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Global existence for a class of cubic nonlinear Schrodinger
equations in one space dimension

Satoshi TONEGAWA
(Received May 10, 2000; Revised June 23, 2000)
Abstract. In this paper, we prove the global existence of a small solution to the Cauchy
problem for the nonlinear Schrédinger equation with a class of cubic nonlinearities in one
space dimension. Moreover, we also consider the asymptotic behavior in large time of

the solution. Our results says that two cubic nonlinearities given in this paper can be
considered as nonlinearities of higher degree (more precisely, of degree 5).
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1. Introduction and results

We consider the Cauchy problem for the nonlinear Schrodinger equation
in one space dimension

Tug + ium = F(u, @, ug, Uy ), (1.1)

u(0,2) = ugp(x). (1.2)

Here u is a complex-valued function of (t,z) € R x R and F is a smooth
function on a neighborhood of the origin such that for some integer p > 2

F(u,@,q,G) = O (Jul’ +|q|’) near the origin. (1.3)
It is known that if, in addition, F' satisfies
OF
Re 8—q(u,ﬁ, q,9) =0, (1.4)

then the usual energy method yields the local existence. If we do not assume
on F, we meet with a difficulty so-called loss of derivatives. When
the nonlinearity F' does not neccesarily satisfy the local existence has
also been established this decade (see and [9]). Concerning the global
existence of solutions, Klainerman-Ponce and Shatah showed that

if F satisfies (1.3) with p > 4 and [1.4), then [1.1)}-{1.2) possesses a unique
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global solution provided that the intial data ug is small in a certain Sobolev
space. If the nonlinearity is of lower degree (i.e. quadratic or cubic), it seems
difficult to prove the global existence in general. This situation is explained
as follows. We consider small amplitude solutions u here. Then we may
expect that they behave like free solutions, which implies ||u(t)|| ;2 = O(1)
and [[u(t)||Le = O(t~'/?) as t — co. Therefore the nonlinearity F of degree
p is expected to behave like ||F(t)|| 2 = O(t~P~1)/2)_ It is known that the
integrability in time of || F'(¢)|| ;2 is almost equivalent to the global existence
of solutions, and thus it is natural that there should exist global solutions
of the nonlinear Schrédinger equation with a nonlinearity of degree 4 or
higher (note that —(p—1)/2 < —1 < p > 3). On the other hand, when the
nonlinearity is quadratic or cubic (p = 2 or 3), ||F(t)||;2 is not integrable
in time so that the global existence of solutions seems hard to prove.

In spite of this, there are not a few papers on the global existence when
the nonlinearity is cubic or quadratic. In particular, in the case where the
nonlinearity F' is cubic and gauge invariant, that is, F' satisfies

F(wu,wu,wq,wq) = wF(u,4,q,q) (1.5)

for any w € C(|w| = 1), u, ¢ € C, much has been studied. For F' = \|u|?u or
F = i)\d;(|u|?u) with some A € R\ {0}, the global existence is well known.
Furthermore, for these nonlinearities, the asymptotic behavior of solutions is
studied and the existence of modified scattering states is proved by Hayashi
and Naumkin [4], [5]. They also established the asymptotic formula for
large time. Katayama and Tsutsumi [8] showed that if F' satisfies and
“null gauge condition of order 3” (a typical example which satisfies these
conditions is F' = 0z (|ul*)(Au + pug) with A, i € C) then [T.1}{1.2) has a
unique global solution for small initial data ug and the usual scattering state
exists. Recently, Hayashi and Naumkin @ considered nonlinear Schrodinger
equations with a derivative cubic nonlinearity which does not satisfy
and proved the existence of usual or modified scattering states as well as the
global existence of solutions for small initial data. However, it still remains
open what kind of cubic nonlinearities assures the global existence of solu-
tions with a free profile in large time for small initial data. In the present
paper, we are interested in finding out some other nonlinearity F' than those
considered before such that [1.1}-(1.2) has a unique global solution which
1s asymptotically free. We prove the global existence of a solution to the
Cauchy problem [I.1)}{1.2) in the usual Sobolev spaces for small initial
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data and the existence of scattering states in a usual sense if F = cuu?
or F = cuu2 with ¢ € C. To treat these critical cubic nonlinearities we

use the techniques which transform them into harmless ones. These were
developed by Shatah [13], Cohn [1], and Ozawa for quadratic non-
linearity. While they discussed quadratic nonlinear Schrodinger equations
in [1], [2] and (quadratic nonlinear Klein-Gordon equations in [13]), a
class of cubic nonlinear Schrédinger equations will be treated in the present
paper. So, it should be emphasized that the transformation in the present
paper will be more complicated than those for quadratic nonlinearities.

Before stating our results we give several notations.

Notation Let [a] denote the largest integer less than or equal to a. Let f
and F f denote the Fourier transform of f with respect to the space variable:

F©) = (FHE) = —— [ fla)e=4da.

(27{')5 R"

For 1 < p < oo and nonnegative integers m, we put

LP=LFR):={feSR)||fllr <o},

W = wroR) = { € SR flwns = Y- 0kullr < oo
k=0
where

" ( A if(:v)lpdrf:)E, 1 <p<oo
Lr = {

ess.sup | f(z)], p =00
\ z€R

We also use the notation H™ := W™?2 for L2-type Sobolev spaces. Let
C*(I; B) denote the space of functions continuous with their derivatives up
to k from a time interval I C R to a Banach space B, and let C(I; B) :=
CI;B). Let U(t) = 2% be the evolution operator associated with the
free Schrodinger equation.

Our main results are the following. The first theorem gives a cubic non-
linear Schrodinger equation which is convertible into the free Schrodinger
equation.
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Theorem 1 Let m be an integer with m > 1 and let F = cuu? where c
1s a complex constant. We put

o(u) = p(u;c) = gﬁiu%ﬂ (: /Ou e_cz2d2> :

Then there exists eg > 0 such that for any ug € H™ with || Fp(uo)| 1 < €o
the Cauchy problem (1.1)—(1.2) has a unique global solution v € C(R; H™)N
CY(R; H™™2). Moreover, the solution u is given explicitly by u(t) =
o~ HU(t)p(uo)). If in addition ug € L, then

lu@®llze = O(1t72) a5 t — o0 (16)
and there exists a unique ¢ € H™ N L' such that

lu(t) = U@®)¢llrrm = O(|t|™") as t — Foo. (1.7)
Furthermore, ¢ is given explicitly by ¢ = o(ugp).

Remark (i) The assumption ||[Fy(uo)|1 < €o is fulfilled if ||ug||z is
sufficiently small, since
— (=o)* 2k+1 '

Il

k ) ok 2k+1 times
(—C) uo t I u0|

. (2k + l)k," 21

|C|k 1 2k+1
< —_——~—
< \or z - k,( _27r||uo||L1)

and [[ugl L1 < ||(1 +£2)1/21Lo||L2H(1 + &) 2 = V/alluol 1

(ii) For e in Theorem 1I, we can take the radius of convergence of the
Taylor expansion at the origin of the inverse function of ¢.

(i) Itisp givenin which converts a solution of the original
cubic nonlinear Schrédinger equation into a solution of the free Schrodinger
equation (see in Section 2).

M IMs

L1

x
Il

By modifying the proof of slightly, we can also prove the
following theorem for the nonlinear Schrédinger equation with more general
nonlinearity.
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Theorem 1' Let m be an integer with m > 1 and let F = f(u)u? where
f(u) is a holomorphic function on a neighborhood of the origin. We put

o(u) :/ e~ Jo 2f(w)dvw g,
0

Then there exist €g,€1 > 0 such that for any ug € H™ with | Fp(uo)||: <
g0 and |jug|lz~ < €1, the Cauchy problem (1.1)~(1.2) has a unique global
solution v € C(R; H™) N CY(R; H™2). Moreover, the solution u is given
explicitly by u(t) = o~ (U(t)p(uo)). If in addition up € L, then

lu()llze = O(t]72) a5 ¢ — +oo
and there erists a unique ¢ € H™ N L' such that

[u(t) = U@l = O(1f]72) as t— oo,
Furthermore, ¢ is given explicitly by ¢ = v(up).

We next state the theorem concerning a cubic nonlinear Schrodinger
equation to which the normal form argument by Shatah is applicable.

Theorem 2 Let m be an integer with m > 4 and let F = caag where ¢ 1s
a complex constant. Then there exists eg > 0 such that for any ug € H™ N
Wm+5)/2L1 wyith max{||uo|| g, l|uollwim+s)/21} < €0 the Cauchy problem
(1.1)~(1.2) has a unique global solution u satisfying

u € C(R; H")NCYR; H™?),
and
Ju(®)lm = OW),  [u(t) i = O3 a5 t = oo
(1.8)
Moreover, there exist a unique ¢+ € H™ and a unique ¢_ € H™ such that
() = U@y lam = O(™) a5 t— +oo,
lu(t) = Ut)¢-llam = O(It|™!) as t — —co. (1.9)

We state here an outline of proofs of Theorems 1 and 2 and how to
organize this paper.
In Section 2, we give a proof of Theorem 1. Since the nonlinearity F' =

cuu? is cubic, we cannot directly derive sufficient a priori estimates to prove
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a global existence result. The reason why we can prove the global existence
of solutions (and in addition, existence of the scattering operator) neverth-
less is that a favorable transformation exists. In the first half of Section 2,
we prove that ¢ given in converts a solution of the original non-
linear Schrodinger equation into a solution of the free Schrodinger equation.
In addition, we show that the transformation ¢ is invertible under a cer-
tain smallness condition. In the second half, we prove that the function
obtained from a solution of the free Schrodinger equation via the inverse
transformation ¢! solves the original nonlinear Schrodinger equation and
behaves asymptotically like a free solution. We remark that this technique
was used in to prove the global existence and the asymptotic behavior
of solutions to the nonlinear Schrodinger equation with F = cu?.

In Section 3, we give a proof of [Theorem 2. The crucial part of proof
is to establish a priori estimates of the solution to [1.1}-{1.2). The global
existence result is obtained by combining a local existence theory and a
priori estimates. Since the nonlinearity F' = cua? satisfies [1.4), the local
existence is an immediate consequence of the usual energy method. But we
cannot derive sufficient time decay estimates to prove the global existence
directly from the original equation since F is cubic. In order to obtain
good a priori estimates, we use the argument of normal forms introduced by
Shatah (see [1], [2], [13]). In the first half of Section 3, we prove the existence
of a transformation to convert the cubic nonlinearity into the one of higher
degree and also prove some lemmas saying that the obtained transformation
is regular in the space where we consider the Cauchy problem. The results
on Fourier multipliers due to Coifman and Meyer () play important roles
when we verify the regularity of the transformation. After that, we establish
a priori estimates via the transformed equation implying global existence of
small solutions. This completes the proof of Theorem 3.

2. Proof of Theorem 1

In this section, we prove concerning the global existence of
a solution to the Cauchy problem [1.1}-{1.2) with F = cuu?.

2.1. Transformation of the unknown and its regularity
To prove [Theorem 1, we will make use of the following complex function
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o0

2k+1 — ¢ —cz?
o(u) = Z 2k+1 (_/0 e dz).

k:O

For r > 0, we put B, = {z € C | |z| <r}.
We begin with the following lemma.

Lemma 2.1 (a) ¢ is an entire function on the whole complex plane.
(b) There exist a constant € > 0 and a holomorphic function v : B —
@~ 1(B:) such that pop =idp,, Yoy =id,-1(p,) and o~ (Bc) is bounded.

Proof. (a) The fact that

lim ¢ ————|C|k =

leads to (a).

(b) Weput Dy = {z € C | R¢/(z) > 0}. Then D; is open and includes
0 since Ry'(0) = 1 > 0. We can take a bounded convex open domain D;
such that 0 € Dy C D;. In fact, for a sufficiently small » > 0, we have
B, C Dy since D; is open and 0 € D;. The fact that 0 € Dy and ¢(0) =0
implies 0 € ¢(D5). Since Ry’ > 0 on a convex domain Ds, ¢ is a one-to-one
function on Dy. Therefore ¢ : Dy — (D3) is a bijection. Since 0 € ¢(Ds)
and o(D>) is open, there exists ¢ > 0 such that B. C ¢(D3). ¢~ *(B:) C Dy
implies that ¢ : ¢~ }(B:) — Bc is a bijection, from which the existence of
the inverse function ¢ : B, — ¢~ 1(B;) of ¢ follows. Since ¢ is holomorphic
on ¢~ 1(Be), ¥ is holomorphic on B:. O]

The following lemma implies the regularity of ¢ as a transformation on
H™.
Lemma 2.2 Let m be an integer with m > 1. For any ug € H™, p(up) €
H™.
Proof. Recall that H™ C L since m > 1.

We consider the series » 22, (2(] :%;J,ugj *1 The series is estimated in
the L? norm by

o0 o0

|C|j 2j+1 '
£ (25 + 1)j! lug™ 22 Z 23 + W,
J=0 i=
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00 .
C 27+1
<Y G Clhaln)

Jj=0

so that the series converges absolutely in L? and ¢(ug) € L?. By the chain
rule with respect to the distributional derivatives,

Orp(ug) = ¢’ (ug)Opug = e—wﬁamuo e L?

since [le=%0 |00 < elellvolliee < elel(Clluoll1)?* and §uq € L2. Similarly, for
any k with 2 < k < m, we have 9%p(ug) € L? from the identity

k 20—-1
a!,f(p(uO) = 6_'6”(2) (3;?’11,0 + Z Z C(k, l, {k)]}) H 6_5]'11,0) .
=2 k1+-+ko_1=k J=1
max{k;}<k-—1

Here e~ € L°°, 8§u0 € L? and every term in the summation is in L?,
since the Holder inequality and the Gagliardo-Nirenberg inequality give

201 21 .
H H 8 uOII , H HaxJU()“LQk/kj
21 1-2k k5
< chamu 55 gl 7 < ClluollFm".
This comletes the proof. 0

The following lemma shows that ¢ transforms a solution of the Cauchy

problem [1.1)}-{1.2] with F = cuu? into a solution of the linear Schrédinger
equation.

Lemma 2.3 Let m be an integer with m > 1. Let ug € H™ and let
u € C(R;H™) N CY(R; H™?) satisfy (1.1)~(1.2) with F = cuu?. Then
o(u(-)) e C(R; H™)NCYR; H™?) and

p(u(t)) = U(t)p(uo). (2.1)

Proof. Let v = ¢(u) and let vy, = Zf 0 (—2(]:%1533“. We have

(% — v 2 ——|I]—-u 2j+1 2
lok(8) — vi(t)]| 2 < };l 2+ 1) [u(®)¥ ™ L
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k .
|C|J 2j+1
<Y = (Cllu@® )@ -0
— ]

as k,l — oo,

where the convergence is uniform on every compact set of R, since ||u(-)|| g
is locally bounded on R. This implies v € C(R; L?).

From the chain rule, we have for any t € R, 0,v = e*cuzamu € L?, and
therefore v € C(R; L?) since u € C(R; H'NL*). Thus 6?v € C(R; H™1).
Another application of the chain rule gives

v = e_cuz(um — 2cuu?), (2.2)

where uge,uu? € C(R; H') since |uul||g-1 < Cllul|peo|lus]|2,. Here we
remark that the last inequality follows from

Ifglla— < ClIfll2llgll 2

which is proved by the (H!, H™!) duality and the embedding H' C L.
We next prove that v € C1(R; H™!) and

O = ¢ (u)Oyu = e_cuzut. (2.3)
Some calculations give
R (o(t + h) = v(t)) — @' (u())u(t)
1
= / @ (Au(t+ h) + (1 = Au(t))dA
0

R (u(t + ) = u(t) = @ (u(t))u(t)

1
- {/ (cp’()\u(t +h) + (1= Nu(t)) - l)d)\ + 1}
0
{h—l (u(t + h) — u(t)) — ut(t)}
/ / "(Apu(t + h) 4+ (1 = Ap)u(t)) A dpdA
u(t + h) - u(t))u(t) (2.4)
so that we have
1A= (u(t + h) = v(t)) — ¢ (u(t) )ue(t)]| -1

< (€ sup |/l + ) + (1 = Au(®)llm +1)
A€l0,1]
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1A= (ult + h) — u(t)) — u(t)]] -
+C sup I Ot -+ 1) + (1= Nulo) e+ 1) = wlt)
| lue(®)| -1 = 0 as h—0,

where we have used || fgh| g-1 < C||fllgllgll g ||rll -1 to estimate the sec-
ond term in the right hand side of the last equality of [2.4). We have thus
proved that holds in H~!. The continuity in ¢ of the right hand side
of follows similarly from the inequality || fg|lg-1 < C||fllgllgllg-1-
We have proved v € C(R; H') N C'(R; H~!) and moreover, i0;v +
102v = 0 by with F = cuu?, and [2.3). Accordingly we
have v(t) = U(t)v(0), which is exactly [2.1). Lemma 2.2 and im-
ply p(u(-)) € C(R; H™) NCH(R; H™2). O

2.2. Proof of Theorem 1

We denote by € the constant obtained in Lemma 2.1(b). Let g¢ =
V2re.

First, we prove that under the assumption ||F¢(ug)||;1 < €o, the func-
tion

u(t) = ¢~ (U(t)e(uo)) (2.5)

provides a solution of the Cauchy problem [1.1}-{1.2] with F = cuu? and
is in C(R; H™) N CY(R; H™2).
From Lemma 2.1, we have the expansion

o0
0N z) =)0
j=0

with the radius of convergence larger than or equal to €. We easily see that
ap =0,a; =1, az =0, ag = ¢/3 since ¢(0) = 0, ©'(0) = 1, ¢"(0) = 0,
©"(0) = —2e¢.

By the assumption || Fo(uo)||,1 < €0 = v27e, we have

sup [|U (t)(uo) || o = sup | F e~ Feo(ug)| oo
teR teR

1

< WPl <« (2.6)

We consider the series
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o0

U(t)p(uo) + ) aj(U(t)p(uo)). (2.7)

=3

By and the unitarity of U(t) in L?, the series converges absolutely
in L? and its L? norm is estimated by

lo(uo)| (1+§°°:| |(—;1 1 F o) )H)
Up )| L2 a; Uup ) || 1 .
L = o L

This proves that u defined in makes sense and is in C(R; L?). By the
chain rule, we have for any t € R

o.u(t) = & (U t)p(u0)) U ) sip(0) (2.8)
so that d,u(-) € C(R; L?) since U(t)0,p(ug) € L? by and
dQO_l -

7~ (U®)p(uo)) = PACR (Hp(uo))]
_ ele T W)Y ¢ (R, L),

which follows from [2.6), the boundedness of ¢ }(U(t)p(ug)) and
Ut)p(ug) € C(R; H' N L™). Similarly, for any k with 2 < k < m, we
have

8;;’11,_ Z Z Z C(k’l’{mj}’{nj})

=2 mi+--+my=kni+-+n;_1=20-2

min{m;}>1 mm{nJ}>1
H 1 90( )( m;
10((10 21 : H(‘? w (2.9)

and 8%u € C(R; L?) since dFw, H§'=1 0z w € C(R; L?) and
[Ti21 ¢ (e (w)

(e~ (w))H !
by [2.6), where w(t) = U(t)¢(uo). In a way similar to the proof of [2.3),

we obtain

€ C(R; L)

y Orw _ 102w
W= T @) AT w) (210
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and dyu € C(R; H™'). As in the derivation of (2.9) from [2.8), the formula
2.10) yields yu € C(R; H™~2). This proves u € C(R; H™)NC(R; H™2),
which implies uu? € C(R; H™2). A simple calculation shows

e w) e (w))3
which is exactly with F = cuu?. This completes the proof of the
existence of a global solution to [1.1}{1.2) with F = cuu?.

We next prove the uniqueness of the solution. Assume that u and v are
solutions to [1.1}H1.2)] with F = cuu?. Then we have by Lemma 2.3

w(U(t)) = @(v(t)) = U(t)w(uo). (2.11)

By assumption on the initial data, it follows from that ||p(u(t))||pe =
le(v(t)|lLe = |U(t)e(uo)||Le < €, which, combined with Lemma 2.1 (b)
and [2.11), leads to u(t) = v(t).

We proceed to the decay estimate (1.6) of the solution. Note that for
m>1, ¢:=¢(u) € H"NL! if uy € H™ N L'. Estimating in the
L* norm and using the standard L°°-decay estimate of the fundamental
solution, we obtain

2 ne —1
O = Ogu Plp” (w) = (0z w)? = —2i0u + 2cuu?,

lu(®) | < U@l + D las (U ()Y [| o

j~3
(1 S ()

Here the last summation converges since || F||;1/v2m < .
We finally prove (1.7). In the same way as above, we obtain

[u(t) = U)ol Lz < Z || [(U ()¢)’ || .2
||¢H 9]l 22 [ FllLs\i—3
<o 20
For any k with 1 < k < m, a somewhat complicated calculation gives
C(l|F ol
185 (u(t) = U$)$)l| 2 < Mnmilwnm,

i
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which proves (1.7), that is, the existence of a free profile in H™. The
uniqueness of the free profile follows from (1.7) and the unitarity of U(t) on
H™.

3. Proof of Theorem 2

In this section, we prove concerning the global existence of
a solution to the Cauchy problem [L.1}H1.2) with F = cuu?.

3.1. Transformation of the unknown and its regularity

In the first half of this subsection, we obatin the transformation which
converts the cubic nonlinearity into the one of higher degree. Following
Shatah [13], we introduce a new unknown function v:

v=u+ K(a,u,a), (3.1)

where K is thought of as a distribution and the representaion of the cubic
term is given by

K(f,g,h)(z) = o K(z —y,z - z,7 — w) f(y)g(2)h(w)dy dz dw.
(3.2)
After some calculations, we obtain

K(f,g,h)(x)

= (2m)3/? /R_., K(p,q,7) f(0)3(q)h(r)e*P* Tt dpdgdr,  (3.3)

1
i@tv + 583’0

= caﬂi +

"
)
+
N3
+
2
+
c’:Q:)
RS
_|_
@
&
+
<
NI
el
=
\.: !
S/I

All cubic terms in (3.4) cancel out, when we take K as follows:

Rar) =5 gy TP
Y 3PP+ +r2+pg+qr+rp
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Then the function v defined by the transformation satisfies

1 2
0y + 5020 = % (Q(uug, a, 1) + (@, uwil, @) + Q(a, 4, uug)),
(3.5)
where we put () = —%K . We remark that the nonlinear term in the right

hand side of (3.5) is of degree five, which is of higher degree than the original

nonlinearity F = cuiai?.

The following lemma due to Coifman and Meyer is needed when we
prove the regularity of €.

Lemma 3.1 Let

~

A(f,g,h)(z) = /R Apgr)f (p)3(g)h(r)e™P*+ 4T dp dg dr,

and let
105050EA (P, 4,7)| < Cjalpl + ] + [r]) =G FF+) (3.6)
for all nonnegative integers j, k, | such that 0 < j+k+1<1. Then

IACF; g, WliLe < Copy o ps | Fll Lo gl r2 || 2| rs

where
—=) —, 1<pj<oo (j=1,2) and 1<p3<oo.

For the proof, see .

The following estimate for K (-, -, -) defined by (3.2) follows immediately
from (3.3) and Lemma 3.1. We will make use of this estimate to prove the
a priori energy estimate later.

Lemma 3.2 Let p, p; (j =1,2,3) satisfy % = Z?:l plj, l<pj<oo (j=
1,2) and 1 < p3 < oo. If K isa Coifman-Meyer kernel (that is, A = K
satisfies (3.6)), then

1K (f, 9 WILr < Cpy o s || fll o1 [1gll Loz | Al s

The following lemma gives several formulas which are useful to simplify
the representation of nonlinear terms.
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h) = Q(f,h,g) = Qg, , h).

Lemma 3.3 (a) Q(f,g,
= M(f,g,9z), where M is a Coifman-Meyer kernel.

(b) 0:(f.9,9)

Proof. (a) ﬁ(p, q,7) = ﬁ(p, r,q) = Q(q,p,r) and so the representation
(3.3) imply (a).

(b) Let M = (2p* + 3pq + 2qr + 2rp)/D, where D = p? + ¢* + 1% +
pq +qr +7rp.

We have by (a)

0:Uf,9,9) = Uz, 9,9) + QU 9z, 9) + QS 9, 92)

The representation (3.3) and properties of the Fourier transform imply

fzr9,9)
=0 [ A0 f a3 dpdgdr

= (27r)3/2 ./123 11){(]7 + ;pq)zfr + (p2 + %pr)iq}

F(0)3(q)g(r)e= 1t dp dq dr

1 ~ s 1T T
= (2m)®/? /R 520" +pa)f(p)3(9)irg(r)e (P+a+r)dp dgdr. (3.8)

Therefore we have by and (3.8)

07,09) = (2" [ { L2+ p) + Bpa)}

F(0)3(q)irg(r)e=P+at)dp dg dr
— M(f7 g, gz)

A simple calculation shows that Misa Coifman-Meyer kernel. O

In the following lemma, we collect the inequalities which we will use to
estimate nonlinear terms when we derive a priori estimates.

Lemma 3.4 The estimates (a) and (b) hold for m > 1, and the others
hold for m > 0.

(a) IS, 9,9)|lHm
< C(IIfIIHm—1 19112, 1) /21,00 + LF lrtm—13/21,00 |Ig||Hm||9|IW[<m+1>/21,oo),



466 S. Tonegawa

(b) ”Q(fag’g)”mel
< C(“f”Hm—l gl | gl (m=1)/3141,00 + ||fnw[(m—1)/3],oo“g||2 m),

) 190 £ Dllam < CUFlEm 1y
@ fgllzm < C(1FNmllglwinno + 1 linraoe lgllam ),
)

(
) lfgllwma < Clfllamllgllam,
(£) Nfgllwmeo < C| fllwmeo|lg|lwm.oe.

Proof. We first prove (a). Since { is a Coifman-Meyer kernel, we have by

190, 9,92 < C|lfllL2llgl|Fee (3.9)
Let 1 < k < m. From [Lemma 3.3/(b) and the chain rule, it follows that
950f.9,9) = X M(f,9,9:)

k=1)
= > mM(Gfﬂ 52 g, 08t g).
ki +ka+kz=k—1

C

We estimate this in the L2 norm to obtain

1059 f, 9, 9)|l 2

<C ) M35 f, 089,087 g)|| 2
k1+ko+kz=k~—1

< C(llfllmc—1 19113y (k1172000 + “f”W[(k—l)/?]»OO||g||Hk“gHW{(k“)/?LM)’
(3.10)

where we have applied to M and have used the fact that at
most one of ki, ko and k3 will be greater than (k — 1)/2. Summing
and (3.10) with 1 < k < m, we obtain (a).

We can prove (b), (c) in the same way, so we omit their proof.

(d), (e) and (f) follow from the Holder inequality and the same argument,
as in the proof of (a). O

3.2. Proof of Theorem 2

In this subsection, we describe the proof of Theorem 2. The proof con-
sists of the local existence theorem and a priori energy and decay estimates
of solutions.
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For m > 7 and T > 0, we define

1
bz = sup (lu(®)llm + 0+ D7 [u(@)]mp) o )
" t€[0,7) wlmzh

Step 1. Local Existence
We start with stating the following lemma concerning the local existence

of a solution to with F = cua?.

Lemma 3.5 Let m > 4 and let ug € H™. Then there exists T > 0 such

that the Cauchy problem (1.1)~(1.2) with F = cua? has a unique solution
in C([0,T], H™) N CY([0,T), H™2).

For the proof, see, e.g., [1].

Step 2. A priori energy estimate
In this step, we prove the following lemma concerning the a priori energy
estimate of solutions.

Lemma 3.6 Let m > 4 and let ug € H™. Assume that the initial value
problem (1.1)~(1.2) with F = cuu? has a solution u € C([0,T]; H™) N
C1([0,T); H™2). Then the following inequality holds for any t € [0,T):

lu@llim < C(luollsr + lolym + Nulffz + lulr ).
where C is independent of T and uyg.

Proof. We first evaluate the solution v of (3.5) before estimating u.
By Lemma 3.3(a), (3.5) can be rewritten as follows:

1
i0pv + 5821) = |c|2Q(uu?, @, q). (3.11)
This yields the following inequality for any nonnegative integer k,
d _
;l—tﬂafv(t)llp < |e?|105unl, @, @)(#)|l 12,

so that we have

e
dt
This, combined with Lemma 3.4 (a) and (d), leads to

)l < CllQUwuz, @, @) (t)]| . (3.12)



468 S. Tonegawa

d
v ®llam < C(Iluu?illarm-1 2l 1/2100

w2y tnmsy el [0l 2100 )
< Cllu(®)llam [u(®) [y om 17720

Thus we have for any ¢ € [0, T

t
lo@lam < [[0(0)]|zm +C/O ()l () [y gom 13200047

< IO lan + e [ s
- H ™o (L+7)2

ull2, - (3.13)

We next estimate u. From and Lemma 3.4 (a), we have for any t €
[0, T

< ||lv(0)||gm + C

lu®llzn < lo(@)llam + 21, @ ) (@)
< Jo®)llzm + Cllu(®)llm Oy 1m4117210
< [o(®)llzm + Cllully, 7, (3.14)
and
[ (@)l < (O]l + 2128, @, ) (0)]|om
< Jlwollzm + Clluolf, (3.15)

where we have used the Sobolev embedding H™ ¢ Wl(m+1)/2l,00 gince m >

[((m+1)/2] + 1 by m > 4. Combining [3.13), [3.14) and [3.15), we obtain
the desired inequality. O

Step 3. A priori decay estimate

In this step, we prove the following lemma concerning the a priori decay
estimate of solutions.

Lemma 3.7 Let m > 4 and let ug € H® N WIm+5/2L1 - Agsume that the
Cauchy problem (1.1)~(1.2) with F = cu? has a solutionu € C([0,T]; H™).
Then the following inequality holds for any t € [0, T):

(1462 [u(®) im0

< C(lluollytcnnmens + ol + fulld r + [l )
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where C is independent of T and ug.

Proof. We first estimate the decay of v. From [3.11) and Duhamel’s prin-
ciple, we have

o(t) = U(t)(0) — ile]? /O Ut — 10w, &, 3)(r)dr.

By the standard L*°-decay estimate of the fundamental solution,

CH’U(O)HW [((m+1)/2]+2,1

lv(@®) lwiem+v/21,00 <

(1+ t)l/2
+C/ “Q uu , U, u( )”W[(mH)/sz’ldT.
(1+t—7)1/2
(3.16)
By Lemma 3.4(b), (d) and (f),
||Q(UU , U) ||y iom+1)/21420
< O3ty 2+ 1l wien+ /2141 214100
S CH’U’H%{"’”u“:‘)))[/[(m+1)/2],ooa (317)

where at the last inequality we have used the fact that [(m + 1)/2] +2 <

m and [([(m 4+ 1)/2] +1)/2] +1 < [(m + 1)/2] for m > 4. From (3.1),
Lemma 3.4/(b) and the Sobolev embedding, it follows that

|lv(0) |l iemeny/2+21 < ||wollwiomtny/21420 + CHUOH?{m. (3.18)
We have by [(3.1), the Sobolev embedding and Lemma 3.4/(c)
[u() | wiemt1)/21.00

< o) lwiem+n/z.e + CIE (G, @, @) ()| gion+n/a+1

< o) llwiemsv21.00 + Clu()l] giemsnzi [ [y o172 /21,00

< @) lwien+vrziee + Cllul)l am w1y ems /2,00 (3.19)
where we have used [(m +1)/2] +1 < m and [([((m +1)/2] +1)/2] +1 <
[((m + 1)/2] for m > 4. We combine (3.16)—3.19) to obtain

(@) Ly iemr1) /21,00

1
73 ol wiensn/zre2a + Clluol|#m)

(
< -
T (1+1¢)
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+ Cllu(t)|| gm ”U(t)H%V[(m+1>/2Loo

t
1
+0 [ e
C

< 1+ t)1/2(”uO”Wl(mH)/ZHZI + [luollzm + l[ulliez + lull3, 7)

for any t € [0, T], where we have used

/t 1 p 2t < 2
T =
o (1+t—7)1/2(1 4 7)3/2 2+t)(1+t)1/2 ~ (1+4t)1/2
for t > 0. That is the desired inequality. O

Step 4. Conclusion of proof
We are now in a position to prove [Theorem 2.

Lemmas and imply that if there exists a solution
u € C([0,T], H™) N C*([0, T], H™2), then

ullm,r < C(lluollzrm + lluollwicm+1y/21r2.
+ lluollzm + Jlul

m + lullr)-  (3:20)
We put € = ma,x{||uo||Hm, ||U()HW[(m+1)/2]+2,1 },

The Cauchy problem (1.1)-(1.2) with
F = cuiii? has a solution
u € C([0,T]; H™)n C*([0, T); H™2)

T =sup{ T >0

and
T, = sup{T € [0,T%) | [ullmr < 406},

where C' is the constant appearing in (3.20). Assume that T* < co. By
(3.20), we have for T € [0, T,)

[ullm,r < C(3e + (4Ce)® + (4Ce)®) = Ce(3 + 64C3? + 1024C°e?)

ife < 1. If, in addition, € < \/12803+1204805’ then ||ullm,r < ZCeforany T €

[0, T%), which implies [|u|lm,7, < 2Ce < 4Ce by continuity in ¢ of u. This
shows by the definition of T, that T, = T* and ||u(T*)||gm < 4Ce. The last
inequality combined with (local existence) asserts that for some
T" > T* the solution u exists on [0,7"] and belongs to C([0,T’]; H™) N
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C'([0,T"), H™?2), which contradicts the definition of T*. We have thus
proved that T* = oo if

1
< = mi 1
£=%0 mm{ ’ \/12803 ¥ 2048CF } ’

which completes the proof of the global existence of a solution. The argu-
ment above also proves (1.8).

We finally prove (1.9), that is, the existence of the free profile.

Now that we have (3.20), the following inequalities are essentially proved
in the argument above:

19 5,0 < s (3.21)
1€2(@, @, @) ()l < < fT (3.22)

It follows from that
t/
U(—t"Yw(t) —U(=t)v(t) = —z'|c|2/ U(—T)Q(uufc,ﬁ,ﬂ)(v')d'r,
t

which, combined with the unitarity of U(t) in H™ and (3.21), implies
IU(=t () = U(=t)u(t)|| gm

tl
<IeP [ 190, 0)(7) lmar
t

1 1
SC(I—I—t_l—i—t’) — 0 as t,t' — oo. 3.23)

By the completeness of H™, there exists limy_o, U(—t)v(t) € H™. Putting
¢+ = limy_,oo U(—t)v(t) and letting t' — oo in (3.23), we obtain
C
- Ult m < — 3.24
o) - U@ llm < 1o, (3.21)
where we have used the unitarity of U(¢t) in H™ again. From and
(3.22), it follows that

[u(t) = v(@®)| e = [12a, @, 7) ()] am < O

. 25
1+t (3:25)
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Thus we have by and

[u(t) = Ut) ¢+ || m
C

< lJu(®) —v®llam + llv(t) — U ¢4llam < 17

which implies (1.9). We can prove the existence of a solution on (—o0, 0]
and of ¢_ € H™ similarly as above. O
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