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On the modified Newton’s approximation method for the
solution of non-linear singular integral equations
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Abstract. This paper produces sufficient conditions for the convergence of the modified
Newton-Kantorovich method applied to a class of nonlinear singular integral equations
with Cauchy kernel in generalized Holder space.

Key words: Cauchy singular integral equations, modified Newton-Kantorovich method,
index of integral equations.

1. Introduction

There is a large literature on nonlinear singular integral equations with
Hilbert and Cauchy kernel and on related Riemann-Hilbert boundary value
problems for analytic functions, cf. the monograph by Pogorzelski , the
other by Guseinov A.l. and Mukhtarov Kh. Sh. [4]. The approximate so-
lution of singular integral equations on closed curves has been intensively
investigated by many approximation methods, specially the method of mod-
ified Newton-Kantorovich, of reduction, of collocation and of mechanical

quadratures, (see, [2], [3], [5], [7], [9], [12], and others). For the singu-

lar integral equations on an interval mention, Musaev, ; Junghanns, et
al. [5], [6] and Wolfersdorf [15]. Consider the following nonlinear singular
integral equation (NSIE):

(P(u))(s) = F(s,u(s)) = B[G(-,u(-))](s) = 0, (1.1)

where

b o,ul\o
BIG(o, u(c))](s) = = / Glo,ul0)) 4,

(s g—3S8

is a Cauchy principle value and u(s) is unknown function and the functions
Fi[s,u(s)], Gyi[s,u(s)] are defined and continuous in the region

D={a<s<b ue(-00,00)}, i=0,1,...,m—1.
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The integral equation is equivalent to the following Riemann-
Hilbert problem: Find holomorphic function w(z) = u(z) +iv(z), z = x+1y
in the upper half-plane y > 0 of the complex 2-plane which is continuous in
y > 0 and satisfies:

0, for s€]la,b
u(s) =0 for s ¢ a,b].

where

b u
o= L [ CEuED

TS, E—2
(cf. Gakhov, [1], Pogorzelski [11]. Wegert, and wolfersdrof, [15]).

Definition 1.1

(i) We denote by ®(a, Qg—a] to be the class of all continuous monoto-
nic increasing functions ¢ defined on the interval (a, b‘Ta] such that
limg_ g+ ¢(6) = 0, and ¢(6)6 ! is a nondecreasing function.

(ii) the class ®™ is the class of all functions ¢ € ® such that a < t; <
to < b_Ta implies t7*¢(t2) < c(m)tF*¢(t1), where m is a natural number.

(iii) we denote by C = Cfa,b] be the Banach space of all (real or
complex-valued) continuous functions on [a, b] with ||lu||, = max¢(q 4 [u(s)].
(iv) For natural number m we define the generalized Holder space
Hy m to be the set of all functions u € C such that wj*(0) = O(¢(9)); wy'(9)

is the modulus of continuity of order m of u, and ¢ € ®™. (cf. [4], [8], [12]).
(v) For u € Hypp, we define

lullgm = llullc +  sup :
o,m (&) a<5Sb—Tﬂ« (b((s)

In [4], and others, the modified Newton-Kantorovich method is
used to find the approximate solution for some classes of NSIE in Holder
space H,, (0 < a < 1). In the present paper we shall study the application
of modified Newton-Kantorovich method to the solution of NSIE with
different cases of the index x (x =0, x > 0 and x < 0) in the space Hy .
For this aim, we introduce the following:

Lemma 1.1 [4], [12] Let the functions F(s,u(s)) and G(s,u(s)) are de-
fined and continuous in the region D, have all partial derivatives up to order
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(m — 1) and satisfy the following conditions respectively:

OFF(s,,u,) B OFF(s,,u,)

< Co(k)¢(|82 - 51‘) + IUQ - u1|’

Ostoul 0stOu’
(1.2)
akG(szv Uz) 8kG(81,u1)
=<~ — — < — _
aszau] 8318’&] — no(k)¢(|32 S |) + luz U, |7
(1.3)

for arbitrary (s;,w)) € D (I =1,2),i+j =k, k=0,1,...,m — 1, where
¢ € @™, c,(k) and n,(k) are constants. If u(s) € Hy ., then F(s,u) and
G(s,u) belong to Hy .

2. First Case: (x = 0)

Lemma 2.1 If the functions F(s,u(s)) and G(s,u(s)) satisfy the condi-
tions of Lemma 1.1 and

Gui(a,u(a)) = G,i(b,u(b)) =0, i=0,1,2.
Then the operator P(u) is Frechet differentiable in the space Hy, and its

derivative is given by:

b G (o, u(o
P (w)h(s) = F. (s, u(s))h(s) — l/ ﬁ‘—(—’—()zh(a)do’ (2.1)

7 o—Ss
and satisfies Lipschitz condition:
“P (uz) - P (u1)”¢,m < §o||u2 - u1||¢,m

in the sphere

Nd),m(uo’p) = (u € Hgb,m’ ||u - U’O“q&,m < p)
where £, is a constant.

Proof.  Let u(s) be any a fixed point in the space H,, [a,b] and h(s) be
an arbitrary element in H,  [a,b] , then we obtain

/

P(u+h) — P(u) = P (u)h(s) + ,(s) + 2,(s),
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where

1 "
Q,(s) = /0 (1 —t)F, (s,u(s) + th(s))h?(s)dt
and

do

oc—s§

_ ——/ / (1= )G (0, u(0) + th(o))h*(o)dt
Ify(o) € H,, [a,b] and 9 (a) = ¥(b) = 0, then

1 [° ‘
L[ a0 < i, L (2.2)
If 4, ¢ € H,, [a,b], then
(R R 3 0 A 2 N 1 (2.3)

where R is a constant. Hence from (2.2) and (2.3) we obtain

- 12, (s)| 0 and lim 12, (s) |l
Ihll—0  ||A]| Ikll—0 ||A]

=0,

which proves the differentiability of P(u) in the sense of Frechet and its
derivative is given by [2.1)]. Moreover, the Frechet derivative P’ (u) satisfies
Lipschitz condition:

/ / / /

P(u)) = P(u) = (Fi(s,u,(s)) = F.(s,u,(s)))h(s)
b a
1 / (G(o,uy) — Gy(oyu,))h(0)

™

I

g—S

where

E(s)—/lF (s,u, +t(u, —u,))dt and

G, (o,u, + t(u, — u,))dt.
-

Obviously E(s) and Y (s) belong to H, . hence, using inequalities (2.2) and



Non-linear singular integral equations 63

(2.3) we have

”Pl(uz) - Pl(u1)”¢,m

= sup [E(s)(u, —u,)
1Al =1

b
-2 / Y (0) (ty — (o) -2

T o — s”¢’m

< R(IE(S)[lg.m + BRIV (8)llg,m)llty = u, llg,m,

where

1B lgm < co(@) Il lle + luy =y llc) + |1F (5, 0)le + e(uy,m)

and

1Y ()l gam < 0 (2) (s lle + llu, = wylle) + 1G5, 0) e + m(w,;, m)

where c(u,,m) and h(u,,m) are constants. Hence;

”P,(uz) - Pl(ul)“qb,m < go““z — U ||¢>,m’

where
& = R(RN,(2) + ¢, @)l o + 1y — ) + RIF (5,0).
+ R?||G,,(s,0)|lc + Re(u,,m) + R*n(u,,m)
then the lemma be valid. O

Theorem 2.1 If the functions F(s,u(s)) and G(s,u(s)) satisfy the condi-

tions of Lemma 2.1, F;z(s,u(s)) # 0 everywhere on [a,b] and F;2(s,u(s))+
G;2(s,u(s)) # 0. Then the linear operator

Loh = F.(s,uo(s _ 1 [*Guloyulo ) h(o)do (2.4)

o—S

has a bounded inverse Ly L for any fized point ug € H bm

Proof. To find the operator Lj 1. we investigate the solvability of the
equation,

b ' g, up\o
Fufsua(o)h(s) - & [ L2 pg)45 = o) (2.5)

s o—S8
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where ug € H,  [a,b] be a fixed point and g(s) € H,, [a,b] be an arbitrary
element. We introduce the following piecewise holomorphic function

V() = — /b Gu(9,90)) | Vio. VE(00) = 0.

2mi J, o—z

Then according to Sokhotski-plemelj Formula [1] equation (2.5) leads to the
following Riemann boundary value problem

V1(s) = B(s)V~(s) + A(s) (2.6)
where

Fy(3,u0(8)) + Gy (s, uo(s))
F,(s,u0(s)) — iGy(s, uo(s))’

B(s) # 0 everywhere on [a,b] and belongs to H,,,
and

B(s) =

A(S) — zg(S)Gfu(S7 ’U/O(S)) .
F(s,u0(s)) — 1Gy, (s, uo(s))
The index x = —(A; + A, ), where A, and A, are integers which defined from
the following relations:

1< +0@)<1l, -1<XA+6(0b)<1
where 6(s)=F 5L In B(s). Putting

B(s) = =0 (2.7)

where

Xo(z) = exp(T(2)) = exp( ! / b lnB(")da> |

2mi o—2
From the equation the boundary condition has the form

VH(s)  Vo(s) _ Als)
X3() Xo(5) X3 (9)

here, we obtain
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Hence the solution of the equation [2.5) has the following form

1 O'UO

h(s) = KO(S)( Fl(s,u0)g(s) + Wo(s /WO o_s) ()dcr)
:LOI(Q( )))

where

Ko(s) = F, (s,u0(s)) + G, (s, u0(s))
and |

Wo(s) = X5 (5) (Fu(s, uo(s)) = Gu(s, uols))
From inequalities (2.2) and (2.3), we have

L5 lom < D, and || Po(w)|| < N

where D, and N, are constants. Hence all the conditions of applicability and
convergence of modified Newton’s method are satisfied, thus the following
theorem is valid. O

Theorem 2.2 Let the conditions of Theorem 2.1 are satisfied and ug €
H, . be the initial approzimation of equation (1.1), then if |Lg ' P(uo)|| <
M,, e, = M,D,&, < 3. Then the equation (1.1) has a unique solution u* in
the sphere

lu = wollom < ooy p> po = My (1= v/T—26;) /e,

to which the successive approximations:
Unt] = Up — Lalp(un)
of modified Newton’s method converges and the rate of convergence is given
by the inequality
M, (1 —/T=2¢,)"
VI —2¢, '

lun — w*{lg.m <

3. Second Case: (x > 0)

Definition 3.1 We denote by H} to the class of all functions u(s), rep-
resented in the form u(s) = |s — c| C'Ou (s) in the neighborhood of the end
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points a and b, where —1 < ap < 1, ¢ = a or b and u«(s) € H,, [a,b].
The set of all possible solutions of equation (1.1) can be divided into the
following subclasses;

- H; (0) is the subclass of the functions from H} [a,b] not limiting
near the end points a and b.

- H; (a)(H} (b)) is the subclass of the functions from H; la,b]
bounded near the end point a(b).

- H} (a, b) is the subclass of the functions from HS [a, b] bounded near
the end points a and b, vanishing at these points.

i . C TN , *
Now we are looking for the solution of equation in the class H} (a,b).

Lemma 3.1 If the functions F(s,u) and G(s,u) satisfy the conditions
of Lemma 1.1 and G(a,u(a))=G(b,u(b)) = 0, Then the operator P(u) is
Frechet differentiable in the space H *,m(a, b) and its derivative is given by:

(A g—S

b G (o, u(o
P (u)h(s) = F;(s,u(s))h(s) - l/ wh(o)da, (3.1)

where h(s) be an arbitrary element in Hj, (a,b), and satisfies Lipschitz
condition

le(uz) - P,(ul)”ff{,‘m < €0||u2 - ul“]—[;m

in the sphere

NH; - (ug,p) = (u € H;,mv lu — | H o < p).
Proof.  Similarly as Lemma 2.1l. U

Theorem 3.1 If the functions F(s,u(s)) and G(s,u(s)) satisfy the con-

ditions of Lemma 3.1, %,‘(%—Z—((f))—))- > 0 and Ff(s,u(s)) + G;z(s,u(s)) # 0.

Then the linear operator

1

b /
Loh = F,;(S,uo(s))h(s) _ _/ G, (0,up(0))

o—S8

- h(o)do (3.2)

has a bounded inverse Ly* for any fized point ug € H;m(a, b).

Proof. To find the operator Lj 1 we investigate the solvability of the
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equation,

, 1 (G, (o,
Fusun(e)hts) - 1 [0 yyao = gi) 39
T Ja og—3s

where ug € H} (a,b) be a fixed point and g(s) € H} (a,b) be an arbitrary
element. As the above case, we obtain the boundary condition [2.6). The
canonical function X (z) which is the solution of the homogeneous Riemann

problem of equation [2.6), near and at c is bounded and having finite degree
at infinity has the form:

X1(2) = (a — 2)M (b — 2) 2 exp (/ab blo) da) :

g—z

where

1 G, (s,u0(s))
6(s) = - arctan T (5.10(5)

and A1, A2 are selecting integers satisfying the conditions
O0<A—6(a)<1l, 0<A+0(b)<1

The number x = —(A; + Ay) is called the index of the equation [3.3). Hence
X1(s) = (a—8)*(b—s)° exp{ (9(a) —9(s)In(a — s)
0(0) — 0(s
+(6(s) — 8(b)) In(b — s) + / M—)da)}

a o—5
where a = A\ — 0(a) and B = A9 + 0(b).
The unique solution of equation is obtained in the subclass
~ k
Hgm(a,b) of HY (a,b) where

I
o

» b ,
Hym (@b) = {he B (a,b): / o*1G. (0, uo(c) (0 ) do

and this solution has the form

b
h(s) = Kll(s) (F;(s,uo)g(s)—i—Wl(s)% / T, o(0)do )

= [Ly* (uo)lg(s),
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where

/2

K1(s) = F,, (s,u0(s)) + G, (5, uo(s))

and
Wi(s) = X (s) (Fu (5, u0(s)) = G (s, u0(s)) )

As the preceding case we have ||Ly'||¢m < D, and ||Po(u)|| < N,. Thus
the following theorem is valid. O

Theorem 3.2 Let the conditions of Theorem 3.1 are satisfied and ug €
~ %k
H g (a,b) be the initial approzimation of equation (1.1), then, if

_ 1
HLOlP(uO)H S Ml’ 61 = M1D1€0 < —2_'

Then the equation (1.1) has a unique solution u** in the sphere

llu_u0ll¢,m—<-p1’ p>p =M (1_\'1_261)/61

to which the successive approzimations: Upy1 = Un — Ly 1P(un) of modi-
fied Newton’s method converges and the rate of convergence is given by the
inequality

M1 (1 B V1 “— Eel)n
Vv1—2¢ '

lun — u™ lgm <

4. Third Case: (x < 0)

Theorem 4.1 If the functions F(s,u(s)) and G(s,u(s)) satisfy the con-

ditions of Lemma 3.1, %‘% < 0 and F. (s,u(s)) + G. (s,u(s)) # 0.
Then the linear operator (3.2) has abounded inverse from the space @ into
H;’m(a,b), where Q = {q : ¢ = (u,co,¢1,...,65—1); U € H;’m(a,b) and

C0yCly - - -5 C—y—1 are complex numbers}.

Proof.  In this case the function X;(z) has at infinity a pole of order
(—X), to obtain a solution of equation we must using the following

conditions:
b o.m—lA(a)

do=0, m=1,...,—x.
« Xil(o)
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Then Lo(uo) : H}  (a,b) — H _(a,b) in general has no inverse for arbitrary
element g(s) € H; (a,b). From [10] consider the equation

—x—1
T(q) = P(u) — Y cxs", (4.1)

k=0
where s*, k = 0,1,...,—x — 1, are linear independence solutions of the

equation Ly 1g = 0. We define

lall = llully, + Z k|

The Frechet derivative of the operator T'(q) at arbitrary point g is given by

—x—1
T'(q)f = P'(wh+ Y dps*, f=(h do,di,...,d—x-1).
k=0

Moreover, T (g) satisfies Lipschitz condition in the sphere N(g,,d*) of the
form

||T/(Q1) - T,(QQ)”Q—>H;M < &llgr — q2ll;  ¢1,92 € N(g,,0%).

The linear singular integral equation

T'(q,)f = Lo(h des =g(s

has a unique solution f = (h, do,ds,...,d—y—1) € Q for arbitrary right part
g(s) € H; (a,b). Hence there exists inverse operator.

[T'(g0)) "+ H, (a,b) = Q.

The unknowns do,ds,...,d—y—1 are defined from the following relation
—x—1
Ak m(_X)
d, = ———="D,, k=01,...,—x—1
KT A=x) T
where

3 G (0,u0(0))g(0) _
D, _/a (o) o™do, A(—x)

= (iet[7}n4),7}n“1,.. y Tm,—x— 1]rn 0 3é 0
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where

b k
_ [ Gulo,uo(o))o® .,
Tm,k = L Wl (O‘) o 'do

and Ay ., (—Xx) be the cofactor of the element in the kth row and mth column
in the determinant A(—x). Therefore the following theorem is valid. O

Theorem 4.2 Let the conditions of Theorem 4.1 are satisfied and ug €
H(:,m (a7 b)7 qo = (UO, €0,05 - c—x-—-l,O)a
”T,(qo)—IHH;m(a,b)—»Q <Dy and
! -1
1T (g0)] " T(q0)llg—@ < M2,

If ¢, = M,D,§, < % Then the equation (4.1) has a unique solution g* =
(u**, ¢y - - . , €%, —1) € N(qy,00) to which the iteration process converges

nt1 = an — [T (9,)) ' T(g,), n=0,1,...,

where

5* > 6, = M,(1— /I 2¢,)/e,

Moreover, the rate of convergence of g, € Q to q* € Q given by the inequal-
ity

. My (1 —/T=2¢,)"
”Qn—q ”Q S \/T—T :
2

(4.2)

Lemma 4.1 Let the conditions of Theorem 4.2 are satisfied then the values
COns -+ -y C—x—1,n tends to zero as n tends to infinity iff when u** € H; _(a,b)
is the solution of equation (1.1).

Proof.  Let ¢* = (u™*,¢j,...,c%, ;) € Q is the solution of equation [4.1},

—x—1
if u™ is the solution of equation [1.1), then )  c}s* =0 from here ¢ =

k=0
¢f = -+ =c*, | = 0 by the linearly independence of the functions s*,
k =0,1,...,—x — 1. Then it follows from the inequality that the

values cop,...,C—y—1n tend to zero as n tends to infinity. If the values
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Coms - - -, C—x—1,n tend to zero as n tends to infinity, then by the inequality

—x—1

5™ - g1« Mol /LT
1 — :

P 1 —2e,

it follows that cg = ¢{ = -+ = ¢*,_; = 0. Then u™ is the solution
of equation [1.1). From Theorem 4.2 and we have ¢* is the
solution of equation (4.1), g» = (un,Con,---,C—x—1,n) is its approximate

solution and u** is the solution of equation [1.1), then the sequence {u"}
is naturally taken as the approximate solution of equation (1.1). Moreover,
the following inequality is valid
M, (1 —/T=2¢)"

V13— 2e, '

lun —w™[| <

References

[1] Gakhov F.D., Boundary value problems. English Edition Pergamon Press Ltd.
(1966).

[2] Gabdulkhaev B.G. and Gorlov V.E., The solution of Nonlinear Singular Integral
Equations by Reduction Method. Izv Vyss. Ucehn. Zaved Mat. Vol. 165 No.2 (1976),
3-13.

[3] Gorlov, V.E., On the approzimate Solution of Nonlinear Singular Integral Equations.
Izv Vyss. Ucehn. Zaved Mat. Vol. 167 No.4 (1976), 122-125.

[4] Guseinov A.I. and Mukhtarov Kh. Sh., Introduction to the theory of Nonlinaer Sin-
gular Integral Equations (In Russian). Nauk, Moscow (1980).

[5] Junghanns, P., Capobianco, M.R., Luther U. and Mastroianni G., Weighted Uni-
form Convergence of the Quadrature Method for Cauchy Singular Integral Equations.
Operator theory Advances and Applications, Vol. 90, Birkhauser Verlarg (1996),
153-181.

[6] Junghanns P. and Weber U., On the solvability of Nonlinear Singular Integral Equa-
tions. ZAA, 12 (1993), 683-698.

[7] Ladopoulos E.G. and Zisis, Nonlinear Singular Integral Approzimations in Banach
spaces. Nonlinear Analysis, theory, Methods Applications, Vol. 26 No.7 (1996),
1293-1299.

[8] Lorentz G.G., Approzimation of Functions. Holt, Rinehart and Winston, Inc. (1966).

[9] Mikhlin S.G. and Prossdorf S., Singular Integral Operator. Akademie-Verlag, Berlin
1986.

[10] Musaev, B.I.,, On approzimate solution of the Singular Integral Equations. Aka.
Nauk. Az. SSR. Institute of physics Preprint No. 17, (1986).

[11] Pogorzelski, W., Integral Equations and their Applications. Vol. 1. Oxford, Pergamon



72

[12]
[13]
[14]

[15]

S.M. Amer and A.S. Nagdy

Press, and Warszawa; PWN, (1966).

Saleh M.H. and Amer S.M., Approzimate solution of a certain class of Nonlinear
Singular Integral Equations. Collect Math. 38 (1987), 161-175.

Amer S.M., On the Approzimate solution of Nonlinear Singular Integral Equations
with Positive Index. Internat. J. Math. Math. Sci. Vol. 19 No.2 (1996), 389-396.
Wegert E., Nonlinear Boundary Value Problems for Holomorphic Functions and
Singular Integral Equations. Akademie Verlag, 1992.

Wolfersdorf L.v., On the theory of Nonlinear Singular Integral Equations of Cauchy
type. Math. Meth. Appl. Sci., 7 (1985), 493-517.

S.M. Amer

Dept. of Mathematics
Faculty of Science

Zagazig University

Zagazig, Egypt

E-mail: s_nigm@hotmail.com

A.S. Nagdy

Dept. of Mathematics
Faculty of Science
Zagazig University
Zagazig, Egypt



	1. Introduction
	2. First Case: ( \chi=0 ...
	Theorem 2.1 ...
	Theorem 2.2 ...

	3. Second Case: ( \chi>0 ...
	Theorem 3.1 ...
	Theorem 3.2 ...

	4. Third Case:( \chi<0 ...
	Theorem 4.1 ...
	Theorem 4.2 ...

	References

