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1. Introduction

In this paper we investigate whether the weak compactness property
of the bounded linear operators can be interpolated. In particular, it is
shown that the real interpolation functors generated by the K-functional
of Peetre and the reflexive Banach lattices on the set of integers Z are
stable for the weakly compact operators.

First of all, we recall some notations from interpolation theory. A
pair A=(A,, A1) of Banach spaces is called a Banach couple if A, and A,
are continuously embedded in some Hausdorff topological vector space V.

For a Banach couple A=(A,, A1) we can form the intersection A(A)=
AoNA, and the sum 2(A)=As+A;. They are both Banach spaces, in
the natural norms || a| acn=max{| alla, | ala,} and |alsan=K(1, a; A)
respectively (whenever possible we suppress the “unnecessary” A, writing
A and X)), where for >0

K(t, a; A)=inf {| aolattl ailla, : a= a0+ a1, @€ Ao, a1 € Ai}

is the K-functional of Peetre.

A Banach space A is called an intermediate space between Ao and A,
(or with respect to A) if A(A)CAC(A) with continuous inclusions.

Let A=(A,, A1) and B=(B,, B:) be two Banach couples. We denote
by . (A, B) the Banach space of all linear operators 7 : Ao+ A, — Bo+ B
such that the restriction of 7 to the space A: is a bounded operator from
A; into B;, 1=0, 1, with the norm

| 7o m=max {I T llao-s0, | Tl as-5.}.

We say that two intermediate spaces A and B are interpolation spaces with
respect to A and B and we will write (A, B)eInt(A, B) if every opera-
tor from ¥ (A, B) maps A into B.

If A coincides with B and A:;=B., 1=0, 1, then A is called an interpolation
space between A, and A, (or with respect to A).
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We say that . is an exact interpolation functor if ¥ (A) is an interme-

diate Banach space with respect to A for any Banach couple A,
and (¥ (A),.7(B))ent(A, B) with

| T llec-25) < max {| T llao-50, | T llas-5.}

for each 7€ (A, B).

The characteristic function ¢=¢s of an exact interpolation functor & is
defined by .# (R, t'R)=¢(t)"'R (see [7]), where for ¢>0, R is R with
the norm | x|l.e=alx|. It is easily seen that ¢ is a quasi-concave Sfunction,
i.e, ¢: R —> R, and ¢(s) £ max {1,s/t} ¢(¢) for all s, +>0. In the
sequel if a quasi-concave function ¥ is such that min {1, 1/¢} ¥ (¢) - 0 as
t - 0, oo, then we write Y& &,.

2. The real interpolation spaces and weak compactness

In the theory of interpolation spaces the real interpolation spaces are
particulary important (see [3,4,5,7,9]). Let us recall the definition.

Let w denote the F-space of all real-valued sequences (a.).,ez topolog-
ized by means of coordinatewise convergence. A Banach space ECuw is
called Banach lattice on Z if the conditions |a|=(a.|).ez < |B|=(8.]).cz
(meaning that |a|<|8.| for all v€Z), B=(B.)EE imply a=(a,)EE and
lale<| Bl
A Banach lattice E is said to be regular if the norm is an order continu-
ous, i.e., if (an)7-1CE, a0 implies @» —» 0 in E.

The Kothe dual of a Banach lattice E on Z is defined by

E’:{Q’Ea):yg lavay| £ o for every a/=(a'u)EE}.
The space E’ is a Banach lattice on Z under the norm
la'|le=sup {Uzz_lwla/yaél ca=(a)EE, | allESI}.

By lo(w)=1(w.), 1<p<oo, where w=(w,) is a positive sequence of w,
we denote the Banach lattice on Z defined by

o 1/p
lp(w):{a/Ew: ||a/||z,,(w):<y=2_ laulxl)y,p) <OO}

(with usual interpretation if p=00).

Throughout the paper ® denote a Banach lattice on Z intermediate
with respect to (/e /=(27%)). The real exact interpolation functor Ko is
defined as follows ; if A is a Banach couple, then the space Ko(A) (called



On interpolation of weakly compact operators 107

the real interpo?ation space) to consist of all a€>(A) such that
(K(2%, a; A)).,ez2&® with the norm

lallk,n=1(K(2" a; A)).ctlle.

Observe that, in particular, if ®=/,(27*%), where 0<6<1, 1<p<co the
space Ko(A) coincides with the spaces As, of Lions-Peetre (see for
more details).

In [6] K. Hayakawa has shown that if A=(A,, Ai), B=(B., Bi) are
Banach couples and 7T is an operator of ¥ (A, B) such that (the restric-
tions) 7 :Ao— By and T :A;— Bi are compact, then T :As,— B, is
compact for all 0< <1 and 1<p<oo,

In this section we give the similar result (excluding case p=1) for
weakly compact operators (recall that a bounded linear operator 7T : X —
Y between two Banach spaces is said to be weakly compact whenever T
carries the closed unit ball Bx of X onto a relatively weakly compact
subset of Y). By the well-known Gantmacher theorem the operator 7 :
X — Y is weakly compact if and only if T**(X**)CY (Y is naturally
identified with the subspace of Y*¥).

THEOREM 1. Let A and B be two Banach couples and let T be an
operator of L(A, B) such that T :2(A)— 2NB) is weakly compact.
Then T is weakly compact from Ko(A) into Keo(B), provided that ® is a
reflexive Banach lattice on Z.

In order to prove this theorem we need some auxiliary results. Let
(X,).ez be a family of Banach spaces and let E be a Banach lattice on Z.
The vector space of sequences (x.)5--», with x,E X, and with (|x./|x,)5-—«
&FE, becomes a Banach space when equipped with the norm |(x.)|=
I(lx.lx)le.  This space shall be denoted (IIX.):. The following result
will be useful in the sequel (for the proof see [12], cf. also [9, p.282-284]).

PROPOSITION 2. Let (X.).ez be a sequence of Banach spaces, and
assume that a Banach lattice E on Z is vegular. Then we have

(HXu)ﬁz(HXu*)E,
where the duality holds subject to the duality {x, x*)>= g} x¥(xy) for x=
(XU)E(HXu)E, x*:(x;k)e(HXu*)E'.

PROPOSITION 3. Let E be a Banach lattice on Z and let T, X, —
Y, for v€Z be bounded linear operators between Banach spaces such that
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sup | T.|=C <oo. Define the operator ® T, : (II1X.)e = (I Y.)e by
&® Tu(xu):(Tyxu). Then the fOllO?/Uan hOld .

(1) O®T.is a bounded linear operator such that (& T,)*=& TF, pro-
vided that E is vegular Banach lattice.

(i) If E is reflexive, then ® T, is a weakly compact operator if and
only if T, is a weakly compact operator for every vEZ.

ProoF. (i) Let X=(IX.): and Y=(IIY.)s, then obviously that
|® T.|x-y<C. Now assume that E is a regular Banach lattice and take
any x=(x,)€X and y*€Y*. Then by [Proposition 2, we have y*=(y¥)E
(ITY*)e and

Cx, (8 T)*y*> =@ To)(xw), v =<(Twx.), (y¥)»

Thus (& TX)=o T.*.

(ii) Let E be reflexive space, then by Ogasawara’s theorem (see [1,
Theorem 14. 22]), it follows that £ and E’ are regular Banach lattices on
Z and E”"=E. Thus X*=(IIX}*): and (® 7.)**=@ T.}*, by Proposi-
tion 2 and (i). Hence, it follows that if x**& X** then x**=(x}*)&
(ITXX*)e and

(& T)*x**=(® T*) (xf*)=(T* xk*).

This implies that (& 7,)**(X**)CY if and only if 7J*(X¥*)CY. holds

for each v€Z. Thus the proof of (ii) is finished, by the Gantmacher the-
orem.

PROOF OF THEOREM 1. Let X=(II1X.)s and Y=(II Y.)s, where X, =
Aot A1, Y.=Bo+ B: with the norms K(2%,+; A) and K(2*, «; B) for vE
Z, respectively. Denote by D(X) the diagonal subspace of X, i.e.

D(X)={(x.).c2EX : x,=a, a€I(A)).

Define the operator J: Ko(A) = D(X) by J(a)=(---, a, a, ). Clearly that
J is the onto linear isometry.

Now let T€% (A, B), then obviously that 7.,= T : X, — Y, for each
v and sup | Tullx,-v.<|| T |#a 5. This implies that the operator ® 7, : X —

Y is weakly compact, whenever T : 2(A) — 2(B) is weakly compact, by
IProposition 3. Since Ko is an exact interpolation functor, the restriction
of T to the space Ko(A) is a bounded linear operator from Ko(A) into
K+(B). Thus the proof is finished, by 7=/"'e(& T,)].
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COROLLARY 4. Let A and B be Banach couples and let TE (A,
l?) be such that T : A; = B; (i=0,1) is weakly compact. Then T :A¢,—
By 1s weakly compact for all 0< <1 and 1<p<oo,

PROOF. It is a routine matter to verify that 7 :>XA) > X(B) is
weakly compact. Since ®=/,(27*) is reflexive Banach lattice on Z if 0<
<1 and 1<p<co, applies.

3. Interpolation functors and weakly compact operators

B. Beauzamy in has shown that the interpolation spaces of Lions-
Peetre Ay, ), where 0< <1 and 1<p<oo are reflexive if and only if the
inclusion map I :A(A) - 2(A) is weakly compact. R. D. Neidinger
using results of the theory of Tauberian operators has shown the similar
result for more general interpolation spaces (see [11, p.218]). In fact
these spaces are real interpolation spaces by the results of Yu. A. Brudnyi
and N. Ya. Krugljak [5].

In this section we investigate those exact interpolation functors which
interpolate weakly compact operators. In particular we show that Theo-
rem 1 can be improved if we suppose that ® satisfies some additional con-
dition. From these results we obtain results about reflexivity of these
spaces. First we give some definitions and auxiliary results.

Let X be a Banach space and let W, V be subsets of X. We say
that W almost absorbs V' (in X) if for every >0, there exists #>0 such
that VCtW+eBx (see [13]).

Let X, Y be Banach spaces. A bounded linear operator 7T: X = Y
is said to be Tauberian if (T**)(Y)CX, i.e, T**x**€Y implies
x**e X.

If Tauberian operator 7T is one-to-one we say 71 is Tauberian injection.
There are interesting characterization of Tauberian operators (see [8, 14,
16]). We need the following (see [14, 16]).

THEOREM 5. Let X, Y be Banach spaces and let T : X — Y be an
injective bounded linear opevator. The following are equivalent :

(@ T is Tauberian injection.

(b) For every bounded subset U of X such that TU is relatively weak-
ly compact, U 1is relatively weakly compact.

(¢0 T*(Y*) is norm-dense in X* and TBx is closed subset of Y.

PROPOSITION 6. Let V, W be subsets of a Banach space X. If W
almost absorbs V and W 1is velatively weakly compact, them V is relatively
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weakly compact.
For the proof see [13,15] or [1, Theorem 10.17].

COROLLARY 7. Let X and Y be two Banach couples and let (X, Y)
ent(X, Y). If Bax almost absorbs Bx in 2(X) and the inclusion map
YCONY) is a Tauberian operator, then T :X — Y is weakly compact
operator, provided TEZ (X, Y) and T :A(X)— XY) is weakly compact
operator.

Proor. Let T€ #(X, Y). Then T(Bsx)C CBsy, where C=
| Tll+x 7. Moreover T : X — Y is bounded by interpolation. Take &>0,
then by the assumption there exists #>0 such that BxCtBax+ C 'eBxx®.
In consequence

TBxCtTBax)teBxp).

Hence TBaw almost absorbs TBx in S(Y). Now suppose that 7 : A(X)
— (YY) is weakly compact. Then TByx is relatively weakly compact
subset of Y, by [Proposition 6 and [[heorem 5. Thus the proof is complete.

THEOREM 8. Let X=(Xo, Xi) and Y =(Yo, Y1) be two Banach cou-
ples and let 7 be an exact interpolation functor with the fundamental func-
tion 9= Fo. If the inclusion map ¥ (Y)CTIY) is a Tauberian operator,
then for every TEZX(X, Y), we have T :5(X)—>5(Y) is weakly com-
pact operator if and only if T :A(X)—> 2(Y) is weakly compact.

PROOF. By Theorem 15 of [7], we have
(%) K(t, x; X)<o(t)l x|x

for every x€X=9(X) and #>0. Suppose that ¢&.#, First we show
that Baw almost absorbs Bx in 2(X). Let €>0. Since ¢pE, there
exist 7, /&N such that ¢(279)<e/4 and ¢(27)/2°<e/4. If xE By, then by
(%) we obtain.

KQ 7 x: X)<(279), K2, x; X)<e(2).

Hence we can find the decompositions x =xo+x1=x¢+x{ such that xo, x0E
Xo, x1, x1€ X1 and

o]l x0 +27 21 ]l 0 < p(27) + /4 < /2,
Il + 2721l x, < @(29) + €/4 < 27 /2.

Thus [xollx,<e/2, |x1llx:<2%/2 and ||lxollx, <2’e/2, ||lxilx.<e/2. Let y=x—
xo—x1, then y=x6—xEXo and | v llxo<|xollxo+ |6l xo <2’¢. Further y=x1—
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i€ Xy and | v |x <lxilx, +llxilx. <2%. Hence yEA and ||y |a<max (27, 2")e.
Since x—y=xo+x1 and |lx — v <llxollxo + |xilx. <&, xEtBa+eBs, where t=
max (27, 2’)e. Finally BxCi{Bax+eBsx). Now, if the inclusion map
F(Y)C3XNY) is a Tauberian operator and T€#(X, Y) is such that T :
A(X) — 3NY) is weakly compact, then 7 :%(X)—>5(Y) is weakly com-
pact operator by [Corollary 7. The converse is obvious.

COROLLARY 9. Let X be a Banach couple and let ¥ be an exact
interpolation functor with the fundamental function ¢E.%o. Then the fol-
lowing are equivalent :

(1)  The interpolation space 5 (X) is reflexive.

(i)  The inclusion map I :A— 2} is weakly compact and the inclusion

map J : 5 (X)— 2(X) is Tauberian injection.

REMARK. If X is a couple of Banach lattices such that A(X)* has
order continuous norm and Y is a Banach couple for which 2(Y) con-
tains no subspace isomorphic to co, then every bounded linear operator 7 :
A(X) - (YY) is weakly compact by Grothendieck-Ghoussoub-Johnson
theorem (see [1, Theorem 17. 6]).

4. Applications

In this section we shall give applications of the results of section 2.
First we give sufficient conditions which imply that the inclusion map
J: Ko(X) » 2X(X) is a Tauberian injection. Note that the fundamental
function ¢ of the functor Ks (called in the sequel also the fundamental
function of the space ®) satisfy ¢(#)™'=|(min {1, 2*/t}).|le.

PROPOSITION 10. Let X be a Banach couple. Then the following
hold -
(i) If Bo is a closed subset of w, then the closed unit ball of the
space Ko(X) is closed subset of 2.
(ii) If ® contains no subspace isomorphic to 1, then J*(X(X)*) is
novm-dense in Ko X)*.

PrROOF. (i) Let (x2)3-1CByx, where X=Ko(X) and let x, — x in 2.
Then =K% x.; X)—> K2" x; X)=a, as n— o, for every vEZ,
whence Brn=(amw).,cz — a=(a.),=z in w. Since (B)5-1CBs and Bs is closed
subset of w, a=(a.),e2EBo and thus xEBx. For the proof of (ii) see

12].

COROLLARY 11  (cf. [5, Theorem 4.6.8]). Let X and Y be two
Banach couples and let ® be a reflexive Banach lattice on Z with the funda-
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mental function in Fo. Then the following hold -
(i) If TeL(X,Y), then T :Ko(X)—> Ko(Y) is weakly compact
opevator if and only if T :A(X)— 2(Y) is weakly compact.
(ii) The real interpolation space Ko X) is reflexive if and only if the
inclusion map I : A — 20 is weakly compact operator.

PROOF. Since ®Cw with the continuous inclusion, so reflexivity of ®
imply that Boe is closed subset of w. Of course ® contains no subspace
isomorphic to /!. Thus by [Proposition 10 and the inclusion
map J: Ko(X)— 3(X) is a Tauberian injection. Thus (i) (and (ii)) fol-
lows by [Theorem 8 (Corollary 9).

The result obtained by taking ®=17,(27%%), 0<0<1, 1<p<oo in Corol-
lary 11 (ii) is an extension of the Beauzamy result (see also Neidinger
[15]) for the Lions-Peetre space Xo, .

REMARK. The assumption that ® is reflexive space is essential in
Corollary 11. Namely, by the result of M. Levy [10], if ®=/A(27%), 0<
<1, then Ko(X)=Xs 1 is not reflexive since it contains a subspace
isomorphic to /! for any Banach couple X such that A(X) is not closed
subspace of 2)(X).

In Aronszajn and Gagliardo showed that to any Banach couple A
and a coresponding intermediate space A there exists a maximal exact
interpolation functor % with the property % (A)CA. This functor is
called the coorbit functor and is denoted by Corba(+, A). The space
Corba(X, A) consit of all x€3X(X) such that Tx€A for any T€Z (X,
A). We put

| xllcors=sup {I| Txlla: [ T |lrx 2<1).

In the theory of interpolation spaces many important exact interpola-
tion functors are the coorbit functors. Let us consider the special coorbit
functor H,, generated by (Ao, Ai1)=(4, 4(2*)) and A=0(1/0(27")), where p
is a quasi-concave function. This functor was extensively studied lately

(see for example [7] and [17)).

PROPOSITION 12. Let X=(Xo, Xi) be a Banach couple such that A is
a dense subspace of Xo, X1 and H1.(X). Then the inclusion map J :
Hio(X) > (X) is Tauberian injection, provided that neither Xo nor Xi
contain subspaces isomorphic to co and p, PxE.Fo, where px(t)=t/po(t) for
t>0.

PrROOF. First we observe that Bso is a closed subset of 2(X) for
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every Banach couple X, where ¥ (X)=Corba(X, A), whenever Ba. is
closed in 2(A). Thus the unit ball of Hi,(X) is closed subset in 3)(X)
for every Banach couple X.

Now if o, px€%0 and X satisfies the assumptions of [Proposition 12,
then by Corollary 1 and Theorem 12 of (see also [17, Lemma 8. 3.2 and
Theorem 8.8.2]), it follows that J*(2(X)*) is norm-dense in Hi.(X)*.
Thus the proof is finished by [Theorem 5.

REMARK. It is easily see that the fundamental function ¢ of the fun-
ctor Hi, satisfies

¢(f)_1:SUD{“ 5"11<1/p(2—v>) Eehn ZI(ZU),
1ENL <1, [&Ellnen<t"}

for £>0. Hence, we obtain ¢=p. Thus ¢&.7, if and only if pE#,. In
consequence applying [Proposition 12 and [Theorem 8, we obtain the inter-
polation theorem concerning weak compactness of the operators from
Z(X,Y) acting between Hi,(X) and Hi,(Y).
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