 1)  for every ¢, A.
Hence we have

(3.6) 2-1fu+1>2”{p<t, Md(Ewu, w)+q(t A)d(Ew, v))

§||U||%,x§2£m(/l +D*{p(t A)dEwm, u)+q(t, A)d(Ew, v)},
for every U =<Z> If we take & small enough to satisfy

(o= o5 pe) (4, l)lé%:ﬁ(i, P for 120, —1=t<1,
for v=p, ¢, then
3.7 %:ﬁ(z‘, VS5 DS20°(E 1) for A20, —1<¢<1,

for v=p, q. By (3.6), (3.7) and the definitions of p and ¢, the proof is
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complete if we show that
(3.8) (G, l)é)%gg”ﬂ’, lLrer,n <oo.
Let k1, h: and &3 be functions defined by the right-hand sides of (3.2),

(3.3) and (3.4) respectively, with p, § and # replaced by p°, ¢° and »°
respectively. We first show that

(3.9 S:{lig)”hz(', Dlzrsisn<oo, i=1, 2, 3.

It is trivial that
(3.100  sup [A:Ce, Dllerrn<oo, i=1, 2, 3.
So we estimate 4; (1=1,2,3) for A=1. From now on in the proof, we

denote by the same ¢ the various constants independent of A and ¢. By
the definition,

(3.1  h(t A)=0 for |t|=t, i=1, 2.
by (0.4), we have

(3.12)  m(, A)=("/p) (&, 1)
=(p (L) —p(—tO)/{p DU+t + S (—t) () (h— 1)}

<cti, for [t 4.
In the way similar to this, we have
3.13) k( A=c for |t|=t.
By (0.4), (0.5) and (3.1),

(3.14)  h(t 1) =4|r>(t A)|A712
§C<t—a—zl—l/2> :C<tﬁ!+l|t‘—a—l>-

for |t|>t, and

(3.15)  m(t A)=4|r°(t, ) — () Ag°(t 1)|A7M?
S ARt P) S c et 20 Yt P,

for [f|=#. From (3.11)~(3.15), (3.9) follows. Using (3.9), we easily
see that (3.8) holds if & is small enough.

REMARK 3.2. Banach space X7? is equivalent to =z% for each real
numbers » and ¢ with —1=¢=<1. More precisely, there is a positive con-
stant @ (=1) depending only on the constant C in (0.4) and (0.5) such
that for each real number x, the following inequalities hold for every
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<x; yDED(I/ZHxXDx-
(i) Forevery t€[S, SIN[—T, T] (T>0),
' Wleltumet Tl |(0)] S @l TeUllumoct -1y
if «=0, and

X
it (Tolalfumec Iy (7)) S @tledamert Ty

if a<0.

Sl + Iyl

Gz Qe ol s (7))

We first prove (i) when a=0. When <0, it is proved similarly.
Noting that
CHH*A+D=p°(t, AHSCT*(1+1)

for t€[S, SINf—T T], we have
C_llﬂa'”x”(zl/ZHxé'/O‘m(/l+1>2xpo(t, A)d(EAX, x>§C”x”%1/z)+x

for every x€ Dys+« and tE[S, S]N[— 7T, T]. Noting that
C'T*<q°(4, L)SCt™°,
for t€[S, SIN[— T, T], we have

C 'y IIing”u +1D%*¢°(t, 1) d (Ew, )= Ct %y,

for every y&€D,. Hence, with the aid of Proposition 3.1, we obtain (i).
Secondly, we prove (ii). From (0.4) and (3.1), it follows that

ay AT S g () Sa@pd TRy 1> 1,

with some positive constant ;. Using this inequality and the definitions
of ¥ and ¢, we get

a2 =p°0, ) =A{¢ (LD +p(—tD}/2=Z as0 7,
@ 'A% =q°0, )=2/{¢p () + p(—tD}< 312",

if A>1. By [Proposition 3. 1, the above inequalities imply (ii).

Now, we have the following proposition, which is the purpose of this
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section.

PROPOSITION 3.2.  Assume (0.1)~(0.6). If e is sufficiently small,
then for each x, the Hilbert spaces {X:=X%, {Yi=X"2**), Z=27* and
the operator {A(t)} satisfy the assumption of Theorem A with T={0} and

wx = wy=0.

If [Proposition 3. 2 is assumed, the next proposition follows.

PROPOSITION 3.3.  In the same situation as in Proposition 3.2, A(t)
generates the evolution operator U4, s) on {X%} for each » with the fol-
lowing properties.

(1) U, 9xexe=1 for SEs<t<S,

Cii)  For every v#+0 and VEX¥ Ut )V is continuous in X~
with respect to (¢, s) in the neighborhood of (r, r).

(ii)  For every UyEX W, U()=UC(, t)Us is a unique solution of
(E) in Z" in the sense of Definition 3. Furthermore, the following hold :

UDEAC (b, S]; ZHNAC 10 to, SINO} ; Dajzyex X Do),
%U(t)JrA(t)U(t):O inZa e ton (b S

PROOF . By [Proposition 3.2 and Theorem A, the conclusion except
the uniqueness of a solution in (iii) holds. Theorem A guarantees the
uniqueness of a solution of (E) in Z with bounded Y:-norm. In this case,
every solution of (E) in Z* has a bounded X7"®**.norm, since it belongs

to C([h, S]; Z*) and ze. If we take —1+x for x in Proposi-

tion 3.2, then Z=Z"""* and Y:=X7"?** Thus the uniqueness holds as a
solution in Z7'** with bounded X7;“?**-norm.

Xt—(1/2)+lc é

PROOF OF PROPOSITION 3.2. We prove the case that »=0. The
other case is proved parallel to this.
(S8.1) It is easy to see that

A= cpt (L A)S A+ 1),
V=g (L M)A+ D02,

for some constants §€(0,1] and ¢, ¢’>0 independent of ¢ and A. By
using [Proposition 3. 1|, these inequalities imply (S. 1).
(8.2) Let ti—t as n—oo, and

(3.16) Un:<Z”)EXt,,—>U:<Z> in Z as n—co,
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with
@17 sup || Unllx. (= M)H<oo.

Let » be an arbitrary fixed positive number. Then the total variation of
|E:(un—w)|? and |Ei(va—v)|* on (—oo, ] are dominated by |E;(un— w)|?
and |E,(v.—v)|? respectively, which tend to 0 by (3.16). From this and
the continuities of the functions p, g, » with respect to ¢ uniformly in A <
7, we have

(3.18) _/O‘”lltn,/1<Un>—”/()'nﬂt,A<U> as .

On the other hand, by (3.17) we have
/(:U/ztn,A(Un)éM for every .

By (3.18), letting #»—0 in the last inequality yields
'/O‘nllt,/l(U>§M.

Since this inequality holds for every positive number », we obtain
[ ues= M and UEX.,

In the same way, we obtain the conclusion for Y;.
(8.3) Let t+0. We take ¢ such that [¢—6, t+6]?0. Then we see
that

sup{|p’Cs, D|/p (@, L), |g’Cs, M/ gt L), |7 (s, l)l/(pq)%(t, A1),
167 Cs, DI/p G L), g7, DI/glt 1), 1r7(s, DI/ )zt 1) ;
s€[t—¢, t+6IN[S, S, 120} <oo.

From this, it follows that (S.3) holds.
(S.4) Let & be an arbitrary fixed number. We take A* large enough
to satisfy

(3.19) A*+1>e2

Let 2 be an arbitrary number with
(3.20) O0<h=t.,
where #- is defined by (3.1). We define
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P:EA*lYo; Yoo Vs,

the restriction of E;- on Y;. We prove that P satisfies the condition of
(S.4). It follows from (3.20) that

pCh, A0=p0, 1), q(h, A)=q(0, 1), »(h, A)=70, 1),
for every A=1*. From these relations and (3.19), it follows that
|PUIx=IPUlx = Ulxo, IPUlv,=IPU|ve<|U|ye,
17 —P) Ullﬁgﬁ m(U)é(A*H)—‘A A+Dus oD =X U,
for every U€ Y,. Thus (S.4) holds.

(A.1) Let f be an arbitrary fixed number in [S;, $]\{0}. Using the

fact that ¢*(#)A is a non-negative self-adjoint operator, we easily see that
(A. D holds.

(A.2) We shall prove the condition for X,. In the same way, we
can prove the condition for Y.. Let ¢#0. By the definition of |-|., we
have
(3.2 <d/dt>||Ul|Xt=f°{p’<t, Vd(Ew, u)+q (L A)d(Ew, v)

+27°(t, A)dE(u, v)},
= [[e e —ap)(t, 1d B, 0

+(7—gd)(t A)d(Ew, v)
+2(#7’'—g7)(t, )d (Ew, v)},

(3.22) (AU U>X,:[°e-6<t>[—ﬁ<t, Vd(Ea, v)

+ 3t ) @*Ad (Eau, v)
+ 7 (¢, W{=dE:(v, v)+¢* () 1d (B, w)}].

Comparing each terms which corresponds to d(Ew, u), d (Ew, v) and
d(Ewu, v) respectively, and noting that

PP d Eat, )< (5Ct 1) d B, )+t 1) d (B, v)),
we see that (2.1) holds with wx=0 if the following hold ;
(3.23) B DS2FOAF U D+3 P (G D,

(3.2) Pt A=—27(t A)+%(gii)(t, D,
(3.25) 2|74, =gt AD+pt L) —2()AGE 1)
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=@@P"H D).

Thus it suffices to show (3.23)~(3.25). But these are trivial from the
definitions of 5, ¢, # and g. Here we note that from (3.5), (3.25) holds
if

207°Ct, D+ 5t D=2 (DAF( VIS0 (L, 1.

(A.3) This is trivial.
(A.4) From Proposition 3. 1l with » =0, we have

”M”(Z)l = H(géz(_t)UAu)
ad [ p°Ct DA+ [a°C D gH 1Bl

2

Xt

From [Proposition 3.1 with »=1/2, we have

5

Hence, for (A:4), it suffices to prove the following inequalities.

(3.26)  @*(OHA%¢°(t A)=E(H)(A+Dp (4 1),
(3.2 p b M=EWA+Dg (L 1),

for every t€[S, S;] and 1€[0,0). By the definition of p° and ¢°, in-
equalities (3.26) and (3.27) are satisfied if the following hold :

téafl_/o‘m(lel){l)"(t, LV AE|lulP+q°(t, L) dE|v|?.

2
Y,

(3.28) SO +1=&) for 0S1=<1, S<t<S,
(3.29) )/ p(£t) + ¢(£tO=&(D) for A<1, [t|£4,
(3.300 () =&() for A<1, [t|= 4.

From Assumption (0.4), we easily see that these hold by taking &(¢)=
c(|t**+1) for sufficiently large constant ¢. Since 2a¢>—v—1=—1, & is
integrable, and the proof of Proposition 3. 2 is complete.

§4. Proof of theorem 1

As is noted in § 1, we have only to prove except (1.9) in
case that @a>—1/2 and v=0. We assume that »=0. When #=+0, it is
proved parallel to this. We asume [S;, S;]=[—1, 1] without loss of gener-
ality. X% Z* and A(¢) denote the Hilbert spaces and the operator defined
in §3. U(t s) denotes the evolution operator given by [Proposition 3.3
By putting #’=v, (WE) is equivalent to the following equation in Z°;
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%U(t)JrA(t)U(t)+B(t)U(z‘)=I7‘(t) for h<t<1,

Uw=() =, }<EE>
where
U(t)z(ZEﬁ) (exV?), F(t)=<f?t>> (exV?),

0 0
BO=(g, v (DI
We shall prove in the following stepc: estimates of operators
B(#) and F (), existence of a solution, estimates of the solution, unique-
ness, estimates of the solution under the additional assumption.

> (the bounded operator on X2 for a.e. t).

<Estimates of |B(#)|xizx12 and |F (£)|x12> If @20, (i) of Remark
3.2 with x=1/2 and (1.3) with =0 yield
[ e O P L )
sairpo|(?)
for every (x, v EDyXDio. From this and (3.6), it follows that

1722
Xt

”B@(Q

X%/é”(E(t)x—gx/f(t) ,)
< alel-s o+ ob|(7)],

X
y L2

172
Xy

for (x, ¥) €D X Dy, which implies that

4.1 |BWlxwexe=<ddlt| b)) +2l¢ ()]  if @20,
we similarly obtain

4.2)  |IBWlxexe=adb(O+2yp @) if a<0.

By (i) of Remark 3.2 with x=1/2, we have

Sa|tf Dl if a0,

(4.3) ”F@“””{ <alf Ol if &<0.
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< Existence of a solution > We define T* and R as follows.
(4.4) T*(£1) is the supremum of S satisfying

[sthar=1s,
where
=alt| b () +2l¢ ()|  if a0,
@5 @ { — b +2 (D) if @<0.

1~
4.6 R=20Ulxe+ [ 1F (s,

We note that 7*># by assumptions (0.6), (1.4) and (1.5) with v=0.
We set

Gr-={VeC(k T*]; Z%;
V(‘)EAClocqﬁ), T*]\{O}, D1/2><H>,
VitHeXy for h=t<T*,

4.7 |V (Olx2<R}.
We define Banach space x by

x={vecdn, T*1; 2); sup |V Dlxy<o0),

with norm _sup. |V (®llxi>. Then Gr- becomes a bounded closed convex
ost=sT*

subset of x.

U

For an arbitrary W :< ) in Gr., we consider the equation :

(4%}

—g;Uct>+A<t>U<t>:—B<t>W<t>+ﬁ<t> on (, T*
Ut)="U,

We show that the Hilbert spaces {X,=X9Y, {Y:}={X¥?, Z=2° the oper-
ator {A($)}, and the function F()=—B()W()+F(+) satisfy the
assumption of [Theorem 2. It is trivial that D(A(¢t))=Y:. Thus by Pro-
position 3.2, the assumption of other than (i) and (ii) are
satisfied. The Xi-measurability of —B()W()+F () on (—1,1) fol-
lows from the assumptions (H1) and (H2), the denseness of Dy in Dy, and
the local continuity of W : [&, T*]\{0}=Di2xXH (~X1). Therefore by

} (EE)w
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Remark 2.2 with /=1, assumption (i) of [Theorem 2 is satisfied.
Assumption (ii) follows from (4.1)~(4.3), (1.4)~(1.7) and (4.7) with

V =W. Hence we can apply to (EE)w and obtain a unique
solution U with form;

4.8) UMD=U to)UowL/t:U(t, D (E()=B()W(s))ds,

for h<t<T*. By and Remark 2.1, U satisfies the conditions
for belonging to Gr. except (4.7). We prove (4.7). By using (i) of
Theorem A, (4.1) and (4.2), (4.8) yields

4.9 U xwe<] Uiyt [ AF et cOIW () xvds,

where ¢ is defined by (4.5). We get with V=U from (4.9), (4.6),
(4.4) and (4.7) with V=W.
By the above, we can define a mapping ® from Dy into Dy by

®: W— U, a solution of (EE).
We show that @ is a contraction mapping on D;.. Let W; and W; be arbi-
trary elements of Dr+, and put W= W,— W,. From (4.8), it follows that
t
QWD) —@ W)=~ [ Ut B W (5)ds

Thus using (i) of Theorem 3.1, (4.1), (4.2) and (4.4), we have
t
[@ WM~ W) (Dlxes [ c()ds sup |W ()]xse
to tost=T*

<l sup | W (llxwe

- 2 tost<T*

Hence we get

sup [ (@ Wi—® Wh) <t)||Xyz§%t sup (Wi W) () xpe,

tostsT*

which means that @ is a contraction mapping in Dr-. Hence by the con-
traction mapping theorem, ® has a fixed point U, which is a solution of
(EE) on [#, T*].

Next, starting from 7'*, we extend a solution to T**(>T*) in the
same way. By definition (4.4) and the integrability of ¢, we arrive at 1

in finite steps. Thus we have obtained a solution U =<Z> of (EE),
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belonging to AC ([%, 1]; Z) N ACoec([h, 1]\M0}; Di2X H) and having bound-
ed XV%norm. It is easy to see that # becomes a solution of (WE) in the
sense stated in the assertion of the theorem.

<Estimate of the solution u(#)> Using (4.9) with W=U and
Gronwall’s lemma finite times, we have

t t
(4.100  |UDx==(| Uo|\x(1,»2+ftollF(s)llxyzds)explog(s) ds< M,

for H<t=<1, with some positive constant M. Thus, we obtain (1.8) by
noting that

the left-hand side of (1.8)=|U Oz =|U()|xv2 for (H=<t=<1.

< Uniqueness> Let » and # be solutions of (WE), and put w=u—1,
W :(z’) Then W is a solution of the following equation for V :

Ly H+ADVWO==BWOW® in Z a.e on (b 1>,}<E>
V (1) =0.

By using that weC ([%, 1]; Dy+a2) and that Dy is dense in Dyiqs, (HI)
implies the measurability of E(+)w(+) in Dy. By this and (1.3)" in (HD),
B(+) W (+) satisfies the condition of F(+) in with Z=2""°.
Hence, by the same argument as in (4.9), we have

@AD W Dleprons [ e(w S lrpromds

Since ¢ is integrable, (4.11) means W =0.

< Estimate of the solution under the additional assumption> Last we
show that u satisfies (1.10), under additional assumption. Let [&, &] be
an arbitrary closed interval in [%, 1]\{0}. We consider the following equa-
tion for v :

B+ OAvD+ YO (DOFEDu(t)=11) on (b, T)
v(b)=ulh), v'b)=u'(h).

Since (u#(b), ' (b)) belongs to Di XDy, it is well-known that under the
assumptions on ¢, ¥, E and f, (WE)’ has a solution v in

hewey:

(*) QCidbb bz]; D(Z—i)/2>.
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The uniqueness of the solution assures v=u on [&, b2). Hence # belongs
to the function space (*). Since [&, &] is an arbitrary closed interval in
[%, 1]\{0}, the above implies (1.10).
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