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A class of singular integral operators
with rough kernel on product domains*
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Abstract. The L*-boundedness for a class of singular integral operators

with rough kernel on product domain is discussed in terms of block decompo-
sitions. The main result is an improvment of corresponding one on L2-boun-
dedness due to J. Duoandikoetxea.

1. Introduction

It is well known that the singular integral operators on product
domain R”X R™ defined by

TH(x,9) = pov. [ K(& 0)f(x—¢, y—n)dédy

are bounded on L?(R"X R™), 1<p< oo, provided
K(x, y) = Q(x/|x|, v/|yDlx|™| ™™,

Q is homogeneous of degree zero, ‘L_lﬂ(u, v)du=j;m_10(u, v)dv=0, and
some regularity conditions on Q are assumed (see [2]). The L?-bounded-
ness of T with the rough condition Q€ L(S"* X S™ ') instead of regular-
ity is obtained in [1]. In this paper, we shall use the method of block
decomposition for functions to improve the result of L2-boundedness
above. It should be pointed out that the method of block decomposition
for functions is originated by M. H. Taibleson and G. Weiss in the study of
the convergence of the Fourier series (see ). Latter on, many applica-
tions of the block decomposition to Harmonic analysis were discovered
(see ). For example, a sort of method related to block decompositions
is applied to study the L’-boundedness of singular integral operators with
rough kernel in [3]-[4]. Thus, this paper can also be regarded as general-
ization of the one-parameter results in [3]-[4].
Let us begin with the definition of g-block on S* !X S™1,

Definition 1 A function b6(x, v) on S*!'XS™ ! is called a g-block,
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1<g<oo, if it satisfies the following two conditions :

(a) Suppb C @, where @ is a interval on S™!XS™ ! ie Q=
x'eS™ . d(x/, x0)<a}x{y'eS™': d(v, y;)< B} with x(€S"™' and
weS™

(b) lolle <|QI™, 1/¢+1/¢’=1.

Now, we may define a class of function space generated by blocks.

Definition 2 Let ¢ be a nonnegative function on R*. The space
Bi(S"'x S™ ') generated by g-blocks is defined by

BY(S™ ' X S")={ FEL(S™ X S™ )1 £(u, v)= 3} Cabalu, v),
each b is a g-block, and M({C.}) <o},

where M{({Ci}) = 2%=1|Cel(1+ (| Qxl)), and Q. is the supporting interval
of bk.

In particular, taking

! -1-#] u]-d .
¢(t):¢#,u(t):{/:u og'~——du, 0<t<1;
0. =1,

where >0, vER the corresponding spaces are denoted by B4*(S* !X
S™1), and M¢(C.) are denoted by M4 “(Cs).

For different values of ¢ and v, it is easy to verify the following rela-
tions :

By C By if mi<ue; (1.1)

Bi#»:C Bi»'C By, if 0<m<pe, and v:€R (i=0,1,2); (1.2)

LCBy*CByY, if 1<q:<q. (1.3)
Let K(x, v) be a kernel of the form

_ (x|, lyD Qx’, ¥)
K(x, y) = |x|n|y|m )

where xER", yER™, x'=x/|x|, y=y/|y|, and h€L*(R*x R*). Suppose Q
satisfies the cancellation condition

[0, v)ar= [ at, y)dy =0, (1.9)

and Q is homogeneous of degree zero. We are going to study the
L*-boundedness of singular integral operators
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Tf(x,y) = p.v. f'éanmK(é, nf(x—&, y—n)dédn.

The main result of this paper is stated as follows.

Theorem Suppose Q€ By*(S™'X S™Y) with some q¢>1 and v=1. Then
T is bounded on L*(R"XR™) for n>2 and m=2, where heL*(R*X RY).

Remark. Under the hypothesis on Q in whether 7T is bounded
on L? is still a question.

2. Proof of Theorem
Let
M§*(Q) = inf{ME*({Ch})),

where infimun is taken over all g-block decompositions of Q. By (1.1),

(1.2) and (1.3), it will suffice to prove for the case of 1<¢g<2
and v=1. We need the following.

Proposition Suppose Q€ By (S™ X S™), n>2, and m=>2. Let

ll(rl, y/’ 5/) — 1;”—1 Q(x,, yl)e—irlx’-E' dx/,
Ire, x', 7)) = /S- L Q(x’, y)e "7 gy,
and

1(7,1, 7,2’ 5/, 771) — /'/S‘n—l om Q(x/, yl)e~i(rlx'.gr+7”2yr.ﬂ/)dx/dy/.

Then we have

Joro [, v, 0 20y < cgo(@), 2.1)

L_l _[ | (72, %, 77’)|d7:2dx’ < CM$*(Q), (2.2)
and

L[ m &, e < oy, (2.3)

where C is independent of & and 7'
Proof. Let Q(x’, y") = 25-1Cubu(x’, v') and
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P{CH) = ZICAl1+(og| Qi) < oo.

Without loss of generality, we may assume &=(1,0,-,0)€S*" and
7’=(1,0,--,0&S"". Let x'=(s, x5, x)ES"" and y'=(¢, 33, yn)E
S™=!'" Then

Jou o e i = [ e mFs, ¥)ds = Fum, ),

where

Fi(s, ¥) = (1=55)""zus1<1(s) fs bu(s, V1=s*u’; y)du'.

We consider two cases respectively: |Q:|<1 and |Q«/=1. When |Q <1,

we have
f,,,,f le(Tl,J’)ldrldy ’/'MI'/'IQan Vl,y)ldrld'

NG
+fs,,,_1 /Qkk_qJFk(?’l, V)l il
:=I1'+‘Iz.

It is easy to see that

Ilé'/;lokl_ql // |bk(x’,y')|dx’dy’d77:1

sn-1x sm-1

|Qr|~7
<C / an
1 "

< Clog(|@Q«|™).

Setting A’=(¢’)* and 1/A+1/A=1, then 1<A<gq and A’'>2. Applying the
Hausdorff-Young inequality and Holder’s inequality to I;, we have

o 1/
pe( [0 2" [ 1B 9 lewands

<l [ IFs, ¥ llmardy
/n_z be(s,V1—s*u'; v')du

, 1
<da [ {[a-syeor |

Using Holder’s inequality again for ¢/(¢—A) and ¢/A, we obtain

T
1
.{,/_1(1—32)(’1_3)/2 j;n_z bk(s, /1_82 u/ : y/)du/ qu

A 1/4
ds} .

1/q
"
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<cl@ [ 1o, ylaxayy<c.

Sn~1x §m-1

Thus, if |Q«/<1, then we have

o [ 1B, »)H 22 ay < Cl1+log(1Qu )]

For the case of |Q«|>1, by a method similar to the estimates of L, we

obtain

"B ’ _47_’1_ ’
,/;m—l‘/l‘ |Fk(71’y)| " dy < C.

Since the above constant C is independent of b, we have

> Y d7’1 ,
/s-mq'/l‘ |ll(7’1’ y, §)| " dy
) o 4 4 —irix’-& ’ drl ,
= kgllel-/S.’"'l ./1’ ./s-n—l bk(x Y )e “dx 7 dy

< C;:U C:l(1 +log+—|5—k|).

Taking infimum over all g-block decompositions of Q we get (2. 1).

estimates of (2.2) is the same as above. To prove (2.3), we write

br(x’, y')e  HT X EET0) gty

Sn-1x §m-1

= /f Gi(s, e i+ godt = Gulm, 1)
%2

where

Gi(s, 1) = [A—=s)A— )] xps1<rie1<11(s, t)
br(s, v1—s*u'; t,v1—t20")du'dv’

Sn-2x sm-2

If |Q:|<1, then

© oo dridry 1Qel-9 L1Qxl-9 1Qel-9 [0 o 1Qal-¥
Guln, n)——— = + +
f1/1’ k( b 2)| nre 1 1 1 s~ JI@al-7J1
@ ® A d?’la’?’z
7 )Gt g
1Qx1-9'1Qel- [Galn, 72) nra

= 13+I4+[5+16.

It is easy to see that

The
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1Qel=7 /1Qxl-¥
L< |bx(x’, ¥)|dx’dy’ < Clog®(1/|Qe])
1 1

Sn-1yx gm-1
d7’1 d7'2
_dy’__
1

1Qrl-7 L )
I S/ / / / bilx’, ¥ )e™ " dx’
¢ 1 Sm-1 J1Qe|-9'|/ S7-1 k( » Y ) 4 I8

< C L 1og(1/1Q4]) < Clog(1/]Qxl).

The estimate of Is is the same as that of L. Applying the Hausdorff-
Young inequality and Holder’s inequality to fs, we obtain

dndr: \V*, ~
(-/;?kl q,/;)k| -q 711 72 2> ||Gk(71’ 7/2)||L"(R2,dndrz)

< ClQulP¥* V| Gals, )| asar
< ClQul”?||ba|Lasn-1xsm-1y < C.
When |Q:|= 1, it is easy to see that

(A d7’1d7’z
[[IGk(rl, 7’z)|—rlr2 < C.

Clearly, the above estimates yield (2.3). This finishes the proof of Propo-
sition.
Let us now turn to prove We write

TF (&, n)=m(&, 1) 7 (& ),

and

where

m(&, n)=K(,
=(27)"" m/ / ff (2, y' ) irix-e+ray=m) g g /h(-l_[ ﬂ d:ii’zrz

Sn-1y §m-1

To prove we need only to show
Supeern,nerm| m(€, 7)| < oo.

Using the cancellation condition (1.4), we have

m(&, n)=
1
! Q(x’, yl)(e—irlx'-e’_1)(e—irzy’-ﬂ’_1)dx/dy/h " ’ 72 \d7’1d7’2
0 70 ndssm1 |E| ‘7l|/ v
o e 7Ny —ir1x’e§ __ —irgyen’ % AV (71 7’2\d7’1d7’2
+£'[ ff Qlx’, y')e e dx'dy’ h ERCIET

Sn-1y §m-1
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L[ st e, g)dade

Sn-1% sm-1
[T WA {C ST LTS8 SEUEE 10 I AN AV 1 T \d?’ld?’z
+.[ '/l- Sn—'l/x:/s-m—ln(x , y )e dx dy h< |g| ’ |77| / "nrz )

Thus, it follows from Propositon that

1 1
(&, 1) < Clltlle [ [ NQlscsrixsnndrrs
1 oo
s Cllll [ [ [t VL2t a
1 (=)
tClltll [ [, [latr, o, e Lrdy ar,

+Clltll [ [(1irn, 72, &, 14022
< C[1+ M Q)+ M2H(Q)].

Hence, the proof of is complete.
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