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Perturbations of Weyl-Heisenberg frames

Peter G. CAsAzzA, Ole CHRISTENSEN and Mark C. LAMMERS
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Abstract. We develop a usable perturbation theory for Weyl-Heisenberg frames. In
particular, we prove that if (E;pTnag)m,nez is 8 WH-frame and h is a function which is
close to g in the Wiener Amalgam space norm, then also (Ep,pTnah)m nez is a WH-frame.
We also prove perturbation results for the parameters a, b.
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1. Introduction

In 1952, Duffin and Schaeffer introduced the notion of a frame for a
Hilbert space. A sequence (f;)ics is a frame for a Hilbert space H if there
are constants A, B > 0 satisfying,

AlIFI? < KA Fa2 < BISIP, (1.1)

iel
for all f € H. The constant A (respectively, B) is a lower (resp. upper)
frame bound for the frame. A frame (f;) can be considered as a “generalized
basis”: using the fact that the frame operator Sf = > (f, fi)fi is a

bounded invertible operator on H, every f € H can be represented as a
convergent series

F=887f=> (£,57fi)f

(fn)ner is a Riesz basic sequence if there exist constants A, B > 0 such
that
2
Azlc’i|2 S ZC,fl S BZ|Ci|27 (1.2)
i€l el i€l
for all finite sequences {c;}ics. If also Span(fn)ner = H, then (fn)ner is
a Riesz basis. Alternatively, a Riesz basis is a frame which is at the
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same time a basis. In particular, all the frame results we prove below have
corollaries for Riesz bases.

One of the most important frames for applications, especially signal
processing, are the Weyl-Heisenberg frames. Given parameters a,b € R, we
define the translation operator (resp. modulation operator) on L?(R) by

Tnag(t) = g(t - na), Embg(t) — e2m’mbt-

For g € L?(R) and a,b > 0, we say for short that (g, a,b) is a Weyl-
Heisenberg frame for L?(R) if (EmpTrnag)m nez is a frame for L2(R). Suf-
ficient conditions for (g, a, b) to be a WH-frame can be found in e.g. [2]. For
the general theory of Gabor frames we refer the reader to Heil and Walnut
or Casazza [1].

WH frames are extremely sensitive to even arbitrarily small changes in
the function g and the translation and modulation parameters. For example,
(EmTnX[0,1))mnez is a frame for L%(R), but for arbitrary e > 0, the functions
(EmThX[0,1~¢])m,ncz is not. As a result, there are few general theorems on
perturbations of WH frames and those that exist are often very technical
in nature (see [11], and the article of Christensen in [13]). In this note
we will obtain some very usable perturbation results for WH-frames with
only elementary assumptions by using the Wiener Amalgam space norm
and by adding continuity assumptions to the function g. We will also give
examples to show that these results are best possible. Perturbation results
not involving the Wiener Amalgam space can be found in the recent paper

by Sun and Zhou.

2. Preliminary Results
We begin with the perturbation result of Christensen and Heil [7].

Theorem 2.1 If (f;) is a frame with frame bounds A, B and there exists
a constant R € [0, A[ such that for all f € H,

Z (£, f: — g:)I* < RIFI%,

then (g;) is a frame with bounds A(1 — %)2, B(1+ \/%)2.

It is known that if (f;) is a Riesz basis, then the condition in [Theorem 2.1
implies that (g;) is a Riesz basis, cf. [I1]. In the rest of this section we
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concentrate on WH-frames. First we recall that the product ab decides
which properties a WH-system (g, a,b) can have; for a full discussion we
refer to Daubechies’ paper [8].

Proposition 2.2 If (g,a,b) is a frame, then
(i) ab<1
(i1) (g,a,b) is a Riesz basis if and only if ab=1.

Note that the assumption “(g,a,b) a frame” is needed to ensure that
(g,a,b) is a Riesz basis for ab = 1.

To simplify the notation, given a function g € L?(R) and a,b € R, we
define for k € Z the function

Gi(t) =) g(t —na)g(t —na — k/b)

neZ

It is not difficult to prove that the series defining Gi(t) converges abso-
lutely for a.e. t. We will need the Weyl-Heisenberg Frame Identity (see [14],
Theorem 4.1.5, or [5] for a complete treatment).

Theorem 2.3 (WH-Frame Identity) If Y. |g(t—na)|? < B a.e. and f €
L%(R) is bounded and compactly supported, then

Z |<f> Emanag> |2

n,mez

—p1Y /R}‘(‘tjf(t — k/b) S g(t — na)g(t = na — k/b) dt

kE€Z
_ -1 2 _ na)l?
- /R FOPY loe—na

+b71 Y /R F)f(t — k/b)Gi(t) dt.

k£0

We define the Wiener Amalgam space W (L, £!) as the set of functions
g € L?(R) for which for some a > 0,

||g||VV,a = Z ”Q ) X[na,(n+1)a[||oo < 0.
n

It can be proved that if ||g||w,, is finite for one value of a, it is automatically
finite for all a. Furthermore, ||g||w,q defines a norm on W (L, ¢1).
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We need some elementary facts about the Wiener Amalgam space.
These can be found for example in [14], Proposition 4.1.7 and the proof
of Theorem 4.1.8. The importance of this space for WH-frames was care-
fully mapped out by Walnut [17].

Lemma 2.4 Let g € W(L®, ).
(1) If 0<a<bthen gllws < 2lgllwa:

(2) Ngllwasz < 2llgllw,a-
(3) Given functions f,h € W(L®, '),

2.

k
The next result follows from the proof of Theorem 2.3 from [9].

< 4| fllw,allPllw,a-

Z |Tnaf||Tna+k/bh|

‘OO

Lemma 2.5 For g € L?(R) and bounded, compactly supported f, we have

3 / FOFE—k/) S g(t — na)g(t —na — k/b)| dt

keZ nez

< / FOR S Gr(t)] .

kez

3. Perturbations

We start with a Proposition which contains the basic tool for our first
perturbation result. In light of [Theorem 2.1] all we really need to show is that
the system (h — g, a,b) has a finite upper frame bound. More specifically:

Proposition 3.1 Suppose (g, a, b) is a WH-frame with frame bounds A, B
and let h € L2(R). If there exists R < A such that

2

keZ

Y (h—g)(t—na)(h—g)(t—na—k/b)| <bR, ae, (3.1)

A/
then (h,a,b) is a Weyl-Heisenberg frame for H with frame bounds
A(l— %)2, B(1+\/§)2. Moreover, if (g, a,b) is a Riesz basis for L*(R),

then (h,a,b) is also a Riesz basis.

Proof. Let f be bounded and compactly supported. By the WH-frame
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Identity and we have:
Z |<fa Emana(h - g)> |2

n,meZ

_ %Z / FOL(t— k/6) S (h = g)(t — na)(h — g)(t — na — k/b) dt
kez 'R nez

<5 [1HOP S| (b= )¢ - na)(b = )~ na— /B) |
R k 'nez

< R|f|

The set of bounded compactly supported functions is dense in L?(R), so the
above estimate actually holds for all functions f € L?(R). By Theorem 2.1,
we have that (h,a,b) is a frame with the given bounds, and (h,a,b) is a
Riesz basis if (g, a,b) is a Riesz basis. d

In the paper of Jing there is a section concerning perturbations of
WH-frames which at first glance appear to be similar to our results. For
example, in one of the main perturbation results for WH-frames is that
if (g, a,b) is a WH-frame and

> (g —R)(- —na—k/b)|?

kn€eZ

< bA,

o0

then (h,a,b) is also a frame. However, it should be observed that if ab
is rational, this condition is only satisfied if ¢ = h a.e., i.e., the result is
not useful in that case. Suppose namely that (g — h)(x) # 0. Since there
exist an infinite number of n, k € Z such that na + % = 0, it follows that

3 k,n€Z| (9—h)(z—na—¥%) |2 = 00. However, [Proposition 3.1 above applies
for any value of ab.

We will now show that our perturbation result works whenever g, h are
close in the Wiener Amalgam norm. Note that this result does not require
g to be in the Wiener Amalgam space.

Theorem 3.2 Suppose that (g,a,b) is a WH-frame with frame bounds
A, B. Let h € L?>(R), and assume there ezists R < A such that

bR
lg ~ hllwa < 1/ 5
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Then (h,a,b) is o WH-frame with bounds A(1—/B)?, B(1+1/E)?. More-
over, if (g,a,b) is a Riesz basis for L>(R), then (h, a, b) is also a Riesz basis.

Proof. Using Lemma 2.4, we have

2

Z<h—g><t—na><h——g><t—na—k/b)]

k€Z ' neZ
< 3| X 1nals = Tt = |
k n 00
< 4llg — hllw,allg — hllw,a = 4llg = hllfy,, < bR.
So the result follows from [Proposition 3.1l [

The condition R < A in [Proposition 3.1 can not be relaxed. To see
this, fix € > 0 and let

g=xp+1—exuz2 Ph=Xpo2>

(g,1,1) is a Riesz basis for L?(R) with lower frame bound €2, since, for any
finite sequence of scalars (@mn)m nez We have

Z AmnEmTng
m,n€Z
> Z amnEanX[O,l] - Z Armn EmTr (1 — 6)X[1,2]
m,n€Z m,neZ
1/2
=€ Z amnEmTnX0,1|| = € ( Z Iamn|2) :
m,neZ m,neEZ
Also,
Z Z(h —g)(z—n)h—g)(z—k—n)| =€, forae. =z
k 'neZ

But (h, 1,1) is not a WH-frame. To see this, observe that

2n-1 NG 2n—1
Z ("Ukah = ||X[0,1] - X{2n—1,2n]” =V2= on Z |(_1)k|2-
k=0 k=0

So (Txh)kez is not a Riesz basic sequence in L?(R); thus (h,1,1) is not a
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Riesz basis, and by [Proposition 2.2 this implies that (h,1,1) is not a frame.

It is an open question which WH-frames are equivalent to compactly
supported WH-frames. That is, given a WH-frame (g, a, b), when is it pos-
sible to find a frame (h, c,d) with a compactly supported function h, such
that there exists a bounded invertible operator T for which TE,,;Th.g =
E,..Tnih, Ym,n?

Also, it is another delicate question when we can restrict the function g
to a compact subset of R and still have a WH-frame for L?(R). This question
goes directly to the heart of applications where compactly supported WH-
frames are used. Our next result shows that this is possible whenever g €
W (L, £Y).

Corollary 3.3 If g€ W(L*®,£') and (g, a,b) is a WH-frame, then there
is a natural number N so that (x[_na,m] g,a,b) is a WH-frame whenever
n > N.

Proof. We assume that (g, a,b) is a WH-frame with frame bounds A, B.
Since g € W(L*, £!) we have

Z ”X[na,(n+1)a)g|loo < 00.
nez

Since ”X[—na,na]g_g”W,a = Z|m|2n IIX[ma,(m+1)a)gl|00’ we conclude that
there is an N so that for all n > N we have

bA
HX[——na,na]g - g”W,a < I
The Corollary now follows from [I'heorem 3.2. n

Now we have a considerable strengthening of [Proposition 3.1 for the
case a =b=1.

Theorem 3.4 Let (g,1,1) be a WH-frame with frame bounds A, B. Let
h € L*(R) and 0 < X < 1 satisfy

S lg-m)(z+n)| <AVA ae.

neZ
Then (h,1,1) is a WH-frame for L?(R) with frame bounds
(1-X2?A4 and (1+))°B.
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Proof. 1If Z is the Zak transform, we have

1Z(9)(z,y) — Z(h)(z,y)|

Z g(z+ n)e%i”y - Z h(z + n)e%my

nez nel
<Y (g = h)(x+n)| < AWA < N Zg(z,y)].
nez

It follows that,
(1= MVA<(1-X)|Z(g)(z,y)| < |Z(h)(z,y)]
< (1+X)|Z(g)(z,y)| < (1 + NVB.

So (h,1,1) is a Weyl-Heisenberg frame for L?(R) with the stated frame

bounds (see [14], Theorem 4.3.3).

It is easily seen that we can not allow A = 1 in the inequality in Theo-
rem 3.4. For example, if g = X[0,1), h = X[0,2] then (g,1,1) is an orthonormal
basis for L2(R) and as we saw earlier, (h, 1,1) is not a frame. But,

Y lg-h)(z+n)|=1 ae.

nez

We might hope for an even sharper result with the inequality in Theo-

rem 3.4 changed to

> g —h)(z+n)|* < A4°,
neZ

for some 0 < a < 1. Unfortunately, this fails. For example, let

9 = X[0,1]
and
1
h= - .
2X[072]

Then (h,1,1) is not a frame (since (T,h)nez is not a Riesz basic sequence)
while (g,1,1) is an orthonormal basis for L2(R) (and so A = B

Finally,

S lg— h)(t+m)? = (§)+ (;) ==

nez
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Now let (g,a,b) be a frame and we will look at perturbations of the
modulation and translation parameters to see when we can still be guaran-
teed to have a WH-frame. The main problem here is that we may not be
able to change a or b by any arbitrarily small amount and still get a frame.
This follows from a result of Feichtinger and Janssen [12]. They show that
there is a function g € L?(R) so that (g, a, b) has a finite upper frame bound
only when a and b are rational. Therefore, no matter how close (a', b’) is
to (a, b), we still may not have a frame. The next technical difficulty occurs
ifa=b=1. If (g,1,1) is a WH-frame, then we can never have a general
result of the form: |a’ — a| < € implies (g,a’,1) is a frame since if a’ > 1
then (g,a’,1) is never complete. Despite these strong limitations, we can
obtain some satisfactory perturbation results which will guarantee that if
the translation parameters are close enough then we will have a frame for
all small b. In this result, as well as the rest of the results in this section, the
price we pay for being able to perturb in one parameter is that the other
parameter may change drastically.

Theorem 3.5 Let g € W(L™, ) with (g,a,b) a WH-frame with frame
bounds A, B and let 0 < R < bA. Thereis an 0 < e < 2 and by = bg(e) so
that whenever |a — d/| < € and

Z lg(t —na) — g(t—na’)|? <R, a.e.,
n

then (g,d’,b") is a WH-frame whenever 0 < b’ < by.

Proof. If (g, a,b) generates a WH-frame with frame bounds A, B then (see
Heil and Walnut [14], the proof of Proposition 4.1.4, page 649)

bA < Z lg(t —na)|2 < bB, a.e.
nez

Using the (reverse) triangle inequality we have

VbA - VR
< ( 2 lg(t — na)l2> " (Xn: |g(t — na) — g(t - na’)l2>

1/2
( lg(t — na')| )

1/2

n
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1/

< (Z 9(c - na)?) 2+ (Z (¢ —na) - g(t - na')|2)1/2
<VbA+VR ae.

For the rest, we borrow an argument from (the proof of Theo-
rem 4.1.8). Fix 0 < € < a/2 satisfying

& =: 32¢||g|lw,o + 16€* < [VbA — \/§]2
Now let N be so large that

Z “g : X[an,a(n+1))||oo <e
[n|>N

Let go = g X[—aN,an] @0d g1 = g — go, 5O that ||g1]|w,e < €. Now if

1
b < =
~ 4aN

then (with G (t) := >, Tna'9() - Tror 4k 9())

NGB0 =)

k0 k#0

< ZITm/g||Tmf+k/b/g|H
n o0

bo

Z Tha'g - Tna’—{—k/b'g

n ‘ 00

= 1D 1 Tnarg0 + Tra 1| Ty 90 + T sk 91
n

k#0 00
< Z |Tna’90|lTna’+k/b’gO| + Z Z ITna’90|1Tna’+k/b'gl|
k#0 " n 0 kA 0" n 00
+3 I 1 Tne il Tnarsrgwgol]] + > 11D 1 Tnar 91l Trarsiyp 91
k0" n ®©  k#0'" n 00

< 0+ 8lgollwa llgullw,ar + 4llgrllyqr

Now, since § < a’ < 2a, we can continue our inequality using Lemma 2.4, (1)
and (2) to get:

Y NGl =)

k£0 k+£0

Z Tnalg : Tna’—Hc/b’g

n

' o0
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< 8\gollw,a llg1llw,ar + 4ll 911y

< 32igollwallgrllwia + 16|91 (13,
< 32¢llg|lw,a + 16€% = 6.

It follows by that if |[a —a/| < e and 0 < & < by then for all
bounded, compactly supported functions f € L2(R) we have

5| [ @ - k)G )dtl

k;eo

< 5 2 IGkOl [ 1£Pde < o117

k70

Also, from the first part of the proof, for all f as above we have,

5 (VoA VR 1|
<5 LIOF Y lote—na)? < (VoA + VRPISI?

nez

Finally, the WH-Frame Identity yields,

Z |f7 mb’Tna’g b,/'f | Zlg na |2dt

m,neZ neZ
, FOf(t = k/b)Gr(t) dt
AL

Putting this altogether we have that

S [(VBA — V) — o] 7|
Z If) mb’Tna’g)l < [(\/_'I' \/—) +6]”f”2

mneZ

Since this inequality holds for all bounded compactly supported functions
f € L3*(R), it holds for all f € L?(R), which completes the proof. O

A general setting where the conditions of [Theorem 3.5 will hold is when
g is continuous. This is just enough to offset the Feichtinger-Janssen exam-

ple [12].
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Corollary 3.6 If g € W(L*>, ') is continuous and (g, a,b) is a frame,
then there is a § > 0 and a bg > 0 so that (g,a’, V') is a WH-frame whenever

la —d’| <6,
and 0 < b’ < by.

Proof. We just need to verify that the conditions of hold. Fix
R < bA. Since g € W(L®, '), we can choose a natural number ng so that

R
I - X[a(—"0+1),ano])g”W,a < 3"

Since g is continuous on the compact set [—ang, a(ng + 1)], it is uniformly
continuous there. In particular, there is a § > 0 so that if z,y €
[—ang, a(ng + 1)] then

lz—-y| <6, = |g(z)—gw)* < 3@+ 2)

Let € = %. Now, if |a — a'| < € and then for all —ng < n < ng — 1 we have
|(t — na) — (t — nad')| = |nl|la — d'| < |n|e = %Llé <é.
0

Hence, for t € [0, al,

R

t— . . ANV v
lg(t — na) — g(t — na’)| <3(2n0+2),

It follows that
> " lg(t —na) — g(t — na')?
n

no+1

= Y lg(t—na)—g(t-na)*+ Y lg(t—na)—g(t—mnd)*
n=--ng n<—ng
n>ng+1

R
< (2710 + 2)—3-(—2-7?0-_’_—2) + 2“(1 - X{a(—-n0+1),an0])g”Wﬂ

R 2R
<=4+ —=R.
3+ 3

The Corollary now follows by [Theorem 3.5/ O
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We now have immediately the corresponding result for compactly sup-
ported functions.

Corollary 3.7 If (g,a,b) is a WH-frame where g is compactly supported
and continuous, then there is a 6 > 0 and a by > 0 so that (g,a’, V) is a
WH-frame whenever

la —d'| <6,
and 0 < b’ < by.

Continuity is necessary in the preceding results. A trivial example
occurs if we consider (x[p,1),1,1) since no matter how close we have a’ to
a, if a < @', we cannot have a frame for any b since a necessary condition
for (g,a,b) to form a WH-frame with frame bounds A4, B is that b4 <
> nez 19(t — na)|? < bB, a.e. In light of this, it is more natural to ask for
(9,0/,b) to form a frame for 0 < a — o’ < ¢, and all small b’. But again, the
above results will fail without the assumption of continuity. For example,
we can let

1
E = [0,1 )

16
00
1 1
E2 = U [1— 922n’ o 22n+1)’
n=2

and

°° 1 1
B3 = U [2 - 22n+1’2 - 22(n+1))'

n=2

Let F'= EyUE3UE3 and g = xp. Then it is immediate that (g,1,1) is an
orthonormal basis for L?(R). Now, if

1
/
1- 92n+1 <a<l- 92(n+1)
then for all
1
1- gontl < t<d,

we have that g(t) =0, and for n > 1, ¢t — na’ < 0 so g(t — na’) = 0. Also,
for n > 2 we have that 2 < ¢t 4+ na’ and so g(t + na’) = 0. Finally, for n = 1
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we have that

1 1 1
2_2_25:1—22n+1+1_22n+1
, 1 1
<t+a <1-

92(n+1) +1- 92(nt1) — 2- 92n+1"

Hence, g(t + a’) = 0. It follows that

1
Z|g(t—na')|2=0, for all 1 — ST <t<d.
nez

In particular, (g, a’,b) is not a frame for all 0 < b. It follows that, given any
e > 0, there is an interval of points a’ with 0 < a — a’ < € so that (g, a’,b)
is not a frame for all 0 < b.
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