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This paper provides new approaches to two old results in the study of
conformal mappings of Euclidean space.

Part 1. Liouville’s theorem on conformal maps

Liouville’s theorem states that a conformal map between open sets in
a Euclidean space E”, »=3 may be extended, after allowing that the map
might take on the point at infinity as a value, to a global conformal map ;
and that the group of such conformal maps is finite dimensional. We
show how to simplify the standard proofs of this theorem using an elemen-
tary but apparently new observation that the normal curvature of a curve
in a hypersurface changes in a very transparent way under conformal
mappings.

There are two common ways of stating Liouville’s result. For the
first, recall that the inversions, dilations, translations, and orthogonal
rotations on E"U{oo} generate a finite dimensional group called the
Moébius group, M (n).

THEOREM 1. For n=3, any conformal map of open sets in E" is the
restriction of an element of M (n).

For the second statement, we identify the conformal structure on E”
with that of the sphere (with one point deleted). We then identify S™
with the standard hyperquadric of homogeneous signature (z+1, 1) in the
real projective space P"*' of one higher dimension and produce an action
of Q(m+1, 1) on the sphere and thus on the extended Euclidean plane.

THEOREM 2. For n=3, any conformal map of open sets in E" is the
restriction of an element of O(n+1, 1). For n=3 and n odd, the group
of conformal maps is isomorphic to SO(n+1, 1). For n=3 and n even,
the group of conformal maps is isomorphic to (O(n+1, 1)/ )X 2 for a
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certain semi-divect product.

We study a conformal map ¢: U=V of open sets in R”. By
definition ¢ preserves angles. This is easily seen to be equivalent to the
fact that ¢ preserves the metric up to a scalar function (see [Sp II, page
7-50])

<xu, pxv>=A<u, v>.

We start with a hypersurface MCU in R” and a parametrized curve
y(t) in M. The normal curvature of y with respect to M is given by

“TyOF a’tz

where » is one choice of the unit normal to M. Recall that all curves
which are tangent at p have the same normal curvature there.

Now let 7 and M be the images under some conformal map ¢ and let
p=2A7"% Here is the elementary result from which we shall prove both
versions of the theorem. |

LEMMA.  The normal curvatures of y in M and 7 in M are related
by

- Op
(D x pe+an.

PROOF. We may assume that at p, u——cjﬁl is a unit tangent vector.

Let »# be one choice of the unit normal vector to M at p. Extend # and
to constant vector fields. In terms of local coordinates
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act on the first
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where we always sum over repeated indices. Let #. e
C

equation and . a?c act on the second. The results are
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Thus

oxe T p° o

We now can compute the normal curvatures.
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To give a second coordinate free proof, we extend #» and » differently,
now taking « to be the unit tangent field along y and # to be the unit
normal field along y. In terms of the Euclidean connection, the normal
curvature in the direction # is

x=<ubu n>

and since <wu, #> =1, this normal curvature can also be given by
x=—<u, [u, n]>.

For x we have

2=exul’lgxnD ' < Prut-dsu, psn>
=p3<¢*u|—¢*u, ¢*n>
=—p*<Pxu, pxut xn>
:—p3(<¢*u, ¢*ni—¢*u>+<¢*u, [¢*u, ¢*n]>)

= —p3<%¢*n<p'z> + <xu, px[u, n]>)

=—p3(—p‘3—g%+p'2< u, [u, n]>)

_ 3/_ 30P | _as
p*(—p o TP (—x))

and thus

.
x p;c-l—an.

COROLLARY. A conformal map takes principal directions to principal
directions.
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COROLLARY. Let MP*CR* have principal curvatures x> x> xs. The
quantity

Ga—x2)/ Ga— xs)
1S a conformal invariant.

A mapping is called spherical if it maps generalized spheres (that is,
spheres and hyperplanes) to generalized spheres.

COROLLARY. A conformal map is spherical.

PROOF. Generalized spheres are characterized by the fact that each
point is umbilic, i.e., every curve through p has the same normal curva-
ture there. But if all curves in M through p have the same normal curva-
ture, then the same is true for all curves in M through ¢ (). So ¢ maps
generalized spheres to generalized spheres.

PROOF OF THEOREM 1. The image of any hyperplane is umbilic.
Thus, if we apply (1) to the hyperplane {x.=0} we derive

e p(x, ..., xn—1, 0) =constant

and hence at the origin

d’p —0
OX10Xn
and in the same way, at the origin
& _,
OX;OXn
for j+Ek.
Consideration of the hyperplane {x=x} leads to
p __3%
oxon  Onox

at the origin. There is nothing special about the origin or about the par-
ticular indices. The general result is

2

_op _ ,
axjaxk o <X> é\Jk.

The rest of the proof is direct and well-known (see for instance, [Be,
page 226]). By differentiating, we see that ¢ is a constant. Thus the
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equations can be integrated and we have
e :%O‘Ix|2+ijj+B

which we rewrite as

p=alx—xl*+b.
We distinguish the three cases
i a=0, b+0
i a+0, b=0
il a+0, b+0

In the first case, <¢xu, pxv>=b<wu, v>. Thus ¢=+b U, for some Eu-
clidean motion U. In the second case, let i be the inversion about the
unit sphere with center x%. Let p; and ps be the scalar functions associat-
ed to ix and ¢x. At the point x, ix has p;=|x—x/>. At the point 7(x),
éx has

pe=ali(x) —x|*=alx— x| 2.

So ¢oi has p=a and thus, qSZ%Uoz"l.

Finally, we show that the third case cannot occur. To do this, we
use (1) in place of the argument in [Be] We assume that ¢+0. Then
there is no loss of generality in taking p to be given by

p=|x*+b.

From (1), we derive that the sphere S, of radius » and centered at the
origin maps onto a sphere of radius »'=|r/(»*—5b)|. But on S, |¢su|=
p lul. So ¢ multiplies the surface area of S, by p~ "' and thus takes S,
onto a sphere of radius »'=p~'r=7/(#*+5). From these two expressions
for 7’ it follows that 6=0. This concludes the proof of the first theorem.
The fact that conformal maps are spherical is also central to the clas-
sical proof of [Theorem 2. This proof identifies spheres in R” with points
in R™*! and then shows that a conformal map preserves lines in R"*! and
hence is projective. The association of a point in R® to each circle in R?,
and many beautiful consequences, is discussed very clearly in [Pe] A
complete treatment of circles and spheres, in classical language, can be

found in [Co].

PROOF OF THEOREM 2. Let SCR" be the sphere

i_ZilIl (xi—p:i)?=R2.
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Then P=(p, ..., pn, ZT‘.(pjz)—Rz) is the associated point in R***. That is,
the sphere S with the equation
2 4°—2 2 pxit pn1 =0
is associated to the point P=(p, ..., pn+s1). We denote this association by
P—Sp.

Points in R” are considered as spheres with radius zero and are as-
sociated to points on the hyperquadric

Q:{(pl, ey pn+1> , pn+1:?" p?}

Note that the image of the set of spheres in R” is the closed set

Q ={(pr, e, bur) s a3 P,

Now let L be any line in R"*'. The set of spheres in R" given by
F={SCR": S=Sp, PeL}

is called the pencil determined by L. We will call L a simple line if there
is some sphere S’ of dimension #-2 which is contained in each sphere S in
the pencil. We use these simple lines to give a new proof that conformal
maps take lines (in R"*', not R"!) to lines and hence are projective. It is
easy to characterize those lines which correspond to simple pencils. Let
S and S be spheres such that $iNS,=S; is a sphere of dimension #-2.
Let P, and P be the unique points such that Sp,=S: and Sp,=S, and let L
be the line determined by P and P.. Then L corresponds to a simple
pencil and every sphere containing Si» is associated to a point of L.

The set of simple lines is clearly non-empty and open in the set of
lines in R™'. By a segment of a pencil, we mean those spheres which
correspond to a segment of the associated line. So those spheres from a
pencil that lie in a given open set form a segment of the pencil. It is
obvious that the image of a segment of a simple pencil under a conformal
map is itself a segment of a simple pencil.

Now let ¢ : Ui— U, be a conformal map of open sets in R”. We lift
¢ toamap ®: Vi— V2 of open sets of @~ by setting

Vi={PeQ : SpC Uy}

and
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SO(P)=¢(Sp).

In particular, from the association of point spheres in R” with points of Q

(ply )p”>—)<p1) )pﬂv ép.?)

we see that
®: QR

is given by

Oy, tmy DDD=($Brse ), 32 4.

Further, for each line L that corresponds to a simple pencil, the line seg-
ment of L in Vi is mapped by ® to another line segment. Thus ® maps
line segments to line segments for an open set of lines. It follows, of
course, that ® is a projective map. Note that not only is ® projective,
but it preserves the hyperquadric Q. In the identification of R**! with the
“finite ” points of P™*!, i,e. in the introduction of homogeneous coordi-
nates on P"*', @ becomes the “finite ” points of

@ Q{0 5, 2 W= 323,

e, Q is identified with the subset of § where %=1.

The projective map ® on R"*' is the restriction of some linear map on
R™**?. Temporarily, for notational convenience, let us call this linear map
® and the projective map [®]. So ®eGL(n+2), [®] is a projective map
on R*! and ¢ is a conformal map on R”. Note that both ® and ¥
induce the same projective map if and only if ®=A¥, for some nonzero
constant A. Each ® which induces [®] maps Q to itself and so, as is
easily shown, satisfies the matrix equation

& Jd=¢]
for some constant ¢ where J is the (+2)x(z+2) matrix
1
2
3 I
1
2

and ®7 is the transpose of the matrix ®.
In particular, (det ®)?=¢"** and so when #+2 is odd, ¢ must be posi-
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tive. Thus, replacing ® by A® we can achieve
o=

Thus ®€0(n+1, 1), where, as usual,
On+1,D={A=GL(n+2): ATJA=]}.

Conversely, it can be directly verified that each element of O(n+1,1)
induces a conformal map on R"U{co}. Further, ® and —® are the only
elements of O(#+1,1) inducing [®], so we may further restrict ® to be in
SO(n+1,1), where, as usual,

SO(n+1,1)={A€0(n+1,1) : det A=1}.

If n+2 is even, then we cannot conclude that ¢ is positive and we
write € 0(n+1, 1), where

On+1, D={AEGL(n+2): ATJA==+]).

Again, ® and —® are the only elements of O(n+1,1) inducing [®].
Note, however, that now both ® and —® can be in SO(n+1,1). The
group of conformal maps thus consists of several components, one of
which is isomorphic to SO(n+1,1)/Z.. We can represent the full group
as follows. First, we pick some GeGL(n+2) with GTJG=—] and G*=1I
and define a map

a: Z—aut(O(n+1,1))
by
a(—1)H=G'HG.

We then consider the associated semi-direct product O Z given by
(H\, 21) (He, 22) = (Ha(z) Ha, 2122).

The map m: OX Z— O given by
m(H,1)=H and m(H, —1)=HG™

shows that O is isomorphic to OXZ. We must still identify ® and—®.
So the group of conformal maps is isomorphic to (0/Z) X Z.

We want to follow the above construction to explicitly give this action of
O(n+1,1) on R". The same action also can be derived by a simpler
construction (without considering the space of spheres but also without
establishing that every conformal map is of this type). See [KN, p.311].
Also, a third proof that a spherical map is an element of M (%) can be
found in [Sp III, p. 310].
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The map [®], whose domain is an open set of R™*!, becomes a linear

map in terms of the homogeneous coordinates that are used to represent
R"! as a subset of P**!. That is,

Q[ly ply ceey p”) |p|2]:[7’0) ny..., 7n+1]
with
7’k:Ak0+$ Akipi+Akn+1|plz, k———(), ceey n+1

where the (z+2)x(n+2) matrix A preserves the form ¢(u, v)=
ulvHr...+unvn—%(uovn+1+un+1vo). In non-homogeneous coordinates, ®

restricted to Q is given by

O, .., b P =(2, .., 22, 1)

({0} [}
and so the £ component of ¢ is given by
n
Arot 2 Awpit Aunsilpl®

(ﬁk(ﬁl,...,pn): n
Ast+ 2 Avpit Aonlpl*

where A”JA=] for the (n+2)x(%+2) matrix J given by (3).

In the second part of this paper we will work with »=3. It will be
convenient to use a different representation of SO(4,1) and so also a
different representation for the conformal maps. Let B: R*—R® be the
change of basis given by

s=x, &=%, &=x, &=1/2(0—x), &=1/2(0+x).

A linear map which preserves @ given by (2) above, when written
with respect to the new basis, now preserves the quadric (which for con-
venience we also denote by Q).

@ Q={&+ &5+ &3+ &i—&i=0).
Let F: R*>R® be given by
(x,y,2)—Qx, 2y, 2z, |x|*—1, |x|?+1).

So the image of R® under F lies in @, and, as is easily shown, as subsets
of P*

F(R>»=Q—{[0,0,0,1,1]}.
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Thus F extends as a diffeomorphism of S® to @. This leads to an alterna-
tive representation of a conformal map ¢, where the 2% component is
given by

¢k(x1, X2, xs) :N/D

with
_< 1 2, 1
N—? Bijj+7 (Bk4+Bk5)lx| +7 (Bks_BM)
and
3
DZ? (BSJ—B.:J')xj‘F%(Bsr‘BM) (|x|2_1>+‘;"(355—345> (|x|2+1>-

Here B is a 5X5 matrix satisfying B”/JB=] where in place of (3), J is
now given by

1

-1
We will be interested in orientation preserving maps that leave 0€ R?

fixed and at the origin map @/ax and 9/3y to multiples of themselves

 , 9 9 ., 90

ax Y ax oy A "
In terms of the &-coordinates, the vector ¢=(0,0,0, —1,1) is mapped to a
multiple of itself

¢ THUS
and

X=(,0,0,0,00—0cX+n¢, Y=00,1,0,0,00—0Y +1e¢.
It follows, since the map is conformal, that

7=-2=00,0,1,0,0)—06Z + yc.
oz
When these conditions alone are imposed, it is easy to see that the

matrix B has the form
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ol a a
—Y (u (2
Y C1 (22

for y=(y, v, w), a"’=(a, a», as), and I =the 3X3 identity.
We next want to impose the condition B7/JB=J. But first we intro-
duce the subgroup H of SO(4,1) given by the elements % satisfying

h(0,0,0, —1,1)=¢(0,0,0, —1,1) with ¢ a nonzero real number,
r(1,0,0,0,0<{Q,0,0,0,0), 0,0,0,—1, D],
r(0,1,0,0,00{(0,1,0,0,0, 0,0,0, -1, D].

REMARK. If ¢ is conformal in a neighborhood of 0 R® and is orien-

: ; - _ 91\, 9 91\, 9

tation preserving, with ¢ (0)=0, qS*( P |o>—/1 P and ¢*<ay|o>—l >’
then ®E H.

Let y=(n, 2, ) ER® and a=R"' be arbitrary, but nonzero. Set a=
-1

a' y"and b=a'|y|>. Now we impose 4" Jh=] and det h=1.

LEMMA. Each element h&H has the form

I a a
h(a,y)Z(—y 1 CIZ)

4 C1 (22
with

2cu=a+a'—0b,
2012= —a-l-a‘l—b,
2eca=—a+a'+b,
2c2=a+a'+b.

Part 2. Conformal invariants of surfaces

We use a technique introduced in to find invariants of surfaces in
R? with respect to the group of conformal mappings. The basic idea is to
construct the bundle of normal forms together with a large number of
one-forms on this bundle. As a general reference for surfaces in a confor-
mal space, one could consult [BI]. As to what this conformal geometry
tells us about the general problem of induced geometric structures (see the
introduction to ), we wish to make only one comment here. There is
no special surface which can serve as a model for the geometry of sur-
faces in Mobius space. For the conformal group is determined by 2-jets



324 H. Jacobowitz

(see [Ko]) but, for instance, it is not in general possible to get second
order osculation of a surface with a sphere. Indeed here we will use os-
culation with a plane. This works in the Riemannian case but it is some-
what surprising that it also provides information for conformal geometry.

Let M CR? be any surface free of umbilic points. We shall construct
an H-bundle over M. On M there are (locally) two families of principal
curves. Consider a diffeomorphism (#, v)—¢q(%, v) of a neighborhood of
the origin in R? to an open set of M, such that each of the lines #=c¢ and
v=c is a principal curve on M. Then (%, v) are called curvature coordi-
nates on M (and we now locally identify (#, v) space with M). Our aim
is to define functions f(x, v) on M with the property that they do not
depend on the choice of curvature coordinates and that they are un-
changed if M is replaced by ¥(M) where ¥ is any conformal map of R®
First we limit ourselves to orientation preserving maps.

For each pE€ M, let ¥»,={¢|¢ is an oriented conformal map of R?
$(0)=p, (ﬁ*(aaxio):a aau and ¢*(%Io>=ﬂa—av with @ and B positive}.
To each ¢ <., we may uniquely associate &S0 (4,1). Note that ¢e.»
implies [®°h]E ¥, for all k€ H and if ¢ and ¢ are in .5, then [®]=
[Woh] for some hEH. 1t is clear that B=U,{®=S0{4, 1) : [®]€.S,} is a
principal H-bundle over M.

Further if ¢ is any orientation preserving conformal map, if B is the
bundle for M and if B is the bundle for ¢(M), then there is a natural
induced map ¢ : B— B providede, in addition, that ¥ takes the first fam-
ily of curvature lines on M (. e., the oriented u-family) to the first family
on M. Let v*: T*B—T*B be the induced map on differential forms.

Each point of B corresponds to a projective linear map. So we have

r: B—>SO04, 1) CGLG).

Let wmc be the Maurer-Cartan form on SO(4,1). Its pull-back 7*wmc is
defined on B. Note that ¥y*7*=17* So the natural isomorphism  : B—
B also preserves this induced form.

The dimension of B is six, while @uc has ten components. Thus
there are linear relations among these components. We use this fact to
produce our invariants.

First we need local coordinates for the bundle B. For H, we have
the coordinates a=R, a#+0, and yER®. We next determine ® explicitly

when ¢E.». Let M be given in terms of curvature coordinates by q(u,
v). Set
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AZ( Qu_ Qv qu><qn>
|(Iu|’ |qv|’ |quxqv|

where ¢ is given as a column vector. So A is a 3X3 orthogonal matrix.

For convenience we shall denote (¢")A by ¢4, |q|* by ¢* etc. Let Q(x, v)
be the 5X5 matrix

A —q q
Q(u, v)Z(qA 1—(4%*/2) q*/2 )
gA  —q%*/2 14+(q¥2)

One easily verifies that ® must be of the form Q(u, v)k(a, y). So as local
coordinates for B we have

(u, v, a, y)—Qu, v)h(a, y).

We now compute the restriction of wmc to B. The Maurer-Cartan
form on GL(#n) is given by ¢-'dg. So we seek to compute this for g=

QCu, vD)h(a, y). That is, we must compute %2 'Q '(dQ)h+h'dh. Note
that

hia, y)'=h(a™, —a'y)

and

AT ATq _ATq
Q'1:<-q 1—(q%/2) q*/2 )
—q —4¢/2 1+(¢/2)
It follows easily that

0 a'dy a'dy
h“th(—a“dy 0 —a“a’a)
a'dy —alda 0
and .
ATdA —(dpA dpA
Q“‘dQZ((a’q)A 0 0 )
dpA 0 0

We want to write this second matrix in terms of familiar geometric
objects. To do so, we use an adapted ortho-normal frame

_Qu Qv quX Qv
“ ‘qu|’ ez|qv|’ e3|qu><qv|'

Note that A= (e, e, e3) and that
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dq= weee and de.= wases

where

@1 =|quldu, @2=|qsldv, and ws=0
m1251m1+52mz and @ap— — GIBa.

Further, since we are using curvature coordinates
@13— hl(l)l and @es= hz(n)z

where /. and % are the negatives of the principal curvatures.
Note that (A'dA):;;= wj;, hence A'dA is antisymmetric and (dg)A=
@. Thus we have

@i —® ®
Q’ldQ:( @ 0 0).
@ 0 0

If F;; is the one-form in the /% row and ;% column of

h'Q'(dQ)h+ h'dh,
then it is seen that, after simplification using the principal curvatures, we
have the following values for six independent forms on B.

Fsi1=Hiw with Hi=h—2ys
Fo=Hyen with Ho=lh— 23

2
Fu=a"'"(pronz+ ysen3) +(a—1&—>cm+2a'l(y' w)y—a ldpy

2
Fi,= a_1<’)/1&)21+ YsG23) +<(Z——%)&)2+261_1(’y‘ &))72—d_ld'yz

Fs=a"'(yios1+ y2ws2) +2a7 (y @) ys—a 'dys

Fs4:2’y’&)—%.

Each of the remaining F;; can be expressed in terms of these six indepen-
dent forms (since dim B=6). These are the linear relations we use to
produce our invariants. The only nonconstant functions which arise as
coefficients are the pairs

2a 2a
(5) f]x and E_
and
1 2_
(6) Stey and S 2y1.

H, H,
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Finally, we consider what happens when M is replaced by M=vyM
where ¢ is an orientation preserving conformal map. We take (%, v) to
be curvature coordinates for both M and M. We have yv(«, v, a, y)=
(u, v, a,y) and ¢v*F;=F;. So, for instance, from (5) we derive

hi— h:=a™'a (l—h).

This corresponds to the fact that a conformal map must take non-umbilic
points to non-umbilic points. We say that — /4 is a relative invariant.
See for a discussion of such relative invariants and related concepts.

We will now take the differentials of the coefficients relating the Fj;’s.
Each function that occurs will satisfy f(u,v,a, y)=f(4, v, a, 7). But
some functions will be constant on the fibers of B. So for them, f (%, v)=
f (i, 7). We have seen that the choice of coordinates is irrelevant as long
as we respect the chosen orientation of the principal curves. Thus such a
function f is well defined on both M and on M and for yEM, f(y)=
f()). Such invariant functions answer the question: Can there exist
an orientation preserving conformal map of R® taking M to M and y to
7 ? (We shall soon see that the orientation preserving property can easily
be eliminated.)

The differential of any function f(u, v,a, y) on B can of course be
expressed as

df =MFsi+ 22Fa+ aFs+ mFu+ ueFo+ usFua.
For f=H,/a, these coefficients are
__1 (ﬂ)
Al = aH, |qu|
1 ( Iy
+2y(H;— Hy)

= \Tgd
a':Hl/a, ﬂlzﬂzzo, /13:2.

Observe that the product of well-defined functions on B

(B Y

is equal to the function on M

_ My
L= g

and so this function is an invariant under orientation preserving conformal
maps of R® (provided the oriented u-family of the first maps to the ori-
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ented #-family of the second).
Similarly, the differential of H./a leads to the invariant

_ hzo
b= (— h2)2|CIv| '

We may continue in this way to obtain additional invariants. For
instance, from the differential of

Sl+27z
a
we obtain
_ Sk
b= (hl_h2>2|4u| )

These invariants are of third order in that they depend on the deriva-
tives up to third order of the embedding ¢(%, v). The first two were
already found by Tresse and and general considerations show
that there are only two independent third order invariants. This may be
seen by refering to Tresse’s paper or as follows: The use of curva-
ture coordinates at the origin means that a surface is given by

z=aut+bvi+. ...

There are four terms of order three in (%, v) and so there are six terms
up to (and including) order three. The dimension of H is four and we
may expect that the space of surfaces is foliated by the four dimensional
orbits of H. So in the space of surfaces up to order three there should be
two invariants.

An interesting question is to what extent do the first two invariants
determine the surface. That is, given functions fi(%, v) and f:(u, v), per-
haps satisfying some compatibility condition, does there exist a surface
MCR?® with I;=f; ? And if so, is M unique up to a conformal transfor-
mation? It would also be interesting to relate these invariants to the con-
formal Gauss-Codazzi equations of Yano and Yano-Muto [YM].
Note that the curvature tensor is zero because M is of dimension two.

It is easy to remove the restriction that the conformal map be orienta-
tion preserving. For a direct computation shows that an inversion
changes the signs of L, and L (but leaves L unchanged). It then follows
that any orientation reversing conformal map does the same. Finally, we
should rid ourselves of the remaining arbitrary choices. For we chose one
family of principal curves to correspond to the u-directions. The other
choice would just interchange the roles of # and v. We also chose orien-
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tations for the two families of principal curves. Any of the other three
choices would cause only various sign changes in our invariants.
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