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Semilinear heat equations with distributions
in Morrey spaces as initial data

Masao YAMAZAKI' and Xiaofang ZHOU

(Received March 17, 1999)

Abstract. This paper is a continuous study to the paper [27]. Here we consider in Mor-
rey spaces the Cauchy problem of the general semilinear heat equation with an external
force. Both the external force and initial data belong to suitable Morrey spaces. When
the norm of the external force is small, we proved the unique existence of small solution
to the corresponding stationary problem. Moreover, if the initial data is close enough
to the stationary solution, we verified the time-global solvability of the Cauchy problem,
which leads to the stability of the small stationary solution.
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1. Introduction

Let us consider the Cauchy problem of the following semilinear heat
equation with an external force f(z) in R™ for n > 3:

%%(t,x) = Av(t,z) +v(t, z)|v(t, )" + f(z) in (0,00) x R™,

v(0,z) =a(x) on R", (1.2)

where v > 25 v € R.
The corresponding stationary problem of the above equation is as fol-

lows:
—Aw(z) = w(z)|w(z)]" '+ f(z) on R™ (1.3)

There have been many researches on the Cauchy problem (1.1)-(1.2)
without external forces, i.e. f(z) = 0. Fujita [6] first showed that the
Cauchy problem admits a time-global strong solution with v > 1 4 2/n,
provided that ||a(z)| c2(rn) is sufficiently small. At the same time he also
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showed that the condition v > 1 4 2/n is necessary for the existence
of a time-global solution for nonnegative nontrivial initial data (also see
Haraux and Weissler [10], Hayakawa [11], Kobayashi, Sirao and Tanaka
14]). Furthermore, Weissler proved the global existence of the solution
when [|a(z)|| Lr(rny With p = n(r —1)/2 > 1 is sufficiently small.

On the other hand, many authors have also studied on the Cauchy
problem with measures as initial data. Brezis and Friedman [5] proved that
a time-local solution exists with initial data §(z) if and only if v < 1 +
2/n. Baras and Pierre [2] studied various capacities of the Radon measures
with which as the initial data the Cauchy problem is solvable. Niwa ob-
tained a sufficient condition for the local well-posedness and the global well-
posedness of the Cauchy problem with initial data in the measure spaces
of the Morrey type. Kozono and Yamazaki obtained time-local and
time-global solutions as initial data in the Besov-type Morrey spaces.

In this paper, we are interested in studying the Cauchy problem (1.1)-
(1.2) in the Morrey spaces. Zhou has obtained the stability of small
stationary solutions in Morrey spaces when v > 3 is an integer. This paper
will generalize these results to the general case v > 25, v € R with more
stationary solutions.

First, in the same way as in Zhou , we obtain the unique existence
of small stationary solutions for the stationary problem (1.3) by using the
Banach inverse mapping theorem.

Theorem 1.1 Suppose that n > 3, v > 5, ve R and v < g9 < pg =

n—27
—n(l'{l). Then we can find a positive number dg and a continuous, strictly

monotone-increasing function w(d) on [0, 8] with w(0) = 0 such that:

(1) For every f(x) € D', there exists at most one solution w(z) of
(1.3) in {w(x) € Mpy,go | [w()]| 4,4 <w(d0)}-

(2) For every f(x) € M;O%qo with Hf(x)HM;OZ,qO = § < b, there exists
a solution w(x) € My 4, of (1.3) with ||w(x)||MID0 w S w(4).

Example 1.1 For f(z) = Alz| @2, we see easily that w(z) = c|z|™®
solves (1.3) if and only if « =2/(v — 1) and

A=—ca(n—2-a)+|c e (1.4)

If v > n/(n — 2), we see that f(z) € L™(@+2): Tt follows that f(z) €

Moy (a+2),q Tor every g1 < n/(a+2). This implies f(z) € Mgog’qo for every
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go < po. On the other hand, w(x) € My, 4, holds for every go < po.
If A is sufficiently small, the equation has three solutions. It fol-
lows that the condition |[w(z)||m,, ,, < w(Jo) is necessary for the uniqueness

of the solution in [Theorem 1.1l.

Next, we will consider the Cauchy problem (1.1)—(1.2) in the general
case v € R, and divide it into two cases as follows.

Case 1: s <v<2,veR.
Case2: v>2,vekR.
For the first case, we have the following main theorems.

Theorem 1.2 Suppose that n > 3, -5 < v <2, v € R and po, qo are
the same ds in Theorem 1.1. Let p, q and oo be real numbers such that
p0<p<"T_2up0,q0<q§%709 and%<oo<2—wﬁ. Then we can
find positive numbers 8, (< do), €0 and My satisfying the following:

For every f(z) € M2 = with Hf(ac)HM;zq < 41, take the solution
’ 0490

n n

w(z) of (1.3) in Theorem 1.1, and take a(z) € My, ™ with |ja(x) —
w(z)| n_n =¢ < e, there exists a time-global solution v(t,x) of (1.1)-
My,

(1.2) such, that:

n _n-2
sup t20 2 |lu(t, ) — wl|

2 < oo, forevery 0 <T < oo,
0<t<T" MZ.q
(1.5)
n__n=2
limsupt?o 2 |jv(t,") —w| 2 < M. (1.6)
t—0+ Mp,

Moreover, the initial condition (1.2) holds in the following sense: For
(n—2)v n
P

every s satisfying —;—L - <s< 2 - p% and every T' > 0, we have
sup 2720 2 |[u(t, ) — al| e < 0. (1.7)
0<t<T’ pa

Remark 1.1 From Lemma 2.1 in the next section, the stationary solution

n_n

w(x) € Mpggy C Mg ™.

Theorem 1.3 Under the same assumptions and notations as in Theo-
rem 1.2, for every 0 < T < oo, any solution of (1.1)—~(1.2) on (0,T) x
R" satisfying (1.5) for every T' € (0,T), (1.6) and v(t,-) —a — 0 in



540 M. Yamazaki and X. Zhou

n ('n, 2)1/
ME, P coincides with the restriction on (0,T) x R™ of the time-global
solution in Theorem 1.2.
Theorem 1.4 Under the same assumptions and notations as in Theo-
rem 1.2, for every o satisfying % — plo < o < 0y, there exists a continuous,
strictly monotone-increasing function () on [0, ] with ¥s(0) = 0 such
that:

supt%+%_%|iv(t, ) = wllmg, < Yo(e), for every e <eo. (1.8)
t>0

Remark 1.2 The estimate (1.8) with o = =~ — o inTheorem 1.4/ together

with the fact that lim._o+%s(¢) = 0 asserts the Lyapunov stability of the

stationary solution in the topology of Mg, g '°. Other estimates in (1.8) give
the asymptotic stability in different topologies of M7

Example 1.2 Let w(x) be a stationary solution as shown in

2v
1.1(2) where f(z) = co|x| »-T with a small constant c¢y. Suppose that po,
q0, P, q (¢ < p) satisfy the assumptlons in [Theorem 1.2. Then we can take

a(z) = w(x) + c1(—A )27’0 2P(|:1:| ) in [Theorem 1.2 provided that the
coefficient c; is sufficiently small.

For the second case, we have the following main theorems.

Theorem 1.5 Suppose that n > 3, v > 2, v € R, V<Q1<qo<p0:
n(l/2—1) Let p, g be real numbers such that pg < p < 2pg, = = < oo <
??_Z — <. Then we can find positive numbers 6 (< d0), €0 and My satzsfymg
the following:

For every f(x) € M2 with ||f(3:)1|M;2q < 01, take the solution w(x)
0-90

of (1.3) in Theorem 1.1, and take a(z) € Mp, 4 with |la(z)—w(z)|| My, o, =
e < €, there ezists a time-global solution v(t,x) of (1.1)—(1.2) such that:

maxs sup |(v(E, WM , sup t2P0 “% v w L_ﬂ}
{ sp 100t =l s 5 Hote ) g

< 0, (1.9)

for every 0 < T’ < o0,

n n
max< limsup ||v(t,-) — w limsupt20 27 ||v(t w| n_n
{imsup 06t ) = wllaty o Bmsup e ot ) —ul g

< M. (1.10)
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Moreover, the initial condition (1.2) holds in the following sense: For
every s satisfying i—g — —217" —2<5<0 and every T' > 0, we have

sup_t3|u(t, ) — allas;

0<t<T’ ro-a (1.11)

Remark 1.3 As shown in Zhou [27], any stationary solution w(zx) €
Mpo,go C Mpo g, -

Theorem 1.6 Under the same assumptions and notations as in Theo-
rem 1.5, for every 0 < T < oo, any solution of (1.1)-(1.2) on (0,T) x
R" satisfying (1.9) for every T' € (0,T), (1.10) and v(t,") —a — 0 in
2n _2n_ o9
po.qr . coincides with the restriction on (0,T) x R™ of the time-global
solution in Theorem 1.5.

Theorem 1.7 Under the same assumptions and notations as in Theo-
rem 1.5, for every o satisfying 0 < o < o9, there exists a continuous,
strictly monotone-increasing function v, () on [0,&o] with ¥,(0) = 0 such
that:

< Ys(e), for every e < ¢gp. (1.12)

P0-91

sup t%[u(t, ) — wllueg
t>0

Remark 1.4 The estimate (1.12) with ¢ = 0 in [Theorem 1.7 together
with the fact that lim._,0;9,(¢) = 0 asserts the Lyapunov stability of the
stationary solution in the topology of M, ;.. Other estimates in (1.12) give

the asymptotic stability in different topologies of Moo

Example 1.3 Let w(z) be a stationary solution as shown in Example 1.1

where f(z) = co|:l:|_'f2_—y1 with a small constant ¢g. Suppose that n > 3,
v>2,veR, v<q <g < (n—1)p/n=(n-1)(r-1)/2. Put 2’ =
(T1,...,2n_1) for £ = (x1,...,2,). Then we can take the function a(z) =
w(z) + Cg(—Aw)v%fnT_lé(a:’ ) in [Theorem 1.5 provided that the coefficient
co is sufficiently small.

Remark 1.5 The critical exponent for (1.3) is v = n/(n—2), whereas the
critical exponent for (1.1) with f(z) = 0 is v = (n + 2)/n. The difference
corresponds to the following fact: Brézis and Véron showed that the
elliptic equation

—Au + ulu = §(2)
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on a bounded domain with smooth boundary containing the origin admits
a solution if and only if v < n/(n — 2), whereas Brézis and Friedman
showed that

%—Av+|v|”_lv=()

with the initial condition v(0) = d(z) admits a solution if and only if v <
(n+2)/n.

Remark 1.6 For v such that 1 +2/n < v < (n+2)/(n —2), Haraux and
Weissler constructed a nontrivial solution v(t,x) of (1.1)—(1.2) with
f(z) = a(z) = 0 of the form v(t,z) = t~/#Vyp(x/vt). Then we have
lv(t, )ms, = Ot~V wv=1)+n/2p=s/2 for every p, ¢ and s. It follows that,
even in the case a(z) = f(z) = 0, the condition is necessary for the
uniqueness in [Theorem 1.3, and the condition (1.10) is necessary for the
uniqueness in [I’heorem 1.6\

Semigroup theory will be used to prove our results in the same way
as in Zhou . In order to prove our main theorems in different cases,
we need different estimates and propositions which can be obtained in the
similar way. Therefore we obmit some unnecessary proofs. For details, see
Zhou .

The plan of this paper is the following. In Section 2, we recall the
definitions and some known results of the Sobolev-type Morrey spaces. Then
we consider the stationary problem (1.3) and prove [Theorem 1.1. Section 3
deals with the perturbation of the heat operater. Then we will discuss
the the semigroup in Section 4. In Section 5, the equivalence between the
original differential equations and the associated integral equations will be
given. In Section 6, we will construct time-global solutions to the integral
equation by the method of succesive approximation. Then we complete the
proofs of Theorem 1.2, [Theorem 1.4, MTheorem 1.5 and [Theorem 1.7, The
uniqueness properties in [Theorem 1.3 and [Theorem 1.6 will be proved in
the last part of this paper.

2. Morrey spaces and the stationary problem
First of all we recall the definitions of the Morrey spaces.

Definition 2.1 Let 1 < g < p < 0o, s € R. The Morrey space M, , on
R" is defined to be the set of functions u(z) € L] (R") such that

loc
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1/q
gy, = s s R ([ ) <o
’ z0€ER™ R>0 lz—z0|<R

Furthermore, the Sobolev-type Morrey space Mj , is defined by

M, = {u(@) € @/P | u@)lng, = I(=2)3ully,, < oo},

where @ and P denote the set of tempered distributions on R™ and the set
of polynomials with n variables, respectively.

In this paper, we only consider the spaces My , with s < %' As Bour-
daud [4], Kozono and Yamazaki showed, they can be regarded as a
subspace of &'.

Many properties of Morrey spaces have been shown in Zhou [27], we
will not describe them here again. For more detailed properties, see Peetre
120], Taylor [22, 23], Kozono and Yamazaki [16, 17]. It is worthy to point
out the following important lemma.

Lemma 2.1 Let 1 <g<p<oo,s€Rand 0 <0 <1, then M, C

s—(1-0)n/p
Mp/O,q/O ’

Now we prove the [Theorem 1.1 by using the Banach inverse mapping
theorem. For every w(z) € My, 4., define the mapping:

F(w) = —Aw(z) — w(z)w(z)|” .

Then we see that F' : My, 40 — M;,"O%qo is continuous in the same way as
in [25]. Moreover, it is Fréchet differentiable at any wg € Mp, 4, With the
Fréchet derivative —A — vjwo(z)[V 1.

The Fréchet derivative at 0 coincides with (—A) which is an isomor-
phism from My, 4, to M;O%qo. By the Banach inverse mapping theorem,
there exist sufficiently small positive constants 79 and Jp such that the

mapping F' is injective on the set

U = {w(z) € Mpg | [l0(@)]| Mpy,4, <0}

and the image F(U) contains the set
V = {f(2) € My, | 1F@ll iz, < o).

Moreover, the inverse mapping F~! : V — U is continuous. This com-
pletes the proof of [[heorem 1.1I.
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3. Estimates of the perturbed heat operator

In the following sections, we will consider the Cauchy problem (1.1)-

(1.2). Hereafter we always assume that n > 3, v > -2, v € Rand v <

n—27
go < po = 1(—'}2——1) Let w(x) € My, 4, be the small stationary solution as in

Theorem 1.1(2) such that [|w(z)||m,, ,, < w(d) <1.
Put u(t,z) = v(t, ) —w(z), b(z) = a(z) —w(z), then the system (1.1)-
(1.2) is transformed into the following system:

%(t, r) = Au(t, z) + (w(z) + u(t, 7)) |w(z) + u(t, )|}
—w(@)|w(z)*"t in (0,00) x R™, (3.1)
u(0,z) =b(x) on R™ (3.2)
Denote
Alfl(z) = —Az f(z) + B[f](z),
B(f](z) = —viw(z)[" " f(2),

G(w,u) = —(w+ w)|w + u|"! + ww|’ ! + v|w*lu,
then (3.1) becomes

%?tf(t, z) + Alu(t, )](z) + G(w(z),u(t, z)) = 0. (3.3)

Further, for the case -5 < v < 2, v € R, the conditions (1.5)—(1.8)
can be rewritten as

n _n-2
sup t?0 2 |lu(t,))|| 2 < oo, forevery 0<T <oo, (3.4)
0<t<T MZ.q

n _n-2
limsupt?o 2 ||lu(t,-)] 2 < Moy, (3.5)
t—0+ MP,
sup t%+%_2ﬂﬁ||u(t, ) = bl s < 00. (3.6)
0<t<T" p-q
supt= "0 "% Ju(t, )|l ag, < Wo(e) (3.7)
t>

respectively. In the meantime, for the second case v > 2, v € R, the
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conditions (1.9)—(1.12) can be rewritten as

t2p 2p
max{oggruu( Matsgrrs 30 655 F (e

_n} < o0,
P
q1

(3.8)

33

for every 0 < 1" < oo,

max{limsup”u(t, M Mypg .01 » limsupt%_%ﬂu(t, ) JL_E} < My,

t—0+ t—0+ MR P
(3.9)
sup t7||u(t,) — bllms , < oo, (3.10)
0<t<T"
i‘;{,’t%”“( Mrmsg, .. < wole), for every €< e

respectively. Therefore, in order to prove our main results, it is enough to
find a solution of (3.2)3.3) satisfying the conditions (3.4)-{3.7) for every
0 < T" < oo and to show its uniqueness. For the second case, it is also
enough to find a solution of (3.2)—3.3) satisfying the conditions (3.8)—(3.11)
for every 0 < T < oo and to show its uniqueness. We will use different

inequalities on the term G(w(x), u(t,x)) for different case, as the following
lemma.

Lemma 3.1 Let G(w(z),u(t,z)) be defined as above, we have
(1) If %5 <v <2, veR, then |G(w, u)| < |ul”.
2) If v>2, veR, then |G(w,u)] < LU (|lw| + |u)?~2u2.

Proof. In fact, denote the function F'(\) = /\|/\l” ~1 then
F'O) = v\ P (V) = v(v = 1A
The first inequality is deduced from
1
Flw+u) - F(w) = / F'(w + 0u)udf
0
and

1
Glw,u)| < /0 ' (w + 0u) — F(w)][|uldf
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1
<v / w4+ Bul " — o]~ juld6
0

1
<v / 6ul” " Juldb = [ul",
0

where we used the trivial inequality (a + b)* < a® + b, for every 0 < o < 1
and 0 < a <b.
The second inequality is easy to be calculated as follows.

|G(w, u)| S/o |F'(w + 0u) — F'(w)]||u|dd

< /01 (/00 F(w + Tu)||u|dr) u|do

< /01 v(v — 1)1 = 7)(|w| + T|u|)* " 2u’dr

_v(v-1) .
= 2D () 422

O

n

Lemma 3.2 Suppose that 75 < v <2, v € R, pp <p <00, g <q<
PI%Q, then for every s < 2 such that 0 < s < %, the operators A and B are
bounded from M3, to Mf,’_qQ.

Proof. In view of Propostion 2.1 (Zhou [27]), it is enough to prove the
conclusion for the operator B. Put

n n p1q
= —- -5, g2 = —,

p_l p p
1 1 v—1 1 1 v—1
+ .

’

P2 B b1 Do q3 q2 qo

Let f(z) be an element of M, . Then Lemma 2.1, Lemma 2.2, Lemma 2.3
and Lemma 2.4 (Zhou [27]) imply the following inclusion relations:

Blf)(@) = ~v|w(@)" " f(2) € Mppg © My, 20 € M;

P’
where
az_(l_@)ﬁzﬁ_(£+mv_—1>>zs_2,
P /) D2 p j4l Do
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For the second case, the operators A and B have the following property.

Lemma 3.3 Suppose that v > 2, vE R, v <q < qp, 0 < s < pﬂo. Then

the operators A and B are bounded from Mg, . to Mf,(;gl.

In order to discuss the semigroup generated by the perturbed heat op-
erator A, we need some estimates of the resolvent of A. For the proof we
make use of the following lemmas. Firstly we have the following lemma (see

Zhou Lemma 3.2).

Lemma 3.4 Let p and q be real numbers such that 1 < g < p. Then, for
every positive number € with € < /2 and nonnegative numbers a and b with
a < b, there exists a positive constant C = Cy, ¢ 4 such that the estimate

1(=22)* A+ A2) " leiMy g, Myg) < CIAIP (3.12)
holds for every A € C\ [0, +00) with |arg A| > €.

Next, it is easy to get the following two lemmas from Proposition 2.1

(Zhou [27]), and [emma 3.3.

Lemma 3.5 Let v, pg, qo, p, q be the same as in Lemma 3.2 and suppose
that 0 € (0,1) satisfies 0 < 0 < 3-. Then the operator (—A)1B(—A)7?
is bounded on My 4.

Lemma 3.6 Let v, pg, qi be the same as in Theorem 1.5. Suppose that
0 <0 < 5. Then the operator (—A)P"1B(—=AL) ™ is bounded on My, 4.

Now we have the main propositions on the estimates of the resolvent

of A.

Proposition 3.1 Let v, pg, qo, p, ¢ be the same as in Lemma 3.2. Suppose
that s, o < 2 are real numbers satisfying

s,0 € (—2, E) and |s—o| < 2. (3.13)
D

Then, for every € > 0, we can take a positive number v1 = v1(s,0), if
w(z) € Mp, q, satisfies ||w(:c)||7\/—1:0q0 < 7, then every A € C\ [0, +00)
with |arg A| > € belongs to the resolvent of the operator A in M, .. In the
meantime, the following estimate
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[(=A2)72(A+ Ag) BN — A) 1 (=Ag) ™
Cl)\l(a—s /2—1

= Tl

8/2 H‘C(MP,‘N Mp,q)

(3.14)

holds with a positive constant C.
Furthermore, if o > s, the operator (—Az)°/2(A — A)~1(—=Az) /% can
be extended to a bounded operator on My, and enjoys the estimate
[(=22)72(A = A) (-4
C|)\|(a—s)/2——l

2 Mgy M)

T m- ||w||Mp0 @
(3.15)

with a positive constant C.

Proof. We prove in the similar way as in Zhou [27]. First we prove [3.14).
Since 3 max{s,o} < min{l,%} < 1, $max{s,oc} < 1+ min{s,o}
and 0 < 1+ 3min{s,o}, hence we can find a positive number 6 € (0,1)
satisfying
1 1
Emax{s oc}<0<1+ 2mln{s o} and 0<6<— o

Then implies that the operator
0 = (-A.)71B(-A,)7?

. . -1
1s.b0unded on Mp,q and the estimate [|O|| (a1, o, My.q) < Clllei,tpo’qo holds
with some positive constant C;.

On the other hand, the operator (—A;)(A + Az)™! is also bounded on
My 4 for every A € C\ [0,400), |arg A| > € and the estimate

1(=A2)A + A2) Ml o(Mpgy Mpg) < Co

holds with some positive constant Cs.

In the same way, implies that there exists a positive constant
C3, we have the following estimates:

[(=Az) 31N+ A,) < Cs)A|Z7F,

IHE(MP o Mp,q) —

1(=A2)"2 (A + Ay) < A1 2,

1||£ MP ‘I’MP Q)
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for every A € C\ [0, +oo) |arg A| > e.
Therefore, if ||w||Mp o < "(s,0) = 5 C , the series

I=(-A)2" A+ A, 16
o0

x 3 {4 A2) TN (=A2)0 (~A,)°E (A + A,) !

converges in L(Mp, 4, My, o) and the operator norm of the limit is dominated
by

1
XA

C3|A[27° Cl||w||M,,0q . CA"~1 2

nmmm%

Moreover, the limit is

I= (_Ax)%()‘ + Ax)_lB("Aw)_9

X i{@ + Az) TN =A2) B(=A2) P H (- A) 2 (A + Ay) 7]

ag

=(-Az)z(A + Aw)_lB(—Aw)_e
X {1 = (A + 82) 7 (=A:)°B(=20) P} (=A2) 2 (A + Ap) 7!
= (—A) T (A +Ar) 1B — A) N (=A,) 5.
This yields [(3.14). Observe the equality

s

(—A)F (A — A) Y (~A,) 73
= (~Az) (A + Ag)H(—A,) 73
+(~A2)F (A + A;) B — A) 7Y (-A,)
= (~8) T A+ A) T+ (“A)F A+ A) 1B — A) L (—AL) S,
the estimate (3.15) follows immediately from the above discussion and

Lemma 3.4. O

Proposition 3.2 Let v, po, qo, q1 be the same as in Lemma 3.3. Suppose
that s, o are real numbers satisfying

8,0 € <—2, pﬁ> and |s—o| <2. (3.16)
0
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Then, for every € > 0, we can take a positive number vi = v(s,0), if

w(x) € My, q satisfies ||w(x )||""1 < 1, then every A € C\ [0, +00) with
|arg A| > € belongs to the resolvent of the operator A in My ... In the
meantime, the following estimate

[(=A)7 A+ Az) "B — A) ! (-
Cl)“ (o0—s)/2—1

“wllMpo @

2
° "E(Mpo,q:l’MpOi‘JI)

(3.17)

holds with a positive constant C.
Furthermore, if o > s, the operator (—Az)°/2(A — A) "1 (=Az) /% can
be extended to a bounded operator on My, 4, and enjoys the estimate

[(=22)72(A = A)7H(=A)~
C')\I(a—s)/Q—l

= o Tl

/2
’ “C(Mpo,ql s Mpg,ay)

(3.18)

with a positive constant C.

Proof. Since 5 max{s,o} < S0 = 7 L. <1, $max{s,0} <1+ i min{s,o}
and 0 < 1+ 2min{s,o}, hence we can find a positive number 6 € (0,1)
satisfying

1 1
§max{s 0}<0<1+2m1n{8 o} and 0<60< —

2po0
Then we can finish the rest part of our proof in the same way as the proof
of [Proposition 3.1, by using and Lemma 3.6. O

4. The semigroup generated by the perturbed operator

In this section, we will give some properties of the semigroup exp(—t.A)
generated by the pertubed heat operator A. It is defined by the formula

exp(—tA) = / exp(—tA) (A — A)"td),
r
for t € C such that Ret > 0, the contour I' satisfies the condition

c{\e C\{0}||argA| >€} connects
exp(—iw)oo to exp(iw)oo,  (4.1)
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where 0 < € < w < m/2 — |argt|. In the following sections, we will use this
semigroup to construct our time-global solutions by succesive approxima-
tion.

First, we have some properties about the boundedness of the semigroup
exp(—t.A) on the Morrey spaces. For the case "5 < v <2, v € R, we have
the following

Theorem 4.1 Let v, py, qo, p, q be the same as in Lemma 3.2, s, 0 < 2
satisfy (3.13). Suppose that w(x) € Mp, 4, satisfies HwHZV_(plO w < T (s,0).
Then there exists a positive constant C' such that for every t > 0, we have:

Ctls—o)/2

| exp(—tA)l|l z(ams M

p.q Pq)_

, if s<o, (4.2)
-l

Ct(s—0)/2

| exp(—tA) = 1| gas Mg ) <

p,q’

, if 0<s. (4.3)
- (ol

For the second case v > 2, v € R, the boundedness is as follows.

Theorem 4.2 Let v, pg, qo, q1 be the same as in Lemma 3.3, s, o satz'sfy
the condition (3.16). Suppose that w(x) € Mp, 4, satisfies HwHMPO w <

v1(8,0). Then there exists a positive constant C such that for every t > 0,
we have:

Cts—a '
| exp(—=tA)|lz(m Mg 0 MG ) S , if s<o, (44)
’ Y — ||w HMpo %
Ctz ,
lexp(—tA) = Uiz, , Mg ) S T if o<s.
P0-490
(4.5)

The two theorems above-mentioned can be proved in the same way as
in [Theorem 4.1 (Zhou ), by using [Proposition 3.1] and [Proposition 3.2.

As in the usual analytical semigroup theory, exp(—t.A) is independent
of the choice of w, and the semigroup property exp(—(t+s).A4) = exp(—t.A)-
exp(—s.A) holds for every ¢ and s such that Ret, Res > 0.

Before we construct the time-global solutions to the Cauchy problem
(3.2)—, we must prove the equivalence between differential equations
and integral equations. However, we need the following propositions of the
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strong continuity and the strong differentiability of exp(—t.A)f. The proofs
are similar to the proof of Proposition 4.1 (Zhou [27]). For the first case
5 <v <2,vER, we have

Proposition 4.1 Let v, pg, qo, p, q be the same as in Theorem 4.1, and
assume that 0 < 0 + 2 < s < min{2,n/p}. Moreover, suppose that w(z) €
Mypo.q0 Satisfies the estimate

||w||'/}v71 < min{y(s,s —2),m1(s— 2,0 +2)}.

P0-90

we have

Then, for every f(x) € M?

»,q’
exp(—tA)f — f
t

lim exp(—tA)f - f

t—0+ t

+ Af e My, for every t >0,

+ Af =0 in the topology of M3 ..

For the second case v > 2, v € R, this property is described as follows.

Proposition 4.2 Let v, pg, qo, q1 be the same as in Theorem 4.2, and

assume that 0 < o +2 < s < n/py. Moreover, suppose that w(z) € My, 4
satisfies the estimate

lwllyg,, . < min{y(s,s —2),m(s — 2,0 +2)}.

Then, for every f(z) € My, ., we have
_t —
exp( f)f f + Af € Mg, s for every t >0,
. exp(—tA)f—f _ -
tEIglJr ( " ) +Af =0 in the topology of M3 .

5. [Equivalence between differential equations and integral equa-
tions

In this section, by virtue of the estimates of the semigroup exp(—t.A)
established in the previous section, we will prove the equivalence of the
original differential equations and the associated integral equations in the
similar way as in Zhou [27]. The integral equation of is as follows:

u(t, ) = exp(—tA)b — /0 exp(—(t — 7)A)G(w(-), u(r,-))dr. (5.1)
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From the definition of the Morrey spaces, we have the following result
on complex interpolation. See Lemma 2.5 of Kozono and Yamazaki [17].

For complex interpolation, see Bergh and Lofstrom [3] or Triebel [24], for
example.

Lemma 5.1 Suppose that 1 <q<p<o0,s1,s2€ Rand0<0<1, and
put s = (1 — 6)sy + 0s2. Then the space M; , coincides with the complex
interpolation space [M7l,, M2 ]o.

Now we consider the Cauchy problem (3.2)—3.3).

Case 1: %<V§2,I/€R.

Firstly we determine the positive number §; in [Theorem 1.2. Let og
be a constant in [I’heorem 1.2. Denote o7 = 2—’;—6, then there exists a real
number o9 such that

01 <02<2/p.

Therefore we can take a positive constant §; < dg sufficiently small so

that, for every f € M;02q0 such that || f|| M2, < d1, the stationary solution
’ P0-90

of (1.3) given in [Theorem 1.1 enjoys the estimate

ol

< min{’Yl(Uo — 2,00 — 2), v1(00,00 — 2), M1(00 — 2, 00), 71(00,00),
71(01 - 2701 - 2)7 71(01701 - 2)7 71(0-1 - 270-1)3 71(01701)a

2 2 2
’71(_’_ ‘2>771(_ _2a02)} S 1.
b p p

In the sequel we assume that f(z) and w(z) are as above. Then Theo-
rem 4.1 and imply the following proposition.

Proposition 5.1 The estimate
lexp(—tA)llcats Mg ) < CHE/2

s valid for every s and o satisfying 0y —2 < s< o <o0p ando < s+ 2.
Moreover, the estimate

lexp(—tA) = Ll g,y < CEE7772

P,q’

is valid for every s and o satisfying o1 —2 <0 <s< o0 and s <o+ 2.
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The following theorem shows the equivalence between differential equa-
tions and integral equations.

n n

Theorem 5.1 Let 0 < T < oo. Suppose that b(x) € Mpq ™ and that
u(t,z) is a function on (0,T) x R™ satisfying (3.4) for every T' € (0,T).
Then the following three cone ditions on the function u(t,x) are equivalent:

(1) wu(t,z) satisfies the differential equation (3.3) on (0,T), and the
condition (3.6) for every s € [% — @, o - ;‘—0] and every T' € (0,T).
(2) wu(t,z) satisfies the differential equation (3.3) on (0,T), and

n_ (n—2)v

u(t,-) —b — 0 in the topology of Mg, * ast— 0+.
(3)  wu(t,x) satisfies the integral equation (5.1) on (0,T).

In order to prove the theorem, we need the following lemma.
Lemma 5.2 Let u(t,x) be a function on (0,T) x R™ satisfying (3.4) for

every T' € (0,T) and (5.1) on (0,T), and suppose that b(zx) € M;,’fq i
Then, for every s € [% — (—7—1—;2—)5, Uo], there exists a constant Cs such that

lut, ) — exp(—tAb|agz , < CsM¥83 202, (5.2)

Po

n__n s n n
lua(t, ) = bllagg , < Co(MY +[bl] 5 )27 2072 if s< =,
p,

g P Do
(5.3)
M ags v 0 n )t2 ; r_r
[Jut, )“Mp,q < CS(M + “bHM,?,q_%)t P20 2 if 52 7 1o
(5.4)
hold for every t € (0,T"), where
n _n—2
M = sup t?o 2 |ju(t,-)| =
0<t<T’ Mg

2
Proof. We first prove (5.2). Denote a = -T5. If u(t,-) € My, then

implies that u(t, ) € Mgpaq. It follows from Lemma 3.1 (1)
n_(n=2)v
that G(w(-), u(t,")) € Mapjvaq € Mpq "

. (n—2)v n (n—2)v n o_
Smceal—2<%——p—gsgaoands~(;——p—) <O’0—('I;
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(n—2)v
p

) < 2, we have the following estimate in view of [Proposition 5.1].

lut, ) — exp(—t A sz
/ exp(—(t — 7)A)G (), ulr, )| ass dr

n (’n—2)l/)_s

<o [(t-niets

which yields the estimate (5.2).

Ifs<ﬂ—pﬂo,wehaveal—2<" (n—2)1/< <2 < g9 and

p po

% - p—o — 8 < 2, hence the following inequality holds from [Proposition 5.1I:

[(exp(—t.A) = 1)bllass < CtB w3y

n_n,
MP PO
Mp.q

which together with (5.2) implies (5.3).
Finally,ist%—p%,wehaveal—2<%—%Ssgaoands—(%—
5’—‘5) < 2. Therefore [Proposition 5.1 follows that

|l exp(=t.A)bl| as , < Ctw w2 b

n_n,
MP PO
Mp.q

which together with (5.2) implies (5.4). O

Proof of Theorem 5.1. (1) = (2) is trivial.
Next we show the implication (3) = (1). Suppose that u(t,z) is a
solution of (5.1) on (0,7). Then the estimate [3.6) for every T' € (0,T)

follows from (5.3) for every s € [— _ (=2 n_ l}

Step 1. We verify that the function u(t, -) is Holder continuous from [e, T"]
to M52 for every € and T" such that 0 <e <T' <T.
Let e <1 <T, then we have

u(t, -) — u(r,-) = (exp(—(t — 7).A) = Du(r, ")
—/ exp(—(t — 5)A)G(w(-), u(s, -))ds.
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From [Proposition 5.1, we get the following estimate.

Jut, ) = (Y,

<lexp(=(t=7)A) =1l = 2 fu(r,)ll 2
(M2 qM32) ME,

<CM(t—71)p 1'% 2
¢ l(ﬂ_("—z)”)_iz
+C [ (t—s)2'r 2|Gw(), uls, D a_@-2ds
T Mf;, p
1_ o2 n=2_ n
<CM(t—7)p 272 20
© Cue R

which implies that the function u(t,-) is Holder continuous from [e,T"] to
MS2.
P

Step 2. We verify that the function G(w(-),u(t,-)) is Holder continuous

_ (n—2)(v—1)
from [e, T'] to My P foreverycand 7" such that 0 < e < T' < T.
Let ¢ < 7 < T’, then we have the following estimate from the definition of

G(w(-),ult, ).

|G(w()7 ’U(t, )) - G(’U)(), U(T7 ))l
< wfu(t, )+ Julr, )Pl ) ~ ()l
02_(71—2)(1/—1)
Then the Holder continuity of G(w(-),u(t,-)) in Mp 4 P can be easily
deduced from that of u(t,-) in the same way as in Zhou [27].

Step 3. We prove that u(t,z) satisfies the differential equation [3.3). Let
to be an arbitrary point of (g,7”), and let t;, t2 be points of (¢,7”) such
that t; < t2. Then we have
u(tz) — u(t1)
to —
exp(—(t2 —t1)A) — 1 exp(—(ta —t1)A) — 1
_ exp(=(ta — 1) A) ulto) + p(—(t2 —t1)A)
to — 1 to — 1)

(u(t1) = u(to))

- [ et = DA G, u(r ) ~ G, ult, )dr

to —t1 t1



Semilinear heat equations in Morrey spaces 957

1 / (exp(—(t2 = 7)) = 1)G(w(:), ulto, ))dr

t2 - tl t1

— G(w("), u(to, -))
=L+ L+ I3+ 14 — G(w(:),u(to,"))-

Now let t1, to — tg. Since

2 2 2
v—1 . s a0 .
||w||/\4poﬂ0 < min {'yl (p’ ’ 2) Y1 (p 2,02> } ,

[Proposition 4.1 implies that I, tends to —Au(tg) in Mgfq_2. Next, Propo-
sition 5.1 implies that the operator
exp(—tA) — 1
t
is uniformly bounded in L(M2, Mgfq‘Q). Observing the Holder continuity
of u(t, ) in Mg2, we know that I tends to 0 in MJ22,

P’
Further, we get the following estimate in the same way as in (5.2).

)",

n_(n=2)vy o
G572 (luto)|

N[

I g9 — < t -
Ll yg22 < Cltz — 1) b
hence 1 tends to 0 in Mgfq‘2 as t1, to — to.

Next, we discuss the term Is. [Proposition 5.1 implies that the opera-
_(n=2)(v-1) _(n—2)(u—1)
tor exp(—t.A) is uniformly bounded in E(Mgfq P M;,?q o).
It follows from this fact and the Hoélder continuity of G(w(-),u(t,)) in
(n—2)(v—1) (n=2)(v—1)
_(n=2)(w-1) ,— (n=2(w-1)

M;,zq P that I3 tends to 0 in M;q
From the discussion above we have proved the equality

u(t2) —u(t1) = —Au(ty) — G(w(-), u(to, -))
t1,t2—to ta — 11

holds in ¢'. That means u(t, z) satisfies on (¢,T"). Since € and T' are

arbitrary, u(t, z) satisfies on (0,7T). This shows that (3) = (1).
Finally, we will prove the implication (2) == (3). Suppose that u(t, z)

satisfies (3.4) for every T" € (0,T), and u(t,z)—b — 0 in the topology

n_(n-2)v

of M, 7 ast— 0+
Put
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Then we can prove that u(t,z) = exp(—t.A)b + v(t, x) satisfies (5.1) in the
same way as in Zhou [27]. That means (2) = (3).
This completes the proof of [[heorem 5.1l )

Next we consider the second case.

Case2: v>2,veR.

Let v, po, qo, 1 be the same as in [Theorem 1.5. We will use the same
method for the first case to prove our results. Firstly we determine the
positive number 41 in [Theorem 1.5. Let oy be a constant in [['heorem 1.9l
Denote 01 = 2—2; — %, then there exist a real number o9 such that

n n n n
— - — <0< — — —.

2p0  2p Po P

Therefore we can take a positive constant d; < §p sufficiently small so
that, for every f € M_2_ such that || f|| M2, < 41, the stationary solution
0,490

Po,90
of (1.3) given in [Theorem 1.1 enjoys the estimate
v—1
2wl

< min{’h(Uo — 2,00 — 2), 11(00,00 — 2), 11(00 — 2, 00), 1(00, 00),
(o1 — 2,01 — 2), 101,01 — 2), y1(01 — 2,01), M1(01,01),

n n n n n n
(B ) (B2 )<
Po P Po P Po D

Hereafter we assume that f(x) and w(x) are as above for the second
case. Then we have the following proposition by using [Theorem 4.2 and
Lemma 5.1.

Proposition 5.2 The estimate

| < o=

| exp(—tA)||coms Mo

Po,4q1°’ P0-91

is valid for every s and o satisfying 01 —2 < s <o < o0g and 0 < s+ 2.
Moreover, the estimate

| exp(—tA) — Ulcoms . Mo

P0o»9q1°’ Po»4q1

is valid for every s and o satisfying 01 —2 <0 <s<o0gp and s <o+ 2.

Then we also have the following theorem about the equivalence between
differential equations and integral equations when v > 2, v € R.
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Theorem 5.2 Let 0 < T < oo. Suppose that b(x) € Mp,q, and that
u(t,x) is a function on (0,T) x R" satisfying (3.8) for every T' € (0,T).
Then the following three conditions on the function u(t,x) are equivalent:
(1) wu(t,z) satisfies the differential equation (3.3) on (0,T), and the
condition (3.10) for every s € [ = 2" —2,0] and every T’ € (0,7).

(2) wu(t,z) satisfies the dzﬁerentzal equation (3.3) on (0,T), and

2n _ 2n

u(t, ) — b — 0 in the topology of Mpdq*  ast— 0+.
(3) wu(t,x) satisfies the integral equation (5.1) on (0,T).

As before we need the following lemma to prove [I’heorem 5.2.

Lemma 5.3 Let u(t,z) be a function on (0,T) x R™ satisfying (3.8) for
every T' € (0,T) and (5.1) on (0,T), and suppose that b(zx) € My, q,.
Then, for every s € [i—z — 27? - 2, 00], there exists a constant Cs such that

lutt, ) — exp(~tAblueg, ,, < Ca(M¥ + [[wll? M5, (5.5)

lut, )~ bllagg, , <

< Ca(MY + w5y, o M+ [6lay,0, )t 2
if <0, (5.6)

< Co(MY + )52 M2+ bty )t 2
if $>0 (5.7)

Jutt, Yl .. <

hold for every t € (0,T"), where

n n
M = max{ sup ||u(t,)||m sup t2o 2 ||u(t,- A_ﬂ}.
{ 0 1t Mt sip 50Nt g

n

Proof. 1If u(t,-) € ./\/Ipo,q1 , Lemma 2.1 implies that u(t,") € M, b It

2n _ 2n _
follows from Lemma 3.1 (2) that G(w(-),u(t,-)) € ,’,’S,ql P

: 2n n 2n 2n
Slnce01—2<p—o—p ~2<s<ggand s— (po_";—2)§00—(;,3*
27" — 2) < 2, Proposition 5.2 implies that

Jut, ) - bnM;,O .
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1

2n 2n s
<0 [ B E DGO gy gpair
ro-4q1

<C / (t =720 2 2 (Jw() Ity g0 + et Nlrtygay)”

t n_n_Ss__ n_n
<c / (t— )75 E T (), o, + M) 2M2dr
< Cs(MY + HwHMpo qOMz)t—a

holds for every ¢ € (0,T"), which yields the estimate (5.5).
Ifsg(),thenol—2<%—%—2§5§0<00and—5<2—01<2,
hence we have the following estimate in view of [Proposition 5.2.

I(exp(—tA) = 1)blipgs . < Cst™2[Bllatyg

which together with (5.5) implies (5.6).
Finally, if s > 0, we have 01 — 2 < i—" —
it follows from [Proposition 5.2 that

?“—2§0§s§00<2,then

lexp(—tA)bfag, . < Cost™ 210l My,

which together with (5.5) implies (5.7). O

Now we prove [I’heorem 5.2 in the same way as in that of [[’heorem 5.1l.

Proof of Theorem 5.2. 1t is enough to prove the implication (3) = (1).
Suppose that u(t, x) is a solution of (5.1) on (0, 7). Then the estimate
for every T" € (0,T) follows from (5.6) for every s € [2" 2?" —2,0].

Suppose that o1, o9 and o¢ satisfy the assumptions above-mentioned.
Then we can also prove that the function u(t, z) is Holder continuous from
[e, T'] to M%2  for every € and T” such that 0 < e < T’ < T.

Po,q1
Next, we have the following inequality by calculating directly.

G(w(-), ult, ) = G(w(-), u(r, )l
< Clw()] =+ fult, ) + fu(r, )P~ (ult, )]+ Julr, Dt ) = ulr, |-

From this fact and the Hélder continuity of u(t,z) in M72 it is also easy
to prove that G(w(-), u(t,)) is Hélder continuous from [e,T"] to MZ272 for

po,q1
every € and T" such that 0 < e < T’ < T.
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Now we prove that u(t, z) satisfies the differential equation (3.3). Let
to be an arbitrary point of (¢,7”), and let t;, t2 be points of (¢,7”) such
that t; < t2. Then we have

u(t2) — u(t1)
to — 1

— exp(”(t: :?)A) ~ Luto) + exp(_(? :?)A) “Lutr) - ulto)
9 1 2 1

t2 —1- t / 2 exp(_(tz — T)A) (G(w()’ u(T, )) - G(w()’ ’u,(t(), )))dT

t

: / 2(exp(—(t2 —7)A) = 1)G(w(-), u(to, -))dr

-t t

— G(w(-), u(to, "))
=L+L+I3+14 — G(w(), u(to, ))

Let t1, to — tg. Since

n n n n n n
,wl/—l <min{71(___’____2)a71(__—_2a02)}1
o3ty po P'P0 P p

[Proposition 4.2 implies that I; tends to —Au(ty) in Mgfq“z. Next, Propo-
sition 5.2 implies that the operator
exp(—tA) — 1
t

is uniformly bounded in L(M72 | Mgg,;f ). Observing the Holder continu-

ity of u(t,z) in M2, we know that I tends to 0 in Mgg;;f.

Further, we get the following estimate in the same way as in (5.5).

Tl gg5-2 < Cl0 N + N(t0) Lty )2

n

2 n_n_92
X(”u(to)“ %—%) (tz—tl)l’o P2
MPO»QI

hence I4 tends to 0 in Mgg’;f as ty, to — tp.

Finally, Proposition 5.2 implies that the operator exp(—t.A) is uniformly
bounded in L(MF22, MZ272). Moreover, G(w(-),u(t,-)) is Hélder contin-

uous in Mgg’}']‘f, it follows that I3 tends to 0 in M;‘,g’;lz.
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From the discussion above we have proved the equality

to) — u(t
i Wt2) —ult)
ti,t2—to to — 1

holds in M3272 C &'. That means u(t,z) satisfies on (¢,T"). Since
e and T’ are arbitrary, u(t,z) satisfies on (0,7). This shows that
(3) = (1).

The rest part of our proof can be finished in the same way as the proof

of [I'heorem 5.1l. O

= —Au(to) — G(w("), ulto, "))

6. Stability of the stationary solution

In this section, we will construct the solution of the integral equation
(5.1) by succesive approximation. Then we show this solution satisfies all
of the properties required in our theorems.

Firstly we consider the case v < 2.

Casel: “5<v<2,veR
Define the sequence of functions {u;(¢,z)}32, inductively by

uo(t,-) = exp(—tA)b,

Wi t) = w(t) = [ exp(=(t = D AG(C), uyr,

9

n _n=2
Put A; =supyot?o 2 Jlu;(t, )| 2
MI?,(]

n_ _n-2
Bj =sup,sgt?o % |lujyi(t, ) —uy(t, )] . Then we have the following

2
Mg
estimates.

Lemma 6.1 There exist positive constants Cy, Cy which only depend on
v, Po, qo, P, q such that

(1) Ao _<_ Clé?.

(2) Ajt1 < Cie+ CrAjY, for every 7 =0,1,2,....

Proof. Since o1—2 < %—pﬂo < % < 0g and %—(ﬂ—-’i) < 2, Propositions 5.1]
implies that

[uo(t, )|

which yields (1).

< 2G5 b

_(_n__F_:E)

2 -%:Clst 0 2/
D

Mp,q
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Next, we consider A;. We get the following estimate in the same way
as in (5.2).

lwj+1(ts ) — uolt, )l w3
/uwp (t = A, _g dr
1yn_(n=2)v_ 2
<C (t—r)?‘p v 2| G(w(), ui (DI ez dr
0 Mg,
t _(n——2)(u—1) v
<C | @t=7)"" 2 (luj(r,")I| 2)7dr

t
_(n=2)(v—-1) _ n—2
scAj”/ -7 e w s
0
(=21 n _n-2y ! (n=2)(v=1) _ (n _n=2
— ot o aw 2p)/(1-r)“ w1 e gy
0

_ Oyt )

for every 7 =0,1,2,.... This implies A;11 < Cie + C24;". d

Now we decide the positive numbers €y and My required in Theo-
rem 1.2. Put gy < %:—}(C’w)ﬁii_l be a positive constant. Define the func-
tions Y (z) = Cie + Coz” and M(e) = %5 Cie for € € [0,€0]. Here Ci,
C5 are the constants in Lemma 6.1. Since 1:(0) = Cie > 0 and the func-
tion 1¢(x) — = takes its minimum Cje — 'JT_I(C’QV)—ﬁ <Oatz =19 =
(Cgl/)—'—;}—T, there exists a number x; € (0, o] such that ¥.(x;) = ;. On
the other hand, since the function . (x) is convex, we have the following
estimate.

we(xl) (1 - _) ws( ) + ﬂ"pz-:(IO) = Cie + ‘1‘-'171-
ity 14

Hence z; < M(g). Since Ay = Cie < Y(z1) = x1, the monotonicity of
Ye(z) implies that A; < x; for every j € N. It follows that sup;cn A; <
z1 < M(e) < M(eo) = Mo.

In order to prove the convergence of the sequence {u;(t, r)}32,, we make
use of the following lemma.
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Lemma 6.2 There exists a positive constant C3 which only depends on v,
Do, 4o, P, q such that Bj1q < CgM((—:)V_lBj, for every j € N.

Proof. We obtain exactly in the same way as in the proof of [Theorem 5.1
and that

lujra(t, ) — wina (2, -)IIM

/Ilexp (t =) A)(G(w(), ujr(t, ) — Glw(), u;(t, )|

’ﬁ'tslw

<0 [6- DS Djowi )
~ Gl w6 Dy ooawdr

Mz.q
t _ (n=2)(v—1) 3 3
<0 [t =" (a6 17d + st )
Mp,q Mpvq
||u]+1(ta ) - u’](ta )”M% dr
p,q
t _(=w-1) _,n _
< [[-n D Y B
0
v—1 _(Zi_n2_—2)
< C3M(e)" "Bt ‘0 %7
which implies the conclusion. O

Let g < C L(2C3) 7= T if necessary. Then we have Bj;; < Bj, for
every j € N. From this fact, we conclude that > 52 j—0 Bj < 00, which implies
that the sequence u;(t,z) converges to a function u(t,x) as j — oo such
that

supt®o @ |[u(t, )| 2 < M(e) < Mp.

t>0 Mp
It follows that u(t, ) satisfies (3.4) for every T' € (0,00) and [3.5). It is
also easy to see that u(t,z) enjoys the integral equation (5.1) on (0, 00).
Hence [Theorem 5.1 implies that (¢, z) satisfies [3.3).

Moreover, the estimate (5.3) in implies that u(t, z) satisfies
the estimate for every T € (0, 00), and the estimate (5.4) implies that
u(t, x) satisfies the estimate with ¢, () = Cy(e + M(€)¥).

From the discussion above, we have proved the existence of time-global
solution of the Cauchy problem (3.2)-{3.3] with all the properties required
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in [I'heorem 1.2 and [Theorem 1.4. Next we show the uniqueness of such
solution u(t,z) in the similar way as in Zhou [27].

Proof of Theorem 1.3. Let u(t, z) be another solution of on (0,7T) x
R" satisfying (3.4) for every T" € (0,T) and such that @(t,-)—b— 0

n_(n=2)v
in the topology of Mj, * ast — 0+. Then [Theorem 5.1 implies that
4(t, z) also solves the integral equation (5.1) on (0,T).
Let Ty be a positive number less than T" such that

n—2

M= sup t% % ||i(t,")]| 2
0<t<Tp MPp,

Putting a(t,z) = u(t,z) — 4(t,z) and
2

A = supgi<Ty, t70 " % ||la(t, )“M’% , we obtain A < %A in the same way as
p.q
in Lemma 6.2. Hence we have (¢, x) = u(t, z) on (0,Tp] x R™.
Next, take T" € (0,T) arbitrarily, sg = ﬁ - ”2—;2, let
M'= sup t*|a(t,-)]|
0<t<T’ M

T

q
and

A(r) = sup tol|a(t, )| =
o<t<r Mz

for every 7 € (0,T']. Then we have
t
t7A(t) < Cg’/ (t — 7)wDso—Llp—vso ppr=1 | M YA(r)dr
0

in the same way as in [Lemma 6.2. Now suppose that A(T;) = 0 with some
T such that Top < T} < T, then we have

t
A) < A)Ca [ (= m) Dot
T

Choose a positive number § such that

1
_1 (CESVET
0<5<Z2Qmin{1,((y—c4)sﬂ> O}.
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Then t = min{T} + 4§, T’} satisfies t < 2T7. It follows that

C 25\ (Do
Alt) < A(t)m (TI) < A().

Therefore we obtain that A(T}) = 0 implies A(t) = 0. Starting at T; = Ty
and repeating this process, we arrive at t = T" after finite steps, which
implies that u(t,z) = a(t,z) on (0,T'] x R™. Since T" € (0,T) is arbitrary,
it follows that u(t,xz) = a(t,x) on (0,7) x R™.

This completes the proof of [I'heorem 1.3. O

In the following part, we will prove the main results for the second case.

Case2: v>2,veR.
As well as the fisrt case, we construct the time-global solution of the
integral equation (5.1) by the same method of succesive approximation.
Define the sequence of functions {u;(t, )}, inductively by

7=0
uo(t, ) = exp(—tA)b,
wiat) = uo(t,) — | exp(—(t = ) AG(w(),us(r, .
0
Put

n _n
Ay = max{sup 00 50055 B0, gy |
t>0 t>0

B; = max{suplluss1(6.) ~ 05, st

supt%_% wirq(t, ) —u;(t, - ﬂ._ﬁ}.
>0 ” 7+ ( ’ ) J( ’ )”M,’fg,qlp

Suppose that v, pg, qo, p, 1 and oy satisfy the assumptions of [['heorem 1.5.
Let f(x) and w(zx) be the same as in the last section. For any given function
b(z) € Mpg,q such that [[b(z)|m,,, = € < €o, we have the following
estimates.

Lemma 6.3 There exist positive constant Cy, Co which only depend on
v, Po, 490, P, q1 such that

(1) A() < 016.

(2) Ajn1 < Cre+Co[|wllmy, o, +A5) 243, for every j =0,1,2,....
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Proof. (1) It follows from [Proposition 5.2 that |luo(t, )| m,, ., < Ci€ and
< Chet ~(3p5725)

luot, )| s <
P0-4q1

This implies the conclusion.
(2) We get the following estimates in the same way as in (5.2)

Jwj+1(ts ) = wo(ts )l Mpy.q

/ Jexp(—(t — ) A)G(w(), us(r, N any, . dr

<0 [(¢- A 36w wn M _gpsp
0 Mida P
t
n_rn_1 . 2
<C [ (=) gy, + a2l g ) dr
0 Po.91

n n_n

no_n_]
p TP Podr

t
< Cllwlay, . + Ay) 242 /O (t— 7)o

< Oa(|wllptyy oy + Aj)* 2 A2

and

lwjs1(ts ) —uwo(t )l 2
! M0,
n_n dT

| et = ) AGEO), wr DI, g

t n n
<c / (t = )% 3 G (), uj(r, DI 20 20_adr
0 Mgg»hp
%

t
n_ _n _ 2
<C / (t—7)20 2 (wllatyg g0 + i1t 0) 2 (lll 2 —m ) dr
Mpo«n

n _n_q n_mn
2pg 2p 7'P Pod'r

< C(lfwla,, . + A;) 242 /0 (t-7)

S 02(”w||Mp0,q0 -+ Aj)V—2A?t_(2po p),
This gives the conclusion (2). O

for every 7 =0,1,2,....
For the convergence of the sequence {u;(t, z)}52,, we need the following

lemma.
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Lemma 6.4 There exists a positive constant Cs which only depends on v,
Po, 9o, P, q1 such that:

Bj11 < Cs(|wllamtyy o + A5 + Aj1)" ' Bj,
for every j € N.
Proof. Fisrtly we have the folloing inequality
G(w(-), uj1(t, ) — G(w(-), u5(t, )]
< Clw()| + uja(t, )] + ui(, )2
ujpr(t ) +wsty )uja(t, ) —us(e, ).

Then we obtain exactly in the same way as in the proof of [Theorem 5.2 and
that

lujra(t, ) — ujsa(t, MMpg.ar

/Hexp (t =) AN G(w(), ujni(t,) = Glw(-), us(t, ) | Mpg g, I

n

< C/O (t=m)m = (Gw() uja(t:) = Gw()ui(t, )| 2n_2m ydr

t
n_n_y _
<c /O (t— )% 5wl o + Mgty o + l55llaty, o )72

(gl gz +lwsll g lugss =l a—pdr
Po

»q1 Po q1 Po q1

n —— —

t n n_
< C(||w||Mp0,q0+ Aj+1 + Aj)y_2(Aj+1 + Aj)Bj/ (t — 7)55 p 17-p po d1
0

< Ca(||wl My, 40 + A5 + Aj+1)" By,

and
Jujr2(t, ) — uja (2, )HM,,%-%
/llexp (t = 7)A)(G(w ()7uj+1(t”))_G(w(')?uj(ta')))“M%_%dT

<C / (=)0 2 | (G(w(-), wjs1(t, ) — Glw(-), u (t, M g2 adr
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< C3(I|wHMPo,qo + Aj + Aj—H)V-lBjt_(%“% ;
for every 7 =0,1,2,..., which implies the conclusion. 0

Now we decide the positive numbers g9 and My required in Theo-
rem 1.5. Observing that the constants Cy and Cj are independent of the
norm ||wl|a,, . (< 1/2), there exists a contant Cyq > 2 such that:

Aj-l—l < Cie+ 20414?,
Bji1 < Ca(Jlwllmy, o, + Aj + Aj41)" ' By,
for every j = 0,1,2,... . Here A; < 1/2 will be determined as follows.

Let the constant 6; smaller if neccessary such that |wl|ag,, ., < 1/2Cy, if
€ < g9 = 1/8C1Cy4, then it follows from the above inequality that
1 —+/1—8C,Cse 1 1

iCs < My = (o) = 1C; <3

A; <y(e) =

for every j by induction.
Moreover, we get the estimate of B;:

co( L LY 5 (1 s
Bjt1 < Ca 2Cs ' 2C, 1=\ I

for every j, where (C%l)"“2 < 1.
From this fact, we conclude that Z?ioB' < 00, which implies that

n n

the sequence u;(t, r) converges to a function u(t, z) in My, 4 N M2 .7 as
j — oo such that

max< sup ||u M ,supt%_% u(t, )| =»_=
{1t Mat o s0pt% B lute o
It follows that u(t, z) satisfies (3.8) for every T" € (0,00) and (3.9). It is also
easy to see that u(t,z) enjoys the integral equation (5.1) on (0,00). Hence
[Theorem 5.1 implies that u(t, z) satisfies the differential equation |(3.3).

Moreover, the estimate (5.6) in implies that u(t, x) satisfies
the estimate for every T € (0, 00), and the estimate (5.7) implies that
u(t, ) satisfies the estimate (3.11) with ¢, (¢) = C,(¥()” +w(6)” ¢ (e)2 +
€).

Therefore we have completed the proofs of [Theorem 1.5 and Theo-
rem 1.7. The uniqueness in [['heorem 1.6/ is easy to be obtained in the same
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way as in [I'heorem 1.3/
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