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On the excess of a sequence of exponentials with
perturbations at some subsequences of integers

Akihiro NAKAMURA
(Received February 26, 1999)

Abstract. It is known that the sequences of exponentials {1} U {et¥ "~ L }32., and
{l}Ul[e:':i(""*%)t}ff’__,1 have the excess 1 and 0 in L2[—m, ], respectively. In this article, we
calculate the excess of a sequence of exponentials with perturbations at some subsequences
of integers.
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1. Introduction

Let A = {\}, —00 < n < 00, be a sequence of distinct complex num-
bers. A system {ei’\”t} of complex exponentials is said to be complete in
L?[—m, 7] if the linear subspace spanned by {e**»!} is dense in L?[—,7].
The system is said to be minimal in L?[—n, 7] if each element of {e**¢} lies
outside the closed linear span of the others. We say the system {e**!} has
excess N if it remains complete and becomes minimal when N terms e**nt
are removed and we define

if it becomes complete and minimal when N terms

et . Nt

are adjoined. By convention we define F(\) = oo if arbitrarily many terms
can be removed without losing completeness and E()\) = —oo if arbitrarily
many terms can be adjoined without getting completeness. It is obvious
that {e**»!} is to be complete and minimal if and only if E()\) = 0. Also
we denote by PW the Paley-Wiener space which is the set of all entire
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functions of exponential type at most 7 that are square integrable on the
real axis. Now we define

1
n—Z, n > 0,
An = < 0, n =0,
—l—l <0
n+ -, n ,
4

then it is known that E(X) =1 (see [L, Ch.4, Theorem XIX] or [Y, Ch.3,
§3, Theorem 5 and p.126, Problem 1)).

Next we define
1
n+ 1 n > 0,

An=1¢ 0, n =0,
1
n — Z’ n < 0,
then it is also known that E(A) = 0 (see [RY, p.104, Lemma 1 and Remark]).
These results are unified as follows:

Theorem 1.1 Let A = {\,},

n+ «, n >0,

An =< 0, n=0,
n—aq, n < 0.
Then
( 3
2 ~-1<a< —=
y _a— 47
1 3<a< 1
bl 4 - 47
1 1
E()\) = — < =
(A) =140, 4<a_4,
1 3
_ - < Z
1, 4<oz_4,
3
k—2, Z(Ole

Recently the result of E(\) < 0 was obtained for some A = {\,} by
FNR|.
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[Theorem 1.1 follows easily from the known results.

Remark 1.1 Of course we can also consider a non-symmetric case,

n+ a, n >0,
A=< 0, n =020,
n+ B, n < 0.

But this case can be reduced to the symmetric case in [I'heorem 1.1/ by an
isomorphism on L%[—m, 7]

() — e e(t),
where ~ is any real constant.

Now we consider the next problems:

Let A = {\,} be a symmetric sequence such that

Ao = 0,

Aop = 2n, n >0,
Aop—1 = (2n — 1) + «, n >0,
An = —An, n > 0,

where 1/4 < |a| < 1, then what is each value of E(\)? Similarly we can also
consider to replace the odd numbers by the even numbers and replace the
even numbers by the odd numbers for the above sequences. In this article
we shall calculate F()\) in each case of that we replace kn by kn + a and
replace m by m + 3, m # kn, where k is an iteger, kK > 2 and -2 < a,
—1 < 8. We remark that the every cases of |a| and || < 1/4 are trivial by
Kadec’s 1/4 Theorem. In the proof of the main results, we shall use Lemma
3.1 ([RY, pp.104-105, Lemma 2]) which gives the equality to represent the
infinite products by I" functions and caluculate F(A) by using Lemma 3.2.
In essence has been given by [R, p.17, Theorem 22].

2. Main Results

In this section we state our main result. We shall suppose in what
follows that A, # A\, for n # m.
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Theorem 2.1 Let A = {\,} be a sequence such that

Ao =0,

Aen = kn + a n >0,
Mn—j=(kn—3)+8 (1=1,2,...,k—1), n >0,
Aln = —Ap, n >0,

for =2 < a, —1 < B, where k > 2 is a fized integer. If an integer r satisfies

a (1+2r)k a (1-2r)k

Tk dk=1) PSRt amon

then E(X) =,

Remark 2.1 [Theorem 2.1 shows for k > 2 that E(A\) = 0 when o = —1/4,
B=0or a=0,3=—1/4. These results are different from the conclusion

of @ = —1/4 in [Theorem 1.1l.

Remark 2.2 We can state the above results as the results including the
complex numbers. Elsner or Peterson (see [R, p.12, Theorem 17]) obtained
the following result:

“Let M be a positive constant and if
ReA, =Reppn, |ImA, —Imu,| < M,

then E(A) = E(u).”

Consequently each excess is unchanged even if {\,} in Theorem 1.1 and
2.1 is replaced by {A, + iu,}, where {u,} is any real bounded sequence.

3. Proof of Theorems

We shall give the proofs of our theorems. [Theorem 1.1 follows easily
from the known results. In the proof of [Theorem 2.1, we shall represent
the infinite products by I' functions using ([RY, pp.104-105,

Lemma 2]) and investigate the convergence and the divergence of the inte-
gral in to calculate E()).

Proof of Theorem 1.1. The case of —1/4 < a < 1/4 is trivial by Kadec’s
1/4 Theorem, and [RY, Lemma 1] shows E(A) = 0 for @« = 1/4. Let
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a=-1+¢ 0<¢e<1, then we can write

n—1+e, n >0,
A=< 0, n =20,
n+1—g, n < 0.

By Kadec’s 1/4 Theorem and [RY, Lemma 1], it is trivial that E()\) = 2
for 0 < e <1/4. Next we consider the case 1/4 < e < 3/4. Let e =1/4+6
(0< 4 <1/2) and

N = {)\n}n;é:tl-

Then Theorem IV in [L] shows F()') < —1 and Theorem V in [L] shows
E(XN') > —1. Hence we get E(\) = —1, i.e.,, E(\) = 1.

For 1/4 < o < 3/4, we get E(A\) = —1 by the similar arguement to the
case of —3/4 < @ < —1/4. Finally for 3/4 < a <1, let

3 1
a=Z+e, 0<e§21-,

then we can write

1 1
= —_ - < —
n+a=(Mn+1)+e 7 O<e_4

for n > 0. Hence we see that E(\) = —2 by Kadec’s 1/4 Theorem. O

We need the following lemmas to prove [Theorem 2.1. [Lemma 3.1 was
given in the proof of [RY, pp.104-105, Lemma 2]. In essence was
given by [R, p.17, Theorem 22|, but we shall give the proof of Lemma 3.2.

Lemma 3.1 If \,=n+e(n=12,...) and e > —1, then

=/ 2 r2(y)
I1{1 ) Tt (e —2)’

n=1

where p =1+ e.

Lemma 3.2 Let {\,}, —00 < n < 00, be a symmetric sequence of real
numbers satisfying

where L is a positive constant and let r be an integer. We define the infinite
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product

Then we have E(A) = r if and only if P(z) satisfies the next conditions,

* |P@)*
and
00 Pl 2
/0 ﬁx—%—lmdx < 0. (2)

Proof of [Lemma 3.2. We first remark that E()) is finite under the above
hypothesis |A, —n| < L for —co < n < oo ([R, p.34, Theorem 47)).
We suppose that the case of r = 0 holds. Let be r = 1. We can write

P(z) = (2 — Ae)g(2),

where g(z) is an entire function of exponential type 7, g(\,) = 0 for n #
k. Then the conditions (1) and (2) for P(z) are equivalent to the next
conditions for g(z),

e [T P@E
|| toean = [ e =

and

®lg()|*, [ |P(z)|?
/O 1+x2d‘”“/0 (T 02z — )2 <%

Hence, by our hypothesis of the case of r = 0, if we set

/\l = {/\n}n;ékn

then we have E(X') = 0 and the converse. Consequently we see that the
lemma holds for 7 = 1. By the similar arguements we can also obtain the
conclusion for the other integer r supposing that the case of r = 0 holds.

So we have only to prove the case of r = 0 in Lemma 3.2. First we
suppose P(z) satisfies (1) and (2) for 7 = 0. Let

foy= 22,
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then f(z) € PW by (2) and f(A\,) = 0 for n # 0. Hence as

{ ei)\nt}n#o
is not complete, we have

E(X) <0. (3)
If E(A) = —1, there exists a number u such that p # A, for all n and

{ei)\nt} U {eitt)

becomes complete and minimal. Consequently there exists an entire func-
tion h(z) € PW such that h(\,) = 0 for all n and h(u) # 0. Now, as shown
by [Y, p.149], we can write

h(z) = e**P(2),

where A is a constant. Let A = A; +iAg, where A;, Ay are real. If A; > 0,
we have

/0 |P(2)2ds < / €247 () 2y

000
< / 12| P(2)|?da

—00

- /Oo Ih(z)2dz

—00
< Q.

This contradicts (1) for 7 = 0. Similarly we also obtain the contradiction in
the case of A; < 0. Hence the case E()\) = —1 is impossible. By the same
arguement we see that the case E()\) < —2 is impossible too. Consequently
we have F(\) = 0.
Conversely we suppose E(A) = 0. By Theorem 1 in [Y, pp.148-149),
we have
P(z)
z

c PW.

Hence we obtain (2) for r = 0. Moreover if

(o o]
/ |P(z)|*dz < oo,
0
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then P(z) € PW and this contradicts the completeness of {e**»!}. Con-
sequently we obtain (1). O

Proof of Theorem 2.1. We define the infinite product P(z) as follows

reo =11 {1~ () - (52}

k—1
P(2) = 25(:) [] @(2),
where
00 2
S(z) = 1-— ?
};[1 { (kn + a) }
and

oe-T{1-(5=55) |

n=1

Now we shall obtain E(\) = by whenever

*© P@)
and
o] P(zx 2
/0 (ll-{—(x%dw < 00. (5)

After the substitution x = kt, we have

© |P@)2 4 [PV WA
/0 (R ’“3/0 AT iy

dt,

where

V() :jjl {1 - (n:_ %)2}
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and

00 2
H t
0= =1 - (”_ ;ﬂ)

Since —(j — B)/k > —1 for k > 2 and 8 > —1, we can represent W;(t)
by I functions using as €1 = —(j—0)/k, 1 = 1+€1. Moreover,
using the well known equality of I" function, we have

. I'2(p1)
Wilt) = ST =D

= T*(m)

I'(t+(1—p))

L+ p)T(E+ (1= p1))T(A = (4 (1 — 1))

I'(t+(1—p1))sinm(t+ (1 - m))
Lt + 1) T

Similarly, since a/k > —1 for k > 2 and a > -2, if we take e = a/k,
p2 =1+ €2 we have

= T?(u)

.

Lt + (1 = po)) sinm(t + (1 — pp))
It + p2) ™

Now if we notice the order of I' function, i.e.
D+ (=) 1
L(t+ p) ’

we see that (4) and (5) hold for k, @ and 3 such that satisfy the next
conditions for the sufficiently large R > 0:

V(t) =?(p2)

k—1

o0 (Blk—1)+a .
/ t"4 ﬁ(kle }_2Tsin27r (t — E) Hsin27r<t + ]——g)dt = 00
R k i1 k
(6)
and
o0
/ T T (7)
R
We define

X 4{B(k=1)+a} .
Ipkap = / R 2 g2 (t - 9‘-) I1 sin27r(t + -J———@)dt
R
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and
n+1 _ 4{B(k= 1)+a _9 k-l j—p
In ka8 = / " sin® 7 (t — —) H sin 7r(t+—k—>dt.
n j=1
After the substitution t = n + u for R < ng < n, we have
1
{B(k=1)+a}
Inkap = / (n+ U)_4 F 2 i (n +u— %)
0

k—1

Hsm27r(n+u+ j——?)du

Jj=1

1
(k— o
= / (n+ u)—wu‘% sin? (u — 9—)
0 k

k—1

H sin? 7 (u + ]_—ﬁ>du.

, k

j=1
Hence if k, «, (3 satisfy the next condition

4{0(k —1

then we have

k—1 .
J, > Pl @ . 9 Jj—B p
nk,a,8 = . n+usm T U—E smn” T u—{—T U

J=1
1 1 k-1 -
> n—I—l/ sm27r(u——)1;l sin 7r(u+]_zﬁ)du
_ Ckap
n+1’

where Cy , 3 is a positive constant depending only on &, o, §.
Consequently we have

Ipkap 2 Z Jn k08

n>ng

Ck,a,3
> 57— o,
= Z n+1

n>ng
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Hence (6) holds. Next (7) holds for k, a, 3, r such that

4{B(k —1) + a}
- - —2r—2< —1. 9)

If we search for the conditions for k, «, 8, 7 such that (8) and (9) simulta-
neously hold, we obtain

o (14+2r)k o (1-2r)k
_ < :
=% 4k-1) PSRt agon
Then we have E(\) = r. O
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