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Lower bounds for the life span of solutions
of semilinear wave equations
with data of non compact support
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1 Introduction

We consider the life span of classical solutions of the Cauchy problem
for the semilinear wave equation

{ fu—Au=|ul""u, (x, HER"X(0, ©0), (1. 1)

u(x, 0)=ef(x), oulx, 0)=eg(x), xER",

where p>1, n=2,3 and €>0 is a small parameter.

Given f, g, p, we define the life span T*=T*(e) as the supremum of
all T such that a C®*-solution of (1.1) exists for all x€R" and 0<¢<T.
Existence of global solutions and blow-up of local solutions in finite time
correspond to T*(e)=co, T*(e)<co, respectively. In the case T*(e)<o0
the basic problem consists in estimating 7*(e¢) in terms of & both from
above and from below, namely, upper and lower bounds for T7T*(e).
Upper and lower bounds are related to the construction of blow-up and
local solutions, respectively, and it is expected that both bounds have the
same growth rate as eé—0. There is a large literature on this problem
[1-16], though there still remains a gap between the upper and lower
bounds for T*(e). The purpose of this paper is to improve the previous
lower bound estimates and reduce that gap. Before we state our result
more precisely, we summarize a number of available results on the life
span of solutions of (1.1). In the sequel it is convenient to introduce the
critical power po(n) defined by the positive root of the quadratic equation

(n—1)p*—(n+1)p—2=0 (n=2,3).

We note that p(3)=1++2 and po(2)=(3++17)/2. It is well understood
that in most cases the situation is remarkably different between the super
critical case p>po(n), the critical case p=po(n), and the subcritical case
p< po(n). Moreover, recent developments reveal that the compactness of
the data f, ¢ has a definitive influence on the problem. Therefore we
describe the previous results by dividing into two cases, whether /, ¢ have
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compact support or not. First, we assume that the data f(x), ¢g(x) are
smooth and “ compactly supported ”.

John [5, 6], Glassey [3, 4] and Schaeffer have proved in two and
three space dimensions that if p>po(n) and e is sufficiently small, then
T*(e)=00, and also that if 1<p<po(n), T*(e)< oo for small data.

In the case that blow-up occurs in finite time, that is, 7*(e)<co,

there arises the problem of estimating the life span 7*(¢) in terms of e.
John has shown that

Ae?<T*(e)< Be™?

with certain constants A, B in the case #=3 and p=2. Recently,
Lindblad has proved the following results :

(1) if n=3 and 1< p<po(3),

lmePP-DU2P=PO TH () =T >( exists,

e-0

(ii) if n=2 and p=2,

leipoleT*(s):T>0 exists, provided /g(x)a’xzo,
and

leifrola(e)“T*(e): T >0 exists, provided /g(x)dx#O,

where a(e) satisfies
e?a(e)’In(1+a(e))=1.
In [15, 16], Zhou has proved the following :
(iii) when n=3,
Aeg PEmDIURZE=PH < TH(g) < BemPP-D10r20=0%) i 0 < p < po(3),  (1.2)
and
exp{Aec PP V< T*(e)<exp{Be PV} if p=po(3),
(iv) when n=2,

lime?PP=VICHBL=PO TH(e) = T >() exists, if 2<p< po(2),

-0
and

exp{Ae PP V< TH(e)<exp{Be "V}, if p=po(2),
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where A and B are positive constants. Concerning the above results due
to Zhou for the case p=po(n)(n=2,3), the simplified proofs of the upper
bound of T*(¢) have been recently given by Takamura [11]. He has
proved that if p=po(n)(n=2, 3)

and

f(x)=0, g(x)=0, g(x)=0, (1.3)
then
T*(e)<exp{Be** ™V}, (1.4)

even if the data are not compactly supported. In [1], Agemi and Ta-
kamura have proved similar results to Lindblad and Zhou’s for the case
n=2. Especially, the upper bound of T*(e) in

T*(g) < Be 2P 0/@+36=p% 1 if 1< p< po(2) (1.5)

holds even with the data of non compact support, under the condition
(1.3). In the case #=3 and 1<p<p(3), we can also derive for the data of
non compact support, the upper bound of T*(¢e) in (1.2),

T*(S) _<_B€-P(P—1)/(1+ZP—P2) (1 6)

under (1.3).

We next assume that the data do not have compact support. Asakura
, Kubota and the author [12,13, 14] have proved the following :

Let the data f(x)EC¥R"), g(x)=C4R") satisfy

D2f(x), Dig(x)=0(lx|"*7*) as |x|—, |a|<3, |8I<2.

If £>2/(p—1), p>pe(3) for n=3 and p>pe(2) for n=2, and € is small,
then T*(e)=oo (see also Pecher [9]).

On the other hand, Asakura [2], Agemi and Takamura and the
author have also proved that if the data satisfy

1
f(x)=0, g(x)2(—1;|x—|)ﬁk—

and 0<%£<2/(p—1), then T*(e)<oo, even with p>po(n)(n=2, 3). In this
case, the upper bound for T*(e) is

T*(E>_<_B€—(P—1)/{2—k(p—1)} for n=2, 3’ (1 7)

where B is a constant depending only on p and 4.
We note here that when 1< p< po(n)(n=2,3), if £>1/2+1/p (resp. 0<
E<1/2+1/p) for n=2 and k>1+1/p (resp. 0<k<1+1/p) for n=3, then
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the upper bounds of 7*(¢) in (1.5), (1.6) (resp. in (1.7)) are sharper than
those in (1.7) (resp. in (1.5), (1.6)), respectively.

For the lower bound, it has been shown by Kubota and the author
[13, 14] that if p> po(#)(n=2,3) and 0<k<2/(p—1),

T*(S) > AE—(P—I)/{Z—k(P—l)}

For n=2, Kubota has also obtained the lower bounds in the other cases:

1 1
p=0(2) and k27+7’
2<p<po(2) and 0<k<%+—}7
2<p<po(2) and k2%+%.

In particular, for the critical case p=po(2) and £>1/2+1/p, the lower
bound due to Kubota is the following :

T*(e)=exp{Ae 1}, (1.8)

We note that there is a gap between (1.4) and (1.8) about the order of &
in the estimates of life span. In this paper, we shall improve the lower
bound (1.8) and give an almost optimal lower bound for T*(¢) for the
critical cases p=po(2) and £>1/2+1/p, and p=p¢(3) and £>1+1/p in two
and three space dimensions.

The crucial part of the proof of our theorem below is to establish the
basic estimate for (1.1). We now state the difference between the proofs
of the basic estimates for the data of compact support and for those of
non compact support. The weight function in the norm is related with the
decay estimate of the solution to the linear problem. In three space
dimensions, if the data f(x), g(x) satisfy supp{f, g} C{xER?®:|x|< K]}, then,
as is well known, the solution #° of d?u’—Au’=0 is equal to zero in the
inside of the characteristic cone I'={(x, ¢): |x|+ K<t} by Huygens’ Princi-
ple. Hence we can define the special weight function (see , (58b) and
also [15], (3.5)). This leads to the sharp basic estimate. In two space
dimensions, we need to use another method due to the lack of Huygens’
Principle. In fact, Zhou has applied the Friedlander radiation field
technique to (1.1) to obtain the sharp estimate. However, the above
methods do not seem to be applicable to our problem, since the data are
not compactly supported.

The main idea in the proof of the theorem is to introduce new weight
functions which are slightly different from those used in [7]. The logar-
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ithmic factor in the weight function gives more precise information on the
space-time behavior of solutions and plays an important role to prove our
main theorem (see (3.6)). Accordingly, our method is simpler than those
by John and Zhou.

2 Assumptions and main theorem

We study the Cauchy problem for the semilinear wave equation

{ ‘u—Au=F(u), (x, t)ER"X(0, ),

u(x, 0)=ef(x), dau(x, 0)=eg(x), xER". (2.1)

Before stating the main result, we make the following hypotheses:
Let p=2po(n).
(H1) F(ux)eC*R) and there exists A>0 such that

|[FO(u)|<Aul®~ for |ul<1, j=0,1,2,
and

Ap—Dlu—vl??,  if n=3,

|F”(Z{)—F”(U)l S{/ip(p—l)|®lp‘3|u _ UI, if n=2

for |u|, |v|<1, where
®=max{|«, |v[}.

(H2) F(x)eC(R™), g(x)=CHR") (n=2,3) satisfy
a 1
|E3|Dxf(X)|+|m2Sz|D§g(x)|£ (‘1 +_|x|)1+k

with £ >0.
Our main theorem is the following :

THEOREM 2.1. Let n=2,3, p=po(n) and k>2/(p—1). Assume
(H1) and (H?2). Then there exist two sufficiently small constants A, €>0
depending only on A, p and k such that for all 0<e<eo, (2.1) has a
C2-solution for 0<t<T*(e), where T*(e) satisfies the following :

(In(3+ T*(&))"*(In(In(3+ T*(g))))'* VeP 1 > A. (2.2)

REMARK 2.2. If the left-hand side of (2.2) does not include the fac-
tor (In(In(3+ T*(e))))V? P of slower growth, the estimate is sharp, since
the dominant factor (In(3+ 7*(e)))"? with the growth rate Ae ?" gives
precisely (1.4). In this respect (2.2) is almost optimal.

The plan in the present paper is as follows. In Section 3, we first
describe the decay estimates for the homogeneous wave equation (see [2],
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[7], [12,13, 14]). Next, we derive the basic estimates needed for the proof
of [I'heorem 2.1. Finally, in Section 4 we prove [Theorem 2.1. We
denote a constant in the estimates by C, which will change from step to
step.

3 Decay estimates and basic estimates

We consider the linear problem

{ fu—Rlu=w(x, t), (x, HER"X(0, =), (3.1)
u(x, 0)=¢ef(x), deulx, 0)=eg(x), *ER"(n=2,3). '
We see that the solution u(x, ¢) of (3.1) is given by

ulx, t)=u"(x, )+ Lw(x, t), (3.2)

where u’(x, t) is the solution of ?u’—Au’=0 with initial data ef(x),
eg(x), and

—41{ Ot(t—f)'[wl=IW(x+(t_T)w, T)dwdr (n=3),

Luw(x, t)= (3.3)

L t t—s p B
271'./0-./0‘ m[wl:lw(“‘ﬁ)w, s)dwdods (n=2)

is the solution of d?u—Au=w with zero data, where dw is the surface
measure on the unit sphere |w|=1. Note that w >0 implies Lw >0.
The following lemma is proved in [2], and [12, 13, 14].

LEMMA 3.1. Assume that f(x), g(x) satisty (H2). Then, the solution
u’ of Fu’—Au’=0 with initial data ef(x), eg(x) satisfies the following

(i) if n=3,
Ck&

AriFrna+i=mer  *>D,
a,,0 _CL< 1+t+r> B
|‘1|2S2|Dxu (x, H|< [ 1+1n1+ — (k=1), (3. 4)
SEveaoy (0<k<1),

(ii) if n=2,
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Ck&
( k>1
JA+t+7r)A+t—7)) ( )
Creln(2+|t—7)) (k=1)
JA+t+7)Q+t—r) ’
Cre 1
D%u’(x, )| <3 £ —< k<), .5
la\zszl u, o) J1+t+ 71+t — 7)) 12 <2 k<D),  35)
Cre ( 1+t+7 ) _1
Ve Rk Ea (k=7)
CkE _1_
AT i47) <0<k< 2 )
where ¥=|x|, and a constant C. depends only on k.
We next introduce the function
—(1 £+ )1+~ |l 7 n(3+ |2 = el (inin(3 + e~ D) *
(3. 6)
where
{1 (n=3),
m=11 _
2 (n_z))

and define the norm for functions u(x, ¢t) which are continuous on
R*x[0, T)

locll = sup Zn(lxl, lulx, t)l. (3.7)

0<t<T
The following lemma provides the basic estimate for the existence proof.

LEMMA 3.2.  If p=p0dn) (n=2,3), then there exists a constant Cp
depending only on p such that

| LIzl < Co(In(3+ T)"*(In(in(3+ 1)) ue[7. (3.8)

Proor. Following [13], we first prove the lemma above in the case
n=3. If w is spherically symmetric, i.e., w(x, t)=w(7, t), then from
(3.3) we can write the solution of 67« —Au=w with zero data in the form

u(r, )= f f| A \dod. (3.9)

r—- t+r|

We denote (3.9) by u=Pw. We define the function
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u(r, t)=sup lu(x, t).
Then, we have

[(Lw)(x, )| <(Pw)(r, t)

(3.10)
(see [2], p. 1470 and also [5], Lemma II).

Thus, it is sufficient to estimate

(Pa®)(r, l‘)— f/,;rﬂ—tpﬁ(p, r)?dodr.

t+7|

We use the following lemma.

LEMMA 3.3. Let k>1. Then,

1 1
27 Jir—tl (1+p)k dp=

for all t, »=0.
PROOF.  See [2].

max(1, #—1)min(r, ¢)
=D rQ+t+7) A+ — T

|
To prove (3.8), we distinguish two cases, »>¢ and t> 7.
(a) r=t.
By (3.6) and (3.7), we have
» ||u”3 THe-T %
(Pa’)(r, )= /[ tvr (1+c+0)(0+p—1)
1
X In(3+0—)(In(In(3+ p—1)))?’®-D dodr.
Changing variables by
a=p+rt1, f=p—r, (3.11)
we obtain
(Pu®)(r, t)

0 7] Y A “ 1
=i Lo ) 1+ B)In(3+ A)(In(in(3 1 B)))7/@- 4oda

C“u”p T+t 1
= r(In(In(3+ » —¢)))/®-D fr_t (1+a)*! da

Clulfin(3+ 7))t
=T AF I+ A7 =07 A+ 7 — D) (i3 + 7 = 1)) 7@

We have used here Lemma 3.3 Since the function ¢(x)=x/(In(3+x))?
(0<g¢<1) is increasing for x>0 and p—2=1/p, we obtain
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b Clulf(n(3+#))"*
(PE*)r. ) ST r 0P X3+ — ) a3 7~ D™

Clulf(n(3+ )"
ST AT 7= 0"+ 7 — ) i3+ r— )7

(b) t=7r.
We have

» 71
(Pa®)(r, t)<-5 ffl _tvtl (1+r+p)"(1+lr o))

X 1n<3+|p—r|><1n<1n<3+|p—r|>>>p/<P-l> dedr.

By (3.11),
(Pu®)(7, t)

|| 1§ [t
% .[r r—t (1+ )P~ 1(1+|/3|)1n(3+|,8|)(1n(1n(3+|31)))f’/<1’ v dBda

s 1 )
= e G ARG e dede

laelle o471 . 1
e o) (T G PG T Ay dede

_ Nl e 1 - 1
T .[t—r (1+a/)p_1fo A BIGT A)n(nG T g))ren 28de

laellf o+ 1 . 1
o TP T G A T By ede

< Cllulg 1
r ﬁ ATy %

We use to obtain
(Pa*)(r, t)

Cllee8(0n(3+ £)V?(In(In(3+ ¢)))"/¢*~V
ST+ 0+t NPnG+t— )P (n(In(3+ = )@

Next, the proof of for the case #»=2 proceeds in the same
way as that of Lemma 4.1 in except that we need to use the follow-
ing inequality instead of Lemma 4.3 in [14].

I B< Ck (3.12)
Ja+t—B1+p) 1n(3+,8)(1n(1n(3+,8)))k Vi
for £>1 and 0<a<t+a,

where C: is a constant depending only on k. Slight modification of the
proof of Lemma 4.3 in leads to (3.12).
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This completes the proof of Cemma 3. 2. |
4 Proof of Theorem 2.1
Let X be the linear space defined by

Xa={u(x, t) : Diu(x, )€C(R"X[0, T)), |D%u|.<o for |a|<2},
n=2, 3.

We can verify easily that X, is complete with respect to the norm

leel .= 33 IDgall».
lel <2

We define the sequence of functions {u.} by
uo=u", unr1=u’+LEF(un).

Here we note that

1+L  (n=3)
k>p21: 1 pl
“2—4‘7 (n=2),
{1 (n=3),
1
5 (n=2).
Then, yields
”uO“XnSC}zs-

Hence, #°€ X,.

We now assume that ¢ is so small that

2292 Cp(In(3+ T))"*(In(In(3+ T)))®~V(Cre)?'<1 and Ckeé%,
(4.1)

where C, is a constant given in Lemma 3.2. Then, we have

2202 Cp(In(3+ T))"*(In(In(3+ T)))Y*~V| 4,°|5'<1 and ||u°||n_<_%.
(4.2)

Therefore, as in [5], [2], we see that if «° satisfies (4.2), there exists a
unique local solution of (2.1). The lower bound estimate (2.2) follows
immediately from (4. 1).
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This completes the proof of [Theorem 2. 1. n
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