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Besov spaces on symmetric manifolds

Leszek SKRZYPCZAK!
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Abstract. We investigate the spaces of Besov type on symmetric manifolds of the
noncompact type. The paper is focused on finding the equivalent norms via the means
typical for harmonic analysis on these manifolds.
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The whole scale of Besov spaces B, ,(X) on a Riemannian manifold
with bounded geometry was defined by H. Triebel in 1986. The definition is
of local nature. But in the case of symmetric manifolds of the non-compact
type one can use the Fourier analysis similar as in the Euclidean case. In
the paper we investigate the connection between the Besov spaces and the
Helgason-Fourier transform on symmetric manifolds of the non-compact
type for p = 2. We focus on the problem of equivalent norms.

1. Preliminaries

1.1. Symmetric manifolds of the non-compact type

Let X = G/K be a Riemannian symmetric manifolds of the noncom-
pact type, i.e. G is a connected semi-simple Lie group with finite center
and K is a maximal compact subgroup of G. We list briefly the customary
notation associated with X and refer for example to for more explicit
definitions. Let g and ¢ denote Lie algebras of G and K respectively. Their
complexifications will be denoted by the subscript C. Let p be an orthogonal
complement of ¢ in g with respect to the Killing form <,>. Then

g=t®dp (the Cartan decomposition). (1)

We assume that the Riemannian metric on X is generated by <, >.

Let a be a maximal abelian subspace of p and a* its dual. An element
)\ € a* is called a restricted root of g if A # 0 and the corresponding root
space gy = {X € g: [H,X] = NH)X, forall H € a} is not trivial. The

'Research supported by K.B.N. Grant 210519101 (Poland)
1991 Mathematics Subject Classification : 46E35, 43A85, 43A90.



232 L. Skrzypczak

number m) = dimg) is called the multiplicity of A\. Let X, denote the set
of positive roots on a fixed open Weyl chamber a,. The direct sum n of the
corresponding roots subspaces is a nilpotent subalgebra of g and

g=t®@adn (the Iwasawa decomposition). (2)
The corresponding decompositions of the group G look as follows:

G=KA;K, where A, =expa,, (3)
G = KAN, where A =expa, N = expn. (4)

If g € G then we will write its Cartan and Iwasawa decomposition in the
following way:

g = kiexp A(g)ks, g = k(g)exp H(g)n(g), (5)

where k(g) € K, n(g) € N, H(g) € a, and A(g) € a; are uniquely deter-
mined.

Let M (resp. M’) denote the centralizer (resp. the normalizer) of A in
K. The factor group W = M'/M is called the Weyl group of X. It is finite
and acts on a as a group of linear transformations by the operators Adg(k),
k € M'. The group W acts also on the set of Weyl chambers and this action
is free and transitive. We define an action of W on a by sA(H) = A(s71H),
s € W and H € a. The homogeneous manifold B = K/M = G/MAN is
called a boundary of X. We will denote the action of G on X by g -z and
on B by g(b). The point o = eK is called the origin of X.

The Killing form induces the Euclidean measures on A, a and a*. Multi-
plying these measures by (27)~"/2, (I = dima), we obtain invariant measures
da, dH, d)\. The Haar measures dm on M and dk on K are normalized
such that the total measure is 1. The Haar measures on G and N can be
normalized in such a way that

/f(g)dg :/ f(kan)e*°8 %) dkdadn, (6)
G KxAxN

/Gf(g)dg = /G/K (/K f(gk)dk> dgK, (7)

where p = % Y res . MxA and log denotes the inverse of the map to exp : a —
A. Moreover the invariant measure db = dkM on B = K/M is normalized
by dkM(B) = 1, cf. [11, I§5].
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1.2. Helgason-Fourier transform and tempered distributions on
X

Let 7 : G — G/K be the natural projection and o = m(K). Let 6k
denote the distribution f + [ f(k)dk on G. For any f € C(G) we
define the function f! € C®°(G/K) by f'om = f* 6k, where x denotes the
convolution on G. Now, for any distribution T € D'(G/K) we can define a
distribution T' € D'(G) by T(f) = T(f*). If T is a function, then T=Ton.
If Ty and T are distributions on G/K, one of compact support, then their
“convolution” T; x T is the distribution defined by

(Ty * To)(f*) = (Ty = To)(f), (8)

cf. [11, 11§5]. We have (Ty x T2 = (T, x T»), so the operation * satisfies the
associative law and T x 8, = T where 8, denotes the Dirac distribution at o.
We put A(gK, kM) = —H (g 'k) for gK € X and kM € B. Then

A(g-x,g(b)) = A(z,b) + A(g-0,9(b)), z€ X, b€ B. (9)

The functions X > z — etA@b) 4 € ag, b € B, are eigenfunctions of each
invariant differential operator on X i.e. the differential operators invariant
with respect to the action of G. In fact

D(e(i)\-’f-p)A(w,b)) _ "}’(D)(’LA) . e(i)\—i-p)A(w,b)7 = a*’ (10)

and D — «(D) is an isomorphism of the algebra D(X) of invariant oper-
ators onto the algebra S(a*)w of W-invariant polynomials with complex
coefficients on a*. The algebra S(a*)w is generated by [ algebraically in-
dependent homogeneous elements py,...,p; and 1, [ = dima. If d; is the
degree of p;, j =1,...,1, then Hg-:l dj = |W]| (cf. [11, I1.§4-5 and II1.§3]).

If f € Co(X) is a continuous function with compact support then its
Helgason-Fourier transform H f is defined by

(Hf)(Ab) = /X f(z)el~P+P)A@E Gy (11)

for all (A\,b) € a* x B for which this integral converges absolutely. The
Helgason-Fourier transform H f satisfies the identities

/ 6(is)\+p)A($,b)Hf(S>\, b)db _ / e(i>\+p)A(:c,b)Hf()\, b)db, (12)
B B
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s € W, and is inverted by
F@) = W1 [ HEO D)D) 2dxdb, (13)
a*x B

where c()) is Harish-Chandra’s c-function and |W| is the order of W.

The map f +— Hf extends to an isometry of Ly(X,dz) onto Lo(a% x
B, |c(X)|72d\db) (the Plancherel theorem:; cf. [13]).
Using the integration formulae (6) and (7) it is not hard to see that

HE(AEM) = F(R(-, kM))(N), (14)
where R is the Radon transform

Rf(H, kM) = eH) /N f(k(exp H)nK)dn (H € a,k € K), (15)
and F the classical Fourier transform on a

Fh()) = / e XD p(H)AH (A € o*, H € a). (16)

a

The Radon transform maps C$°(X) injectively into C,(a x K/M). If the
function f is K-invariant then its Helgason-Fourier transform coincides with
the spherical Fourier transform and the Radon transform coincides with the
Abel transform i.e.

(HF)(N) = /X f@)p(=X : z)dz,
AGF)H) = ™) [ f((exp H)nK)dn, (17)
N
where
e(A:zx) = /K e"MPAAZEM) g N ea*, H €. (18)

Now we recall the definition of rapidly decreasing functions and tem-
pered distributions on X, which is due to Harish-Chandra. We put o(g) =
|Y| and Z(g) = [ e PH %) dk, g G, g=k-expY, Y € p. The Schwartz
space C(X) on X consists of C* functions on X such that for any m € N
and any left(right)-invariant differential operator D (D’) on G

7p,0r,m(f) = sup [((D")D£)(9)|E(9) (1 + a(g))™ < oo. (19)

The semi-norms 7p pr, convert C(X) into a Frechet space (cf. [6]). It is
well known that C2°(X) C C(X) C Ly(X), p > 2 (topological embeddings)
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and C2°(X) is dense in C(X). A distribution on X is said to be tempered
if it can be extended to a continuous functional on C(X). Since C3°(X) is
continuously included and dense in C(X), the space of tempered distribution
C'(X) can be regarded as the dual space to C(X). It should be clear that
every distribution with compact support is tempered and that Ly(X) is
continuously included in C'(X).
The Helgason—Fourier transform maps C(X) onto a space Z(a* x B) of

all C*°-functions 1 on a* x B such that:

i) 4 satisfies the condition (12),

ii) for each differential operator D with constant coefficients on a*, each

invariant differential operator D’ on B and each m € N

Mmoo (¥) =  sup  [(D(D'))(AkM)|(1+[|A)™ < co.
(MkM)€a*xB

The space Z(a* x B) equipped with the semi-norms 7, p p’ 1s a Frechet
space. The transform H is a topological isomorphism of C(X) onto Z(a* x
B). If f € C'(X) is a tempered distribution on X then we define its
Helgason-Fourier transform by

()W) = f(Ho), (20)

where ¢ € Z(a* x B), and Hoy (A, kM) = Hy(—\,kM). The transform
H is a topological isomorphism of C'(X) onto the space Z'(a* x B) dual to
Z(ax B) (both equipped with their weak topologies), cf. [6]. 1t follows from
and the elementary estimates for |c(\)| that if f is a suitable function on
X or a distribution with compact support then both definition of Helgason—
Fourier transform coincides provided that we identify a function h(\,b) on
a* x B with the following element of Z'(a* x B):

b [W|L / ROL )OO, b)[e(N)|~2dAdb, 1 € Z(a* x B)

axB

It is known that if h € C°(X) is K-invariant and f € C(X) then
fxheC(X)and H(fxh)=Hf Hh (cf. [9]).

2. The spaces Bg(X)

First we describe resolutions of unity on a* suitable to our purpose. Let
B(0,r) denote the ball in a* with respect to the metric induce by the Killing
form centered at 0 and with radius r.
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Definition 1 Let ® be the collection of all systems {¢;} C Z(a* x B)
with the following properties:

(i) (A b1) = @j(\ ba), for every by,bp € B, A€ a,j=0,1,2,...,

(ii) @j(s- A, b) = ¢;(\,b), for every b € B, A € a, s € W, j =

0,1,2,...,

(iil) @;(A,b) = ¢(27IN,b), if j =1,2,..., ¢ € C(a* x B),

(iv) supp¢o C B(0,2) x B, supp¢ C (B(0,2)\ B(0,1/2)) x B,

(v) 2520 95(A,b) =1 for every (X, b) € a x B.

Remark 1.  The family ® is of course not empty. It is sufficient to take
the smooth function on a* radial with respect to the metric induced by the
Killing form and supported in (B(0,2) \ B(0,1/2)).

For the given system of functions and for every multi-index o there
exist a positive number ¢, such that

21| D% (A)| < ¢q forall j=0,1,2---, and all A € a*.

Definition 2 Let {¢;}52, € ®. Let —0o < s < 0o and 0 < ¢ < oo, then

By(X) = {feC'(X):|If | Byl

g 1/q
= (S e opns 1 L) < o)
j=0

(usual modification if ¢ = 0o).

Remark 2. The above approach is not useful if we take the L,-norm with
p # 2 in the above definition. If p < 2 then H™'¢;Hf ¢ L,(X) for any
f € C'(X) and every Fourier L,-multiplier, p # 2, is an analytical function
in certain tube neighborhood of a* in ag (cf. [2]).

Lemma 1l Let —0co<s< o0 and0 < q< co.
(i) The definition of Bj(X) is independent of the chosen system

{9;} € ®.
(ii) The operator Io4(f) = H7 (t + |p|2 + [N?>)??Hf, 0 € R, t >
—|p|? is a topological isomorphism of B3 (X) onto B;77(X).

Proof.  The proof is standard therefore it is sketched only. Let {¢;} and
{1;} be the systems belonging to ®. Then by the Plancherel formula

1 1 Bg(X)llg
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00 ' 1 1/q
= (S0 S wyrads M | Lalat x Bl 2inab))

§=0 k=—1
< C|f | By(X)lly-

Thus the point (i) is proved. The second point follows similarly from the
estimate

C1277 < (t+|o* + MH)7/? < G277,
if A e B(0,2711)\ B(0,2771).

[]

Proposition 1 Let —oo < s < 00, 0 < ¢,q1,g2 < 00. Let H*(X) = {f €
D'(X):|\f | H*(X)| = (I —A)*/2f | Lo(X)|| < oo} be the Bessel potential
space corresponding to the Laplace-Beltrami operator A on X. Then
() Bj(X)=H(X),
(ii) (the real interpolation) (B5H(X), B32(X))s,q = B3(X), 0 <0 <1,
s =0s1 + (1 —0)s2,
(iii) C(X) C Bi(X) C C'(X) (topological embeddings). If ¢ < oo then
C(X) is dense in By(X).

Proof.  The point (i) follows for s = 0 directly from the Plancherel theo-
rem. For s # 0 we can use Lemma 1. The above interpolation property can
be prove in the similar way to the Euclidean case therefore the calculations
are omitted (cf. [19, Th.2.4.2.]).

It is sufficient to prove the both embeddings with ¢ = oo because
Bi(X) C B3 (X) and B3 (X) C Bt (X), t > 0. There exist the posi-
tive integers m and M such that [c(A)|72 < M(1 + ||A|)™ for all A € a*
(cf. [21, Prop. 9.1.7.3]). Moreover, there is the constant m; such that
25¢:(A\) < mq (1 + || A|])¥#. Thus, for a sufficiently large integer k

1F | BS(X)| < ClA+ IAD*HS | Loo(a% x B)|
< Ctp,pr(f),

since H~! is an isomorphism of Z(a* x B) onto C(X). The space C5°(X) is
known to be dense in H*(X) therefore C(X) is dense in every B;(X), ¢ < oo,
cf. [18]. It is also known that (H*(X))' = H~*(X), (ct. [14]). By the duality
theorem for the real method of interpolation (B§(X))' = B’(X), s € R.

o &}

But C(X) is contained and dense in B§(X). Hence B3, (X) C C'(X) for
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every s € R. []

Remark 3. It follows from the above proposition that our spaces B (X)
coincide with the spaces B3 ,(X) defined by Triebel in [18].

The following theorem will take the crucial part in the next section.
It is a simpler version of the theorem proved in the Euclidean case for full

scale By (R") by H. Triebel, cf. [15].

Theorem 1 Let 0 < g < 0o and —o0 < s < co. Let sg,81 € R, s, <
s < s1 and s1 > 0. Let g9 € C®(a*), ¢ € C*®(a* \ {0}) (both W -invariant)
satisfy the following conditions

l#o(A)| >0 if A € B(0,2),

601 >0 ifxe BO,4)\B(0,7), (21)

}¢0( )| <00, sup ‘qb()‘)' < o0, (22)
Aea\B(0,1/2) A0 Acat\B(0,1/2) |AI%

sup [$(0) < 00. (23)

AeB(0,4) |Al*

Then the expressions

IH™ go™Mf | Lo(X)

1 1/q
+ ([ eptoems | LeolrT) 24
and
x© 1/q
(2 ayms | La00)e)
=0
where ¢;(\) = $(277 ), (25)

(modification if ¢ = co) are equivalent quasi-norms in B(X).

Proof.  The proof goes in the same way as Triebel’s proof. Since we work
with Lp-norms we can use the Plancherel theorem instead of the inequalities
of Plancherel-Poly’a-Nikol’skij type which were used in Euclidean setting.
We recall that the Plancherel measure is defined by |c(\)|"?d\db and that
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Fourier-Helgason image of a distribution is invariant with respect to Weyl
group, cf. Section 1.2.. So, we sketch the main steps only and refer to
for details. The norm of the space La(a% X B, |c(A)|~2dAdb) is denoted by
|- | L2(a% x B)||. This makes formulae shorter.

First we prove (25). Let {,}5°_y € @, and ¥, (A) = ¥(27"A), m =
1,2,... It will be convenient to put ¥, =0 for m = —1,—-2,.... Then

29 |H g HSf | Lo(X)]|

1
<29 Y s Hf | La(a} x B)||

l=—00
+ 2% iudHS | La(a} x B)|l. (26)
=2

Estimating the sum consisted of the first terms in we get

o

oy 1/
(T2 % wyuaosmis | Lala < B)|) '

Jj=0 l=—00

< ClIf [ By(X)]l- (27)

In the similar way we can estimate the sum consisted of the second terms
in [26). We get the inequality similar to with 392, instead of 3/ .
Thus the expression (25) can be estimate from above by C||f | Bg(X)||.
The opposite inequality is clear since supp; C {A: ¢;(A) # 0}.

It remains to prove the second equivalence. The above calculations with
#(v), 1 <~ <2, instead of ¢ give

1<~<

(2 2574 Sup21|¢j(7-)Hf | La(a} x B)||q>1/q

" <ClIf | BYX)I. (28)
In consequence

[H200Hf | La(X)

1 1/q
([ s ot | Lo
< Olf | B0
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On the other hand
4sHS | La(al x B < C inf l65F | La(a’, x B)|

because ¢(yA) # 0 if A € B(0,2) \ B(0,3) and 1 <y < 2. So

dt

1
| o | L0

> sjq =14 (~. q,
_Cj§)2 1%22“% ¢i(v)Hf | Lo(X)|

This finishes the proof. L]

We end this section by proving simple mapping properties of invariant
differential operators.

Proposition 2 Let —0co < s < 0o and 0 < g < co. Let D be the invariant
differential operator on X.
(i) If the order of D is equal to m then |[Df | B;"™(X)| < C||f |
By (X))
(ii) Let the degree of v(D) = p equal 2m, m € N. Let pay, denote the
sum of monomzials of mazximal degree of p. Assume that there is
a constant C such that the inequality pam,(X) > C||A|| holds for
every A € a*. Let h € Bi(X). If there is f € Ucr BL(X) such
that D(f) = h then f € B5?™(X).

Proof.  The immediate proof of (i) is omitted. We prove the point (ii). The
polynomial po,, belongs to S(a*)w because the generators of the algebra
are homogeneous polynomials. Let D; and D, be differential operators
such that y(D1) = pay, and D = Dy + Ds. Then the operators D;, D, are
invariant and (I + D1)f = h+ (I — D3)f. The order of I — Dy is less or
equal to 2m — 1. There is t € R such that f € B;(X). We assume that
t < s+ 2m, otherwise there is nothing to prove. We have

If I BEFHX)I ~ I = a)™f | BGH 2™ (X))

> . . 1/q
< o 3 20-2m 403 ¢iHh | Ly(a* x B)||‘1>
j=0

o0 . . l/q
+ (L2 (T - D) | La(a” < B
j=0
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< C(IR | Bo(X)Il +11f | Bo(X)]-

The argument can be repeated as far as t < s + 2m — 1. This proves the
point (ii). ]

3. Equivalent quasi-norms

In this section we introduce equivalent quasi-norm via the means char-
acteristic for harmonic analysis on symmetric spaces like Laplace-Beltrami
operator, spherical functions and root systems. In contrast to the means

used in Definition 2 there are no theoretical objections to generalize these
new means to p # 2. The further investigations seems to be of interest.

3.1. Quasi-norms by non-euclidean local means
A distribution f on X is called to be K-invariant if f(¢x) = f(¢) for
every 1 € C$°(X) and every k € K, here vy (z) = (k™! - z).

Lemma 2 Let h be a K -invariant distribution on X with compact support.
Then

(i) Hh can be extended to a W -invariant entire holomorphic function
on ag satisfying the following estimates:
there exist a constant R > 0 and the integer m > 0 such that

Sup (L + [[AIDT™ exp(—=R|ISA[)|Hh| < oo,
Ea’b

(i) f f € C'(X) then fxh € C'(X) and H(f xh) = Hh - H].

Proof.  The point (i) is proved in [7]. From (i) and the definition of
Z(a*x B) it follows that ¥ Hh € Z(a* x B) provided that 1 € Z(a* x B) and
that ¢, Hh converges to yyHh in Z(a* x B) if ¢, converges to 1. Therefore
Hh-Hf € Z'(a* x B). We have

(HA)W) = W7 [ df() [ [ wpjel-eaern

e(CNFRAWE ST 0) | ()| "2d\dbdh(y)

— -1 f
= |W| /Gdf(g)/G/a*wa()\’b)
(AT AWGYE D) | o)) ~2dAdbdh(y)
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_ / / (H; (99)dh(y)df(g) = (f » h)(H'¥).
GJG

This proves the lemma. L]
Let Q(z,r) denote a geodesic ball centered at x € X with radius r.

Theorem 2 Let A be the Laplace—Beltrami operator on X and let
I' = A+ |p|% Let ko, k be K-invariant C*®°-functions on X satisfying the
following conditions:

supp ko C 2(o,1), suppk C Q(o, 1), Hko(0) # 0 Hk(0) # 0. (29)

Let kN = TNk and &V = A(EN). Moreover, let kY = t7' A~ (sk]), 0< t <
1, where kY (A\) = kN (1)) and | = dima.
If0<qg<o0, —c0<s< oo and 2N > s, N € N then

1 d 1/q
I ko | 201+ ([ 9015 kY | L2001 ) 30

is an equivalent norm in By (X).

Proof.  Almost all follows immediately from Theorem 1. The Abel trans-
form A is an isomorphism of the space C3°(X) g of K-invariant C*-function
on X with compact support onto the space C§°(a)w of W-invariant C°-
function on a with compact support. (cf. [8]). Therefore the functions
kN are well defined. They are C*-functions with compact support and
supp k¥ C Q(o,t) (the support conservation property — cf. [3]).

Let ¢ = HkY and ¢9 = Hko. Then ¢ and ¢y are W-invariant entire
analytical functions of uniformly exponential type on a* (the Paley—Wiener
theorem for spherical Fourier transform — cf. [3]) and ¢()\) = [A\|*NVH(k)(N).
The functions ¢ and ¢g satisfy the conditions (21)—-{23) with immaterial
changes. In particular there is a ball B(0,2¢) in a* such that |¢o(A)| > 0 if
A € B(0,2¢) and |¢p(A)| > 0 if A € B(0,2¢), A # 0. But [Theorem 1 remains
true if we use the ball B(0,¢) instead of B(0,2) in the assumptions of the
theorem cf. [15]. Moreover H~'¢(t-) = kY. Thus the theorem follows from
and the above lemma. B

3.2. Means via the spherical functions
A vector H is a regular element of a i.e. A\(H) # 0 for any A € ¥.
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Theorem 3 Let Hy € a be reqular. Let
Y, (A) =p(=A:expHy-0) — (0 :expHg-0), A€a”.

Let 0 < s < N and 0 < g < 00. Then the expression

1 1/q
I£1 L2000+ ([ oot ems | Lo ) )

is an equivalent quasi-norm in Bg(X).

Proof. The function g, is an entire analytical function on ag and
YH,(0) = 0. It is not difficult to see that ¥y, (A) # 0 if A # 0. In fact

wHO()\) — / e(—i)\+p)A(epoo,kM)dk
K

_/ |e(—i)\+p)A(epo0,kM)|dk.
K

But an integral of the continuous complex-valued function is equaled to the
integral of the absolute value of the function if and only if the function
is real-valued and nonnegative which is impossible for the function k —
e(=iA+p)Alexp HokM) if X oL 0 because of the definition of AA(exp Hg, kM).
Thus ¢} satisfy the (21) of Mheorem 1. Moreover it is known that there
exists the constant C' > 0 such that |[¢g,(A)] < Cp(0: exp Hp - 0) if A € a*
(cf. [3]). Now the theorem follows from Theorem 1 with so = 0, s1 = N,
do =1 and $(\) = ¥J¥ (A). =

Now we try to give the local version of the last theorem. We defined a
distribution Dy, by

Do (¢) = /K $(k exp Ho - 0) — ¢(0)e 4P HookM g,

If f is a suitable function on X then (f x Dg,)(gK) = [y f(gkexp Hp -
o)dk — f(gK)p(o : exp Hg - 0) It should be clear that the distribution Dy,
is K-invariant, supp Dy, C (o, ||Ho||) and

(HDp,)(A) = (A :exp Hp - 0) — (0 : exp Hy - 0).

Now, we calculate T, = H™1(XA — @(t) : (exp—Hp) - 0)). T; is a K-
invariant distribution with compact support on X. It is known that there
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exists a function Fy € Lq(a,dH) such that
/ f(H((exp Ho)k))dk

:/f H Fo(H)dH, e_pFO € Ll(aadH)7

cf. [11, Th.IV.10.11)]. So @(), (exp—Hp) - 0) = [, e He PH)Fy(H)dH.
Let ¢ € C(X) be K-invariant and let ag = exp(—Hp). Then
T:(¥)

=W / (tXh s ag - o) Hoth(N)|e(A)| dA
= (W / ) 7L, (e P By (1) % A)(A)|e(A)|2dA

= |w|! / Fo (/K e~ P(H(a0k)) fgop(. — tH(aok))dk> (A)]e(N)]|~2dA

= W™ / / e~ PH(aok) A (a0k) by oy (X)dke[c(X)] ~2dA
a* JK

_ /K et=DPH(@0k)y (exp(—tH (aoh)) - 0)dk.
T, is a K-invariant distribution with compact support therefore for every
P € C®(X) we have Ty(¢p) = T (v*) where ¢#(z) = [5 (k- z)dk. Let
D) = [ PRy exp(—tH (ach)) - o)k
— ¥(0)(0 : exp Hy).

Y € C*(X). Then Dy, is a K-invariant distribution with compact sup-
port, H(Dgyt)(X) = ¢, (tA). Thus we have proved the following corollary.

Corollary 1 Let0<s <N and 0 < g < oo. Let Dgo,t denote the follow-
ing distribution Dﬁo,t = Dpyyt*---*Dpyt (N times). Then the expression

1 dt\ /4
15122000+ ([ 915 D | L2017 (32)

t

is an equivalent quasi-norm in By(X).

3.3. Means via the root systems
We recall that a positive restricted root A € ¥, is called simple if it
can not be written A = a + 3 with o, 8 € ;. Let S = {a;1...,0q} be the
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set of all simple restricted roots corresponding to the given Weyl chamber
at+. Then | = dima, < a;,a; >< 0 for i # j, spanS = a* (cf. [11, VII§3]).
The action of the Weyl group on the set of the Weyl chambers is simple
transitive. Therefore each w € W appoints the set S,, of simple roots. We
define the following functions:

P1(A) = Z e"<Maw> || where a, = Z a, (33)
weWw a€ESy

Pa(A) = Y Y &M W], A€ ag. (34)
weW a€eSy

Both the functions are holomorphic on a*, bounded if A € a* and ¥;(0) =
12(0) = 0. Moreover the functions are W-invariant since the Weyl group
is generated by orthogonal reflections with respect to hyperplanes in the
scalar product space (a, <,>) and any two sets S,,, and S,,, are conjugate
under the unique element of the Weyl group. We prove that there is a
neighborhood V; of 0 such that 1;(X) # 0 if A € V;\ {0}, j = 1,2. We start
with the following elementary fact: if by € R, k =1,...m then 3.7, e =
m if and only if by € 27Z. Thus, ¥1(A) = 0 if and only if < A\, a,, >€ 27Z
for every w € W. The map F : a* 5 A= (< A\, o, >, € R™, m = |W|,
is linear and continuous therefore the set V3 = F~1({(a}) : |ax| < 7, k =
1,...,m}) is an open neighborhood of 0 in a*. If A € V; and ¢;(\) = 0 then
| < Aoy > | <mand < A,y >€ 27Z. So < \, a,, >= 0 for every w € W.
But the vectors ay, span a* therefore A = 0. The proof for 15 is the same.

The next theorem follows from the above consideration and
1.

Theorem 4 Let0<s< N,0< q< o0 and j=1,2. Then the expres-
stons

dt) 1/q (35)

| 1
I£1 LGN+ ([ 10905 | L2105
are equivalent quasi-norms in By(X).

Let H, be the unique element of a such that a,(H) =< H,H, >,
H € a. If the Lie group G has only one conjugacy class of Cartan subgroups
then the function |c()\)|™! is a polynomial without constant term (cf. [11,
p.448]). For these symmetric spaces X = G/K we have the following local
version of the last theorem.
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Corollary 2 Let G have only one conjugacy class of Cartan subgroups.
Let D, be the differential operator on A corresponding to polynomial |c()\)]| ™2

via the Fuclidean Fourier transform. Let

Dis(y) = |W| D DAY (—tHy) — (o),

weW

WIS S DeAyt(—tHqa) — (o).

weW a€Sy,

Do ()
and Dév’t = Djx--*Dj¢ (N times), t € (0,1), N € N. Then the expressions

1 dt\ 1/4
1512000+ ([ e DY 20T ) (36)

j =1,2 are equivalent quasi-norms in By(X) with0 <s < N, and 0 < ¢ <
0.

Proof. Let ¢ € C(X)k. The inversion formula for the Helgason—Fourier
transform implies

(T et~ ) ) @)

weW
:|W‘_1' Z / (ei)‘(tHw—l)(foOA”L/))IC()\)|_2d)\
wew 7o
= W[ Y DAY(~tHy) — %(0).
weW

This and the above theorem prove the corollary for j = 1. The proof for
j = 2 is similar. L]
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