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0, Introduction

In this paper, from a general viewpoint, we construct surfaces in P?X
P! and P'X P'X P! defined over R having topologically extremal prop-
erties. Precisely we show that for each pair of positive integers (d, »)
(resp. (d, e, 7)) there exists an M-surface A in P*XP' (resp. P'X P'X
P') of degree (d, ») (resp. (d, e, )) such that the projection A—P' has
the maximal number of real critical points (Theorem 0.1 and
0.5). Also, we show the existence of M-surfaces in (P*(— P?))X P!
(Corollary 0.6). Furthermore, the construction of M-surfaces in P? by O.
Ya. Viro is explained by a similar argument as that of this paper
(Theorem 0.7).

Harnack pointed out that the number of components in the real
locus of a curve in P? of degree d defined over R does not exceed 1+(1/
2)(d—1)(d —2) and, for each d, there exists a non-singular curve in P?
of degree d defined over R, the real locus of which has exactly 1+(1/2)(d
—1)(d —2) components.

Hilbert, in his famous 16th problem, proposed to investigate
topological restrictions for hypersurfaces in P" of fixed degree defined
over R, especially for »=2,3. Amount of papers are devoted to this
problem (see [G1],[V2],[W]). For instance, non-singular real curves in
P? of degree<7 and surfaces in P® of degree<4 are classified topological-
ly. To establish such classification, we first find some restrictions on
topological invariants. Second, for a fixed degree, we construct real
hypersurfaces of given degree, invariants of which are permitted by the
ristrictions. Then, such as Harnack’s result, it is the first step of the
study to obtain an uniform estimate on real hypersurfaces of given degree
and to show the sharpness of the estimate.

On the other hand, we may regard a real algebraic function as a 1
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-parameter family of hypersurfaces defined over R. Thus, it is natural to
proceed to investigate topological restrictions for hypersurfaces in P”X P!
of fixed degree defined over R, considered as one-parameter families of
hypersurfaces in P", and the projection to P' of the hypersurfaces.

Now let ACP"X P! be a real hypersurface of degree (d, 7), that is,
the zero-locus of a polynomial 270 Fi( X, ..., Xn)A" ixi, where F; (0<:i<
r) is a real homogeneous polynomial of degree d.

Consider the projection ¢: A—P'. Then our main object is the topol-
ogy of real locus Ar of A and singularities of the restriction ¢gr: Ar
—RP' of ¢ to Ar.

We denote by P:(X, K) the Poincaré series of a topological space X
over a field K with indeterminate ¢, and by s(f) the number of critical
points of a function f: X—R from an #»-dimensional manifold to a 1
-dimensional manifold.

It is known that, if ACP"X P! is non-singular, then the
diffeomorphism type of A is determined by the degree (d, ») and #. For
example, we see, for any K,

(2(A), (n:even),
Pi(A, K)—{4n—x(A), (n: odd),

and (1—dy*1—1
d

x(A)=(n+1)(1—a’)"r+2< +n+1),

where x(A)=P-i(A, K) is the Euler characteristic of A, (see 1.6).

We call the hypersurface A generic if A is non-singular and ¢:
A—P' has only non-degenerate critical points.

If A is generic, then s(@)=(n+1)(d—1)"r, (see 1.6).

By Harnack-Thom’s inequality ([GL],[T]), and the fact that a critical
point of ¢r is necessarily a critical point of ¢, we have an uniform esti-
mate :

{PI(AR ; Z/2)<P(A; Z/2),
s(pr) <s(o).

Remark that the right hand sides depend only on (% ; d, 7).
In this paper, from a general viewpoint, we show the following

(0.0)

THEOREM 0.1. For n=1,2 and for each (d,r), the estimate (0.0)
is sharp (with respect to the usual real structure of P"XP'), that is, there
exists a gemeric real hypersurface of P"XP', invariant under the complex
conjugation, of degree (d,r), attaining both equalities in (0.0).

Notice that the estimate (0.0) is reduced to
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{PI(AR  Z[2)<2+2(d —-1)(r—1),
s(pr) <2d(r—1),
for =1, and to
{PI(AR;Z/2)s3+d2+3(d—1)2(r—1),
s(pr)  <3(d—1)?%r,

for n=2.

To consider togather with the number of real critical points of the
projection is an essential idea of this paper. (See the proof of
0.3 in §3, which implies [Theorem 0.1].)

In the case »=1, [Theorem 0.1 is proved in [I]. (See also Example
2.3.2.).

A finer result is obtained in the case n=1. For ACP'X P! we denote
by 7 : A—P' the projection to the first component.

PROPOSITION 0.2. For non-singular real curves ACP'XP! of
degree (d, e) such that both ¢, have only non-degenerate critical points,
theve exists the sharp estimate :

{Pl(AR : Z[2)<2+2(d —1)(e—1),
s(pr)<2(d—1)e, s(rr)<2d(e—1).

We omit the proof of Proposition 0.2 (See §4 for the method to con-
struct M-curves with special properties.)

Hereafter we concentrate to the case n=2.

Now let us formulate a general theorem which implies [Theorem 0. 1.
For notions and notations, see §§1 and 2.

Let S be compact connected M-surface and, L be a real holomorphic
very ample line bundle over S(see 2.6 and 1.9).

Denote by g the genus of zero-locus of a transverse section of L (see
1.0).

Let so, s1, ..., sr be M-sections of L (see 2.7). Consider the following
condition (*):

(*1) (s:)o and (s;)o intersect in <ci(L)? [S]> points in Sk, (0<i<j<
7),

(*ii) The real locus of (sis;)e=(s:)oU(s;)o has 2¢g empty ovals, (see
2.9), (0<i<j<y),

(*iii) The ratio s;s#/s? has a constant sign on the union of interiors of
g-empty ovals of (s;)o, (0<i<j<k<7).

Remark that s;se/s?: (S—(sis;52)0)r — R — 0 is well-defined.
We denote by P! (or simply by P') the real complex curve (P! 7),
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where 71 is the compex conjugation (see 2.3). Let [A: ] be the homoge-
neous coordinate of P}

THEOREM 0.3. Let S be a compact comnected M-surface with Hi(S ;
Z|2)=0 and Ho(Sk; Z|2)=Z/2, L be a real holomorphic very ample line
bundle with given M-sections so, ..., sr of L satisfying the condition (*).
Then, ACSX P} defined by

gei/l"iufsi(x)=0

is an M-manifold with (r —1)g empty ovals and each critical point of ¢:
A— P! is non-degenerate and veal, for some real numbers €0, €1, ..., Er
with 1=e>|al> ... >|e-|>0.

REMARK 0.4: (1) For the existence of M-sections satisfying (*),
see §4, Theorem 4.0.

(2) The assumption on the topology of S is essential for our costruc-
tion. See also Lemma 2.5.

(3) We regard 4 and g as sections of & p(1), and s=XeA""'u's; as a
section of L,=&*L-¢*7 p(r), where ¢ : SXPI—>P}, and £:SX P}—S the
projections respectively. Then we have A=(s), and that s is an M-sec-
tion. For a transverse section s of L, (see 1.3), denote by ¢: A— P}
Then, associated to s, there is a natural section of Hom (TA, ¢* TP}) in-
duced from the tangent map of ¢. [Theorem 0.3 states that this section is
also an M-section.

(4) Since (*i) implies that (s:)o and (s;)o, (i %), intersect transver-
sely, the condition (*) is preserved by small perturbation of s, ..., sr in
the space of real sections of L.

Setting S=P'XP(=P{XP!) and L=¢p(d)-op(e) over S, we see
Theorem 0.3 implies

COROLLARY 0.5.  For non-singular rveal surfaces ACP'X P'X P! of
degree (degree (d, e, r) such that ¢ : A—>P" has only non-degenerate criti-
cal points, therve exists the sharp estimate :

{P](AR ; Z|2)<6der —4de—4der —4vd +4d +4e+47,
s(pr) <r(6de—4d—4de+4).

Let SCP*X P' be a generic real surface of degree (1, 1). Then S is
the blowing up of P? along a real point in P? (see Example 2. 3. 2). We
denote it by P*(— P?).

We call a surface AC(P*#(—P?))XP'CP*XP'X P! of degree (d, e,
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r), if A is the zero-locue of a transverse section of Jp(d) 2 p(e)? p(7)|S
X P

COROLLARY 0.6. For non-singular real surfaces AC(PH(—P?)X P!
of degree (d, e, v) such that ¢ : A—>P' has only non-degenerate critical
point, there exists the sharp estimates :

{PI(AR - Z/2)<37(2d*+4de—5d —3e+3)—2(2d*+4de—5d —3e),
s(pr) <37(2d*+4de—5d —3e+3).

Viro [V1] constructed M-surfaces in P°® Unfortunately, only a
sketch of the construction is given in [V1]. Here, we can clarify the
Viro’s construction as a prototype of the proof of our [Theorem 0.3. (On
the other hand, we have to remark that the constructions in this paper are
inspired by the original Viro’s construction.)

THEOREM 0.7 (Viro). For mnon-singular real surfaces A in P°® of
degree d, there exists the sharp estimates :

PI(AR ; Z/2)£d3—4d2+6d.

PROOF: Let Xo, Xi, Xz, Xs be homogeneous coordinates of P®. Set
P’={X;=0}, P'={2G=X:=0} and /={Xo=X1=0}. Let ¢: P*—¢— P! be
a projection. Fix a tubular neighborhood U of ¢ in P® such that UUP'
is empty.

Observe that, for each d, there exist M-sections s, ..., s« of #p(0), ...,
o p(d) near X3, ..., X5 respectively such that (s:)o and (s;)o intersect in 7
points in RP? the real locus of (sis;)o has (1/2)(7—1)(7—2)+(1/2)(j—1)(
—2) empty ovals, (1<:/<;j< <d), the ratio s;sx/s? has constant sign on the
union of interiors of (1/2)(G—1)(j—2) empty ovals of (s;)e, (1<i<j<k<
d), and ¢|(s:)o has (i—1)7 real critical points (0<i/<d). (For the con-
struction, see the proof of [Proposition 4.0 in §4.) Naturally each s is
extended to a real section 3; of 7 p(i), (0<i<d).

Set

d
szg.)ei # 5, € H(P?, o p(d))r,

and set A=(s). Take real numbers e, ..., €z to be 1=&>|e&|> - >led >0
and of apropriate signs.
Now, ¢r:Ar— RP' defines a vector field & over Ar— U, and & can
be extended to a C* vector field &€ over Ar with finite singularities.
Denote by s*(&) (resp. s™(£)) the sum of positive (resp. negative) in-
dices of singular points of & and set t;=dimz:H:(Ar; Z/2), (i=1,2,3).
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Then we see
s+(5)2d+%a’(d—1)(a’—2),
s‘(é)z%(dJrl)d(d—l)+%d(d—1)(d—2).

Thus x(A r)=s"(&)—s(£)>d—(1/3)(d+1)d(d—1). On the other
hand t+46>2+(1/3)(d —1)(d—2)(d —3). Hence we have

Pl(AR , Z/Z): l‘o‘f' h+ 1)
=2to+t:)— x(Ar)
>d*—4d*+6d (=P1(A;Z/2)).

By Harnack-Thom’s inequality, all equalities hold.

Q.E.D.

To obtain exact uniform upper estimates as (0.0), we need several
standard results in complex geometry. We write down them in §1.
Notice that results in §1 play an important role also to construct real
algebraic manifolds with special properties in §§3, 4.

In §2, we give preliminary on real geometry mainly to show
0.3. In general, to determine the topological type of a constructed real
algebraic manifold is a difficult and delicate problem. Usually, in a paper
on classical real algebraic geometry, this problem is left to the reader’s
intuition with the help of rough figures. In this paper, we try to give a
foundation to this problem as exactly and generally as possible.

We prove the main [Theorem 0.3 in §3.

Sufficient conditions for the existence of a pair of M-sections satisfy-
ing (*) are studied in §4 (Proposition 4.0 and [Proposition 4.2). Also in
§4, we prove [Theorem 0.1 and Corollaries 0.5, 0.6.

Recently, Viro introduced a powerful method of constructing real
plane curves. (See [V2]) It would be very interesting to apply this method
to our situation treated in this paper.

Throughout this paper, for vector bundles L, K and sections s, s, we
use the following abridgements: L-K=LQ®K, L*=L®---QL (d-times), s
+s'=5@s" and s?=s5Q--Qs (d-times).

The author would like to thank Professor Takashi Matsuoka for in-
forming the existence of the paper .

1. Preliminary : Complex geometry

(1.0) Let V be a compact complex manifold, 7: E—V a holomor-
phic vector bundle and s: V—F be a holomorphic section. Set (s)={x€E



Topologically extremal real algebraic surfaces in P*XP' and P'XP'XP! 57

V|s(x)=0}.

We call s a transverse section if s: V—FE is transverse to the zero
section ¢CE, that is, for any xE(s)o, sxTxV + Tsxn &= TsnE.

If s is transverse, then (s), is a complex submanifold of V and the
codimension of (s) is equal to the dimension of fibers of E.

Denote by H the complex vector space H%V,E) of totality of
holomorphic sections of E over V, and by PH=(H-0)/C* the
projectification of H.

Set Z={(x, [s])€ VX PH|s(x)=0} and consider the projection ®:.%
—PH. Then s is transverse if and only if # is non-singular along
®([s]) and @ is submersive over [s].

In particular, for transverse sections s,s’€H, (s) and (s")o are
diffeomorphic, since PH minus critical point set of ® is connected.

(1.1) Let s€HV:E) be transverse. Set Z=(s). Then we have
an exact sequence of complex vector bundles over Z :

Therefore c:(TV|z)=c:(TZ)c:(E|z) for Chern polynomials. Thus the
Chern classes of TZ are calculated by the formula (cf.[F])

Ct( TV|z)
c(Elz) -

We also utilze the following (see [F], for instance):

Ct(TZ):

LEMMA 1.1. Set n=dim V and k =rank E. Then, for any a<
BV, 2),

(*a, [ZD=<a, («[ZD=(a c(E), [ VD,
where ¢ : Z—V s the inclusion.

(1.2) Let L be a holomorphic line bundle over a compact complex
manifold V of dimension #. Let Z be the zero-locus of a transverse sec-
tion s of L and x(Z) denote the Euler characteristic of Z.

LEMMAL We have
X(Z)=<m§l_l(—1)jci( TV)a(L)YH VD,
wherve |VIEH(V ; Z) is the fundamental class of V.
In particular, if dim V =2, then
2(2)=Lci(TV)ar(L)—ci(L)% [VD.
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Furthermore, if Z is connected, then the genus of Z
(2) =1+ Ly — e TV)e( L), [ V.

PROOF OF LEMMA : By (1.1),
ct(TZ)=(Zi‘.L*Ci(TV)ti)/(l—Fz*cl(L)t).

Then we see, ci-i(TZ)=c*a, where

a= HEH( —1Yec{TV)c(L).

By Lemma 1. 1,

2(Z2)=Xcn- TZ), [ ZD=(c*a, [Z]D
=<a/, C*[Z]>=<C?'C1(L), [V])

(1.3) Let R be a compact non-singular curve of genus g. Denote by
E: VXR—V and ¢: VX R—R the projections respectively.

Set L;=&*L-¢*Cr(j) over VXR for each j, where 7 &(j) means a
line bundle of degree ; over R. Let A;,CV XR be the zero-locus of a

transverse section s; of L, Then, by Lemma 1.2, x(A4;,)=<p,[VD,
where

p=jca(TV)+ i+k=2n,k>0((/e+ 1Dji+29—2)c{ TV)(—ci(L))*,

as an element of H*(V ; Z).
For example, if dim V=2, then

2(A;)=c TV)— (25 +29—2)ci(TV)er(L)+(3j+29—2)cr (L) [V .
Furthermore, if R=P', then
2(A)=<jc TV)— (27 =2)c(TV)cri(L)+ (37 —2)cr( L)AL, [ V).

(1.4) Example. Let C,C’ and C” be compact non-singular curves
of genus ¢, ¢’ and g” respectively. Set V=CXC' X C”, and denote projec-
tions by p1, p2 and ps to C, C’ and C” respectively.

Let ACV be the zero-locus of a transverse section of L'=pf7 c(d)-
p¥oc(d) p¥oc’(d”). Then we have

2(A)=6(d -1)(d'—1)(d"—1)
+(©2+49")(d—1)(d'—1)+(2+49)(d'—1)(d"—1)
+(2+49)(d"—1)(d—1)
+(2+49'¢"Nd—1)+(2+4g"g)(d'—1)+(2+4g9')(d"—1)
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+6—4(g+g +g")+4(gg+3g'9"+9"9).

(1.5) In (1.3), denote by ¢:A,—R the projection to R. Set p=
Hom(TA;, o* TR).

Then <c.(p), [A; D=y, [ V], where
1=(=10% 3 (k+Ded TV~ (D)),
as an element of H**(V ; Z).
For example, if dim V=2, then
Ceolp), [AD=7<c TV)=2c TV)cr(L)+3c(LY, [ VD.
(1.6) Set V=P". Then we have

LEMMA. Let A be a non-singular hypersurface of P"XP' of degree
(d,r). Then,

(1) x(A)=<ca(TA), [A) is equal to
(1___d)n+1_1
d

(n+1)(1—d)”r+2< +n+1).

(2) H{A:Z) is torsion free (0<i<2n), and

0, if 7 is odd and +n,
rank H(A ; Z)=32, if i is even and +0, n,2n,
1, if 1=0 or 2n,
o [2(A)=2(n—1), if n in even,
rank Hi(A; Z >_{2n— 2(A), if n in odd.
(3

o [x(A), if nis even,
PI(A’K)_{/in—x(A), if mis odd,
for any field L.
(4) If ¢ : A—P' has only isolated critical points, then,

s(p)= T u@)=<ca(Hom (TA, ¢* TPY)), [AD

xXe

=(n+1)(d—1)"r,
where p @) is the Milnor number of ¢ at x.

PROOF: A is the zero-locus of a transverse section of of L,, where
L=¢p(d) and R=P". Using (1.3) and the equality c.(TP")=(1+at)"",
where a€ HP"; Z) is the Poincaré dual of a hyperplane, we have (1).

By the Lefschetz hyperplane theorem ([GH]),
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H{(A;Z)=H(P"XP';Z), H(A;Z)=H(P"XP'; Z),

for ;<n—1. By Poincaré duality, we have (2).
(3) follows from (2), and (4) follows fron (1.5).
Q.E.D.
(1.7) In (1.3), set V=P'xP' R=P! and L=gp(d): o p(e), (resp. V
=P*(— P?, R=P! and L= p{d)7 p(e)| V).
Then, for a non-singular surface AC VX P! of degree (d, e, r), we
have

x(A)=6der —4de—4er —4rd +4d +4e+4r.
(resp. 37(2d*+4de—5d —3e+3)—2(2d*+4de—5d —3e)).

If ¢: A—P' has only isolated critical points, then we have, by (1.5),

s(p)=r(6de—4d —4e+4).
(resp. 37(2d*+4de—5d —3e+3)).

(1.8) Let K be a field. Then it is easy to verify that, if A is compact
complex surface with Hi(A; K)=0, then P.(A; K)=P-.(A;K), and Pi(A;
K)=P.(A; K)=x(A).

For example,in (1.7), we see Hi(A;Z/2)=0, using the Lefschetz
hyperplane theorem ([GH]J), and Pi(A; Z/2)=yx(A).

(1.9) Let L be a holomorphic line bundle over a compact complex
manifold V.

L is called very ample if e; V—=PH*(V ; L)" is well-defined and an
embedding, where PH(V ; L)" is the projective space of hyperplanes in
H(V ;L) and e is defined by e(x)={s€H%(V ; L)|s(x)=0}, (x& V).

L is called ample if L? is very ample for some d >0.

The following is clear:

LEMMA. If L is ample, then L;=&*Z +¢*Op(j) is an ample line
bundle over VX P!, (j=1,2,...).

(1.10) For the connectivity of a zero-locus (s)o, we need

LEMMA. Let V be connected of dimension =2 and L be ample (see
1.9). Then (s) is connected, for any s€H(V ; L).

PROOF : First, suppose L is very ample. Then (s)=e(V)Nk for
some hyperplane % of PH(V ; L)". Since V is connected, (s) is also con-
nected by the Lefschetz hyperplane theorem ([GH]). If L is ample, them
L? is very ample for some d>0. Then (s%), is connected. Therefore,



Topologically extremal real algebraic surfaces in P*X P! and P'XP!'X P! 61

(s)o is connected.

(1.11) Next, we prepare Lemmata of Bertini type on perturbations of
sections.

Let V and L be as in (1.9). Let s,s’€H%V ; L). Denote the singu-
lar locus of (s)o by Sing(s)o.

LEMMA. If (s)o is mnon-singular at each point of (Sing(s)e)N(s)o
and (s")o is transverse to (s)o in a neighborhood of (s)oN(s)o minus (Sing
($)o) N (s, then (s+es)o is non-singular for sufficiently small e C —0.

PROOF: Suppose, for each i€ N, there are an e C with 0<|e]|<1/
; and an x:€ V such that x,ESing(s+e€:is")e. Taking subsequence, we may
suppose x;—x< V as 1— 0.

Set

Y={(x, e)€ VX ClxESing(s+ €s)o}.

Then Y is an analytic subset of VX C and (x, 0)€ Y— Y X0. by the
curve slelction lemma [M], there exists a real analytic cutve c(¢)=(x(¢),
e(t)), (t€[—06,0]) such that c(0)=(xo, 0), e(¢#) is not identically zero and
that x(¢)=Sing(s+€e(t)s)o.

We regard s and s’ as functions in a neighborhood of x, and take a
system of local coordinates Xj, ..., X» at xo. Then we have

(1) s(x(1))+e(t)s'(x(¢))=0,
(0(s+e(t)s) 0 X)(x(t)=0, (1<j<mn).

Hence we have

0=d(s(x(t))+e(t)s'(x(t))/dt =(deldt)- s’ (x(t)).

Since de/dt+0, we have s'(x(¢))=0 for t&(—0, 0], taking & smaller if
necessary. Hence x(#)€(s)oN(s)o, and xe<(Sing(s)o) N(s")e by (1).

If x(¢)ESing(s)))N(s)o, for sufficiently small ¢, then, by (1), x(¢)E
Sing(s")o, and x<=Sing(s)o.

If there is an arbitrarily small #%+0 such that x(f) does not belong to
(Sing(s)o) N (s, then by (1), (s")o is not transverse to (s)o at x(to)E(s)oN
(S,)o-

In any case, we are led to a contradiction.

(1.12) Set L,=&*L-¢*2p(j). Recall that [A:x] is the homogeneous
coordinate of P'. Then (A)o=V x{[0:1]}.

LEMMA. Let s,s" and s"€HYV XP';L;_.\) be transverse sections.
Then we have the followings :
(1) If (s)o is transverse to (A)o and to (s)o at each point of (s)oN(s)o
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N(A)o, then (As+euns’)o is non-singular for sufficiently small e+0.

(2) If (s)o is tramsverse to (Ao, thenm, for sufficiently small e€+0, there
exists 00>0 such that, for each 5 C with |8|< 0o, (As+eus’)o is transverse
to (/1*5#)0.

(3) If (s")o is transverse to (A, them, for sufficiently small 0+0, there
exists €>0 such that, for each e€C with |e|<e, (As+eus) is trans
verse to (A— .

4) If (s")oN(A) is transverse to (s")N(A)e in (Ao, then (As+eus)o is
transverse to (us”)o in VX P for sufficiently small €e+0 on (As+eus )N
(/13”)0 N (/1)0:(5/)0 N (S”)o N (/1)0.

PROOF : (1) Notice that Sing(As)o=(s)eN(A)e and Sing(xs)e=(s")oN (1t)e.
(1s")o is non-singular near Sing(As)oN(xs)o=(5)eN(s)eN(A)o and (us)o is
transverse to (As)o—((s)oN(A)) near (s)oN(A). Thus, we can apply
Lemma 1.11 to As and us” as s and s’ respectively

(2) Assume that there exist sequences (e;) of non-zero complex num-
bers and (J;) of complex numbers and (x;) of points of V respectively
such that €—0 as i—, §;—0 as j—o0 and that x; is a singular point of
(As+eus)oN(A—0851)o. Then there exists a sequence (x:) of points in V
such that x; is a singular point of (As+eius)oN(A)e=(s)eN(A). This is a
contradiction.

(3) Assume that there exist sequences (8:) of non-zero complex num-
bers and (e;) of complex numbers and (x;;) of points of V respectively
such that 6,—0 as i—, €;,—0 as j—o and that x; is a singular point of
(As+€5us)oN(A—38:2)o. Then there exists a sequence (x:) of points in V
such that x; is a singular point of (As)eN(A—38:)e=(s)oeN(A—8:x)o. Thus
there exists a singular point of (s)oN(A),. This is a contradiction.

(4) is clear because (As+e€us)oN(A)e=(s)oN(A)o is transverse to (us”)o
N(ADo=(5")oN(A) in (A)o=V x{[0:1]}.

(1.13) Let s, € H(V X P'; L,_,) be transverse sections.

LEMMA. Assume dimV =2, L is ample and (s')o is transverse to (A)o
and to (s)o at each point of (s)N(sYeN(A). If H(V ; K)=H((s)e; K)=0
for some field K, then H\((As+eus’)o; K)=0 for sufficiently small €+0.

PROOF : Let us denote H.( *; K) by Hi(+), (As+eus)o by Ae and (s)o
by A. Then Ao=(As)e=(s)oU(A)o. Denote (s)oN(A)o by A"

Step 1: Since L is ample, Ho( V)= Hy(A)=K by Lemma 1.10. Using
the homology exact sequence for (A, A’) and the assumption H;(A)=0,
we have Hi(Ao)=H\(Ao, A)=H\(A, A’). Furthermore, using the homology
exact sequence for (A, A’), we have Hi(A, A)=0. Hence Hi(Ao)=0.
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Step 2: Set
M={(x,[A: ], )€ VX P'X De|(x, [A: p])EAd},

where De,={eE C||e|< e} for some &>0. Denote by ¢: M— D, the pro-
jection.

Take € sufficiently small such that Ao=¢7'(0) is a deformation
retract of M, ¢: M— A D., is a fibration with fiber F=A.(e€De,—0),
and that M is an oriented 2(#+1)-dimensional C* manifold with boundary
oM. This is guaranteed by Lemma 1.11. Then oM is a deformation
retract of M — A, By Lefshetz duality, Ho:(M, oM)=H*(M)=H*"(A)=
K. By Step 1, Hi(M)=H,(Ao)=0. Hence Hi(oM)=0 or K.

Consider the homology exact sequence

0— Hi(F)— Hi(M — A0) S Hy(Dey— 0)— Ho(F) = Ho(M — Ao),

for the fibering ¢. Since L is ample, L; is also ample, by Lemma 1.9.
Then Hy(F)=HyA¢)=K by Lemma 1.10. Thus ¢« is injective and @« 1S
surjective. Therefore Hi(M —Ao)=H\(0M)=K and ¢x is an isomorphism.
Hence Hi(Ae)= Hi(F)=0 for any €€ D¢,—0.
(1.14) We also need a result on approximations (Proposition 1.18).
Let L be a very ample holomorphic line bundle on V. Set H=H vV,
L) and PH=(H—0)/C*. Assume dim PH>1. Set

={(x, [s])e V X PH|s(x)=0}.
LEMMA. £ is non-singular.

PROOF: Since L is very ample, e: V—>PH" is an embedding (see
1.9).
Pick up the non-singular quadratic hypersurface

Q={(,[s])ePH" X PH|[s]=1}.

Then, the projection @—PH" is submersive, and eX id pu : V X
PH—PH' X PH is transverse to Q. Thus # =(eXide) '@ is non-singu-
lar.

(1.15) Denote by @ : Z— PH the projection to PH and by C the criti-
cal-locus of ®. Set D=®(C)CPH and o=®|C. Define C’ to be the locus
of points of C, at which p is not an immersion, and set

D' ={[s]€D|[s]€p(C’) or #o }[s]=2}.

LEMMA. We have
(1) For (x,[sDEZ, (x,[s))EC if and only if x is a singular point of
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the zero-locus (s)o.

(2) C is non-singular, and dimC=dimPH —1.

(3) o is an immersion at (x,[s])EC if and only if x is an ordinary
double point of (s)o.

(4) dimD’<dimPH —2.

Proor. Take (xo, [so]))EZ.

Let {so, 51, ..., Sv} be a basis of H ;dimPH=N, and Xo, Xi, ..., Xy be
the homogeneous coordinates of PH associated to {so, si, ..., sx}. We may
assume sy(x0)#0. Take a trivialization of L|U over a neighborhood U of
xo such that sy|U=1. Over Uy={xe#+0}CPH,set v,=X;/Xo. Then ZNU
X Uy is defined by

N-1

_yN:SO—l'-ngij’
and ®|(ZNU X Uy) is defined by
N-1
yie®=y,, (1<j<N-1), —IneD=50t 2 yis;.

Set f;=0(—yno®)/0x:,(1<i<n), where {xi, ..., x»} is a system of coor-
dinates at xo, deleting U if necessary. Since fi(x, [s])=(0s/ox:)(x), for each
(x,[sheZN U X U, we have (1).

Since e¢: V— PHVis an immersion, the N X z-matrix
((9s;/0x:)(x))o<;<n—11<i<n is of rank zn. Furthermore (9f;)/(dy;)=(ds,)/(0x.),
(1<i<n,1<;<N-1), and ((3s0)/(0x:))(x0)=0, (1<i<m), if (%0, [s0])ECN
U X U,.

Thus f=(A, ..., f»): ZNU X U— C" is an immersion at each point of
C. Hence C is non-singular and dimC=dimZ —»=N—1. This show (2).

Notice that e is an immersion at (xo, [so])€ C if and only if

(fly seey fn’ y10®) ooy yNOQ)

is an immersion at (xo[so]). This condition is equivalent to the X
n-matrix

((azso/axiaxk)(XO))lsi, k<n

is regular, that is, xo is an ordinary double point of (so)o. Thus we have
(3).

For each (x,[s])€C—C’, To(Tixs)C) is identified with the hyper-
plane e(x)={[s']l€ PH|s'(x)=0}. Since e is injective, for any disjoint x, x’
eV with (x,[s]), (&, [sD€0 ' [s]=C", To(TixisnC) and To(Tiw,isnC) are
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disjoint, so are transverse. Therefore {[s]ED—po(C)|# 07} [s]=2} is a
proper analytic set of D—p(C’). Hence we have dim D’'<dimC—1=N
—2. 'This shows (4).

(1.16) A hypersurface AC VX P! is called generic if A is non-singu-
lar and the projection ¢ : A— P' has only non-degenerate critical points.

A holomorphic map a: P'—PH,H=H%V, L), is called a Lefschetz
family if Z.=(idvXa)™' % is non-singular in V X P! and the projection ¢:
Z.—P' has only and at most one non-degenerate critical point in each
fiber, (see 1.14).

If a is a Lefschetz family, then Z,C V X P! is generic.

LEMMA. a is a Lefschetz family if and only if a is transverse to D
— D and a(P)ND'=0.

PROOF. Notice that Z, is the fiber product of ®: 2 —PH and a:
P'—PH. Thus Z, is non-singular if and only if ® and « are transverse.
This condition is also equivalent to that o and @ are transverse. Under

this condition, ¢ has only and at most one non-degenerate critical point in
each fiber if and only if a(P')N D =4.

(1.17) LEMMA.  There exists a proper algebraic subset B CH ™ *"(=H
XX H(v +1-times)) such that, for any (so, ..., sr)EH™'—B’, if i
AT iuis; =0, then (A, 1)=(0,0) in C2.

PROOF: Set
B:{(SO; eeey ST 5 [A . ﬂ])EHT+1 X Pl|§:)/17_i#isi:0}.

Then B is of codimension N+1 in H"*'X P!, where N=dimPH. Set
B'=p(B), where p: H""''XP'—>H"! is the projection. Then B’ is of
codimension N >1.

(1.18) For an s=(sy, ..., sr)EH™ —B’, define a(s): P> PH by

als)([A: ) =[ZA "]

PROPOSITION.  There exists a proper algebraic subset B"CH™' such
that, for any sSH™'—B”, a(s) is a Lefschetz family (see 1.16).

PROOF: Define a:(H™*'—B)X P'->PH by a(s, [A: x])=a(s)([A: ¢)).
Then @ is a submersion. We see codim ¢ 'D’'>2 and codim pBa™'D’>1,
where 8 :(H™"'—B)X P'->H"™'— B’ is the projection.

We pick up R=a{(D—D")C(H™'—B’)X P' and set
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B”=Zariski closure of (B(C(B|R))UBa*D)UB’

in H™*' where C(B|R) is the critical locus of B|R.
To complete the proof of Proposition 1.18, it sufficies to show the
following

LEMMA. a(s) is a Lefschetz family if and only if sSH™ ™' —B’ is a
regular value of BIR and s does not belong to Ba™'D’.

PROOF: sEH"*'— B’ is a regular value of B|R if and only if, for any
[A:pu]leP, (a,B): (H''—B)XP'->PHX(H"™™—B’) is transverse to (D
—D’)x{s} at (s,[A: x]). This is equivalent to that e|{s} X P' is transverse
to D—D’. Further, s& Ba ' (D’) means a(s)(P)ND =4.

By Lemma 1.16, we have Lemma 1.18. This completes the proof of
Proposition 1.18.

2. Preliminary: Real geometry

(2.1) A real structure on a complex manifold V is an anti-holomorphic
involution 7: V—V. The pair (V, r) is called a real complex manifold.
Two real complex manifolds (V, 1), (V’, ) are called isomomphic if
there is an isomorphism o: V— V" of complex manifolds satisfying cor=
r’oo(cf. [S)).

(2.2) Let (V, ) be a real complex manifold. We denote by Vg or
RV the space V°© of fixed points of 7 in V, and call it the real locus of
V(with respect to 7). Then V& is a real analytic submanifold of V and
dimg Ve=dimc¢ V, provided Vg+0.

DEFINITION : A real complex manifold (V, r) is called an M-manifold
if P(Vr;Z/2)=P(V ;Z/2)(cf.[Gl]). An M-manifold (V, r) of dimension
1 (resp. 2) is called an M-curve (resp. an M -surface).

(2.3) Here we give some fundamental examples.

ExAMPLE : (1) The number of equivalence classes of real structures on
P" is one if 7 is even and two if # is odd. (See , p. 240.)

The anti-holomorphic involution z’: P*"*'>P?"*! defined by '[X:
X1 IR X2i : X2i+1 Lt sz . X2m+1]:[—Xl : Xo IR _X2i+1 : X2i ol

— Xom+1: Xom| gives the structure not equivalent to the usual structure
defined by the complex conjugation (P?*"*!, izm+1). We often write P§™*'=
(P*™*1 ) and PP '=(P*™"', nms1).

Then P?™ and P?™"! are M-manifolds, but P¢”*' is not an M-mani-
fold.

(2) Let {AF+uGl[A: £]E P!} be a pencil of real plane cirves in P? of
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degree d. (This corresponds to the case »=1 in [Theorem 0.1.) Then A=
(AF+ uG)C P?X P} is non-singular if and only if (F)o and (G)o intersect
transversely in P2 If A is non-singular, then A is diffeomorphic to
P (— P*)t---#(— P?),
d?-times
where — P? means P? with the reverse orientation. In this case, if (F)o
and (G), intersect in k-points in RP? (0<k<d* k=d, mod.2), then RA
is diffeomorphic to #:+.RP?. Hence, A is an M-surface, that is, P(RA;
Z/2)=3+d*? if and only if k=d>
(2.4) From properties of Poincaré series, we easily see

LEMMA. Let (V, 1), (V', ) be M-manifolds. Then (VIIV’, t1l7)
and (VX V', tX1') are also M-manifolds.

Example. P! X P!, P2X P! and P!X P! X P} are all M-manifolds.

(2.5) We need the following

LEMMA. Let (V, 1) be a connected compact M-surface. Then the
followings are equivalent :

(1) 2(V)+x(Ve)=4.

(2) H(V ; Z/2)=H\(Vr; Z/2).

(3) HI(V;Z/Z):O and HO(VR;Z/Z)EZ/Z.

PrOOF: First remark that Vz+40.
Set b;=dimz:H:V ; Z/2) and bi=dimz:HVr; Z/2). Then, by the
Poincaré duality,

x(V)=1—b1+b,—bs+1=4+2b,— P(V, Z/2)=P.(V, Z/2)—4b,,
2(Ve)=0—bi+bs=P( Vg, Z|2)—2bs=4b;— P.(Vr, Z/2).

Since V is an M-surface, P( Vg, Z/2)=Pi(V, Z/2). Therefore
x(V)+x(Ve)=44+2(by— b3)=4(b,+ b;).

Hence (1), (2) and (3) are equivalent in each other.

(2.6) Let #: E—V be a holomorphic vector bundle over a real com-
plex manifold (V, ). A real structure of x is a real structure 7T : E—F
of E as a complex manifold (see (2.1)) such that 7> T=rex and that the
ristriction Tx: Ex—E:x to each fiber (x€ V) is anti-linear.

We call the triple E=(x; T, 7) a real holomorphic vector bundle.
(See [A).

For example, Zp(7)= Zp(1)" is a real holomorphic line bundle over
(P" t,), where ¢ p(1) is the tautological line bundle over P™.
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Notice that the restriction 7r: Er— Ve to the real locus of 7 is an
usual real vector bundle.

A holomorphic section sEH(V, E) of E is called a real section if T
osor~!=s, that is, sEH(V, E)r with respect to the anti-linear involution
of H(V,E) defined by s— Teser ™",

For example, H'(P", 7 p(d))r is identified with the space of real
homogeneous polynomials of (#+1)-variables of degree d.

(2.7) Our main object to construct is a real transverse section s of
which zero-locus (s) has topologically extremal properties.

DEFINITION : A holomorphic section s of real holomorphic vector bun-
dle over a real complex manifold (V, r) is an M-section if s is transverse
and real, and the zero-locus (s)oC V togather with the real structure
7|(s)o is an M-manifold.

(2.8) Discussions in (1.11)-(1.18) can be applied in the situation that
V is a real complex manifold and L is a real holomorphic line bundle.

For instance, B” in Proposition 1.18 can be taken invariant under the
complex conjugation. Thus we have

PROPOSITION.  There exists a proper algebraic subset BT HZg™ such
that, for any sEHg"'—B, a(s): P'>PH is a Lefshetz family, and a(s) is
equivariant under the complex conjugations of P' and PH respectively.

(2.9) Let V be a real complex manifold of dimension #(see 2.1), and
CCV be a real hypersurface possibly with singularities. A non-singular
component E of CrC Vg is called an oval (resp. an empty oval) if there
exists a C* embedding 7: D" Vg of an n-dimensional ball D" such that
i(dD")=E(and that i(int D")NCr is empty). In any case, i(int D") is
called the interior of E.

We apply this definition also to a component of a subset in a C*
manifold.

(2.10) Let W be a compact C*™-manifold of dimension # possibly with
boundary dW. Denote by y the coordinate function of R. Let f: WX
R—R be a C*-function and 7: D" W—0W X0 be a C*-embedding.

Assume that /(dD™")CfY(0)N W X0, £1(0) and W X0 are transverse
along 7(6D") and that <0 in i(int D").

Let g be a positive C® function in a neighborhood of #(D") in W XR.

LEMMA. For any e and 6 with 0< 8K <1, the hypersurface A in
WX R defined by y(y+ef)+0g=0 has an empty oval in a neighborhood
of i(D") in WXR.
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PrROOF: The hypersurface y+ef=0 is non-singular for sufficiently
small € on each compact subset of WXR.

Let us consider the equation y+ef(i(x), v)=0, for (x, y, €)D" X R X
R. Then, by the implicite function theorem, there exsists a unique C*
map-germ ¢: (D"XR, D"X0)—R such that ¢(x, €)+ef(i(x), ¢(x, €))=0 as
germ at D"X0 in D"XR and that ¢(x,0)=0 for any x€D". We see, for
some & >0, ¢(x, €)=0, (xED", eE[— &, &]), and (d¢/de)(x, €)>0, (x< int
D" e€]0, e)).

Define by a: D"X[0, ] WX R by alx, €)=(i(x), ¢(x, €)). Then « is
a local diffeomorphism of (int D")X[0, &]. Since ¢(x, €) is an increasing
function with respect to €, we see « is diffeomorphism of (int D) X[0, €]
onto the image.

We can take & sufficiently small such that ¢ is defined and positive
on a(D"X][0, &)).

Define 6: a(D"X[0, &])=R by d=y(v+ef)/(—g). Then

a*8(x, e)=e(en—e)- a*(f*/g)(x, €).

Thus a*8(x, €)=0 if and only if (x, €)€3(D"X[0, &]). Furthermore
a@*6>0 in int(D"X[0, €]). Then, for sufficiently small 8, >0, there exist a
diffeomorphism {a*8=>08}=D"**'. Set

E:{Y(y+ Eof)‘f‘aog:()}ma’(an[O, 60])-
Then E={a*0=00}=0D""" and E is an empty oval.

REMARK: (1) In the proof of Lemma 2.10, the mapping 8 : D"— W
X R defind by B(x)=a(x, &), (x€D"), is an embedding.

(2) We apply Lemma 2.10 to study a manifold of type A(As+ eus’)
+6o’s”=0 in the proof of [Theorem 0.3 in §3. On a domain where s+0,
1*+0, set y=A/y, f=s"/s and g=s"/s. Then the equation is reduced to
y(y+ef)+ dog=0, which is treated in Lemma 2.10.

(3) This is also utilized implicitely in §4, in the case n=2.

(2.11) Now, we recall the Poincaré-Hopf-Pugh formula.

Let M be a compact C* manifold of dimension » with boundary oM.

A tangent vector £ to M at a point xo of M is external if dfx,(&) is
positive for some C* function f defined in a neighborhood U of x, such
that f~'(0)=0M N U, f takes negative values in (M —oM)N U and df|oM
N U does not vanish.

Let v:0M—TM|0M be a C™ section over oM to the tangent bundle
™.

Assume that (a): for each x&€ oM, v(x0)=+0.
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First set Mo=M. Next set
Mi={x€oM|v(x) is external},

and set Mi=M{, and oM,=M,— M.
Inductively, if M, is a C* manifold with boundary oM., (£=>0), then
set

Mii={xEoM:|v(x) is external w.r.t. M},
Mk+1:M;¢+l and aMk+1:Mk+1_M;c+l-

Assume that (b): M. is a C* manifold with boundary oMs, (k=1,2, ..., n
—1).

LEMMA ([P]). Let v satisfy two assumptions (a), (b) stated in above.
Then for any C* extension w: M— TM with isolated singularities, we have

(c): indw= an)( —1)ix(M)).

REMARK: (0) We adopt the following definition of index of a vector
field: Let xo €M be an isolated singular point of w. Take a system of
coordinates xi, ..., x» centered at xo, and write locally

w(x)=a1(x)(0/0x1) + - + an(x)(8/0xn).

Then define indx, w=dego(—a), where a=(ay, ...,a»), and set ind w=
2lindx,w, where the sum runs over isolated singular points x, of w.

(1) If 0M is empty, then (c) is the Poincaré-Hopf formula.

(2) For a C vector field w over M with only isolated singular points,
there exists a non-negative C* function f: U—R on a collar of (M, oM)
with the following properties: (i) f7'(0)=0M. (ii) For any sufficiently
small €>0, w|f'(e) satisfies two assumptions (a), (b).

(2.12) Let W be a compact C* manifold with boundary, W’ be a
compact submanifold of codimension 1 of W with dW =W N W’ and
W” be a compact submanifold of codimension 1 of W’ with dW”=4dW’'N
w”.

A compact C* manifold W with boundary is called a modification of
W along (W’, W”) if W is constructed as follows : First, consider the dis-
joint union of closures of connected components of W—W’. Second,
attach a [0,1]-bundle over a tubular neighborhood U of W” in W’
Third, make its corner smooth.

Then, remark that x(W)=x(W)+x(W")—x(W").

(2.13) In the situation of (1.12), further assume V and L are real
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and s, SEHNVXP}!; L;-1)r Identify V with (A)e=V x{[0:1]}.

LEMMA. Assume that (s) is transverse to V and that (s), (s)o and
V are in general position along VN(s)oN(s). For real numbers 8 and
6 with 0<|e| <8<k, set Ve =(As+eus)oN Vg X[— 0, dol, where [— o,
Sol={[A: LIERPH —8<A/u<&}. Then Ve is diffeomorphic to a
modification of Vg along (VeN(s), VeN(s)N(s)).

PROOF : Since (s)o is transverse to V&, R(As)o is transverse to R(A
+8o)o for a sufficiently small §>0. Therefore R(As+eps’)o is trans-
verse to R(A%dow)e for a sufficiently small e relatively to Jo, and then,
Ve is a C* manifold of dimension » with boundary.

Set y=A/uz on VeX[—0&, &]). Then Vg is defined by ys-+ es =0.

Take a point pE VeC VrX[— &, &). There are three cases: (i) pE
VeN(s)N(sD)e, (ii) p€ VeN(s)e—(s) and (iii) pE Vre—(5)oU(s)o.

In the case (i), (resp. (ii)), since Vg, R(s)o and R(s')o are in general
point at p, (resp. Ve and R(s), are transversal at p), there is a system of
local coordinates y; xi, ..., x» of Vg X RP! centered at p such that s=ux,
s’=x3, (resp. s/s’=x1), with respect to a local trivization of L and & p(1).
Then, locally, Vg is defined by yxi+ex:=0, (resp. yx1+e&=0). Take a
small ball B with center p in Vg and set

W=VerNB, W=(s)NW, W=(s)oNW.

Then VeNBX[—8, d] is diffeomorphic to a modification of W
along (W', W), (resp. (W, 0)).

In the case (iii), the projection maps VeNBX[—&, &) to VeNB
diffeomorphically. By the compactness of Vg, we can glue togather the
above diffeomorphisms, and we have required result.

(2.14) Disjoint points pi, ..., pn, considered with order, of a
(topological) circle are called cyclic if m<2 or, for each 7, (1<i<m), an
arc from p: to p:+1 does not contain other points than p:, pi+1.

Disjoint non-void sets P, ..., P» of a circle are called cyclic if, for any
choice of p.€P;,(1<i<m), py, ..., pn are cyclic.

3. Non-linear systems of real sections

In the situation of [Theorem 0.3, set Z=(sr)o. Then Z=(s:)o, (0<i<7),
by (0.1). Set

s¥V= Zoez'SiAJ_lﬂz and AV=(s"),CSX P,
1=

(0<7<7#). Then sP=s,. If we set s=s"? and s'=g’"'s;, then s, s'E
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H(S, L;-1)r and s¥=As+eus’, (1<7<7).

Using Lemma 1.12 iteratively, we can choose €;, (1<:<7), such that
each A is non-singular, and any critical points of ¢”=¢|A“ are not
on SXDs; for some 8;>0,(0<;<7r), where Ds,={[A: z]€ P A/u| <6},
Furthermore, by Propositions 1.18 and 2.8, AY,(0<;j<7), is generic in
the sense of (1.16), perturbing so, ..., s» in H°(S, L)r if necessary. By
Remark 0.4.4, the condition (*) does not change by a small perturbation.

Fix an orientation of RP'=S'. Then denote by 7 the number of
real critical points of ¢’=¢|AY of index i, by ¢ the dimension of
H{AY ; Z/2) over Z/2 and by e the number of empty ovals of AY, (i=
1,2,3;0<5<7).

Identify H*(S; Z) with Z by the fundamental class [S] of S.

By Lemmata 1.2 and 1.10, the genus g=g¢(Z) is equal to

1+(1/2)(ci(L)*— c(L)ci( TS)).
Consider the following inequality and equalities :

(A7) : W =j(er(LY+29—x(Sr). (A5): y?=j(ci(L)*+2g— x(Skr)).
(B): 78+ 7 2259. (By): v+ v¥=2jg.

(C5): s(e)=s(eY). (D;): Hi(AY ; Z/2)=0.

(Ej):eV=(—1)g. (E;):eV=(—1)g.

(F)): "+t 22(—1)g+2. (F)): "+ t=2(—1)g+2.

(HT;): P(AY ; Z/2)=P,(AY ; Z/2).

Clearly, we have (4o), (Bo), (Co), (Do) and (HT).
Further, we have the following implications :

LEMMA 3. 1.

(1) (AD&(B})=(A)&(B;)&(C;), (0<j<r).

(2) (A)&(B;))&(D,)&(F))=(F)&(HT;), (1<j<7).
(3) (EN&(F)=(E;), 1<j<r).

4) (E))=(F)), A<j<r).

PROOF: (1): By (A4} and (Bj), we have

s(e@) =7+ y+ 8
2].(301([4)2——201([4)01(TS>+4—X(SR))~
By Lemma 2.5 we have 4—x(Sr)=x(S)=c(TS). Thus, by (1.5),
the right hand side is equal to s(¢"’). Since s(¢%)<s(¢"), we have (C)),

and therefore (A4;) and (B;) at the same time.
(2): By (A4,), (B;) and Lemma 2.5, we see
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2(ADP)= 7§ — yi 4 8
=j(— (L) = c( TS)+4).

Therefore, by (F;), we have

P(AY; Z/2)= 1+ 1+ 57
=2(t" + t5")— x(AY)
>(3/—2)a(L)Y?— (27 —2)ci(L)ci( TS) +je TS).

By (1.3), the right hand side is equal to x(AY). By (D;) and the
Poincaré duality, we see x(AY)=Pi(AY; Z/2), (see (1.8)). On the other
hand, by Harnack-Thom’s inequality ([G1],[T]), P(AY; Z/2)<P.(AV; Z/
2), we have (HT;), and therefore (F;) at the same time.

(3)&(4): If A% has e empty ovals (and necessarily at least one
other components), we have

1+ 1> 269 +2.

Therefore, (F;) implies e’<(j—1)g. Hence (E;)&(F;) implies (E;).
On the other hand, (E}) implies (FY).

PROOF OF THEOREM 0.3: To prove [Theorem 0.3, that is, to show
(C,), (E,) and (HT,), it is sufficient to show (A4}), (Bj), (D;) and (Ej), (1
<j<r), by Lemma 3.1

First we show (A4} and (Bj) by the induction on j.

We consider the gradient of @& Precisely, let w: A% — Hom(TAY,
TRP") be the section defined by w(x)= Txpr, xEA¥. By an identification

Hom(TAY, TRP)=T*A¥=TAY,

we regard w as a vector field over AY.

We see w does not tangent to AP NSex{p}, for p=[0:1], [1: £8-1].

Set N=AY N Sg X[~ 68;-1, 8;-1], where [—8;-1, 8;-1]={[A: u]E RP"|
—0;-1<A/u<68;-1}. Then by Lemma 2.13, N is diffeomorphic to a
modification of Sk along (Sk N(s)o, Sk N(s)oN(s)o)=(R(s;-1)0, R(s5-1)0 N
R(s;)). Especially, N has disk components Dj, ..., Dy corresponding to g
empty ovals of R(s;-1)o.

Denote by Dy, ..., Dy the interiors of g-empty ovals of R(s;) in Sk.
Then, by Remark 2.10.1, there are open disk domains Dy, ... Dy on N
corresponding to Dy, ..., Dy such that D; and D; have common boundary
(1<:<yg).

Set N=N—U%1Di—Ué%1D:. Then
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x(N)=x(N)—29=x(Sr)— c:(L)*—2g.

Since w is not tangent to dN, we see, by Lemma 2.11, ind w|N=yx(N).
Thus, there exist at least indw critical points of ¢% of index 1 on N.
Therefore, we have

7=y V= —indw
=c(L)*+29—x(Sk).

On the other hald, there exist at least 2¢ critical points of ¢% of
index 0 or 2 on 2g¢-disks N—N. Therefore, we have

7+ =+ 78 7) 220,

Thus (4j-1) implies (A4}) and (Bj-:) implies (B}).
Next we show (E}). Since (Ei) is clear, let j>2. Now set s=st2
s’=p'%s;-1 and s"=pY?s,. Then we have

sV=A(As+€;_1u5") + €;125”.

Set y=A/u, f=s"/s and g=s"/s in SX Dy, ,—(1)eU(s9"2)y. Then AY is
defined by y(y+e€;-1/)+€,9=0, (see Remark 2.10.2). Notice that (sY72),
restricted to S equals to (s;-2)o. On Se—(s;—2)o, we have fg=s,_15;/ss.
By Lemma 2.10 and (*iii), if we choose the sign of ¢, then (s'), has
g-empty ovals in SgX[—8;-1, 8;-1]. Therefore we see

’

eV —elU=b>g

2<5<y).
Thus we see (E;-i) implies (E}).
Lastly, to see (D), we remark that, by the assumption, H,(S: Z/2)=
0 and therefore, by Lemma 1.13, (D;-;) implies (D,).
Q.E.D.

4. Construction of M-curves in a surface

Let S be a compact real complex surface, K be a real holomorphic line
bundle and s be a real transverse section of K with zero-locus C=(s)s.

Consider the following condition (**):

(**i):C=P! and C*=<a(K), [S]> >0,

(**1i ) : For any effective divisor @ on C of degree C? with support in
Cr, there exists a real section s” of K such that (s")|C=ua.

PROPOSITION 4.0.  Let (S, K, s) satisfy the condition (**). Then, for
any positive integer d and for any non-negative integer v, therve exist a
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system of M-sections o, si, ..., sr near s® in HXS, K*)r satisfying the con-
dition (*) of Theorvem 0.3.

EXAMPLE 4.1: (1) Set S=P? and K=7p(1). Let s be a real trans-
verse section of K. Then (**) is satisfied. The construcion of an M-sec-
tion of K%=¢ p(d) is just the Harnack’s one ([(H], [G1]).

(2) Set S=P? and K= 7 p(2). Let C=(s)o be a real ellipse. Then
(**) is verified and [Proposition 4.0 is reduced to Hilbert’s construction
([G1D.

(3) Let SCP? be a real hyperboloid, that is, the image of P'XP' by
the Segre embedding. Set K=¢ p(1)|S and take a real hyperplane sec-
tion C on S. Then (**) is satisfied. Especially, there exists an M-sec-
tion in H(S, K%)&, for each d >0 ([G2]).

PROOF OF PROPOSITION 4.0: By (**1) and Lemma 1.2, we have
C1(TS)61(K)—61(K)222.

Let ZCS be the zero-locus of a transverse section of K¢ Then Z is
connected. In fact, by (**ii), there is a section s'=s+s?:--s'® of K% such
that CP=(s)= P! and C” intersects to C=(s)o transversely, (2<i<
d). Then there exists a transverse section s” of K¢ which is a perturba-
tion of s/, and (s”) is connected, (cf. (1.0)).

The genus g of Z equals to

1+(1/2) (K9P — c( K% a( TS))=(1/2)d(d —1)C*—(d —1).

Remark that a real transverse section of K¢ is an M-section if and
only if R(s)o has 1+g¢ connected components.

Set k=C*>0.

Take a sequence (P{;)i<j=izao<e<, of disjoint k-points on Cr such that

0 0 0 0 0 0 0 1 1 2
Pl,l, PZ,l, P2,2, P3,1, P3,2, ceey Pd,l, sy Pd,d, Pl,l, oy Pd,d, Pl,l, Pltl, ceey PJ,d

are cyclic in the sence of (2.14).
By (**ii), for each 7,7/, ¢ with 1<;<i<d,0<¢<r, there exists s(7,J,
)€ H(S, K)r such that (s(z, 7, £))eN Cr=PFi;.
Set
u(1,£)=s+€1,4s(1, 1, é)EHO(S, K)R,

e, SER—0,0</<r, and set inductively,

u(i, O)=uli—1, O)s+eullsti, j, OEHYS, K,
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€.,SER—02<:1<d,0<¢<r. If we choose the sign of €, and take €:.
sufficiently small relatively to €;-1,, and €s-1, (1<i<d,0<0<7,60,=€i0=
1), then, we have, for each i, ¢,

(i) u(s, ¢) is a transverse section.

(ii) R(u(i, £))o has 14+g¢: connected components, where g:=>1:i2{(j
—1)k—1}, and g: empty ovals, on the union of interiors of which «(7, ¢)/s’
has a constant sign.

We have, for (¢, 0)+(7', ¢),

(i) R(u(7, €))o and R(u(7’, ¢'))o intersect transversely in 'k points
in Sk.

(iv) R(u(z, O)u(i’, ¢')) has g:+ g~ empty ovals.

(v) On the union of interiors of empty ovals appearing in R(u(¢, £)),,
u(i, 0)lu(i’, ¢') takes a constant sign.

Further, we have, for disjoint (7, £), (¢, ¢) and (i”, ¢”),

(vi) The ratio u(z, O)u(s, ¢')/u(i”, ¢”)* takes a constant sign on the
union of interiors of empty ovals in R(u«(Z, £))o.

Now, set s;=u(d, ¢), (0<¢<r). Then s, ..., sr satisfy the condition
(*).

Q.E.D.

Next, we proceed to another situation: Let S be a compact real com-
plex surface, K and / be real holomorphic line bundles and s and ¢ be
real transverse sections of K and J with zero-loci C=(s)o and D=(¢),
respectively.

Consider the following condition (¥***):

(***0) dimc¢H(S, K)=>2.

(***{) C=P!, D=P!, and CD=<c:(K)a:(J), [SP=L1.

(***ii) For any point p& Cg, there exists a real section ¢’ of J such

that (¢)oN C={p}.

PROPOSITION 4.2. Let (S, K, J, C, D) satisfy the condition (¥**).
Then, for any positive integers d and e, and, for any non-negative integer
v, therve exists a system of M-sections S, si, ..., sr in H(S, KJ¢)r satisfying
the condition (*) of Theorem 0.3.

EXAMPLE 4.3: (1) Set S=P!X P!, K=p¥op(l) and J=pF op(1). Let
s and ¢ be real transverse section of K and J respectively. Then, (***) is
easily verified. .

(2) Let SCP*X P! be a non-singular real surface of degree (1,1). Set
K=rn*0p(1) and J=¢*7 (1), where n: S—P? and ¢:S— P! are projec-
tions. Let s and ¢ be real transverse sections of K and J respectively.
Then (***) is satisfied. (For (***ii), notice that, for any line in RP? not
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containing the base point of S as a pencil of lines, and, for any point on
the line, there exists a parameter defining a line through that point.)

PROOF OF PROPOSITION 4.2: By (***1) and (***ii), the zero-locus of
a transverse section of K9J¢ is connected and of genus 1+(d—1)(e—1).
By (***0), take s'€ H’(S, K)r such that (s)oN(s")o is a finite set. Set @=
R((s)oN(s)0)C Cr.

Let (Pio)o<icao<e<r be a system of disjoint e-points of Cr. Assume
Q; PO,O, Pl,(), PZ,O, ey Pd,O, PO,I, Pl,l, ooy Pd,l, PO,Z, ceny Pd,Z, ooy Pd,?"

are cyclic on Cr=S' in the sense of (2.14). For each i, ¢, by (***ii),
take a real transverse section s(z, ¢) of J¢ such that (s(7, £))eN Cr="P;.e.
Set
u(l, é):S'S(O, 4)+€1,£S"S(Z', f),

and inductively set,
u(i, O)=su(i—1,0)+ €+ s(i, 0),

(2<i<d), where €., =R—0.

Set s;=u(d, )€HS, L), (0<¢<7). If we choose the sign of each
€:0 and take €. sufficiently small relatively to €:-1, and €41, then we
see that the system s, s, ..., S satisfies (*).

PROOF OF THEOREM 0.1 AND COROLLARY 0.5:

Set S=P? and L= 7p(d), (resp. S=P!'X P! and L=p¥ 7 p(d)p¥ O p
(e)).

Then S is a compact connected M-surface with H'(S; Z/2)=0 and
H%Skr:Z/2)=Z/2, (see Example 2.3.1 and Lemma 2.4), and L is a real
holomorphic very ample vector bundle over S.

By [Proposition 4.0 applied to Example 4.1.1 (resp. by
4.2 applied to Example 4.3.1), there exists a system of M-sections s, ...,
sr of L satisfying (*¥), for »=0,1,2,.... Then, by [Theorem 0.3, there
exists an M-surface ACS X P! such that ¢: A— P! has only non-degener-
ate real critical points. This means the existence of a generic surface A
attaining the equality in the estimate of [Theorem 0.1, (resp.
0.5), which is obtained from the formula in (1.6), (resp. (1.7) and (1.8)).

Q. E.D.

PROOF OF COROLLARY 0.6: Set K and J be as in Example 4.3.2. Set
L=K¢%°. Then, L is very ample. Similarly to the above proof, we only
need to combine the results in (1.7), (1.8), Example 2.3.2, Example
4.3.2, [Proposition 4.2 and [Theorem 0.3
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Q.E.D.
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