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Substitution of open subhypergroups

Michael VoIt
(Received March 22, 1993)

Summary: We generalize the join of hypergroups as follows: If H is
an open subhypergroup of a hypergroup K and W a compact subhyper-
group of a hypergroup L such that L/W=H, then there is a natural
hypergroup structure on the disjoint union M :=(K—H)UL. Properties
of this hypergroup M are discussed, and its Haar measure and its dual
space are determined. As an application we determine the conjugacy
class hypergroups G° as well as the dual hypergroups G of some compact
groups G which are close to the commutative case.

1. Introduction

Hypergroups generalize locally compact groups. They appear when
the Banach space of all bounded Radon measures on a locally compact
space carries a convolution having all properties of a group convolution
apart from the fact that the convolution of two point measures is a proba-
bility measure with compact support and not necessarily a point measure.
Hypergroups were introduced by Dunkl [4, 5], Jewett [14], and Spector
to unify harmonic analysis on duals of compact groups, double coset
spaces G/ H (H a compact subgroup of a locally compact group G), and
commutative convolution algebras associated with linearization formulas
of special functions.

There exist several methods to construct hypergroups from given ones
which are unknown for groups. These methods lead sometimes to hyper-
groups with particular strange properties. One method is the join as
introduced by Jewett and studied in [6,7, 25, 30,32]. The join LVK
of a compact hypergroup L and a discrete hypergroup K is formed by
replacing the neutral element in K by the hypergroup L. The purpose of
this paper is to generalize this method as follows: If H is an open sub-
hypergroup of a hypergroup K, and if x is an open and proper hypergroup
homomorphism from a further hypergroup L onto H, then the disjoint
union of K—H and L carries a natural hypergroup structure. We shall

denote this hypergroup by S(K, H S L), and we shall say that this hyper-
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group is formed by substituting H by L in K. It will turn out that hyper-
groups formed by substitution can be characterized by a universal prop-
erty and that many properties of hypergroups are preserved under substi-
tution. In particular, duals of hypergroups formed by substitution can be
described in a satisfying way.

We give some motivation for introducting a construction like substitu-
tion. First of all, there exist some compact groups G whose conjugacy
class hypergroups G¢ and whose dual hypergroups G may be described by
substitution ; see Vrem for applications of the join in this field, and
Ch. VII in as well as [9,13,16] for a general account of dual hype-
groups of compact groups. A second motivation comes from the study of
hypergroup structures on the one point compactification NU{oo} of N.
Examples are given by orbit hypergroups which occur when the compact
groups of p-adic units act on the compact groups of p-adic integers; see
Dunkl and Ramirez [6]. Vrem noticed in Section 4.5 of that repeated
joins of finite hypergroups and then taking a projective limit lead to hyper-
groups on NU{cc}. We shall prove in a forthcoming paper that repeated
substitutions of finite hypergroups and then taking a projective limit also
lead to hypergroup structures on N U{oo}, and that in fact all hypergroup
structures on VU{} can be obtained in this way. Finally, substitution
also appears as a natural tool when describing all hypergroups that con-
tain a given subgroup of index 2. These remarks indicate that substitu-
tion is a suitable frame for some structural results for hypergroups.

This paper is organized as follows: In the end of Sectionl we re-
capitulate some basic facts about hypergroups. Section?2 then contains
the construction of hypergroups formed by substitution. We also collect
some basic properties preserved by substitution there. In Section3 we
shall determine the set of all irreducible representations and study positive
definite functions on hypergroups formed by substitution. In particular, if
the hypergroups K and L are commutative and admit dual hypergroups, it

will turn out that S(K, H-> L) also admits a dual hypergroup which may

be described by substitution. In Section 4 we shall study some connections
between substitution and commutative diagrams formed by hypergroups
and their homomorphisms. In Section 5 we shall describe the dual hyper-
groups G and conjugacy class hypergroups G® of some compact groups
via substitution. In Section 6, substitution is used to determine all hyper-
groups having a given subgroup of index 2. As an application, we deter-
mine all hypergroup structures on RX{0,1} and 7 x{0,1}. This
classification is based on the fact that R and the complex torus 7 admit
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only the usual group structures by Zeuner [32]. Further classification
results for hypergroups can be found in [3, 20, 31, 32].

We next recapitulate some basic facts; for details see Jewett .

1. 1. Some notation. Let K be a locally compact (Hausdorff) space.
By M(K), Ms(K), Ms(K), and M'(K) we denote all Radon measures, the
bounded ones, those that are bounded and nonnegative, and the probabil-
ity measures on K respectively. The spaces Co(K), Co(K) and C(K) con-
sist of the C-valued continuous bounded functions on K, those that are
continuous and zero at infinity, and those that are continuous and com-
pactly supported respectively. 0xEM'(K) is the point measure at xEK.
We consider two topologies on subspaces of M(K), namely the vague
topology o(M(K), C(K)) as well as the weak topology o(Mu(K), Co(K)).
Both topologies agree on M*(K).

We also mention the Michael topology on the space #(K) of all
nonvoid compact subsets of K. This topology is generated by the sub-
basis of sets Uv,w:={LEZ(K): LN V+p, LCW)} where V and W run
through the open subsets of K ; see Michael and Jewett [14]. We
always assume that ¢ (K) carries this topology.

Let K and L be locally compact spaces and p: K — L a continuous
mapping. The associated mapping from M.(K) to M,(L) is denoted by p
again. If we take pEM,(L) and a weakly continuous mapping

L - Mi(K), x+ gx, then fL gxdp(x) stands for the unique p€M,(K) such
that /;(fa’p:foKf(y) dgx(y)du(x) for all f€ Cs(K).

1.2. Hypergroups. Let K be a locally compact Hausdorff space
and * a bilinear, associative mapping on My(K). (K, *) (or, for short, K)
is called a hypergroup, if the following conditions are satisfied :

(1) 0x*dy is a probability measure with compact support for all x, yEK.

(2) The mapping KXK— MYK), (x,y)> 8x*8y, is (weakly) continu-
ous.

(3) The mapping KX K — #(K), (x, ) supp(dx*dy), is continuous.

(4) There exists an identity element e€ K satisfying 0x*de=0.*0x=0x for
all x€ K, and there is a continuous involution x — % on K such that

(8x*0y)"=395*0: and that eSsupp(dx*8y) is equivalent to x=7y for all

x, veK.

K is called commutative if the convolution * is commutative and symmet-
ric if the hypergroup involution is the identity mapping.

Obviously, each symmetric hypergroup is commutative.
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Assume from now on that K is a hypergroup.

1.3. Subhypergroups and convolution of subsets. For A, BEK we
define A*B :=Uxeayer supp(6x*0y). If xEK, then we write x*A or Ax*x
instead of {x}*A or Ax{x} respectively. A closed nonvoid subset H of K
is called a subhypergroup if H*H=H=H where H :={x€K:x€H}. A
subhypergroup is said to be normal if x*H=H=*x for all x€K.

1.4. The Haar measure. For f€C(K) and x€K we use the nota-
tion f(x*y) :=f(y) :=[{f(z) d(8x+8y)(z). In this case, xf<C(K) holds.

A nontrivial positive Radon measure w on K is said to be a left Haar
measure if o(f)=w(f) for all x€K and f€C(K). A left Haar measure
is essentially unique (Jewett [14]), but it is unknown whether each hyper-
group admits a left Haar measure. The existence of a left Haar measure
is proved only for the cases of commutative, compact, and discrete hyper-
groups (Spector and Jewett [14]). Analogous results hold for right
Haar measures. If K is commutative, compact or discrete, then a left
Haar measure is also a right Haar measure. In the latter case, w is
called a Haar measure and K unimodular. If K is compact, then o is
assumed to be normalized by w(K)=1.

1.5. Hypergroup homomorphisms. Let (K, *) and (/, ®) be hyper-
groups. A continuous mapping p: K — J is said to be a hypergroup
homomorphism if

plex)=¢; and Opx®0py=p(8x*0y) for all x, yEK (1.1)

(e; and ex being the identity elements of / and K). For each xEK, we
then have e;€{p(x)}e{p(%)} and thus p(x)=p(x). p is said to be hyper-
group isomorphism if it is also a homeomorphism. We next recall the
obvious relation between homomorphisms and quotients; cf. Theorem 1.6

in [26].
1.6. THEOREM. Let p: K — ] be an open and surjective hypergroup
homomorphism. Then H :=p~'(e) is a normal subhypergroup in K,

K/H :={x*H :x€K} is a locally compact space with respect to the quo-
tient topology, and

F S [{ Serr d(8:28,)(2) (x, yEK) (1.2)

defines a hypergroup on K/H being isomorphic with J. Conversely, if H is
a normal subhypergroup of K such that Eq. (1.2) defines a hypergroup on
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K/H, then n: K —> K/H, x> x*H, is an open hypergroup homomorphism.
This is, in particular, true if H is a compact normal subhypergroup.

There exist subhypergroups H of (commutative) hypergroups K such
that K/H fails to bear a well-defined quotient convolution (1.2); see [26,
33]. The following fact will be needed below (see Section 14.2 in [14]
and Lemma 1.7 in [28]):

1.7 Let H be a compact normal subhypergroup of K with normal-
ized Haar measure wx. If 7:K — K/H is the natural homomorphism,
then

7: M(K|H) :={pEMu(K) : wu*p=p} = My(K/H), pt> ()

is an isometric isomorphism of Banach algebras, and the mapping
7: M (K|H)NM#(K) > M#(K/H) is a homeomorphism with respect to
the weak topology.

1.8. Orbital morphisms (see Jewett and Voit [27]). Let / and K
be hypergroups with identities e¢; and ex. A continuous, proper, sur-
jective, and open mapping ®:J — K is called an orbital mapping. @ is
said to be unary if ® '(ex)={e;}.

A recomposition of ® is a weakly continuous mapping x — gx from K
to M*J) with suppgx=®(x) for all x&K. ® is a generalized orbital
morphism associated with the recomposition (gx)xex if ¢gz=gs and
®(gx*qy) = 6x*8y for all x, yEK.

If there exists a measure /EM*(J) such that /= '[ geoi) dl(y), then this

recomposition is said to be consistent with /. If (gx)xex is consistent with
the Haar measure @ on J, then the generalized orbital morphism @ is
called an orbital morphism.

Let ® be a generalized orbital morphism associated with the

recomposition (gx)xex. If M ::{ﬂEMb(]):ﬂ:‘[{CIy dv(y), vEM.(K)} is

closed under convolution (i.e., M is a Banach-*-subalgebra of M,(J)),
then ® is called consistent. Obviously, each injective consistent general-
ized orbital morphism is a hypergroup isomorphism.

2. Substitution of open subhypergroups.

We here generalize the join of hypergroups (Section 10.5 of Jewett
[14]) as follows: We replace an open subhypergroup H of a hypergroup
K by a hypergroup L which is related to H via a proper surjective hyper-
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group homomorphism x:L—> H. We show that the resulting space
becomes a hypergroup in a natural way, and we characterize this hyper-
group by a universal property.

2.1. THEOREM AND DEFINITION. Let (K, *) and (L, ®) be hyper-
groups. Let m:L— K be a proper and open hypergroup homomorphism
(which is not mecessarily surjective) and W :=kern r the associated com-
pact normal subhypergroup of L. Then there exists a hypergroup (M, )
having following properties -

(1) There exists an injective and open hypergroup homomorphism t: L —
M and a proper, surjective, and open hypergroup homomorphism
p: M — K such that por=m and kern p=t(W).

(ii) If there exists a further hypergroup M, an injective and open hyper-
group homomorphism T :L — M, and a proper, surjective hypergroup
homomorphism p:M— K such that po f=nx and kern p= (W),
then there exists a unary consistent gemervalized orbital morphism
o: M —> M with p=poo.

M is determined uniquely by (1) and (ii) up to isomorphism. We say

that M is obtained from K by substituting the open subhypergroup H .=

7(L) of K by L via n. M will be denoted by S(K, HS L) where the

is omitted if theve is no possible confusion. (M, °) can be rvealized as fol-
lows : Take M :=(K—H)UL as the disjoint union of K—H and L such
that both sets are embedded into M as open sets. Then, © is given by

Ox * Oy for x,yeLCM
5408y 1= On(x)* Oy for x€L and yeEM—L=K—H 1)
x©0y . Ox* On(y) for yEL and xeM—L=K—H .

(8x*6y>|M—L+ ﬁ_l((ax*ay)IH) for x,yEM—L

wheve T Mo(L|W) = Mo(L) is the isometvic Banach-+-algebra isomorphism
associated with © as in Section 1.7. The identity of M agrees with the iden-

tity of L, and the involution — on M is inherited from the involutions on
M—L=K—H and L.

PrROOF. The proof of the theorem will be divided into two major
parts.

STEP 1: (M, ©) as given above is a hypergroup. For this, we first
note that the hypergroup axiom concerning the identity element and the
involution is obviously true for ¢. Moreover, 6x ¢ dy is a probability mea-
sure with compact support for all x, yEM.
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We next check that
o: Mi(M)XM#z(M)— MF(M), (n, v) — poy

is weakly continuous. As L and M —L are open in M, the mappings u—
plr and gt ply-r from Mi(M) onto Mi(L) and Mi(M—L) respectively
are weakly continuous. Consequently, using this decomposition of posi-
tive measures and the weak continuity of the addition of measures in
Mi (M), we can restrict our attention to the 4 possible Cartesian products
of the spaces M#(L) and Mi(M—L). As the canonical projection
m:Mi(L)—> Mi(L/W)=Mi(H) is weakly continuous, the continuity of o
restricted to M(L)XMs(L), Mi(L)XMF(M—L) and Mi(M—L)X Mz (L)
is a consequence of the continuity properties of * and e. It remains to
consider ¢ on Mi(M—L)XMi(M—L). As M—L is open and closed in M
and as H is open and closed in K, the mappings Mi(M —L)XMi(M—L)
— Mi(M), (g, v)=> (u*v)lu-r and MF(M—L)YXMi(M—L)— M;(H), (g, v)
> (u*v)|y are weakly continuous. Hence, by Lemma 1.7 of Voit [28],

Mi(M—L)XMi(M—L)—
S(L)CMz (M), (¢, v) owern ' ((2*v)ln)

is weakly continuous which completes the proof of the continuity of o.
We next prove the continuity of

T MXM — (M), (x,y) — supp(6x°dy).

It suffices to check this on the sets LXL, (M—L)XL, LX(M—L) and
(M—L)X(M—L) separately. This check is trivial for the first 3 cases.
Moreover, as the cosets x*H (x€K—H) are open ([14], Lemma 4.1D)
and cover M—L=K—H, we restrict our attention to subsets of the form
(x*H)X(y*H) (x, v eK—H). If x*H+y+*H, then (x*H)N(y * H)=0
([14], Lemma 10.3A) and ({y}*{x})NH =0 ([14], Lemma 4.1B). Thus, for
ucsx*H, vey+«H, and x*H+y+*H, we have 0,° 0,=0.*0» which vyields
that 7 is continuous on (x*H)X(y*H) for x*H=+y*H. We have still to
study 7 on Px :=(x*H)X(x*H) for an arbitrary x€K—H. To do this,
fix x€K—H. As H is open and closed in K, the sets W :={(u, v)EPx:
{u}x{v}CH} and Wa:={(u, v)EPx: {u}{v}))N(K— H)+0} are open, dis-
joint and satisfy WiU W.=PF%. Thus it suffices to prove the continuity on
Wi and W, separately. As 7 is defined on Wi by t(u, v)=n"'{u}*{v})c
Z (L) and as 7~': €(H)— % (L) is continuous (Michael [17], 5.10.2 and
5.10.3; note that 7 is open and closed), r is continuous on Wi. More-
over, as the operations U:Z(M)x¢(M)—> ¢ (M), (R, S)— RUS and
intersection of a compact set with a fixed closed set are continuous, the
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methods used for W; above ensure that 7 is continuous on W.. This com-
pletes the proof of r being continuous.

To complete the proof of (M, ¢) being a hypergroup, we still have to
check that ¢ is associative. Restricted to L, ¢ is obviously associative.
We next take x,y,2EM—L. As supp(du* 8»)NH=§ for all u€ K—H=
M—L and vE H, we see that

8x0(8y©82) = 8x°((8y*8)lu-1) + 8xo(@wwe r 7 ((8y*02)|w))
:/I:(&C*BU)'M—L + wW'”—l((ax*SUNH):ld((é\y* Oz)|m-1)(2e) + Sx*((8y*82)|n)

:(5x*((5y*3z)|M—L))|M—1+ww’ﬁ_l((ax*((ay*5z)|M—L))|H)
+(6x*((5y*3z)lﬂ))|M—L
:(8x*6y*8z)|M—-L+CUW.7T_1((8x*8y*3z)|H): =(5x<>5y)<>32. (2. 2)

Taking x, y&L and zEM — L, we have
8x°(8y° 82) = Onixy* Orsn* 02=1(0x® 0y)* 0:=(0x00y)© 8:=(8x°5y)*82.  (2.3)
Next, if x, z€L and yEM — L, then we obtain
8x°(8y© 82)=0x°(8y* Or(2)) = Oz * Oy * Onir= ... =(6x°85)°0z. (2.4)
Taking x, yYEM —L and z€ L, we observe that
0x°(8y° 82) = 8x°(0y* Omiar)
— [[@et -+ @wor™((Bex 81w | (852 Bxco)(w)

=(5x*3y*5n(z))|M—L +wwe ﬂ_l((ax* 6y*8n(z))|ll)
:((5x* 8y)|M—L)* On T Ww* ﬂ—l((ax* 5y)|H* 67r(2))

= [8u 8 d(3x20)ar-L)(10) + wwe 17 (822 85))= 52
=((8x*0y)m-r)° 82+ (wwo T H((8x*0y) 1)) ° 82) =(8x° &) S (2.5)
Finally, taking x, 2€M—L and yEL, we see that
8x°(0y°02)=0x>(8r(»*0z)
= [ 8-+ wwe 2 (88 | d(Brcr0(w)
=(8x*Orin*O)lw—r+ wwo T~ (8x* Snin*82)|w)= ... =(8x08y) 8. (2.6)

The remaining two cases are symmetric to the cases (2.3) and (2.5) and
will be omitted. Therefore the proof of ¢ being associative is finished.

STEP2: (M, ) has the properties (i) and (ii). To check (i) we
take r: L — M as the identity mapping. WCLCM is a compact normal
subhypergroup of M by the construction of M, and M/W can be identified
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with K. We define p: M - M/W=K as the canonical homomorphism,
1.e.

2(2) ::{n(x) if x&€L (2.7)

x it xeM—L.

p is proper, surjective, and open by Theorem 1. 6.
To check (ii), we take M, » and 7 an assumed in (ii). We define
¢: M— M by

(T x)ELCM if xe (L)
co(x)—{

p(x)eK—HCM if x&M— 7(L) (2.8)

where we have used in the second case that 7 '(H)=7(L) and thus
p(M— 7F(L))CK—HCM. % is a proper surjective homomorphism and
hence open (Proposition 1.7 of [26]). Moreover, 7(L) is an open (and
closed) subhypergroup of M. These facts and the assumptions imply that
@ is continuous and open. Obviously, ¢ is unary, surjective, and proper.
To verify that ¢ is a consistent generalized orbital morphism, we define
an associated recomposition (gz)zew CMYM). If wiemj is the normalized

Haar measure of kern 5CM, and if * is the convolution on M, then we
define

.:{81"“(2) if zeLCM

82*wkem§ if z&M— L and ¢(§):Z (2 9)

where in the second case the definition is independent of the choice of
Z (cf.Section 1.7). Taking z,z2€EM—L and 2, Z2M— 77 (L) such
that ¢(Z:)=z;, we have

gp(qzl*QZZ): qo(az’l*a)kem 15*822*wkern 5)
= @((851* 2% Wkern 13)| i(L))+ §0((5\21*522*a)kem ﬁ)lM. f(L)): 8z1° 622. (2 10)

The same methods yield ¢(qz, * gz,) =0z, © 8z, for z1, Zz€EM. As
{uEMb(M):,u=quza’v(z), vEM,(M)} is closed under convolution by (2.

9), (gz)zem is a recomposition of the consistent generalized orbital mor-
phism ¢. This completes the proof of (ii)

To show that M is determined uniquely by (i) and (ii), we assume
that M, # and P satisfy (i) and (ii). By (ii), we find a generalized
orbital morphism G:M—> M with p=pop. As plu—r is injective, the
commutative diagram
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[

v L &

N

K

(2.11)

3y
M
D

shows that @|. and @|x_. are injective. As &(L)@(M—L)=0, and as an
injective generalized orbital morphism is an isomorphism, the proof of
Theorem 2.1 is complete.

2.2. The hypergroup join. The join LV K of a compact hypergroup
L and a discrete hypergroup K appears when the identity element of K is
replaced by L. Hence, if n:L — {e} is the trivial homomorphism, then

we have LVK=S(K, {e} > L).

We next present a typical example of a hypergroup constructed by
substitution.

2.3. EXAMPLE. For nEN let Z, be the cyclic group of order .
The commutative hypergroup K=S(Zi, Z> — Z»X Z,) consists of six ele-
ments which we name e, x, v, z, a, b where e is the neutral element and {e,
x, v, 2} is the subgroup isomorphic to Z:XZ.. In this case, the convolu-
tion on K is given by

* e X y z a b
e Oe Ox Oy Oz Oa Ob
X Ox Oe 0z Oy Oa Os
y Oy Oz Oe Ox Os 0a
z Oz Oy Ox Oe Ob Oa
a | 8« 0a 8 8  (8216y)/2 (et 0x)/2
b Ob Ob Oa Oa (8e+6x)/2 (82+6y)/2

It is natural to ask whether a given hypergroup is isomorphic to a
hypergroup constructed via a non-trivial substitution. We here give the
following criterion :

2.4. PROPOSITION. Let W={e} be a compact normal subhypergroup
of a hypergroup M. Then T :={x&M:x*W+(x}} is open in M. More-
over, if L is a subhypergroup of K satisfying LD T, then L is open in M,
and M is isomorphic to S(M/W, L/W — L). In particular, if L can be
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chosen to be equal to W, themn M is isomorphic to WV (M/W).

PROOF. Let (¥a)eea "M — T be a net converging to yEM. Then the
net of compact subsets (Va* W)eea={{ya})aca tends in #(K) to y* W and
{y} at the same time. Hence, y*W={y} and yEM—T. This proves that
T is open in M.

It follows from LD T that L is open in M. Hence, M:=S(M/W,
L/W — L) is a well-defined hypergroup. Applying part (ii) of Theorem
2.1 and Eq. (2.8), we find a consistent generalized orbital morphism
¢: M — M which is given by

(x):{x*W={x} for xeM—L
¢ x for x&€L

As ¢ is injective, ¢ is a hypergroup isomorphism. This completes the
proof.

2.5. REMARKS. All assumptions of Theorem 2.1 are in fact neces-
sary in order to construct (M, ). For instance, the continuity properties
of ¢ follow from H being open in K. Furthermore, the construction of ¢
depends on the fact that 7 is open and proper. In particular, the assump-
tion of kern 7 being compact is necessary since otherwise each coset
x*kern 7 would be non-compact in M. Finally, the assumption of 7 being
a hypergroup homomorphism was needed to ensure that ¢ is associative.

On the other hand, the property of 7 being a homomorphism has been
used mainly to verify Eq. (2.3) and its symmetric counterpart. This
observation has the following consequence: Let 7:L — H be an orbital
mapping and T a closed *-subalgebra of M,(L) such that n: T — My(H)
is a Banach-*-algebra isomorphism. If

6n(x)*67r(y)*8z:ﬂ(ax.ay)*az and 8z*87c(x)*8z(y):63*7f<8x.ay) (2 12)

for all x, vEL and zEM — L, then we can construct a hypergroup (M, ©)
as in Theorem?2.1 by using the isomorphism between M,(H) and T
(instead of M,(Ll|kern x)).

Using double coset hypergroups, we give a simple example for this
setting: Let J and L be hypergroups. Let R and W be compact sub-
hypergroups of L such that R is normal in L, that W is non-normal in L,
and that WCR holds. Then R/ W is a normal subhypergroup of L/ W,
and L/R=~(L/ W)/(R/ W) holds (Theorem 14.3A of Jewett [14]).
Assume that L/R is an open subhypergroup of /. Then, by Theorem 2.1,
the hypergroups K :=S(J,L/R— L/ W) and M :=S(J, L/R — L) exist.
M can be regarded as the hypergroup that appears if L/ W is replaced by
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L in K.

We do not know whether every substitution not being associated with
a hypergroup homomorphism can be reduced to the usual substitution in
this obvious way. However, if L is a group, then we have the following
result.

26. LEMMA. Let W be a compact subgroup of a locally compact
group L such that the hypergroup L/ W is an open subhypergroup of a
further hypergroup K. If the hypergroup M :=S(K, L/ W — L) exists in
the above way, then theve exists a compact normal subgroup R of L with R
DW such that the hypergroup J:=K/(R/ W) contains L/R as an open
subgroup in the obvious way, and such that we have K=S(J, L/R — L/
W) and M=S(J, L/R — L).

PROOF. Let R be the smallest closed normal subgroup of L contain-
ing W. The convolution on S(K, L/ W — L) yields that for c€K—(L/
W)CM and x€LCM the relation {c}=(x*xx)xc=(WxW)*(Wx)*c
holds. As the subhypergroup generated by the elements (WxW)*(Wx'W)
(x€L) of L/ W is equal to R/ W, we conclude that R+*{c}={c} for all ¢
eK—(L#/ W)CM, and that, in particular, R is compact. As L/R is
isomorphic to the subgroup (L7 W)/(R/# W) of K/(R/# W), the remaining
assertions of the lemma follow from Proposition 2. 4.

We next collect some properties which are preserved under substitu-
tion.

2.7. PROPOSITION. In the setting of Section 2.1 the following state-
ments hold for M=S(K, H>L):

(1) M adwmits a left Haar measure if and only if K does. In particular,
for every left Haar measure wx on K therve exists a left Haar measure
wr on L such that m(w)=wkls. Then ww:=wklk-n+wr is a left
Haar measure on M. The corvesponding results ave true for right
Haar measures.

(2) M is unimodular or compact if and only if so is K.

(3) M is commutative, symmetric, discrete or totally disconnected if and
only if K and L have the same property.

(4) M is amenable (i.e., M admits an invariant mean ; see Skantharajah
[22]) of and only if K is amenable.

(5) If K admits a left Haar measure wx, then M as well as the hyper-
group M of part (i) of Theorem 2.1 have Haar measures, and the
mapping ¢ : M — M is a consistent orbital morphism.
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PROOF. Theorem 1.8 of Voit states that if N is a normal com-
pact subhypergroup of a hypergroup R, then R admits a (left or right)
Haar measure if and only if the hypergroup R/N does. This theorem
also gives a natural relation beetween both Haar measures. Therefore,
the first statement of part (1) is obvious. Moreover, if wx is a left Haar
measure on K and wuy is the associated Haar measure on M according to
Theorem 1.8 of , then w::=wx|. is a left Haar measure on the open
subhypergroup L of M and satisfies n(w.)=wx|a. The equation wx :=
wx|k-n+w: now follows from the structure of M and the properties of wa.

The remaining assertions of part (1) as well as parts (2) and (3) are
obvious.

As kern tCLCM is compact and M/kern r=~K, part (4) follows
from Proposition 3.6 of Skantharajah [22].

To verify part (5), we first notice that M as well as M admit Haar
measures wi and wy by Theorem 1.8 of Voit [26] We have to check
that the recomposition (gz):enC M (M) (see Eq.(2.9)) of the generalized
orbital morphism ¢: M — M is consistent with wg, i.e. that we have

wn= A}q“’("’ dwi(x). By the definition of ¢, this equation is obviously

true on the set #(L)CM. Moreover, it follows from (2.8), (2.9), and
Theorem 1.8 of Voit that

<ﬁzqw(x) da)M(x)>’M f(L):'[m D) qodwn(x)
= [ Ot @rems don(x) =il e (2.13)

where p: M — K is given as in part (ii) of Theorem 2.1. Thus the proof
is complete.

2.8. Next we list some obvious isomorphisms for hypergroups con-
structed by substitution. The proofs are straightforward and will be omit-
ted.

(1) S(KxJ, HXJS Lx])~S(K, HSL)x], if H is an open subhyper-

group of K, J is compact, and the proper homorphisms 7:L — H
and 7:LXJ—> HX]J are connected by 7&(x,y):=(x(x),v) (x&€L,
yE).

(2) S(K,H—-> HVW)~WVK, if K is discrete and W compact.

(3) S(K,H—SH,W - L)=>=S(K,W— L), if W (and thus H) is open
in K.

(4) S(HVK,H— L)~LVK, if K is discrete and H and L are compact.
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3. Duals of hypergroups constructed by substitution

The purpose of this section is to discuss dual spaces of hypergroups
constructed via substitution. For this we first recapitulate some basic
facts about irreducible representations of hypergroups and in particular
duals of commutative hypergroups. For details we refer to Bloom and

Heyer [1, 2], Jewett and Vrem [29].

3.1. Duals of hypergroups. Let K be a hypergroup. Let H be a
Hilbert space, B(H) the algebra of all bounded linear operators on H,
and T : M,(K)— B(H) a *-representation of the Banach-*-algebra M,(K)
such that
(i) T(8.) is equal to the identity operator I,

(i)  [TI<lel for all uEMs(K), and
(iii) the mapping p— <T(x)u, v> is weakly continuous on M7 (K) for all
u, v€EH. Then the mapping

K — B(H), x+ T(6%)

is denoted by 7T again. T is said to be a representation of K. A repre-
sentation of K is called irreducible if the associated representation of
My(K) is irreducible. Using the usual concept of unitary equivalence, we
denote the set of all equivalence classes of irreducible representations of K

—~

by K.

The annihilator AEK' , L) of a subset L of K is given by

AK, L) :={T€K: T(x)=I for all x&L}, I being the identity oper-
ator.

3.1.1. The following facts about annihilators are needed below (see
Lemma 1.9 in Voit ): Let L be a compact normal subhypergroup of a
hypergroup K. If w. is the normalized Haar measure of L, then T(w.)=
0 for all TEK'—A(K', L). Moreover, if p: K — K/L is the natural pro-
jection, then T+ T op is a bijective mapping from (K/L)" onto A(K, L).

3.2. Duals of commutative hypergroups. Let K be a commutative
hypergroup. Then all irreducible representations are one-dimensional,
and it is convenient to consider characters instead of such representations.
As usual, the dual K is given by

K:={a€Co(K): a(x*7V)=a(x)- a(y) for all x, yEK, a=0).

Equipped with the topology of uniform convergence on compacta, K is a
locally compact space. If wx is a Haar measure on K, then there is a
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corresponding Plancherel measure 7€ M*(K) such that the Fourier trans-
formation is an L*-isometry (Jewett [14]). We say K has a dual hyper-
group structure whenever K carries a hypergroup structure such that the
mappings K+ C, a — a(x), are characters for all +©K. The dual of the
dual hypergroup K is written as K. K is called a Pontryagin hyper-
group if K is a dual hypergroup and K"" agrees with K in the obvious
way. In particular, every locally compact abelian group is a Pontryagin
hypergroup. There exist, however, commutative hypergroups having dual
hypergroups and not being Pontryagin ; see Zeuner [33, 34].

For LCK and WCK we define the annihilators AK, L) :={e<K :
al.=1} and A(K, W):={xEK : a(x)=1 for all ac W},

For further details on duals of commutative hypergroups we refer to
Bloom and Heyer [1, 2], Dunkl [4, 5], Jewett [14], Voit [24, 26], and
Zeuner [33].

We next determine duals of hypergroups constructed by substitution.

3.3. THEOREM. Let M=S(K, H5L), W =kern 1CLCM and

p:M—> M/W=K be given as in Section 2. 1.

(1) If TEL-AL, W), then T*(y) =T (ul) (pEM(M)) vields an ir-
reducible representation T*< M.

(2) If TEK, then T*:=Topc .

(3) M={T*:T€RK}U{T*: TeL—-A(L, W)).

(4) Every irreducible representation of M has finite dimension if and only
f K and L have the same property.

PROOF.

(1) As L and M—L are open in M, the continuity of the mapping
p T*(p) from MF(M) into B(H) is obvious. It is also clear that
T*(u*)=T*(p)*. To show that T* is a *-representation, it suffices
to check that

T*(6x00,)=T*(6x) T*(8,) forall x,yEM. (3.1
If x,y&L, then (3.1) is trivial. Moreover, if x€L and yeM—L,
then
T.(8x°8y):T.(3n(x)*6y):T((axoay)lM—L):
T0)=0=T"°(8x)*T*(5,).

For x€M—L and y€L, Eq. (3.1) can be verified in the same way.
Finally, if x, yeM—L, then T(ww)=0 yields
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T*(8x00y)=T((8x°0y)|)=T(wwex ' ((8x*8y)x))
= T(CUW) T(ﬂ'_l((ax*ay)ly)):(): T.(ax)* T'(é\y).

This completes the proof of 7°® being a *-representation. It is clear
that this representation is irreducible and that the operation ® trans-
forms equivalent representations into equivalent representations.
(2) This is a consequence of M/W =K and the statement 3.1.1 above.
(3) {T*: T€R)=A(M, W) follows from 3.1.1. Moreover, if T€M
—A(M, W), then T*(ww)=0 by 3.1.1. Hence, for all yYEM—L,

T(8y)=T(8e28y)= T (n(ww)*8)= T (wwo &)= T(ww) T(8,)=0.

This proves that 7=(T|.)® which completes the proof.
(4) This is a consequence of (3).

We next study commutative hypergroups, in which case all irreducible
representations are one-dimensional. Thus, it is convenient here to con-
sider characters instead of one-dimensional irreducible representations.
To translate the operations ® and * of Theorem 3.1 into mappings on
duals of commutative hypergroups, we use the following conventions.

3.4. DEFINITION. Retaining the setting of Section 2.1, we define
the mappings

flx) ifxeL
0 ifxeM—L,

and *C(K)—> C(M), fof*:=fop.

. C(L) - C(M), fr F*. where f*(x) := {

Both mappings are obviously open and continuous when the space C(L),
C(K) and C(M) are equipped with the topology of uniform convergence
on compact subsets.

3.5. THEOREM. If K, L and M=S(K.H 5L are commutative,

then thf fOZlogving statements hold _
(1) (L—A(L, W))* and (K)* are disjoint and open subsets of M, and
(L—A(L, W)*U(K)*=M.
(2) AWM, W)=K*.
(3) Let wx, w. and wu be the Haar measures of K, L and M respectively
such that these measures ave velated as in part (1) of Proposz;tiowi 2. 7.

Let 7k, m and 7n be the associated Planchevel measuves on K, L and
M respectively. Then
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ﬁM:<7TK>*+(7[L|£—A([:,W)). (3) 2)

where the symbols * and ® stand for taking the image of a measure
with rvespect to the mappings defined in Section 3.4.

PROOF.

(1) (L—A(L, W)*U(K)*=M is an immediate consequence of Theorem
3.3. It is also clear that the sets (L—A(L, W))® and (K)* are dis-
joint.

In order to prove that both sets are open in M, we take eceL—A(L,
W) and BCK. Then a®|wEW, a®|w*1 and F*|w=1. Therefore,

/Wa/‘ﬁ* dwow=0 and thus supxew|a®(x)—B*(x)|>1. Since W is com-

pact, it follows that (L—A(L, W))® and (K)* are open in M which
finishes the proof.

(2) This is obvious.

(3) As K=M/W, we obtain 7TM|(R)

5(3) of [26]. To check that

| agiw =T 2)* from Theorem 2.

”M|A7[—A(A71,W):(”L'E—A(I:,W)).’ (3.3)

we observe that L is an open subhypergroup of M. Thus, the map-
ping » : M > L, a al, satisfies 7(my)=m (see Theorem 2.7 of Voit
[26]). Using parts (1) and (2), we conclude that the restriction map-
ping 7 : M—A(M, W) — L—A(L, W) is the inverse mapping of ® and
a homeomorphism. This proves Eq. (3. 3).

3.6. THEOREM. Assume that K and L and hence M=S(K, HS L)

are commutative. Again, we put W :=kernz. If K and L are hyper-
groups, then M is a hypergroup isomorphic to S(L, A(L, W) — K). This
substitution is admissible as A(L, W) is an open subhypergroup of L
isomorphic to K/A(K, H), A(K, H) being a compact subhypergroup of K.
Conversely, if M is a hypergmup then K is a hypergroup, and L is a
hypergroup if and only if supp m=L (n. is the Plancherel measure on L).

PROOF. Assume first that M is a hypergroup. Then A(M, W) is a
subhypergroup of M isomorphic to (M/ W)"=K (Theorem 2.5 of Voit
[26]). Moreover, if supp 7.=L, then L is a commutative hypergroup by
Theorem 3.5. The converse conclusion is clear.

Now assume that L and K are hypergroups. Then, using L/ W=H,
we observe that H is a hypergroup isomorphic to A(L, W) (Theorem 2.5
of Voit [26]) where A(L, W) is an open subhypergroup of L (Proposition
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3.1 of Bloom and Heyer [2]). Moreover, since H is open in K, A(K, H)
is a compact subhypergroup of K (Proposition 3.1 of [2]) and K/A(K, H)
is isomorphic to H (Theorem 2.7 of Voit [26] and use that His a hyper-
group). If we identify the isomorphic hypergroups K/AK, H), H and
A(L, W) in the obvious way, then we may form the hypergroup
S(L, A(L, W) = K) according to Theorem 2.1 on the locally compact
space (L—A(L, W))UK. If we identify this space with M=(L—-A(L,
W))* U(K)* by using the mappings ® and *, then we still have to check
that the resulting hypergroup structure is consistent with the multiplica-
tion of characters on M. To do this, we have to consider three cases:

If ¢, SEK, then our assumptions imply that there exists a unique

probability measure 8.*d on K satisfying a(x)B(x)= /I;y(x)d(&*é‘g)(y)
for all x€K. Then, for a*, f*€(K)*CM, we obtain that

a*(x)B*(x)= (R)*y*(x)d(aa*&)*(y*) for all xEM, (3. 4)

©* being the image of a measure ¢ with respect to the mapping *,

Now take ¢€K and BEE—A(E, W). Denote the canonical projec-
tion from K onto K/A(K, H)~A(L, W) by p. Using the construction of
S(L, A(L, W) — K), we conclude that there is a unique probability mea-
sure Speds on L—A(L, W) such that

() B(x)= /;y(x)d(&(a)'(?p)()’) for all xEL. (3.5)
Since y*(x)=0 for all x&M—L=K—H and yelL—A(L, W), we obtain
*()B*(x)=0= [, 17" (¥)d(Buw*05)() for all xEM—L, (3.6)

where #® denotes the image of the measure pe M(L—A(L, W)) with
respect to the mapping *: L— AL, W)— (L—A(L, W))*CM. (3.5) and
(3.6) together ensure the consistency of the dual convolution in the second
case.

Now take @, BEL—A(L, W) and let p be given as before. We have
to prove that

@*(X)B* ()=}, s wye? () d(8220)*(7®)
t [0 d(wacme (G ddlaem)) ) G

for all x&M. First take xeM—L=K—H. Then a*(x)3*(x)=0 and
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[i—A(IZ,W))o 7°(x) d(8.285)°(7*)=0.

Furthermore, Lemma 2.10 of Voit [26] shows that A(K, I{)—> C, yr—
7(x) is a nontrivial character on the compact hypergroup A(K, H). Thus

ﬁl(k,m 7(x) dwak m(r)=0.
As K—C, yr y(x) is a character on K, and as y=7* on K—H, we get

Jor @ d( oasaro™(Bar 8l acm) )(7)
= [ 7@ s+ 700 do™ (802 09) acc.0)(7) =0
which establishes Eq. (3.7) for x€M— L. )
Now take x&L. Then the definition of the convolution on L vyields

that a'(x),@’(x)zjgy‘(x)d(&'é‘p)(y). Thus, Eq. (3.7) follows from

Jor* @) d@acinr 07 (Bard)ac ()= [, ¥ d(6a08)(7).  (3.9)

A(LH)

Let o: K — A(L, W) be the canonical projection. Then 7*(x)=y(x(x))=
o(7)(x) for all x€L and y=K. Consequently, Eq. (3.8) follows from

o a0 ((82 80)acc) ) =(Saw O e

and the definition of the image of a measure. Thus the proof of the theo-
rem is complete.

3.7. COROLLARY. If K and L are Pontryagin hypergroups, then
S(K, H — L) is a Pontryagin hypergroup.

PROOF. Apply Theorem 3.6 two times and use the fact that the
bidual of a commutative hypergroup R is a hypergroup if and only if this
bidual is isomorphic with R (Jewett [14], Theorem 12. 4).

We next investigate positive definite functions on arbitrary hyper-
groups constructed by substitution. We recapitulate that a function

fE€C(K) on a hypergroup K is called positive definite if _/I;f (p*p*) =0 for

all p€M,(H) with compact support. It is well-known that products of
bounded positive definite functions can fail to be positive definite (see
Example 9.1C in Jewett [14]). We say that K has property (P) if fg is
positive definite for all bounded positive definite functions f,g€ C»(K).
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3.8. THEOREM. Let K and L be hypergroups having property (P).
If H is an open subhypergroup of K such that each bounded positive
definite function on H can be extended to such a function on K, then the

hypergroup M :=S(K, H5 L) has property (P), and each bounded positive
definite function on L can be extended to a positive definite function on M.

For the proof of Theorem 3.8 we copy the linearization results for
characters in Theorem 3.6 and decompose positive definite functions into
two parts as follows:

3.9. LEMMA. Let W be a compact mormal subhypergroup of a
hypergroup K. If f€C(K) is positive definite, then f—ww*f and ww*f
are positive definite.

Proor. Fix pEM,(K) with compact support. As ww=wW and
ww*f=ww f*ow=f*ow (Lemma 1.5 in Voit [26]), Lemma 4.2H of
Jewett [14] yields

S —wws ) d(us )= [((8e=ww)fr(0e—ww)*d(uess)
:ﬁfa’((ﬁe— @w)* px p**(8e— ww)*) 20.

In a similar way we obtain /;{f*ww d(p*p*)=0.

3.10. LEMMA. Let K, L, M and W=kern nCL be given as in Sec-
tion 2.1. Then fFEC(M) is positive definite on M if and only if frowE
C(M) is positive definite on M and (f —ww*f)|LEC(L) is positive definite
on L.

PROOF. The only-if-part follows from 3.9. To check the if-part, it
suffices to show that % :=f—ww*f is positive definite on M. For this we
decompose a given o€ My(M) having compact support into o=p:+ p2 with
supp 01CM —L and supp 02CL. As supp (p1*05 + 02*0f) M — L and hlu-.

=(), we have tha’(pl*pé"%-pz*pi"):O. Moreover, 4.2H of Jewett [14] and

the definition of the convolution on M lead to
'[Mhd(pl*p?‘)=/a;ha’((pl*.oi")lL)=/;(ww*h)d((Pl*pik)lL)ZO-

Thus, [whd(p*p*)ZLhd(pz*p%‘)ZO which completes the proof.
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PROOF OF THEOREM 3.8. Let f, g=Cs(M) be positive definite. We
prove that (f*ww):-g and (f—f*ww)-g are positive definite on M. We
first observe that f*ww and g*ww may be regarded as positive definite
functions on M/W=K by 1.7. Hence, (f*ww):(¢g*ww) is positive definite
on M. As f*ww is constant on W-cosets,

(((f*ww)°g)*ww)(x)=[{((f*a)w)'g)(x*f)dww(y)=f*ww(x)'g*ww(x)

for all xEK.

As (f*ow): and (¢g—g*ww)|. are positive definite by Lemma 3.9, we
obtain that (F*ow)(g—g*ow)l.=((Frow)g—((f*ow)g)*ww)l. is positive
definite on L. As ((f*ow)9)*ow=f*ww)(g*ww) is positive definite on M,
it follows from Lemma 3.10 that (f*ww)g is positive definite on M. As
the function f—f*ww is positive definite on M by Lemma 3. 9, the func-
tion h:=((f—f*ww)g)|l.EC(L) is positive definite on L. Hence, by
Lemma 3.9, (A—h*ww)|. is positive definite. Thus, in order to check that
(f—f*ww)g is positive definite on M, it suffices to prove by Lemma 3.10
that »:=((f—f*ww)g)*ww is positive definite on M. However, »|. is
obviously positive definite on L and can be regarded as a bounded positive
definite function on H. This function can be extended to a positive
definite function # on M such that 7*ww=#. Thus, 7|lu-r1=0=r|n_vL
and 7 =». This completes the proof.

3.11. REMARK. We do not know whether we can omit the condition
in Theorem 3.8 that each bounded positive definite function on H can be
extended to a bounded positive definite function on K. This extension
problem did not appear in Theorem 3. 6 as it was ensured implicitely there
by the assumptions. Applications of induced representations on hyper-
groups to the extension problem can be found in Hermann [10].

4. Substitution and commutative diagrams

In this section we establish some relations between substitution and
drawing commutative diagrams of hypergroups. These results will be
useful when applying substitution repeatedly ; see, for instance, Section 5
below.

4.1. LEMMA. Let Ky, K, L1, Ly be hypergroups. Let p;: L:— K; be
open and proper homomorphisms. Consider the open subhypergroups H;:=
p(L:) of K; for i€{1,2}. Assume that ¢x and . are hypergroup
homomorphisms such that
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L, %L, L,
I b \ D2 (4.1
Pk

K, - K,

commutes. Then the hypergroups M :=S(K, Hz-——pi—> L;) exist, and the
mapping

xH{¢L(x) if x€L

¢:MI—’M2, ¢K(X) Zf xEMl"‘L1

is a hypergroup homomorphism. Moreover, if ¢x and ¢ are open, proper,
or surjective, then ¢ has the same property.
Finally, (4.1) leads to the following extended commutative diagram

Ll — Ml E— Kl
I oL o | ox (4.2)
Lz — MZ - KZ

PROOF. It suffices to check that ¢(8x < 8y)=¢(dx)e ¢(8y) for all x, yE
M, such that x€M,—L, or yEM,—L, holds. If x€M,—L, and yEL,,
then

¢(5x°8y): §0K(6x*5px(y)): §0K(8x)*3¢>x(p1(y)): (0(5x)°§0(5y)

and, in a similar way, @(8y°dx)=@(8y)* ¢(dx).

It remains to study the case x, yEM—L,. Let w: and w: be the nor-
malized Haar measures of kern 1 and kern p.. As ¢:(kern p1) Dkern ps,
for each pEM,(L,) satisfying o*wi1=p we have @.(0)*w.=pr(0*w1)* 2=
or(o)*or(w)*w:=pi(p)ror(w)=@i(0). If pi': Ms(H:) = My(L,) is defined
as in Theorem2.1 (i€{1,2)), it follows that o (p7'(w))=pz' (px(w)) for
each p=M,(H,). Using this fact, p(H\)=H,N ¢x(K1), as well as ox(Ki
— H,)=px(Ki)— H,, we conclude that

@(0x08y)= ¢K((ax*8y)|K1—H1)+ QL(EI_I((ax*SyNHl))
=(@k(8x*8y))ko-n T pfl(qu((&*é‘y)Im))
=(@x(8x)* 0k () Kotz + DT ((@x(8x)* P& (Sy))|a2)
=¢(8x)o(8y)  for x, yEMi—L,

This completes the proof.

4.2. Let K and L be commutative hypergroups having dual hyper-
groups. If p: K — L is an open and proper hypergrouphhomomﬁorphism,
then we may introduce the dual homomorphism p : L — K with p(a)(x)=
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a(p(x)) for a€L, xEK. p is again open and proper by Theorems 2.5
and 2.7 in Voit [26].

Assume now that the hypergroups Ki, Kz, L., L, of Lemma 4.1 are
commutative and have dual hypergroups. Then we may draw the as-
sociated dual commutative diagram

I
T 1 Da (4.3)
—~ Pk ~
K D — Kz

Moreover, we have M.=S(L, ﬁi—fi_’ K;) for i=1,2 by Theorem 3.6.

Therefore, we have a natural dual homomorphism @ : M, — M, such that
the diagram

El «— Ml « Kl
T oL T¢ T ¢k (4.4)
Ez <« MZ «—° Kz

commutes. This diagram is dual to the diagram (4. 2).

4.3. Chains of hypergroups and substitution. Let (H;)<i<, be a
chain of hypergroups together with open and proper hypergroup homomor-
phisms p:: H; = H;1 (1<i<n—1). We inductively construct new hyper-
groups (K:)i<i<. together with open and injective homomorphisms 7 : K; —
Ki1 (1<i<n—1) and surjective, open and proper homomorphisms g¢:: K;
— H; (1<i<#) as follows:

(1) Put K :=H, and ¢ :=1d.
(2) If K: and g: are constructed, then we define

Kin ZZS(HiH, Z)iOQi(Ki)M Ki)

and take ; as the canonical embedding and ¢::: as the canonical
projection associated with this substitution.

Dn-

H, _}1)1 H, _-_)1)2 H; _‘1’ Hy

T q1 T qz T 03 T Qn (4. 5)
Tn—-

Kl 51_) KZ C@ K3 s L)l Kn

Using the definition of substitution as well as induction, we may realize
the largest hypergroup K :=K, of this diagram as follows: If Wi:=H,
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and Wi :=H.—pr1(He-1) (B=2, ..., n), then K:ZkLZJ1 W. is the disjoint

union of the sets W, which are embedded into K as open subsets.
Let e. and *» be the identity element and the convolution on Hx
respectively. Then the convolution * on K is given by

(Ox *k Opr_1CeeeCpu(») if x&€ W, yvE W, [<k
80119+ Cpu(x) *1 Oy if xEWh, yeW, >k
Ox*0y=1 E?f*jay)lw”-': (4. 6)
jgl p;1<"'(p;11((635*ka&')‘ﬂk—l(Wk—l))lpk—z(Wk—z) "'>‘pJ(Wj))
L if x, ye W,

where p;! is the inverse mapping of p;: Ms(H,lkern p;) = Mo(pr(H,)) ; cf.
Section 1.7.

4.4. Dual chains and substitution. Let (H")i<i<.» be a chain of
hypergroups together with open and proper hypergroup homomorphisms
p i H*'—> H (1<i<n—1). We inductively construct new hypergroups
V(K?)i<i<» together with open and injective homomorphisms ¢*: H' = K'
(1<i<n) and surjective, open and proper homomorphisms z‘: K**' - K"
(1<i<n—1) as follows:

(1) Put K':=H"and ¢':=1.
(2) If K and ¢' are constructed, we set

Kt .=S(K, giopi(H*) L °p, H)
and take 7' as the canonical projection and ¢:+1 as the canonical
embedding associated with this substitution.

pl 2 n—1

Hl - HZ (_p_. HS (p__ Hn

(a " (a » (@ - (a (4.7)
Kl — Kz -— K3 e e—— Kn

Using the definition of substitution as well as induction, we may realize
the largest hypergroup K" of this diagram as follows: If W".=H" and

W* = H*— p*(H*) (k=1, ..., n—1), then K”:=kLZJ1 W* is the disjoint

union of the sets W* which are embedded into K" as open subsets. The
convolution on K" can be computed explicitly as in Eq. (4.6). It turns out
that the hypergroup K" is isomorphic to the hypergroup Kx» of Section 4.3
if we set Hi:=H"" and p':=pn_.. We therefore do not write down the
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convolution on K" explicitly.

The constructions 4. 3 and 4.4 are dual in the following way: If the
hypergroups H; of Section4.3 are commutative and admit dual hyper-
groups H':=H;, then the associated dual homomorphisms p’:=p;: His1 —
H; (i=1,...,n—1) are again open and proper (cf. Theorems 2.5 and 2.7
in Voit [26]). Moreover, the hypergroups K; are also commutative and
they admit dual hypergroups K*:=K;. Then the hypergroups K* are con-
structed (up to isomorphism) as described in Section 4.4. This follows
inductively from Theorem 3. 6.

It is clear that a corresponding result holds if we consider the hyper-
groups H* of Section 4.4, and if these hypergroups are commutative and
admit dual hypergroups.

5. Conjugacy class hypergroups and duals of some compact groups

Let G be a compact group. If G acts on itself by conjugation, then
the space G° of all orbits becomes a commutative hypergroup in a canoni-
cal way (see Jewett [14], Section 8) which admits a discrete dual hyper-
group. This dual may be identified with the set G of all equivalence clas-
ses of irreducible representations of G with the convolution

_ dim ¢ . A
On 6/1—2_6;@'0 dimﬁ-dimp Mz, z,0° Or (71', ,OEG)

where m:,z,EN is the multiplicity of r in 7®p (see, for instance, [8, 9,
14]).

The purpose of this section is to show how substitution of open sub-
hypergroups can be used to describe the structure of the hypergroups G°
and G for compact groups which are sufficiently close to the abelian case.
It is clear that our method works for a very particular kind of compact
groups only. Moreover, it does not lead to any explicit irreducible repre-
sentation as mothods like induced representations do.

Assume from now on that G is a compact group having a com-
mutative normal subgroup L such that G/L is a finite cyclic group of
order nCN. For sake of convenience we identify G/L with Z(n)=
{0,1,..., n—1}. For a=G we consider the automorphism £ : x — axa™' on
L. Let S, be the subgroup of G/L generated by aL. Moreover, we
introduce the closed subgroup J(a):={t.(x):x7':xEL} of L. We next
determine the structure of G¢:

5.1. LEMMA. The following statements hold for a, b, cEG:
(1) If SsCS., then J(b)CTJ(a).
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(2)
(3)
(4)

(5)

1)

(2)

(3)

(4)

(5)

M. Voit

to(J(a))=J(a).

If cL generates the cyclic group SaSs, then J(a)J(b)=](c).

If cL generates G/L, then all conjugacy classes of G are given by the
sets R(x, k) :={ta(x)-J(c*)-c*: dEG} where x€L and k=0,1, ...,
n—1.

The convolution on the comjugacy class hypergroup G°:={R(x, k):
xEL, k=0, ..., n—1} is defined by

1 7=l
5R(x r)* 6R(y z)—% uZO (e 6R(x'tcll(y)'w,k+l) dw](cl)(w)
C

where wye is the normalized Haar measure on J(c').

PROOF.

If ;N and xL, then xJ(a)=td(x)J(a)= ... =ta(x)](a). As S»CS.
yields some (€N with t,=ts, it follows that ,(x)x'€J(a). Hence,
J(&)CJ(a).

Take x=L. Then to(ta(x)x™)=1to(ta(x))ts(x™)="ta(ts(x))ts(x)'E
J(a), and thus t(J(a))€J(a). Taking b~' instead of b, we obtain
the converse inclusion.

Part (1) yields J(a)J(b)CJ(c). As ScCS.Ss, we find p, gEN such
that a?b%L=cL. Thus, t(x)x '=teo(tor(x))(tor(x)) e tor(x)x7'E
J(a)J(b) for all x&L. Hence, J(c)CTJ(a)](b).

By the assumption, each element of G can be written in a unique
way as xc* where x€L and £€{0,1, ..., n—1}. As yc'-xc*-(yc)™'=
t(x)-(yc*y™ ™) c* and {yc*y~'c7*: yEL}=](c*), it follows that
{ta(x)+J(c*)-c*: dEG} is the conjugacy class of xc”.

The normalized Haar measure of any compact group W will be
denoted by ww. Let p: G — G° be the canonical projection. Take
representatives xc* and yc' of R(x, k) and R(y, /) repectively. For
each ¢€ L, the mapping ¢.: L — J(a), wr— w™ ta(w), is a homomor-
phism. Hence, by part (2), f.° p(wr)=wsen. The definition of the
convolution on G¢ (c.f. Section 8.4 of Jewett [14]) now yields

n-1
Or(x,&)* OR(y, l):fp(axckzyclz—l)de(z):L2/p(axckvcuycl—uv—l)da)l.(v)

1 71 1
nu 0
1 n-1

N u=0Jj(cH

f8R(xtCu+k(y)tck(vtcl(v ), k+1) da)L(v)

Sr(xe uw e+ AWy en(w).
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5.2. Our next aim is to find another description of G° in terms of
substitution of subhypergroups. For this, we need some notations and
facts:

(1) Fix a,b€G. Assume that S,CS.CG/L. Then J(b)CJ(a)CL by
5.1(1). The group G acts on J(b), J(a) and L by conjugation (see
5.1(2)). Thus we may form the associated commutative orbit hyper-
groups J(6)°CJ(a)°CL®. Moreover, we may form the coset hyper-
groups L¢/J(a)®, L¢/J(b)¢ and J(a)®/J(b)¢. As (L¢/]J(b))/(J(a)¢/
J(6)9)~L¢/J(a)° by Theorem 14. 3A in [14], we obtain a natural
surjective hypergroup horomorphism (b, a): L°/J(b)° = L°/J(a)°.
We define the hypergroups K(a):=L/J(a)°xXS. and K(b):=
L¢/J(b)°XS,. Then ¢(b,a): K(b)— K(a), (v, w) (x(b, a)(v), w),
is a hypergroup homomorphism from K(b) onto the open subhyper-
group L¢/J(a)® XSy of K(a).

(2) Take c€G such that cL generates G/L. Then L¢/J(c)¢ is a group
isomorphic with L/J(c). In fact, r: L — L¢/J(c)° x> x°*J(c), is
a consistent orbital morphism. Using the factorization theorem
14.3B of [14] and 77 }(e)=J(c), we see that n: L/J(c) — L¢/J(c)°,
xf(c) x°+J(c)¢ is a unary consistent orbital morphism. As xJ/(¢)=
{axa™ ' byb™': a, bEG, y<J(c)} for x€L, n is also injective which
proves that 7 is a hypergroup isomorphism as claimed.

(3) If a=L, then J(a) is trivial, and L¢/J(a)® can be identified with L°.

5.3. Assume that |G/L|=# has the form
n=pt - prt with [ k..., iEN, pu,..., p: different primes.

The hypergroups K(a) of Section 5.2(1) depend on the subgroups S. of
G/L only and not on ¢ itself by Lemma 5.1(1). As the subgroups of G/L
=Z(p) are generated by the elements pi' - pt€ Z(p) (0<i;<k;), we find a
unique associated hypergroup K(a) which we shall call K(7, ..., ) from
now on. Section 5.2 shows that we have a natural homomorphism
7(G;4,...,4) from K(i, ..., i) onto an open subhypergroup of
K, ...,i;—1,...,4) for all j=1,...,7 and i,=1, ..., k.. It is clear from
5.2 that the hypergroups K(7, ..., ¢:) and the homomorphisms 7(j ; 7, ...,
7;) form a commutative diagram which has the form of an /-dimensional
lattice.

K(k,0) «— K(k,1) — ... K(ky, k)
K(i,o) — K(i,1) — .. K(f,kz) (1=2) (5.1)

l l !
K0,00 «— K(0,1) «— .. K0, k)
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The homomorphisms in this lattice have the following properties for k27,
1<¢;<k;and 0<1,<kr—1:

kernz(j; 4, ..., t)=na(h; 1, ..., in+1, ..., i0kernz(j; &1, ..., tn+1, ..., 7))
(5.2)

and

7 ; fe i) (K i) — (ks dree. in+ 1, 0 )(K (e, i+, L0020))=
K(il...ij—l...iz)—ﬁ(h; i]...ij_]....ih+1...il)(K(ii...ij_1...Z'h+1...z.l))
(5.3)
We put KV, ..., 411, k) :=K (4, ..., 11, k) and

K(l)(lil, ceey iz—l, kz_l) =
S(K(il, ceey iz—l, kz—l), 7f(l ; l.l il—1, kz)(K(i1, ceey l.z)) e K(i1, vy il)).

We then obtain a natural embedding #V(/; 4, ..., 711, k) from KP(z, ...,
1101, k) into KW(idy, ..., 4.1, ki—1) as well as a natural homomorphism
7?([ , ix, veey il_l, kz—l) from K(l)(il, eeey Z.l—l, kz—l) into K(i1, ey 2.1-1, kz—Z).
Moreover, (5.2), (5.3) and Lemma 4.1 ensure that there exist unique

homomorphisms 7Y% ; 1, ..., ti-1, ki—1) from K®(4, ..., 111, k:—1) into
K®(, ..., in—1, ..., 7i-1, ki—1) such that the complete diagram remains
commutative after replacing the hypergroups K(i, ..., 7:-1, k—1) (and

their homomorphisms) by K“(s, ..., 7:-1, ki—1). As the properties (5.2)
and (5.3) remain valid for the modified lattice diagram by Lemma 4.1,
we may recapitulate the procedure above with k;,—2 instead of 2, —1 and

so on. This yields a new lattice consisting of hypergroups K"(z, ..., 1)
and homomorphisms (%7, ..., 7)) where now the homomorphisms
B/ ; 4, ..., 1) are injective.

We now recapitulate the complete procedure with the index /—1
instead of / and so on. After / steps we arrive at a lattice diagram con-
sisting of hypergroups K‘“(iy, ..., 7)) and homomorphisms 7‘°(%; i, ..., 7:)
where now all homomorphisms are injective.

We claim that the hypergroup K‘”(0, ..., 0) is isomorphic with the con-
jugacy class hypergroup G°¢. In fact, the hypergroups K®(s, ..., 7:-1,0)
above are constructed just as the hypergroups resulting in Section 4. 3.
This also holds for K®(7, ..., 7:-2,0,0) and so on. Thus, applying the
results of Section 4.3 /-times, we readily obtain that the hypergroup
K0, ...,0) consists of the sets R(x, k) of Lemma 5.1(4) where the con-
volution is given as in Lemma 5. 1(5).

G¢ can easily be written down explicitely for special cases like |G/L|
being a prime power. For the case that |G/L| is a prime, we have the
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following result :

5.4. PROPOSITION. Let G be a compact group having a commutative
normal subgroup L such that |\G/L|=:p is a prime. If we fix c€G—L,
then J:={cxc'x™':xEL} is a subgroup of L, and the group Z(p) acts
continuously on L via (k x) — c*xc™*. The mapping n:L%ZP > /]
{c*xc™*: k€EZ(p)y > x] is a hypergroup homomorphism. The conjugacy
class hypergroup G€ is isomorphic to

S(Z(p)X L/], {0} X L/] — {0} x LZP). (5. 4)

Moreover, the dual hypergroup G is given - up to 1somorphism - by
S(L#», AL, J)— Z(p)x A(L, ])) (5.5)
where Z(p) acts on L via (k, @) o*, a*(x) :=a(c*xc™™).

PrROOF. (5.4) follows from Lemma 5.1 and Section 5.2. To check
(5.5), we first notice that the action of Z(p) on L leads to a dual action
on L such that the hypergroups (LZ®)" and L?* are isomorphic (see, for
instance, [9]). Moreover, as Z(p) acts trivially on the subgroup A(L,])

of L, A(E,]) is a subgroup of LZ®. Using (Z(p)XL/])AﬁZ@) X (L/])
~Z(p) X A(L,]) (see (3.3) and (5.3) in Zeuner [33]), (5.5) is an immedi-
ate consequence of Eq. (5.4) and Theorem 3. 6.

Let H be a finite group acting on the finite abelian group L. Let G
be the semidirect product of A and H. Then the method of Mackey and
Wigner leads to a description of G in terms of induced representations
from the normal subgroup L of G (see Ch. 8 in Serre [21]). In the situa-
tion of Proposition 5. 4, this description and the description of G in (5.5)
are well matched.

We next return to the general case:

5.5. The dual hypergroup G. The method of the proof of Proposi-
tion 5.4 can be used to constuct G in the general case. For this we fix
cE G such that ¢L generates G/L=Z(n). We form the dual lattice of the
hypergroups K(ii, ..., 71) of Section 5.3 which consists of the hypergroups

Koo, i)' = AL, JENXS 4 0 0<is<h)

If we regard the groups S p,-lmpi,ZZ (ptr~... ") as subgroups of Z(n) of

index pi' ... p¥, the dual homomorphisms of the dual lattice are given by
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7;(], 2.1, ooy Z.z)I K(ﬁ, ceey ij_l, ceey il)A - K(il’ cer, Z'l)/\, (ZU, s)l—> (w, Sp,-)-

If we apply the construction of Section 5.3 to this dual lattice, i.e., if we
apply the construction of Section 4.3 /-times, then we obtain the follow-
ing description of the resulting hypergroup G (cf. Section 4. 4).

For any w&(L%)" we choose #(w), ..., 7 (w)=0 as small as possible

W) i(w)

such that we AL J(& ™ ). We then define H(w) as the sub-
group of the cyclic group Z(#) generated by pi*™---p#* & Z(n). We then
have

é:{(w, s): we (Lo, sEH(w)}. (5. 6)

Using (L¢)"=L¢, the description (5.6) of G is again well matched with
that of Section 8 of [21]. The convolution on G is given as follows: Let
the convolution on (L®)" be given by

Ou*Op= E%JC)A o u, v, w)8w  (u, vE(L).
Then ¢(u, v, w)>0 yieds that H(u)CTH(w) and H(v)CH(w), and that

projections from H(w) onto H(x) and H(v) are given by x— x-7(u, w)
and x+— x-7(v, w) respectively with

7 (1, w) = pirE=aED L pED=GW) () ph@= W), @)=iw)
’ . y ’ . .
For u, vE(L%)", s€H(u) and t€H(v) we then have

r(y,w) r(v,w)
_ g(u, v, w)
Owsr* 0o, WE%G)A Z & r(u, w)r(v, w)

6(w,s+t+a-h(u,w)+b-h(v,w)) (5 7)

where
h(u’ Z/U) ::p{z1+ix(w)—ix(u),.,p?wiz(w)—iz(u)’ ]’l(?}, 7/0) ::p{eﬁ-il(w)—h(v).__p;z;+il(w)—il(u).

5.6. EXAMPLES FOR n=p=2: Let L be a compact abelian group, «
an involutive automorphism on L, and »&L such that a(#)=#». Then
there exists (up to isomorphism) a unique compact group G containing L
as normal subgroup of index 2 such that there exists b€ G— L satisfying
b*=r and b 'xb=a(x) for all x&L (cf.Satz 1.14.2 In Huppert [12]). In
particular, if »=e is the neutral element, then G is the semidirect product
of L and Z(2) :={id, a}.

We here remark that, by Eq. (5.5), the dual hypergroup G does not
depend on » which means that there exist non-isomorphic compact groups
having isomorphic dual hypergroups. This reflects the fact that the
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groups under consideration are disconnected ; in fact, it hat been shown in
McMullen [16] that connected compact groups having isomorphic dual
hypergroups are isomorphic.

We next record some concrete examples :

5.7. If L=Z(m) is the cyclic group of order m, if the automorphism
a is given by a(x)=x7', and if »=0 is the identity element, then G is the
dihedral group D». The above results yield that

D ~{S<Z<m>z<2>, {0}~ z(2) if m is odd
" S(Z(m)2?, {0, m/2} — {0, m/2} X Z(2)) if m is even

An explicit computation of all irreducible representations of D» can be
found in Section 27.62(d) of Hewitt and Ross [11].

(5. 8)

5.8. If L=Z(2/) is the cyclic group of order 2/>4, if the automor-
phism @ is given by a(x)=x7', and if »=/, then G is the generalized
quaternion group Q. By (5.5), @, is isomorphic to D although the
groups &: and D, fail to be isomorphic.

5.9. Take /€N, [=3, and fix m:=/*—1. Then a(k):=k/ mod m
defines an involutive automorphism on the cyclic group L=Z(m).
Identifying the dual L with Z(m), we get {e€Z(m)=L:aca=a}=
{j(I1+1):7=0,1,...,]—2}=: F~Z(I—1). Hence, regarding F as subgroup
of the orbit hypergroup L¥*®={{q, aca}: e L}, the dual hypergroup G of
the semidirect product G: Z(m)X{id, a} satisfies

G=S(Z(m)*?, F - FXZ(2)). (5.9)

5.10. Let L:={2€Z:|z|=1} be the group of complex numbers of
modulus 1. Let a be the involutive automorphism on L given by a(z)=2.
Taking »=+1 and »=—1 we obtain two (non-isomorphic) groups G: and
Gs:. In particular, Gi=LX Z(2) is the group generated by all rotations
and reflections of R? which preserve the origin. Using (5.5), we see that
Gi=Go=S(Z7® (2Z)7® - (2Z)29x Z(2)). In other words, the duals G
and G: are both isomorphic to the hypergroup that appears when the sub-
hypergroup 2N, of the polynomial hypergroup (N, *) associated with the
Tchebichef polynomials of the first kind will be substituted by (2N,) X Z(2)
(for details on polynomial hypergroups see Lasser [15]).

6. Hypergroups having subgroups of index 2

In this section we shall use substitution to describe all hypergroups
having subgroups of index 2. It is clear that it is possible to generalize
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this classification to fixed finite indices #=>=3; these cases, however, split
into a great number of subcases and are difficult to handle explicitely.
Restricted to groups, this classification is well known by a theorem of
Schreier (cf. Huppert [12], Section I. 14).

Before we shall deal with subgroups of index 2 in Theorem 6. 4, we
first consider cosets of a closed subgroup G of a hypergroup K. In this
case, the sets {x}*{y} and {v}*{x} consist exactly of one element for all
xEG and yEK. We denote this element by xy and yx respectively. Sim-
ilarly, we write xW and Wx instead of {x}*W and W=*{x} respectively for
x€G and WCK.

6.1. PROPOSITION. Let G be a closed wormal subgroup of a hyper-
group K. For each coset xGEK/G, the set Hxc :={yEG: yx=x} does not
depend on the representative x of the coset. Hxc is a compact normal sub-
group of G, and G/Hxc is homeomorphic to xG. The mapping t:K/G —
% (G), xG+> Hxe, is continuous.

PrROOF. Clearly Hxc is a subgroup of G independent of the represen-
tative x of the coset xG. As(u'vu)x=u"'(y(ux))=u " ux)=x for all
uEG and yE Hx, we see that Hx is normal in G. As G — xG, y xy,
is continuous, Hxc is closed. As the natural projection p from G onto
G/Hx is open and continuous, the mapping G/Hxc = xG, yHxc > xy, is
continuous and bijective. To prove that the inverse mapping is continu-
ous, we consider the following mappings :

xG > Z(K) - 7 (G) — % (G/Hxc)
xy = {xp{xy) = (3o )N G - p(({x}+{xy)NG)

The first mapping is continuous by our assumption ; the continuity of the
second is clear while the third one is continuous by Theorem 5.10.1 of
[17]. Lemma 4.1B of [14] shows that ({x}*{xy}) NG=yHx;. Hence,
xG — G/Hxc, xy+ yHxe, is continuous. The continuity of K/G — ¢ (G),
xG — Hixg,is a consequence of Hxc={x}*{x})NG and of the continuity of
the convolution with respect to the Michael topology.

By Proposition 2.2 Zeuner [32], any hypergroup on the torus 7T or on
the real line R is isomorphic to the usual group on (7, *) or (R, +)
respectively. As each closed subgroup H of T is either finite (and thus
T/H=T) or equal to 7T, and as {0} is the only compact subgroup of R,
Proposition 6.1 has the following consequences :

6.2. COROLLARY. Let G be a normal subhypergroup of a hypergroup
K such that G is homeomorphic to the torus T. Then G is a group
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isomorphic to the usual group om T. Each coset of G in K 1is either
homeomorphic to T or it consists of exactly ome point. Moreover, for each
nEN, the set (xGEK/G :|Hxc|=n} is open. In particular, the set of all
xEK satisfying xG={x} is a closed subset of K.

6.3. COROLLARY. Let G be a normal subhypergroup of a hypergroup
K such that G is homeomorphic to R. Then G is a group isomorphic to
the usual group on R, Hxc=1{e} for each xS K, and each coset of G in K
is homeomorphic to R.

6.4. THEOREM. Let G be a locally compact group.

Take a compact normal subgroup H of G, and let n:G — G/H be the
natural projection. Fix an (continuous) automorphism h on G/H and
r&G such that

WrH)=vH and h(h(xH))=r"'xvrH for all x=G.

Moveover, take a measure p=EMi(G/H) having compact support such that
lel<1,

Wo)=p=p*0ru and Onwu*0=p*0w for all x€G. (6.1)

Let K:=GUG/H be the disjoint union of G and G/H, both sets being
embedded as open subsets. We define a convolution ® of Divac measures on
K as follows by

0x®0y=0xy, Ox®Oyy=20xy, OxH®Oy=OxH n(3H),
5xH°8yH:(1"‘||0||)‘ ﬁ_l(axﬂ h(yH)r-lH)+5xH n(yH)* 0 (6- 2)

where T\ is the inverse of T : Mo(G|H)>M(G/H) (cf. Section 1.7). The
definition of ® is independent of the rvepresentatives of H-cosets.
(K, o) :=K(G, H, h, v, o) is a hypergroup containing G as normal subgroup
of index 2. The hypergroup involution  on K—G=G/H is given by
(xH)™ :=h(mH).

Conversely, if K is a hypergroup containing G as subgroup of index 2,
then there exist H, h, v and o as descvibed above such that K(G, H, h, 7, p)
is isomorphic with K.

PrROOF. Assume first that H, %, » and p are given as above. To
show that (K,e) it a hypergroup, it suffices to consider the case H={e}.
In fact, the general case then follows from Theorem 2.1 and

K(G, H, I, 0)~S(K(G/H,{e}, h, 7, 0), G/HS G)

by Eq. (6.2). Suppose now that H={e}. To avoid confusion of notation,
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we take x0€ K —G=G/H, and use the homeomorphism p: G —> K—G, x>
xxo. Then the convolution (6.2) may be written as follows:
0x®0y="0xy, Ox®0p(»)=0p(xy), Op(x)®O0y= Op(xn(»),
Soix1® Ooin=1—llol) Sxrinr-+D(Sanm*0)  (x, yEG). (6.3)

KxXK - MYK), (x,y) 6x®dy, is weakly continuous and e can be
extended to a bilinear mapping on My(K) which is weakly continuous
when restricted to M7 (K).

To check that eis associative, we fix x,y,2EG. By (6. 3), it is clear
that

(5x‘5y) 3p(z>—5x’(5y'5p(z)) (5x°5p(y)) 3x'(3p(y)’5z),
(5p(x)’3y)°5z 3p(x)‘(3y‘5z) and (5x‘5p(y))'5p<z>—5x (5p<y)'5p(z))-

Moreover, as % is a group homomorphism, we have
o0 *(8y® p(2) = (1= 0l) Sxnser 1+ D(Sxnirar* 0) =(p(x)® Oy) ® Spcar.
Furthermore, using 0*8.=0rw*0 (#EG), we obtain that
(8p(x1® Bp)® 8z= (1= 0ll) xniryr-12+ H(Oxni3)* 0* Sniz)) = O * (B3 ® 62).
Finally, as #(o)=p and 0*8.=0rw*p for uE G, we have

(8o0x® 8p()) ® 0oy =(1— ) p(Sxnisyr-12) + (1=l oll) Sxnsn* 0* Snizyr— +
+ p( Oxn(y)* O* On(z)* P)
= 0px)* (003 * Op())-

Thus the proof of ¢ being associative is complete. Obviously, the identity
of G is the identity of K and the involution is given by % :=x"' and p(x)
= p(» h(x™)) for xEG. It is easy to check that (xy)"=3x, (p(x)y)” =
3 p(x) and (x p(v))"=p(») ¥ for all x, vEG. Finally, 6,*k(0™) *0r-1=08r*p
=p*0r yields

05»® 3W:(1 - “ P“ Orn(y-1A(rh(x-1))r-1 +p(6rh(y-1)h(rh(x-‘))*10)
=(1—lol) Sru-1yx-1+ (8 A0 ) * Shiniy-nx-1) = (80 Sp)) ~

for all x, y&G. This completes the proof of K being a hypergroup.

Now let K be a hypergroup containing G as normal subgroup of index
2. Using Proposition 6.1, we define H :=Hx¢ for xEK—G. Since xH=
(Hx)~=(Hx) ={x}=Hx for x€K—G, and since H is normal in G, H is
normal in K. We may assume that H={e}, since otherwise we could
investigate G/H and K/H instead of G and K, and since K=S(K/H,
G/H — G) holds (see Proposition 2. 4).
Suppose now that H={e}. Fix x€K—G. Then y ¥ :=yxo and
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yi> xy are homeomorphism from G onto K—G by Proposition 6. 1.
Hence, there is a unique homeomorphisms %: G = G with A(y)xe=x,y for
all vEG. As h(y2)xo=x0vz=h(y)x0z=my)h(z)xo for all y,zEG, h is
automorphism of G. Moreover, there is a unique »& G with m,==x, As
h(¥)xo=rx0, we get h(r)=v. Moreover, for y€G we have h(h(y))xo=
xoh(y) =y %0)) "=(xoy '7) " =r"'yXo=7r""yrxo and thus A(h(y))=r»"'yr.
We find a unique pEM:(G) with 0*8xe=(0x*0xo)lz-c. As K/G is a
hypergroup, |ol|<1 holds. Moreover 7x=2x, yields supp({xo}*{xo}))NG=
{7'}. In summary, the convolution on K is given by

6z. 6y 8zy, 82. 8yXo = 8zyxo, 82.?60. 83’ 82h(3’)x0)
Ozxe® Oye=(1— ”P”) Oznm)r-1 T Ozn(y* 0* Oxo (y, z€G). (6. 4)

Comparing (6.4) and (6.2), we see that K and K(G,{e}, h, r, o) are
isomorphic.
It remains to check that o satisfies (6.1). For y&G we have

0% Oh(3)* Oxo= 0* Oxo* Oy = (Oxo* Oxo)| 2~ 6* Oy = Bn(nwn*(Oxo* Oxo) | K- 6= Oncniy * 0* Oxo
and thus p*dy=0rm*p. In a similar way,
p*6r 1—(0*5x0*5x0)|c (6360*(6360*610)'1{ G)lG_h(p)*ar 1

and thus p=#(p). Eq.(6.4) shows that the hypergroup involution on K is
given by y=y7! and (yx0) " =7h(y ")xo. In particular, 8,: * o * 0x,=
Sr*xh(07)*0x, vields O-*p=h(p"). As &-*o=p*S8r and h(p)=op, it follows
that o”=p0*d-. Thus, the proof is complete.

6.5. REMARKS. We keep the notation of Theorem 6. 4.
(1) If we is a left Haar measure of G, then n(wc)EM*(G/H) is a left

Haar measure on G/H. Moreover, wc—l—l—_luﬂ(n(wc)EM*(K) is a

left Haar measure on K. This follows from Eq. (6.2) and the fact
that 2(7(we))=n(we) as a consequence of ko /% being an inner
automorphism. A corresponding result holds for right Haar mea-
sures. Moreover, K is unimodular if and only if G is.

(2) K is commutative if and only if G is abelian and % is the identity.
To determine K in the commutative case in terms of G, we first
notice that then oEM;(G/H) and <G satisfy p *6m=p and
loll<1. For e=(G/H)" we define

us(a) = usla; 7, 0) =+ p() =/ alr H) /TP 40Tl
(6.5)
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for a=G where the, pqssibly complex, roots are taken arbitrarily but
fixed and where € Co(G) is the usual Fourier transform of p.

Let the mappings E: G — Co(K) and E., E_: (G/H)" = Cs(K) be given
by

BeN={g " {ICk o and
_ (a(xH) if x€G
E(a)(x) -—{ a(x)ula) if x€K—-G

Then the definition of the convolution on K and Theorem 3.5 show
that

K=E(G—A(G, H))UE.(G/H)"YUE_-((G/H)")

_ where E(G—A(G, H)) is an open subset of K homeomorphic to
G—A(G, H).

We next discuss when the hypergroups K of Theorem 6. 4 are isomor-
phic for different H, &, » and p. We may restrict our attention to the
case H={e}.

6.6. LEMMA. Let G be a locally compact group and H :={e}. Let
h, v,o0 and h, 7, 0 be sets of parameters each of them satisfying the
assumptions of Theovem 6.1. Then there exists a hypergroup isomorphism

r:K:=K(G, {e},h,r,0) = K:=K(G,{e}, h, 7, p) satisfying n(G)=GC
if and only if there exists an automorphism 6 on G and cE G such that

7 =0(r)ch(c), 6=0i*0(p)*dc, and
h(0(x)=c'0(h(x))c for all x=G.

PrROOF. We identify K—G and K; and retain the homeomorphism p
between G and K—G=K—G as in the proof of Theorem 6. 4.

Assume first that 7 is an isomorphism as demanded in the lemma.
Then 6 :=n|¢ is an automorphism of G. Take ¢ G such that cp(e)=
plc)=n(p(e)). Then, for x€G, n(p(x))=0(x)cp(e), ch(8(x))p(e)=
0(h(x))c p(e), and thus #(6(x))=c'0(h(x))c. Moreover,

Oo(r-1+ (9(0)*6c*8p(e):8cﬁ(c);‘l+ Ocii(c)* O*Op(e)

proves that 7 =0(r)ch(c) and =23 kc*0(0)*S. as claimed.

Conversely, if §€Aut(G) and ¢=G have the properties mentioned
above, then 7(x):=0(x) and #z(p(x)):=6(x)cp(e) (x&G) defines a
homeomorphism between K and K. When reading the equations of the
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first part of the proof backwards, it becomes clear that x is a hypergroup
homeomorphism. This completes the proof.

6.7. COROLLARY. Cousider the following hypergroup structures on
K:=Tx{0,1}:
(1)  For c€[0,1[, nEN and r<={1, —1}, let the hypergroup convolution
on K=Ki(c, n, v) be generated by

0x0* 03,0 =00, 0x0*0ur,1=0wm1), Oux*0u.0=~0wy11),

l1—c
n

n—1

and 6(x,l)*6(y,1): * kgo 3(xy—1r)1mexp(2m‘k/n)+c : /; 6(;,1) dcu(t)
for x, yET where w stands for the normalized Haar measure on T
and 2" for an arbitrary but fixed n-th complex root of zE T,

(2)  Take nEN and po=M:(T) such that o has compact support, p=p~
and |ol|<1. Let the commutative hypergroup Ko(n, p) be generated
by

00x,00* 05,00 = O(x3,0), 0(x,00* 0(3,1) = O(x,1)* 03,00 = Oy, and

1__ n—1
8(x,1)*(‘)\(y,1)= ;/lJp“ . kgo a(xy)lmexp(zmk/n)‘}"/; 8(xyt,1) d,O(l‘) f01’ all X, ve T.

Then Ki(c, n, v) is isomorphic to Ki(&, %, #) if and only if ¢=¢C, n=1#
and r=7. Moreover, Kn, p) is isomorphic to Ky, 8) if and only if n
=7 and 5E{o, p*0-1}.

Furthermore, if K is any hypergroup structure on T X{0, 1}, then K is
isomorphic to a hypergroup introduced either in part (1) or in part (2).

PPOOF. Theorem 6.4 ensures that the convolutions above generate
hypergroups. The statement regarding isomorphism is obvious in the first
case as the hypergroup involution is the identity on {(x,1):x€ T} if and
only if »=1. The corresponding result in the second case follows from
Lemma 6.6 and the facts that each automorphism on 7 is equal either to
the identity or to the complex conjugation.

Now let K be a hypergroup on 7 X{0,1}. We assume that C.:=
{(x,0):x€ T} is the connected component of the identity element. By
Proposition 2.2 of Zeuner [32] and Theorem 1.3 of Vrem [31], C. is a
normal subgroup of K isomorphic to the usual group on 7. By Theorem
6.4, K is isomorphic to K(T, H, k, r, p) for suitable indices H, %, » and p.
As T/H=T, H is the finite cyclic subgroup of T of a certain order n<
N. Moreover, the involutive automorphism % on T/H=T is either the
complex conjugation or the identity. In the first case, we conclude from
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Eq. (6.1) that either p=0 or that p is a Haar measure on 7/H=T with
c:=|lpl|l<1. As r==1 by Theorem 6.4, K is isomorphic to a hypergroup
considered in case (1). Assume now that % is the identity mapping.
Then »E T admits a square root in T, and the hypergroups K(T, {e}, i,
7, p) and K(T,{e}, id,0, 8ru. * p) are isomorphic by Lemma 6.6. Hence,
K(T,H,id,r,0) and K(T, H, id, 0, 8r12*p) are isomorphic which ensures
that K is isomorphic to a hypergroup as considered in case (2). Thus the
proof is complete.

The following result can be derived in the same way from the fact
that each compact subgroup of R is trivial.

6.8. COROLLARY. Consider the following hypergroups on the set
K:=Rx{0, 1}:

(1) K=RXZ(2) is the semidirect product of the groups R and Z(2)
(where the non-trivial element of Z(2) acts on R by taking the
inverse element).

(2)  Take o= M(R) such that o has compact support and p=p" and ol
<1 hold. Let the commutative hypergroup convolution on K =K(p)
be generated by

0x.0* 00 =0x+50, Ox0*0u.1=0wx*0.0="0x+yn, and
Scx,n* 0, =011 pl) - 5<x+y,0>+_/; Sx+y+ey do(t)  for all x, yER.

Then K(p) is isomorphic to K(p) if and omly if there exists a>0 such
that 5(A)=p(a-A) for all Borel set ACR (where a-A={ax: xEA)}).

Furthermore, if K is any hypergroup structure on Rx{0, 1}, then K is
isomorphic either to the group RXZ(2) or to a hypergroup K(p) as
introduced in (2).

6.9. Consider the following hypergroups on K :=Z x{0, 1}

(1) K=ZXZ, is the semidirect product of the groups Z and Z: (where
the nontrivial element of Z, acts on Z by taking the inverse ele-
ment).

(2) Take r<{0,1} and pEM¢(Z) such that o is finitely supported,
p=p *6_r, and |o|<1. Let the hypergroup convolution on K=
K(r, o) be generated by

Om0y* Onoy="0(m+n,0, O(m»*On1)=O(m,1)*6(n,0)=0O(m+n1, and

Smy*Smny=1—]lol) - 5(m+n-r,0)+/z Simsns+rny do(k) for all m, nEZ.
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It can be shown as in Corollary 6.7 that (1) and (2) define hypergroups,
and that the hypergroups K(7, o) and K(#, ¢) are isomorphic if and only
if =7 and p=20.

Moreover, if K is any hypergroup containing the group Z as normal
subgroup of index 2, then K is isomorphic either to the group ZX Z; or to
a commutative hypergroup as introduced in (2). This follows again from
Theorem 6. 4.

To determine the dual of K(#, p), we have to consider two different
cases:

If »=0, then Remark 6.5(2) shows that all characters of K(0, o) are
given by

N Es if i=0
@z, ’)_{ 2" (p(2)=V|p(2)P+41—el))/2 if i=1 6.0

where n€Z, z€T. Obviously, K(0, )" is homeomorphic to T X{0, 1}.

If »=1, then all characters of K(1, p) are given by

2n
< if 1=0
z“(ﬁ<z2>+zJ|5(z2>|2+4<1—npu>)/z if i=1

az(n, i)Z{ (6.7)

where #=Z and z€ 7. This is a consequence of Remark 6.5 and a suit-
able parametrization of K(1, 0)*. In particular K(1, p)* is homeomorphic
to the torus 7.

As each hypergroup structure on 7 is isomorphic to the usual group
structure on 7" by Proposition 2,2 of Zeuner [32], K(1, p)" carries a dual
hypergroup structure if and only if K(1, o) is a group isomorphic to Z,
ie., 0=0.
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