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Cauchy problem for nonlinear parabolic equations

Hi Jun CHOE and Jin Ho LEE
(Received February 21, 1996; Revised April 7, 1997)

Abstract. The Cauchy problem for degenerate parabolic equations with bounded mea-
surable coefficients is studied. The existence and uniqueness of initial trace for nonneg-
ative solutions is shown. The Harnack type estimate is fundamental. Moreover the
behavior of interface is studied locally and globally. The interface is Holder continuous
graph. Finally the asymptotic behavior of solutions is studied.
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1. Introduction

In this paper we study the Cauchy problem of a degenerate parabolic
equation

up = (aij(x)\Vu\p—2umi)xj in R"x(0,T], (p>2) (1.1)
u(z,0) = up(z) € LL (R™) (1.2)

where a;;(x) are bounded, symmetric and measurable functions which sat-
isfy the ellipticity condition
ATHEPE < a;ij(z)&:€; < Al€)? a.e. in R",
for some A > 1. The Cauchy problem of the heat equation
ur=Au in R" x (0,7],
(1.3)
u(z,0) = ug(z)

is relatively well understood. Widder proved that to each nonnega-
tive solution u of the heat equation, there corresponds a nonnegative Borel
measure g on R™ such that

lim u(:c,t)n(a:)d:c:/ ndu

t—0 J pn n
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for all continuos functions 7 in R™ with compact support. Here we call u as
the initial trace of v and the trace u satisfies the growth condition

zl2
/ e”‘TIT“du(:c) < 00.

Moreover if u and v are two nonnegative solutions of (1.3) in R™ x (0,7
with equal trace p, then u is identically equal to v.
For the porous medium equation

uy—Au" =0, m>1 in R" x(0,00) (1.4)

Aronson and Caffarelli [1] showed that every nonnegative solution u of (1.4)
has a unique initial trace p and p satisfies the growth condition

1 / du = O(R%) as R — oo. (1.5)
R"™ Jie|<R

Also Benilan, Crandall and Pierre showed that for every measure u
satisfying (1.5), there is a solution u of (1.4) with initial trace u. On the
other hand the uniqueness of nonnegative solution has been studied by
Dahlberg and Kenig [8]. They also studied the Cauchy problem of the
general porous medium equation

ur = A(¢(u)) in R™ x (0,T]

with suitable growth condition on ¢.
The evolutionary p-Laplace equation

ug — div(|VulP2Vu) =0 in R" x (0,7] p>2 (1.6)
has been studied by many authors , , , ... . In particular,

DiBenedetto and Herrero showed that for every o-finite Borel measure
p in R™ satisfying

||l = sup p_n_i_? / du(z) < oo for some 71 >0,
p>r lz|<p

there exist a weak solution to (1.6) in R™ x (0,7, where T is

] —(p—2)

T(p) = co | lim ||l if |l >0

and T'(u) = oo if ||u]|, = 0. Furthermore they showed that for each non-
negative weak solution u, there is a unique o-finite Borel measure p on R"
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such that

lim u(:c,t)n(:c)d:c:/ ndu
t—0 J pn n

for all continuous and compactly supported function n in R®. They used
the existence of an explicit Barenblatt solution whose initial trace is the
Dirac measure at the origin.

We extend the above result to the degenerate parabolic equation (1.1)
which has bounded measurable coefficients. A measurable function (z,t) —
u(z,t) defined in R™ x (0, 7] is a weak solution of (1.1) and if for every
bounded open set 2 C R™

ue C0,T: LYQ)NLPO,T : WHP(Q))

and
t
/u(:z:,t)n(a:,t)da:+/ /—unt+aij(x)|Vu|p'2uxinxjda;ds
Q 0o Jo
_ / w(z, 0)n(z, 0)dz (1.7)
Q

for 0 < t < T and all test functions n € W1(0,T; L>(€2)) N L*>(0, T;
W, (). If we replace the initial condition by a o-finite Borel mea-
sure j, that is, the right hand side of replaced by [, n(z,0)du(z) for
all smooth and compactly supported function 7, then we say u(z,t) is a
weak solution to (1.1) and with the initial trace p.

Remark. Here we study only the case that a;; is independent of . When
ai; depends on ¢, all the theorems and lemmas are true except lLemma 3.4.

In section 2 we estimate interior Lipschitz norm in terms of LP norm of
u, by Moser type iterations. After this, the maximum of u can be estimated
by L' norm of u. We follow the idea of Dahlberg and Kenig [9].

In section 3 we show the growth rate of weak solution v in terms of t.
Once we know the growth rate of u, we can show the following estimate

.
/ / |Vu|P~dz dt < CT%,
0 n

where k = n(p — 2) + p. This estimate is useful in showing the uniqueness
of the initial trace. A similar estimate has been proved in , when {a;;}
is identity matrix. We shall also prove the Harnack principle, namely the
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fact that

for some constant 3. The same estimate for evolutionary p-Laplace equation
was proved by DiBenedetto and Herrero [12]. Their proof depends on ex-
plicit formula of Barenblatt solution and is not applicable to our problems.
We employ a compactness method and scaling argument and the explicit
formula of Barenblatt solution is not necessary. This method provides a
new proof for Harnack principle for evolutionary p-Laplace equations.

In section 4 we prove the existence and uniqueness of the initial trace of
nonnegative weak solution by the use of Harnack inequality (1.8). Also we
prove the uniqueness of weak solution with LllOC data at t = 0. In section 5 we
consider the regularity of interface and the behavior of solutions as ¢ goes to
infinity. For the porous medium equation, Caffarelli and Wolanski [4] proved
the C1® regularity of the interface under some nondegeneracy conditions
on initial data. On the other hand Choe and Kim [7] have considered the
regularity questions of the interface for evolutionary p-Laplace equations.
They showed that the interface is Holder continuous graph if the interface is
moving and Lipschitz graph if the initial data satisfy certain nondegeneracy
conditions. Here we extend the Holder regularity result of the inteface to
degenerate parabolic equations with bounded measurable coefficients.

The following symbols are used; £, udz = IT}fI Jqudz, Br(zp) = {z :
|z — zo| < R}, Qr(zo,t0) = Br(zo) x (to — RP,t0), Sr(zo,t0) = Br(zo) x
(t()—Rp, t0+Rp), apQR(JZo, to) = BR(Cl:o) X {to—Rp}UaBR(CEO) X [to—Rp, t()].
If there is no confusion, we drop out (xo,?p) in various expressions.

2. Interior estimate

In this section we prove various a priori estimates which are useful
in studying pointwise behavior of u. Taking u*t!nP for suitable o and
cutoff function 1, we find a local maximum principle. A similar estimate
for evolutionary p-Laplace equation is known (see [6]).

Lemma 2.1 Suppose u is a nonnegative smooth solution of (1.1) and
(1.2) in QR,, then there exists a constant c¢; and cy depending on p, n, A



Cauchy problem for nonlinear parabolic equations 55

and Ry such that

Ni=

sup u < €1 [/ wPdz dt| + co.
QR

Org

Now we estimate [[,, uPdzdt in terms of Jlg,, udz dt.

Lemma 2.2 Suppose u is a smooth nonnegative solution of (1.1) in Qap,-
Then there are constants o and ¢ depending only on A, n and p such that

g

supu <c [sup/ u(z,t)de +1
2

Proof.  From Holder inequality we have

/ / WP/ et) pp(4p/m) g gy (2.1)

< [Sup/unp dm}p/n/ [/ u(a+p)n/(n—p)nnp/(n_p) dx (n—p)/n "
t

We let 7 be a smooth cut off function such that 0 <7 <1, 7 =0on OSRr
and n(z) = 1 on for all z € S,. Now we note that vy = u + 1 is again
a solution to the same equation. The advantage of taking u, is that we
can take negative exponent « in [2.1). By Sobolev embedding theorem and

(2.1),

n—

o n n n_P.p a
/[/ul%ﬁ-%n"——p?dm] Plat < //W(uﬁﬁn)v’dma

< C// (U1a+2 + u1a+p)dx dt
Sr

< c// u®tP + 1dx dt.
Sr

Then we can write as

P
// u1%+(a+p)d9:dt§c sup/ urdr / wtPdzdt.  (2.2)
Sy t |z|<R Sr

We let 2 + ; + p = ajp1 + p with ag +p = 1 then a; = ap + £i. Define

n
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R; = Ro(1+27%) and p = R;11, R = R;. Hence iterating (2.2) we obtain

// ug TP g dt <c sup/ uldx] // O”—H))cla:dt
Sr. t Jiz|<R S

Rit1 Rit1

// uPPdr dt < c Sup/ urde // urde dt (2.3)
SR, t J]z|<Ro SRy

for some o depending only on n, p and A. Therefore combining
and (2.3) we prove the Lemma. [

Now we improve Lemma 2.2.

Theorem 2.3 Let u be a smooth nonnegative solution of (1.1) in Sag.
Then there are constants ¢, v and o depending on p, n and A such that

and

supu < c[I? + I7], (2.4)
Srg
2
where I = supy [, op, w(z,t)dz.
Proof. If I > ¢q for some fixed g > 0, then implies with
a constant ¢ depending on £9. When 0 < I < ¢, there is cg(Rp) such that

0 <u <c¢in Qg,. Since sup |u| < cg from we can deduce that
a+
sup/ua+2npd:c+c/ ‘V(U_Pg)n\pda:dt
¢

<c [[wgtind + vaP)ds de (2.5)

for suitable function g and some constant ¢ depending on cy. Hence iterating
with similar methods as and 2.2 we prove the Theorem.
[]

3. Harnack estimate

Here we employ the idea of Dahlberg and Kenig [9] which uses the
scaling properties of solutions. We denote by S the class of all nonnegative
weak solutions of (1.1) and in R® x (0,7] and P(N) = {u € S :
sup; [gn u(z, t)de < N}

Lemma 3.1 Let u € P(N), then there is a constant ¢ depending only on
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p, n and A such that for all z € R"

u(z,t) < eNTE D97 for 0<t<T—1.
Proof. We define v(&,7) as

0(6,7) = Zulo -+ o6, 1) (3.1)
where ~ is defined by ~(P=2) = %. Then v(&, 7) is solution to

Do (67) = Lo + o6, T 2o )

t pP J

which is v, (&, 7) = (@i;|Vo[P~2vg, )¢, Note a;; is bounded and has the same

ellipticity modulus. If we choose p so that yp™ = N, then p= N B2 t% and

/nv(é,f)f%: %/Rn u(z + p€,t7)dE = ?i)_"/gn u(y,tr)dy = 1

and v € P(1). Therefore from [Theorem 2.3, we get

o) = 7100, = (2)7 o) < ()7

t

p —n
= cN ne=2)+tptn(p-2)+p,

[]
Lemma 3.2 Let o € (0,T) be fized and u € P(N), then there exists some
positive constant ¢ depending on o, p and n such that

T p—2 1
/ / \Vu|Pldedt < N7~ 7% (3.2)
0 JBpr

for all T € (0,T — o), where k =n(p—2)+p
Proof.  As in the case of Lemma 3.1 we define v(z,t) as v(z,t) = %,u(px, t),
J)

with v = pff—z. Then v(z,t) is solution to v¢(z,t) = (a@;;|Vv|P~vs, )z, Note
_2
a;; is bounded and has the same ellipticity modulus. If we choose p = N pT,

then v € P(1) and ||v||z1(gny = 1. By Holder’s inequality we get

/ / |Vo|P~ e dt| VP~ 1t~ vedz dt (3.3)
0 JBpgr
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<[ erawora] 7 [ ] (o) a)’

Let A= [§ fBR(t‘Sv_E)ﬁ|VU|pdz and B = [J fBR(t”‘SvE)pdz.
From Lemma 3.1, B can be estimated as

.
B S/ t_‘SpHvsp_lHoo/ vdz dt
0 Bgr
< c/ t7PO(EP—1) 22 gy c/T ¢~Po—Z(ep—1) gy
0 0

Hence if we choose § and e satisfying pd + Z(ep — 1) <1 and € > %, then
B < ert—pé—L(ep—1)

for some ¢ depending only on p, o, n and p. To estimate A, take
6
tr Tyl TR ¢? as a test function to (1.1), where ¢ is a piecewise smooth

cutoff function in Br4, with |V¢| < c. Here we assume 1 — 17_ > 0. Hence
we obtain

) 5 & 5
// v (t7T0' TP T0%) + g (2, )| Vol 2, (17710 TR, de = 0

T p— 1 1
—1 —sp// tp ¢)
// T p— ltp 1 ¢2dz+)\//’vU1pvp ltp 1¢2d2
—1 ) —ep

< C//Wvlp‘lv _27—_1tp—-‘1¢|V¢ldz.

From the definition of A, we get
€ 6 € [
A< c_//v2_p_}1tp_}l—l¢2dz+c//IVvlp_lvl_p_%tp_—ngb[VMdz
T € 5
< c/ Hvl—#)_l”ootp_%_l/ vp3de dt
0 Br+1
—|—c//|Vv|p v P 1tr-19|Ve|dz
—-n € é € [
< c/ ¢ (- fl)tp—fl_ldt+c//|Vv|p~1v1_p_—plt5—%¢lv¢|dz
0
n € [ € [
A LA //|Vv|p—1v1_17%tp_—%¢}v¢|dz.

and

IA
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Here 6 satisfies

op n Ep)
—— ——|1- > 0.
p—1 fﬁ( p—1

On the other hand by Youngs inequality
//\W;P*lvl“f%t%mwuz
< /\// VolPort t7-1 7T dz + ¢(A) // P T |V P de.
Hence taking sufficiently small A\, we see that

= 1+c//vp 2 Pltp P 1udz. (3.4)
From [Lemma 3.1, we see that

__€p_  _bp
//Up—2v1 p—1tr-1ydx dt

<c tp ~ (155 1dt<c7'P1
0

A< e (1=32

2(1- )

provided that € and ¢ satisfy ]% — =21~
deduce that

;_ll) > 0. Thus from we

A < CT n(l— - )+

Now we need to find é and € which satisfies following conditions; %
-1 6

B2, pb+2(ep—1) <1, g —2(1-5) >0, —E— rp—1--5)>-1

In particular § = ¢ = 119 satisfy the above 1nequaht1es. So with a suitable

choice of § and € we conclude that

/ / |VolP~ldz dt
0 Bgr

P p=1 n 1
< [ers i ROE] T [ort=rt e ]F = ort,

<e<

where ¢ depends on A,n and p. Thus scaling back we prove the Theorem.

]

Theorem 3.3 Suppose uy € P(N) and py ts the initial trace of uy at
t = 0. Suppose also that i converges to u weakly ast — 0. Then there s
u € P(N) such that u converges to u uniformly on each compact subset of
R™ x (0,T) and u has initial trace p.
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Proof.  Suppose K C R™ x (0,T) is compact. From we know
that {ux} are uniformly bounded in K and hence uy, are uniformly Holder
continuous (see [11]) and hence {u} converge to a Holder continuous func-
tion u in K. The fact u is a weak solution follows from weak convergence in
LP(0,¢; WHP(K)) and equicontinuity of uy. Hence it is enough to show that
whenever u is locally the uniform limit of ug,u € P(N) and u has initial
trace p. Let 0 < 7 <t < T and fix n € C§°(R"). From

/Rn ug(z,t) n(z)dr - /n“k(l'ﬁ)??(x)dw

t
gc// VugP |Vl dedt < cl|Vallw(t— )5, (3.5)
T JR"

Therefore sending 7 — 0 and k — oo we prove the Theorem. []

Lemma 3.4 There erists a solution u(x,t) € P(1) of (1.1) such that the
initial trace of u is 6(0). Moreover there is Ty > 0 such that

U(O, To) Z —

Proof.  First we consider the case that {a;;(z)} is a constant matrix. Let
initial data uf(z) of u as uf(z) = L k™ XB(1) and [pn uf(z)dzr = 1, where w
is the measure of B1(0) Then a nonnegatwe solution u of (1.1) with initial
data u(z,0) = uf(x) will exist. So the existence of solution with Dirac
measure as initial trace follows from [Theorem 3.3. Let n € C{°(R™) be
nonnegative with 7(0) = maxzepr = 1, ||Vn||e < 1 and [z.n(z)dz = 1.
From (3.5) we have for each ¢

[, vl tn@de = n(0) < cer

for some c depending on A, p and n. Furthermore since {a;;} is a constant
symmetric matrix, it is easy to see that u(0,t) = maxgn u(z,t) for each

t (see [19]). Thus if T < (2¢)~%, then

1

u(0,T) = /n u(0, T)n(z)dx > /n u(z, T)n(z)dz > 5

This proves our claim when {a;;} is constant matrix. We employ a blow up
method along time, to consider general (a;;). We let {75} be a decreasmg

sequence of time which converges to zero and set u,(z,t) = Ts (TS T, Tet),
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then us(x,t) is a nonnegative solution to

Ut — (b’LS_] ($)‘vvip—2v$i)$j =0,

where b (z) = aij(Ts%:c). Moreover ||ug||;» = 1 for each s and the initial
trace of ug is Dirac measure for each s. Observe that since bj;(z) is bounded,
it converges weak® L to a constant symmetric matrix b7 with the same
modulus of ellipticity as a;;. Hence it follows from [Theorem 3.3 that u,

converges uniformly on each compact subset to ue, which is a solution to

v — (b2 VolP~%0,,), = 0

with Dirac delta measure as initial trace. Since bf} 1s a constant matrix, we
have uq(0,7) > % and hence for sufficiently large number s,

n 1
us(0,T) = 7 u(0, 7,T) > 1
and this completes the proof. ]

With the obvious modification of the previous proof, we find the fol-
lowing Corollary.

Corollary 3.5 For every N > 0, there is a unique solution uy € P(N)
with initial trace N8. Furthermore, there is N such that inf{un(0,1)} > 0.

Lemma 3.6 Suppose that u is a continuous nonnegative solution to (1.1)
P
in R™ x (0,00). Define J(s) = sp=2 and

1 if 0<s<1
{S[J_l(s)]n if s>1,

then there is a constant ¢ such that

/|m|<1 w(z,0)dz < cH (u(0,1)) (3.6)

Proof.  We shall prove the result under the following additional assump-
tions that

supp {u(z,0)} C {z:|z| <1} and  sup /u(x,t) dx < oo.
0<t<o0o

(3.7)

The general cases can be handled by cutoff method (see @) Suppose
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does not hold, then there exist a sequence of continuous nonnegative
solutions uy, satisfying

Iy, = /n ug(z,0)dz > kH (ux(0,1))

for k = 1,2,3,... . Let v(z,t) = %uk(akm,t) € P(1), then vg(z,t) is
p—2
solution to (vg)r = %p— div (a;;(x,t)|Vog[P2Vuy). We define oy, and
k
2 2 _p_
such that aZHa,f_? = I and v, = aka,:’_z = a£"2. By the definition

of vy we get [wvi(x,0)dr = %fuk(ak:c,())dx = 1 and supp {vk(z,0)} C
{z; aklz| < 1}, and vg(z,0) converges weakly to Dirac delta measure cen-
tered at origin. By compactness argument, there is a v(z,t) such that a sub-
sequence v(z,t) converges uniformly to v(z,t) and v(x,t) solves v(z,t) —
(bij(2)|VV|P~%vs,)2, = 0, where by;(x) is weak*- L>® limit of a;j(ax).
We claim that there is Ty such that v(0,Ty) > e. If the claim is not
true, then there is a sequence T} such that v(0,Tx) — 0 as T, — 0.

Let wg(z,t) = #Tk)v((Tk)%w,Tkt). We define v(T}) as v(T}) = (Tk)pr2,
then wy(z,t) = —Lsv(Ti) <z, Tit), wi(x, 1), = Besv((T) =z, Tyt), and

—
X=

Vuwg(z,t) = (T(’}k) ’u((Tk)%x,Tkt) and hence wy(z, t) is solution to

wi (2, 1) = (biy(Th) = )| Ve "~ 2wy,
z;
Since (Tk)%a: — 0 as k goes to oo, it is easy to see that bij((Tk)%a:) — b;;(0)
in weak*- L[> sense. Hence there is w(z,t) such that wy(z,t) converges
uniformly to w(z,t) as Ty, — 0 and w(z,t) solves the equation w(z,t) —
(b;(0)[Vw|P~%wy,),, = 0 with Dirac measure as initial trace. Since a;j(x)
Is symmetric, b;;(0) is symmetric and w(0,t) is the maximum of w(z, t).
Then there is T" such that w(0,T) > p for any p and v(0,T},) > py(Ty) > €
with suitable choice of . But this contradicts to the assumption that
v(0,T;) — 0 as Ty — 0 and the claim follows. Without loss of generality we
may assume Tp = 1 and hence v(0,1) > e. Recall v4(0,1) = %. Hence

from the uniform convergence of vy, to v, uy (0,1) > ey, — co. On the other
hand

w0, DI (w0, D))" = Hlug(0,1)] < 7 afaf 7

= %%[J_l(“rk)]n
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and%ﬁ%—ﬂ)ask—moo. (]

Theorem 3.7 Suppose u > 0 is a weak solution to
w = (a5 (2)|VuP2ug, )z, in R x (0,Tp), To > 0. We fit 0 < T < Tp—6.
Then there is a constant 3 depending only on n, p, A and 6 such that

and the Theorem follows from scaling back.

S 3

][ u(z,0)dz < 0
|z|<R

Proof.  Let v = (%)ID_ii and v(z,t) = %u(Rx,Tt) = %u(y,s). Then, v
is solution to v¢(z,t) = (as;(Rz, Tt)|Vv|P~2vg, )z, We find that |jv]| 1 (t) =
|lu||1(t). Hence from Lemma 3.6l we obtain for K = n(p — 2) +p

a0ty < 8 [t o007] =3 [1+ (2]

4. Existence and Uniqueness

In this section we will show the existence of an initial trace for any
nonnegative weak solution u in R™ x (0,7"), and solutions are uniquely
determined by their initial trace. The Harnack inequality and compactness
argument are main ingredients.

Theorem 4.1 Suppose u is a nonnegative weak solution of (1.1) in R™ x
(0,T), then there is a unique nonnegative o-finite Borel measure p such that

lim u(z, t)n(z)dr = /ndu,
t—0 J pn

for all n(x) € C§(R™). Furthermore p satisfies
||l = suppsy R P2 fBR dp < c(u(0,T)) for some constant c.

Proof.  As a consequence of our Harnack inequality ((I’heorem 3.7)) we get

sup/ u(z,t)dz < (T, p, R,u(0,T)) < oo.
t J|z|<R

Thus there exists a sequence t; — 0 and a o-finite Borel measure y on R"
such that u(z,t;) converges weakly to p on R™. If n € Cg°(R"), then for
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O<rT<t
/Rn u(z, t)n(z) de — /R" u(z, 7)n(z) dz

t
2// aij(:c)IVulp_2uwinmjda:ds. (4.1)
T JR"

From [Lemma 3.2 and k4.1ﬂ it follows that

x|

/n u(z, t)n(z)de — /n u(z, 7)n(z)dz| < c(t — 1) (4.2)

Hence taking 7 along ¢;, we get limy; g [pn u(x,tj)n(z)de = [ndu. Now
we assume that there are o-finite measure v and a sequence s; — 0 such
that lim; o [ u(z, sj)n(z)de = [ndv for all n € P (R™). Let ¢ be a
nonnegative cutoff function in B(; .)p such that { = 1in Bg and |V(| < 5.
Taking ( as a test function to (1.1) we get

/ u(:v,t)da:—/ u(z, 7)dz
Bite)r Br

t
z—i// |VulP~2|Vu|dzds
eR Jr Biye)r

and

X |=

/ u(z, t)dz > / u(z, 7)dr — - (t—r)
B1te)r R

Br €

Taking 7 = t; and t = s; and sending ¢ and j to infinity, we get
/ dv > du forall R>0
Bite)r Br

Since this inequality holds for all R and ¢, letting ¢ — 0 and interchanging
the role of 4 and v we conclude v = u. This completes the proof. []

From a usual energy estimate, we obtain an improved convergence.

Lemma 4.2 Suppose that v and v are two weak solutions of (1.1) in
R™ % (0,T) for some 0 < T < oo. If supye(o ) [u(t)]l1 + lu(t)[l1 < oo and
limg o [u(-,t) —v(-,t)] =0 in LL _(R"), then

loc

lim [u(-,t) —v(-,t)] =0 in LiT¢(R")

t—0 loc

forallO<€<%.
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Once we know the higher integrability lemma, we can prove uniqueness
of nonnegative weak solutions. Indeed DiBenedetto and Herrero proved the
uniqueness considering some weighted norm (see [12]). Here Gronwall type
inequality is established and hence uniqueness follows easily.

Theorem 4.3 Suppose that u and v are two nonnegative weak solutions of
(1.1) in R"x (0, T) for some 0 < T < 0o. If supse(o ) (lu(®)]lr + [lv(E)]1) <
00, and limy_o [u(-,t) — v(-,t)] = 0 in L} (R"), then u = v in R x (0,1).

Proof. Let w = u — v and we may assume w > 0. Let n be a standard
cutoff function which is compactly supported in Bpy; and n =1 in Br and
|Vn| < ¢ for some constant c. We take w®n® as a test function to (1.1). We
know that lim,_¢ [ w(zx, 7)!*¢dz = 0. Thus from this we obtain

t
/ w(:r,t)1+€d:c§c// (V| + [Vo])P~ 2w de ds
Rr 0 JBRr41

t
§c[// (1Vu| + [Vo))P de ds
0 JBRr+1

t 1/(p—1)
[/ / wETDE-D) go ds] . (4.3)
0 JBgr+1

From Lemma 3.2, we know that [j [ (|Vu|+ |Vv|)p Udzds < ct=. On the
other hand, from [Lemma 3.1, supw < ct™ <. Hence we obtain that for

o=(p-2)/s(p—-1)

Bg

< C[/t s_"/”(1+€)(p—2)+gs_a/ wite dz ds
0

Br+1

} (p—2)/(p—1)

1/(p—-1)
] (4.4)

Now we establish Gronwall type inequality. This implies uniqueness. Define
_ =2 .
H(R,t) =t =e-1 / wte(x, t)dzx.
Br
Then becomes

1
p—1

t
H(R,t)<c [/ R ETS B(R 1 1, 5)ds } (4.5)
0

Let 6 = —2(1+¢)(p—2) + %;3——21_7 then 6 > —1 f<.)r small €. Moreover
we note that from the proof of _ and scaling there is a smooth
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function G : Rt — R* such that Gg(%;)l) < ¢ for some ¢ and ((1;;) — 0 as

R — 0 (see @) Since limp_,g G((R §) = 0 for all ¢, we can find R; such that

Hc(féj) = SUPR>1 }é((R)) Hence we obtain

D[t sHR+1,s) =1
G(R) =GR Uo 2 GR+1) %

Let fys° SUPp>] Ig(lzj)ds = A(t). Since G((;}(%g)l) < ¢ and &Y g 46
R — oo, we get from [4.6)

1

A0 < cA(t) 1

and this implies A(t) = 0 since § > —1. Therefore we conclude that u = v.

L]

5. Regularity of the interface and asymptotic behavior

We define a cylindrical domain Q% (2o, to) = Br(xo) x (to, to+h), Qt) =
{(z,t) : u(z,t) > 0}, [(¢t) = the boundary of Q(t), and I = U0 T'(2).
Then I'(0) is the boundary of {z € R™ : ug > 0}. We show that interface I’
consists of two parts that moving part I'y and nonmoving part I'y. Moreover
I'y is Holder continuous graph. The Harnack principle is a main tool in
studying the behavior of interface.

Lemma 5.1 Suppose that u(x,t9) =0 for all z € Br,(x0) Then we have

ho\2 :
supu < c (——p> {][][ uPdzx dtj|
@iy Ry QR (@0,t0)

for some constant ¢ depending on p, n and A.

Proof.  Let 0 < p < R < Ry and 7 be a standard cutoff function such
that 0 <7 <1, n(z) =1 on B,, n = 0 on 8Bg and n € C{°(BR) with
|Vn| < (—Rc_—p) for some constant c. We take ut!nP as a test function to
(1.1). Since u = 0 on By x {tg} and 7 is independent of ¢, we have

(u*T2nP)eda dt + (o + 1) // \Vul|Pu®nPdz dt
QL Qh
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<-° // w®tP|VnPdz dt.
a+1//gh

From the energy estimate, we have

sup/ ut? pd:z:+c// u ya )n|Pdx dt
t Bgr

< c// u®tP|Vn|Pdz dt.
Qk

From Hoélder inequality and Sobolev inequality we have
+ p

// u(a+2)%+(a+f’>da:dtg // aﬂ’dazdt} L (5.1)
Qh Qh

for some constant ¢ depending only n, A, a and p. Define a1 = (a; +
2)E + o; and ap = 0. Setting v = 1+ £, we can write o; = 2(7* —1). Let
R; = %Ro(l +27%) and take @ = a;,p = R;;; and R = R; in (5.1).

Hence if we define ¥; = f)%g;; u®tPdz dt, then from (5.1) we get

N
\IJ’H—I _<_ C2 (ﬁ) ‘II;Y (52)
0
Iterating we prove the Lemma. ]

Lemma 5.2 Suppose that u(z,tg) = 0 in Br(xzo). Then there ezists a
constant ¢ such that if

h\ 7z
][][ updxdt§c<—> ,
QM (z0,t0) RP
then u =0 wn Qiflf/‘l'

Proof. ~ We will show that if y € Bg/4(%0), then supy <1<t u(y,t) = 0.
Let y € Brya(zo) be given. We define for Mp = SUPQh(zo) U for p € (0,R/4).

From Lemma 5.1 we have M, 5 < c( )2M2 for p € (0, R/2). It is a rather
standard argument to prove that sup, <i<yoip u(y,t) = lim, o M, = 0 if

4 1.2
Mp/y <c =27 [c(%)Q] r=2. By and the assumption, we have

h\2 3
Mgy < sup u < (—) [][][ uPdx dt}
Q’}z/z(ﬂco,to) RP Q% (x0,t0)
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<ec (é) T . (5.3)

So we conclude that sup; <;<y, 1 u(y,t) = 0. Since y could be any point in
Bp/a(z0), the proof is completed. []

Lemma 5.3 Suppose u(z,ty) = 0 in Bgr(xg), then for any eg > 0, there
exists a constant ¢ depending only on A, n, p and g such that

D\ 703
][][ uPdrdt <c +€0<R—)p2.
QL h

R/2
(5.4)

P
sup ][ u(z,t)dz
Bg

to<t<to+h

Proof.  Define v(z,t) = (%)ﬁu(Rm + o, ht + tp), then v is solution to
vy = (aij(Rx + :co)\Vv}p"%l.i)xj. (5.5)

Let % < ry < r; <1 and denote v, = v + . We take vg”'lnp as a test
function to [5.5), where 7 is a standard cutoff function as n = 1 on B,, and
n = 0 on dB,, with |Vn| < c. Since v(z,0) = 0, we have

1
(a+1) //Ql |VuPoénPdz dt + P ‘/B 0¥ 2(z, 1)nPdx
rq ™

. 6a+2
< c// |VolP~Lye P~ V| dx dt -+—/ nP(x)dz.
Q’rl‘l Brl a + 2

Hence if < —2 or a > —1, then

// \VoPudnPdz dt
o7
< cfa) [ [, 190l A Ve e + <2, } (5.6)
1
1
and if -2 < a < —1, then

//Ql |VoPoinPde dt (5.7)
™

< c(a) l//l |Vv|p_1v?+1np”1|Vn\dxdt+/
e B

Combining (5.6) and [5.7), from the ellipticity condition and Young’s in-

v 2 (¢, 1)npd:c] .

™1
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equality we get for some small 6

// |VolPvZnPdz dt
QH

< (o, A) [// 1 §/ =1 | 7y |PyenP + § Py tP|Vn|Pdz dt
1

+/ (c1v2+? + o )nPdzx + €272 | . (5.8)
B,
Then choosing 6 small in we obtain
// |Vo|PodnPde dt
QH
<c |:// VTP (P + |Vn|P)dx dt + T + 2|, (5.9)
QH

where I = supyepo 1] J. B,, v(z,t)dz. From Sobolev inequality, Holder inequal-

ity and , we have

Il
Iterating (5.10) in a similar manner as we get

][][ vPdxdt < ¢ [ sup ][ v(z,t)dz
! te[0,1]Y B1

1/2

P
U£+p+adx dt < cln {// v?“’dm dt + I+ 212 + en TP,

QL

1
T2

(5.10)

p
+€0

for some constant ¢ depending on A, p and n. Therefore scaling back we
prove the lemma. ]

Theorem 5.4 Suppose that dist(xg,supp {up}) > R, then there is a con-

stant ¢ depending on A, p and n such that u(xo,t) = 0 for all t <

= ﬁp— R(p—2)+p

Proof.  From [Lemma 5.2 we know that if )LfQ;;% uPdz dt < C(Tt%);%’ then
u = Oin Q%M. Hence if u(xg,h) # 0 for some h > 0, then

_P_
ff MMﬁ>cQEY4. (5.11)
Q% R
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On the other hand we know that from Lemma 5.3, for any ¢y > 0,

» RP\ 722
f][ uPdx dt < c¢ | sup f u(z,t)dz| + &g (——) . (5.12)
Qh t€[0,h]/ Bar h

Hence if we choose g9 < £, then from (5.11), (5.12) we have

c(RP);% 1 (e,0)d P
— | — <c|—= sup/ u(z,t)dx| .
2\ h R™ te[0,h] Y Bar

p

Since ||u|p1(t) = |lug||z: for all t, we conclude that h > “u ” s RMP=2)+p,
0

L]

Now we prove the converse of [Theorem 5.4. These are direct conse-

quences of Harnack principle.

Corollary 5.5 Suppose that supp {uo} C Br(0), Then there is a constant
c such that if

> _C___2(|x01 + R)Mp-2+p,
luoll7:
then u(xo, h) > 0.
Proof. The Harnack principle (see [Theorem 3.7) implies that if

fBR(zO) up(z)dr > ZQ(RP) , then u(xo,h) > C(RTP)P%? We note that
Bio)+r(20) D Bp(g) D suppuo and hence we have fle |+R( )uo(:c)da: =

Georery [wollzr. Thus 3f S flugl[ 11 > 2ﬁ’(M)—) , that is, h >

Uzl L RT I  hen (g, h) > 0. O
luoll7 ’ ’
From the Harnack principle we can observe the support expands as time
goes. Now we show that the interface is Holder continuous. First we find
that the interface I' consists of moving part I'; and nonmoving part Iy,
that is, I' = I'y UI'y and I'; is relatively open in I'. We refer Caffarelli and
Friedmann 3] for the porous medium equations and Choe and Kim [7] for
the evolutionary p-Laplace equations.

Theorem 5.6 Suppose that (zo,t9) € Ty, that is, the vertical segment
does not contain any point of T', then there exist constants ¢, h and a such
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that

u(z,t) =0 on {(z,t):t€ (to— h,to), |z — o] < clto—¢*}
and

u(z,t) >0 on {(z,t):t € (to,to+ h), |z — zo| < clto —t[*}.

Consequently 'y s locally Holder continuous.

Proof. Let t; < tg be fixed and set h = tg —t;. From the monotonicity of
the support there exists R > 0 such that Bar(zo) N €2(t1) is empty, that is,
u(z1,t1) = 0 for all z € Bag(xo). For t € [t1,to], we write ¢ =t; + 6h. Our
aim is to find a relation between § and dist(zo,I'(t)) = d(6)R.

First we claim that there exists a &y < 1/2 such that d(6p) > 1/3. It
follows from that if 21220l = d(8) < 1/3, then

1 1
t1+6h P 1 — d)PRP] »—2
[][ ][ up(:c,s)da:ds] >c [L—d)i] .

t1 B(1_ayr(z1) Sh

Thus we obtain

1 n P 1
t1+6h p 1—d)rTr2 P\ 5—2
[J[ 1 ][ up(:c,s)da:ds} > c( d)l ’ (R—>p :
t1 Br(o) 572 h
(5.13)

By Harnack principle and we get

(1-d)rts2 (RP\ 72
C 1 ‘h—
R(

p—2

6
t1+6h %
< ][ ][ uP(z, s)dzds
t1 B :Co)

< c(e) sup ][ u(z, s)dz
t1<s<t1+6hJ Br(zo)

RPN »—2
+€<6—h>
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for any small € since u(xg,ty) = 0. Hence we get

(1—d)%+1% Sc(—1f6>ﬁ+€.

Since ¢ is arbitrary, d is close to 1 if § is small. Now we let + = (1 — §p)®
for some a > 0. Hence we have

dist(zo,'(to — (1 — éo)h)) > (1 — 8p)*R.
Repeating this process we get
dist(zo, T(to — (1 — &)*h)) > (1 — 60)**R

for each k =1,2,.... Finally varying h we conclude that

dist(zo, T(¢)) > (to}:t)a}z.

This completes the proof of the first statement. The second statement can
be proved in the same way. []

Now we study the behavior of a solution u to (1.1) as t goes to infinity.

From we know that

p —n
u(z,t) < cNre-2+p¢ne-2+r for 0<t<T —1.

Considering the Harnack estimate we can state a Lemma which is converse

to Lemma 3.1..

Lemma 5.7 There exist constants ¢, and cy depending only on A, n and
p such that

__pr n
no=2FP 4 o2rvp

u(0,t) 2 cr|uoll

n

P
if tis so large that fBR(o) uo(z)dz > L|ug|| 1, where R = C2||UOHL§p-2)+p'

Proof.  From the Harnack estimate we get

]éaR(muo(x)deB <¥)ﬁ+<§€;> [u(xO,t)]%ﬁ?ﬂ}_

We fix R so that JCBR(xO)uo(a:)dx > 12R™||ug||f1. If t is so large that

3
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1
B(E2Y52 < ho|lugl 1, that is £ > —C— RPP=24P then

‘ luoll?;
ol < £ uola)d
Uu Ul )axr
oRn MO = Br(zo) °
1 t\7 n(p—2)+
< ol + 8 (5 ) futeo, )5
Hence
RP\ 7 | -2+ P
C p | MPTETP o __—-n_
uleo. ) 2 | gmlivollzs (7> } = [luol }F~77 7=
The proof ended. ]

Finally we study the asymptotic behavior of u in term of fundamental
solutions. There are some results for porous medium equations and p-
Laplace equations using explicit form of Barenblatt solutions (see and
[15]). Let F(A, M) be the class of all fundamental solutions @ to Q; —
(ai;(2)|[VQIP™2Qs,)e; = 0, with Q(z,0) = M§(0), where a;; satisfies the
ellipticity condition A7!|¢|? < a;;(x)&:€; < Al€]? for all z,£ € R™.

1
Theorem 5.8 Let R(t) = t"e=2+r then

lim inf ( sup t”@—n?)“’IU(x,t)—Q(:c,t)l) = 0.

t—o0 QeF(A,|lull 1) Br(1)(0)

Proof. We prove by contradiction. Suppose the assertion is not true,
then there is a sequence of time 7; — oo such that for some € and for all
Q € F(A,||ul|r1) supg, (o) 75 lu(z, i) — Q(z,7i)| > €. We define v'(z,t) =

n 1

75 u(T z, Tit), then v* is solution to v} — (aij(T,L-l/'ga:, 7:t) [ Vo' P20 )g, = 0,
. 1
with v*(z,0) = Tin/nuo(Tz-" z). We may assume that [a;; (Til/ncc)] converges to

[bi;(z)] weakly, where [b;;(x)] satisfies the same ellipticity condition. Since
vi(x,0) — ||ug|/216(0) as i — oo,v* — Q uniformly on each compact subset
K C R" x R* for some Q € F(A, ||up|/z1). In particular

lim sup |v'(z,1) — Q(z,1)| = 0.
1— 00 Bl(O)
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We define Q'(z,t) by

n _ .
k

Q' (rf

?s")—‘

Q(z,t) =

x, Tit).

Now we see that Q° € F(A, |luo||;1) and

T3

_lim( sup 7*|u (CE,Tz‘)—Qi(fEaTiN)
B

v 1(0)
k

i

=

= lim sup ]7’ u(TkJJ ) — Q' () z, )|
Z—*OOB()

= lim sup |[v'(z,1) — Q(z,1)| =0
1— 00 Bl(O)

and this completes the proof (]

We note that if a;; is identity matrix, then F(A, ||lug| 1) has only a

single element, that is, the explicit Barenblatt solution to evolutionary p-
Laplace equation. This will corresponds to the known results (see [15]).
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