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Stationary Navier-Stokes equations with
non-vanishing outflow condition
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(Received February 27, 1995)

Abstract. About 60 years ago, J. Leray showed the existence of the solution to the
non-homogeneous boundary value problem of the Navier-Stokes equations under vanish-
ing outflow condition [3]. See also [2]. We are concerned with the problem whether the
boundary value problem has a solution under non-vanishing outflow condition. For gen-
eral domain, this problem is still open. But in an annular domain in the plane, we can
show an affirmative result of this problem by constructing exact solutions. The uniqueness
and the stability are discussed.
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1. Introduction

Let D be a bounded domain in R™*(n > 2) with smooth boundary
0D. The motion of viscous incompressible fluid in D is described by the
non-homogeneous boundary value problem of the Navier-Stokes equations:

1
—vAu+ (u-V)u+-Vp =f in D
eVt (1)

divu =0 in D
u==>bt on 0D (2)
where, u = (u,usg, -, uy) (velocity vector), p (pressure) are unknown,

p (density), v (kinetic viscosity) are given positive constants, f (external
force) and b (velocity on the boundary) are given vectors.

About 60 years ago, J. Leray showed the existence of the solution to
this problem under the vanishing outflow condition:

/b-nds:O, 1<i<k, 3)
Iy

where 0D = Uf=1 I';, I'; is the connected component of 0D and m is the
unit outward normal to the boundary 0D. Under this condition, there
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exists smooth vector function ¢ defined on D such that rotc = b on 8D.
Therefore, after some modification of ¢ near the boundary, we can estimate
the nonlinear term in (1) as small as we wish, that is, for any € > 0 there
exists an extension b, of b to the domain D such that divb, = 0 in D and
the inequality:

|((w- V)be,w)| < e[ Vull’,  Vu e CF, (D) (4)

holds, where (-,-) is the L2-inner product, and || - || is the norm ([3], [2]).
The condition (3) is stronger than the non-vanishing outflow condition:

k
b-nds:Z/ b-nds =0, (5)
i=1"Ti

which is satisfied by the boundary value b of the solenoidal vector. We are
concerned with the problem whether the boundary value problem (1) (2) has
a solution provided that the condition (5) is satisfied, even if the condition
(3) may not hold. Let us call this problem (P). For general domain, the
problem (P) is still open . An affirmative result is obtained by Amick [1], in
the 2 dimensional domain , when the domain, boundary value and external

force are symmetric with respect to one line. On the other hand, Takeshita,
obtained the following:

oD

Theorem Let D be the annular domain {x € R™R; < |z| < R3} and
I'i = {x € R"||z| = R;}, t = 1,2, its boundary. If b satisfies

b-nds=a, b-nds = —a,
Fl F2

and if, for any € > 0, there exists an extension of b satisfying (4), then
a=0.

Therefore, it seems that we can not use Leray’s method to solve the
problem (P). In the previous paper , we showed an affirmative result of
this problem in an annular domain in the plane, by constructing an exact
solution of (1) (2). In this paper, we refine the result in [4]. The stability
of the solution and another boundary condition are also discussed.

2. Notations and results

We use some function spaces. Let Cg° (D) be the set of all smooth
solenoidal functions with compact support in D; let H, be the closure of
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C5%, (D) in L*(D)™, and V, the closure of Co (D) in the Sobolev space
H(D)".

Definition 1 A function u is said the weak solution of (1) if and only if
u € H,n H'(D)"

and
v(Vu, Vo) — ((u- V)v,u) = (f,v), for YveV

holds.

In the following, we restrict ourselves to 2 dimensional case. Let D be
the annular domain

D ={xc€R?| R, < |z| < Ry},

and I'; its boundary
Ii={xcR?®||z|=R}, i=1,2

We consider the boundary value problem (1), (2) for f = 0, and
b [

= ﬁer +w;R,eg on I';, 1=1,2, (6)

where 1, w;, w9 are constants and e,, ey are the unit vectors in polar coor-
dinates representation {r, 6} .

Remark 1. If p # 0, then this boundary value b satisfies the condition (5)
but not the condition (3).

Theorem 1 Let p # —2v, and let wy, we be arbitrary constants. Then
the problem (1), (2) with (6) has an ezxact solution:

H C1 12
Ug = —€, + (— + 027‘1+V €y, (7)
T T
2 2
+c B_ 2p
p———p/ a 3 L4 2cicory 7Y 4 2 L dr, (8)
r
2+L£ 2+L
b . wlR%R2 Y- w2R%R1 v _ (UQR% -—wlR%
where c¢1 = 24 T E : =k 2HE

R2 - Rl RZ - Rl
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Theorem 2 Let p # —2v. If |u|, w1 —ws| are sufficiently small, the weak
solution satisfying the boundary condition (2) with (6) in the trace sense is
unique.

Theorem 3 Let p = —2v, and let wi, w2 be arbitrary constants. Then the
problem (1), (2) with (6) has an ezact solution:

—2v 1
u=——e + ;(cl + cologr)ey, (9)

2, .2 2 2
we+c 2cicologr + c5(logr
p=p/ T 5 2(logr)”) 4, (10)
r r
wlR% log R2 — ng% 10g Rl WQR% — wlR%
where c¢; = , Cg = .
log Ry — log R, log Ry — log Ry

Theorem 4 Let p = —2v. If |u|, |wi|, |w2| are sufficiently small, then
the weak solution satisfying the boundary condition (2) with (6) in the trace
Sense 1s unique.

Remark 2. If p = 0, then the solution obtained above is the well known
Couette flow.

Remark 3. These solutions are interesting because it depends on v.

Remark 4. In a case where the boundary value b depends on the variable
#, we obtain an exact solution. Let b be as follows:

{b :Z(a; cos nf+3 sinnf)e, +Z(ﬁ; cosnf—a’ sinnf)ey, :
n n 11)

on|x|=R;, i=1,2,

where a?, 3% ,4%, 6% are constants satisfying the following relation:

n=0+1,42 . (12)

1pl-n _ 2pl-n
aan “'anR2 ’
1pl-n _ 22 pl—m
an _IBnR2 ’

Then the boundary value problem (1) (2) with (11) has a solution in the
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form:

([ u = u,e, + ugeg

r n—1 .
) ur= Xn: (E) (ol cosnd + B sinnb) (13)

n—1
Ug = Z (}%) (8L cosnf — ol sinnb).

\

Since this solution u is a gradient of harmonic polynomials, u does not
depend on v, that is, is a solution of the Euler equations. But, if aj # 0,
then the boundary value satisfies the condition (5), but not (3).

Let us consider the initial boundary value problem for the Navier-Stokes
equations:

( %Z— =yAu—(u-V)u—%Vp,mED, t >0,
ﬁ divu = 0, xeD, t>0, (14)

u =b, x €0D, t>0,

| U|i=0 = a, zxeD, t=0.

Suppose the initial value a € H, and the boundary condition (6). Let
ug, po be the stationary solution obtained by [Theorem 1, 3. Put u =
ug + w,p = po + q. The equations for w, g are as follows:

( 8 1
8—1: =vAw — (w-V)w — (up- V)w — (w - V)ug — ;Vq,

ﬁ divw = 0, (15)
wlsp =0,

\w|t:0 =a — Uug.

Definition 2 A function w is called the weak solution of (15) if and only
if

we L20,T:V)

and
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%(w, v) + v(Vw, Vv)

ﬁ = ((w- V)v,w) + ((uo - V)v,w) — ((w - V)ug, v)
for Yv eV,

{ W0 =a —1ug
hold. u = up + w is said the weak solution of (14) .

Theorem 5 For sufficiently large v, the above exact solution ug is as-
symptotically stable, that is, for some positive constant ay,

[u(t) —uoll < e™*la —uol|,  Vt>0

holds for any weak solution u of (14).

3. Proof of Theorems

Proof of [Theorem 1.  We look for a solution in the form ug = u,e, + ugey
assuming that u,, ug, p depend only on r. Then the following boundary value
problem for ordinary differential equations is derived from the Navier-Stokes
equations (1) and the boundary condition (2) with (6).

1 1 1 1
—v (u;f + ;‘—u; — T—zur) + ;p' + upul. — ;u% =0 (16)
—v|ug+ lug — —l—ug + urug + 1u,nulg =0 (17)
T 72 T
]' /
;(’ruT) =0 (18)
ur(Ri) = p/Ri, up(R;) =wiR;, i=1,2 (19)

where / means differentiation with respect to r.

From and the boundary condition [19), u, = p/r. Substituting this
ur in (17), we get an ordinary differential equation for ug. And the solution
(7) is obtained. Finally p is calculated from [16). See [4] for details. ]

Proof of Theorem 2.  Let u be any solution to (1) satisfying the boundary
condition (6). Let w = up — u. Then w belongs to V and satisfies the
following:
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v(Vw, Vo) — {((up - V)v,up) — ((u-V)v,u)} =0
for Vv e V. (20)
Therefore we obtain:
V| Vw2 = —((w - V)uo, w).

Let J be the right hand side of the above equation. Then,
Ry 27 2
7] C1 M 3
J = . /0 {r—z(wf —wj) + (—7:—2— — ;czrv)wrwg} rdrd®,
and we obtain the estimate:

] < eof| Vel?

|| + |a ( Rz)2 luca| (B2 | u r
= ——— |log == — v log —dr | . 21
(CO 2 & R1 + 21/ Ry r 8 R1 " ( )

Therefore, if ¢ < v, then the uniqueness follows. For small |E| , We
v
have

w1 — wp + g(m log Ry — wp log Ry) + O((%)z)

R:- R+ %(R% log Ry — Rilog Ry) + O((#)z)

14

R2R3.

Cl1 =

The condition ¢y < v follows from the smallness of |p|, |w; —w2| and
1 is demonstrated. [

The Proof of [Theorem 3|, MTheorem 4! is similar to that of [Theorem 1,
and is omitted.

Proof of Theorem 5. We suppose u # —2v. Let v = w(= u — uyp) in the
Definition 2. Then, we have:
1d
2dt

where cg is the constant in (21). Using Poincaré’s inequality:

[[w]]? + v]| Vool |* = ~((w - V)ug, w) < col[Vewl|*

cpllw|]* < [[Vw|l?, VweV,

we obtain the following inequality:

d
a||wll2+201)(V—Co)||1~0||2 <0 (22)



648 H. Morimoto

If v is sufficiently large such that v > ¢y holds, then ay = cp(v — cy) > 0.
Integrating the equation , we obtain the desired result.
The case p = —2v is similarly demonstrated. ]
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