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On singular solutions of implicit second-order
ordinary differential equations
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Abstract. In this note we discuss the notion of singular solutions of completely inte-
grable implicit second-order ordinary differential equations. After restricting the class
of admissible equations we give conditions under which singular solutions occur in 1-
parameter families and as isolated objects.
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1. Introduction

Consider an implicit second-order ordinary differential equation

F(z,y,y,y") =0, (1)

where F' is a smooth function of the independent variable z and of the
“unknown” function y and its first and second derivatives y' = dy/dzx, v =
d?y/dz?. Replacing 4/ by p and y” by g, it is natural to consider F as being
defined on an open subset O C J?(R,R) & R* of the space of 2-jets of
functions of one variable. We will assume that F': @ — R is a submersion.
It follows that the set S = F~1(0) is a hypersurface of @. We shall denote
by & C TJ?(R,R) the canonical second-order contact structure on J2(R, R).
This, by definition, is the tangent 2-plane field given as the common zero
set of the two 1-forms

a1 =dy — pdx, ay = dp — qdzx.

Let 20 = (0, Y0, Po, go) be a point in S. A solution of (1) from the jet bundle
point of view corresponds to a regular integral curve «v: ((a, b), to) — (.5, 20)
of £ that can be parametrised by x. By a geometric solution of (1) we shall
mean any regular integral curve v: ((a,b),ty) — (5, 29) of £. We say that
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(1) is completely integrable around zy if there exists a diffeomorphism
[': ((a1, B1) % (az, B2) x (a,b),(0,0,t0)) — (S, 20)

such that for each pair (¢, co) € (a1, 81) X (a2, 52), T'(c1,¢2,+): ((a,b), ty) —
(S, 20) is a geometric solution of (1). We call such a diffeomorphism I' a com-
plete solution around zy. We say that a geometric solution v: ((a, b), tg) —
(S, z0) is a singular solution of (1) around z if for any open subinterval
(c,d) C (a,b), V|(,q) is never contained in a leaf of a complete solution
(c.f. Izumiya [2], Tzumiya and Yu [3], M. and T. Fukuda [1]).

Around points z € § such that the contact plane £, intersects T,S
transversally, it is easy to see that a complete solution exists simply by
integrating the line field £ N T'S. Around points where transversality fails
the situation is more complicated. As we shall see, there may not be a
complete solution around such points. We call points where transversality
fails to hold contact singular points and denote by X, = X (F) the set of
contact singular points. It is easy to check that the set of contact singular
points is given by

Ye={2€ 0| F(z) =0, Fp(2) + pFy(2) + qF,(z) = 0, F,(z) = 0} .

From the definition of singular solutions, it is easy to see that a geometric
solution v: ((a, b),tys) — (S, zo) is a singular solution only if it is contained
in X.(F).

We present an example illustrating the notions of complete integrability
and singular solutions. This example was observed by Izumiya. Consider
the second-order Clairaut equation F'(z,y,p,q) = p — qr — f(q) = 0, where
f is a smooth function of one variable. In this example F, + pF, +qF, =0
and F, = —z — f'(q). Thus the contact singular set is given by

Se={(z,y,p,9) |z =—f(q), p=—af (0) + f(@)}.

Notice that F(z,y,p,q) = 0 admits the solution

y = ciz + f(c1)

for each ¢; € R and thus
1
y=gaz + flc1)x + ¢

for c1, co € R is a general solution which gives rise to the complete solution
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I''Rx R xR — S given by

1
[(c1,co,t) = (t, §Clt2 + f(c1)t + ca, 1t + f(c1), c1> )

Also observe that the map
P:RxR — X,

given by

Be.t) = (~£(0), [/ OF O FOO)de+e, 470 + f0), 1)

gives a 1-parameter family of geometric solutions (depending on ¢) lying in
Y. Clearly each member of this family is not a member of the complete
solution and thus we have a 1-parameter family of singular solutions foliating
Y.

We will also need to consider the subset A = A(F) C X, which is
defined to be the set of points z € ¥, such that T,(F~1(0)) coincides with
the kernel of a; (z). Explicitly, this set is given by A = {z € Z, | F,(z) = 0}.
Around points z € A, assuming that A is nonempty, the presence of a
complete solution is not sufficient to ensure that the set ¥, is a manifold
(see Section 2 for examples). To exclude this possibility, for simplicity, we
make assumption that 0 is regular value of F,|s. We can now state our
results regarding the relation between complete solutions and the set T..

Theorem 1.1 Suppose that 0 is a regular value of F,|s. Then (1) is
completely integrable around a point zo € S if and only if zo ¢ X, or . is
a 2-dimensional manifold around zy.

Theorem 1.2 Suppose that 0 is a reqular value of Fy|s and (1) is com-

pletely integrable.

(i) Leaves of the complete solution which meet ¥, away from A intersect
Y. transversally.

(ii) Leaves of the complete solution which meet A meet ¥, tangentially.

Assume now that ¥, # (). As mentioned above, singular solutions,
if they exist, necessarily lie in ¥.. Assuming that O is a regular value of
Fy, if (1) is completely integrable around a point zy € Y., X. is locally
a 2-dimensional manifold around 2y, and thus we may consider geometric
solutions y: ((a, b), to) — (5, z0) such that Image(v) C X.. It follows from
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Theorem 1.2 that if the image of «y is not contained in A, then such solutions,
if they exist, constitute singular solutions of (1). We call a diffeomorphism

®: ((a, 8) x (a,b), (0, ) — (X, 20)

such that for each ¢ € (a, ), ®(c,-): ((a,b),ts) — (X, 20) is a singular
solution, a complete singular solution around zy.

As before, around points z € ¥. such that £, intersects T,%. transver-
sally in T,(F~1(0)), it is easy to see that a complete singular solution exists
by integrating the line field £ N T'%.. Around points where transversality
does not hold a complete singular solution need not exist. We call such
points second-order contact singular points and denote by X.. = X..(F') the
set of second-order contact singular points. The following result, concerning
the relation between complete singular solutions and the set ., is similar
to the first-order case considered by Izumiya and Yu [3].

Theorem 1.3 Suppose that 0 is a reqular value of Fylg, (1) is completely

integrable and ¥, # 0.

(i) Equation (1) admits a complete singular solution around a point zy €
Y¢ if and only if 29 ¢ Lee or Lo is a 1-dimensional manifold around
20 -

(ii) Suppose that (1) admits a complete singular solution, then each leaf of
the complete singular solution intersects X.. transversely.

If 3. is a 1-dimensional manifold, it is necessarily a geometric solution
of (1). Also, as we shall see later (Lemma 3.7)), ¥.. is contained in A. Thus,
in view of [Theorem 1.2 (ii), it is not clear a priori whether ¥, is a singular
solution of (1) or not. However we have the following result.

Proposition 1.4  Suppose that 0 is a regular value of Fyls, (1) is com-
pletely integrable and Y. is a 1-dimensional manifold. Then X.. is an
isolated singular solution of (1).

2. Geometrical interpretation of implicit second-order ordinary
differential equations

In this section we give a brief introduction to the concepts involved in
the geometric interpretation of second-order ordinary differential equations.

Further details and examples may be found in, for example, Komrakov and
Lychagin [4]. Let
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F(z,y,v,y") =0 (2)

be an implicit second-order ordinary differential equation. Then a solution
of (2) is a function h: (a,b) — R, defined on an interval (a,b) C R, such
that F(x, h(x), ' (x),h"(x)) = 0 for all x € (a,b). This can naturally be
interpreted in the language of jet-bundles as follows.

Let f: R — R be a smooth function and zg € R. The 2-jet of f at x
is, by definition, the 4-tuple

[£13, = (zo, f(za), f'(z0), f"(z0)).

The space of all 2-jets of smooth functions, J?(R, R), can naturally be iden-
tified with R*. The differential equation (2) can now be regarded as a
hypersurface

S = {(z,y,p.9) € J*(R,R) | F(z,y,p,q) = 0}

in J?(R,R). In this language a solution of (2) is a curve lying on S having
the form

Y ={(2,9,0,9) |y = h(z), p=h'(z), ¢ = h"(x)}

for some real valued function h: (a,b) — R. If we fix a point zy =

(20,90, P0, q0) in J2(R,R), then the space spanned by the tangent vectors
to all curves of the form «y, through 2y has the form

§ZO = {(X7Y7P>Q) ‘ Y :pOX, P = QOX}
Alternatively, £,, is given as the common zero set of the two 1-forms
a) = dy — podz, ay =dp — qydz.

We call the family of 2-planes £, C T,J(R,R), as z varies, the canonical
second-order contact structure on J%(R,R). One can now easily check that
a smooth curve v: (a,b) — S, which is regular in the sense that ¥(t) # 0 for
every t € (a, b), is a solution of (2) if and only if the following two conditions
hold:

(i) ~ is an integral curve of ¢;

(ii) ~ can be parametrised by z.
Dropping condition (ii) we arrive at the notion of a geometric solution.
These can be thought of as multivalued solutions of the original differential
equation. We now show how to construct a geometric solution through a
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general point zg in S.

It can be shown that at a general point zg in S the tangent space to
S, T,,S, intersects &,, transversally. This is obvious for a general smooth
equation F'; in fact, this is true for every smooth F', this follows from the
complete nonintegrability of contact structures on R3 (as this fact will not
be needed later we omit the proof). Thus in a neighbourhood of 2y the
tangent spaces to S intersect the contact planes transversally and thus the
intersections define a tangent line field in a neighbourhood of z3. Finding
an integral curve of this line field that passes through zy now gives our ge-
ometric solution, which is obviously unique up to reparametrisation. Thus,
from the point of view of constructing geometric solutions, the points where
something interesting may occur are those points z € S where T,.5 does not
intersect &, transversally. The set of such points is the set ¥, = X.(F)
referred to in the previous section. In this note we discuss ideas related to
the existence of certain geometric solutions contained entirely in the set >,
namely singular solutions, under the assumption of complete integrability:.

3. Preliminary results

We begin with the following elementary necessary and sufficient condi-
tion for the existence of a local complete solution.

Lemma 3.1 Fgquation (1) is completely integrable around a point zy €
S if and only if there exists a neighbourhood 2 C S of zg and functions
a,3: ) — R, which do not vanish simultaneously, such that

a(Fyp + pFy + qF,)|a + BF;la = 0.
Proof. Suppose that (1) is completely integrable around 2y and let
[: ((ah ﬂl) X (042, ﬁQ) X (CL, b)3 (Oa Oa tO)) - (57 ZO)

be a complete solution of (1) around zg. Then differentiating I' with respect
to t yields a vector field Z: Q — T'S, where Q) = Image(I"), given by

Z(F(Cl, Co, t)) = Ft(Cl, Co, t).
Since Z(z) lies in the contact plane &, for each z € ) it has the form
Z = (a,pa, qo, B)

for some functions a, 8: €2 — R which do not vanish simultaneously. But
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Z(z) also lies in T,(F~1(0)) for each z € Q. It follows that the identity
a(Fz +pFy + qFp)lo + BFla =0
holds. Reversing the above argument yields the converse. 0

Corollary 3.2 Suppose that (1) is completely integrable around a point
20 € S. Then either zg ¢ 3. or ¥. is a codimension 1 variety around zo in

S.

In addition to the contact singular set Y..(F'), it will also be useful
to think of the the m-singular set 3.(F). This is defined as follows. Let
m: J*(R,R) — J'(R,R) denote the canonical projection of J%(R,R) onto
the space of 1-jets of functions of one variable, given by (z,y,p,q) —
(z,y,p). We say that a point z € S is a w-singular point of (1) if 7|g
is not a diffeomorphism at z, that is, F,(z) = 0, and denote by X, = T (F)
the set of w-singular points. In most of our examples this set coincides with
the contact singular set ...

We now give some examples of completely integrable equations together
with a description of their contact singular sets. In the first example we also
explicitly describe the singular solutions. The details of the first example
were already substantially known to Izumiya.

Example 3.3 (First-order Clairaut equation) Let F(z,y,p,q) = px +

f(p) —y. Then F, +pF,+qF, = q(z+ f'(p)), F, = 0. Thus, by Lemma 3.1,
F(z,y,p,q) = 0 is completely integrable with the complete solution being
given by

[(cy,e2,t) = (ca,c1c0+ f(c1), e, t).

In this example, the m-singular set 3. is all of S and the contact singu-
lar set ¥, decomposes as a union X U X5 of two 2-dimensional manifolds
intersecting transversely in S, where

Y1 ={(z,y,p,q0) | y = px + f(p), ¢ = 0},
Yo ={(z,y,p,q) | = —F'(p), y = —pf'(p) + f(p)} .

Notice that ¥ is foliated by a 1-parameter family of geometric solutions

@ (c,t) = (t,ct+ f(c),c,0).
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This family is not contained in the complete solution and thus constitutes a
complete singular solution. The 1-parameter family of geometric solutions

(I)Q(C, t) - (_f/(c)’ _Cf,(c) + f(C), ¢, t)

foliates Yo, however this family is contained in the complete solution and
thus its members are not singular solutions. This failure is related to the
fact that X9 coincides with A. Also notice that the second-order contact
singular set Y. is contained in ¥9 and is given by

Yee = {(z,y,0,0) |z = —f(p), y = —pf (p) + f(p),
g=~(f"(p)"" f"(p) #0}.
Away from values t such that f”(t) =0,

o(t) = (=f'(t), —tf' () + £(t),t, = (f" () )

defines a geometric solution contained in ¥... This is an isolated singular
solution and corresponds to the geometric solution arising as the envelope
of the family ®,.

The next example shows that even for genuine second-order equations
which are completely integrable the set ¥, can fail to be a manifold.

Example 3.4 Let F(x,y,p,q) = %q3+q2x+pm—y. In this case F+pF, +

F, = ¢? F, = 2¢* Th in, b F =
q p q +q$7 q — q +2q33 US, agalna y emina =y (xvyapa q) -
0 is completely integrable. In this example, the contact singular set 2.
coincides with the w-singular set ¥, and is given by

¥e ={(z,y,p,9) | y =pz,q=0}

U< (z —1 3 _
,y’PaQ)|y—3I +pr,q = —I;.

That is, Y. consists of two 2-dimensional manifolds intersecting transversely
in S. Notice that the intersection of these two manifolds is A which in this
case is a 1-dimensional manifold.

In the next proposition we will assume that the contact singular set 3.,
is nonempty.

Proposition 3.5 Suppose that (1) is completely integrable around a point
20 € Y.
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(1) If z0 € L.\ A, then X, is a 2-dimensional manifold around z.
(ii) If z9 € A, then 3. is locally the zero set of a function on S which has
nonzero 2-jet at this point.

This proposition gives us some restriction on the topology of the set X,
in the completely integrable case. For instance, ¥. cannot consist of three
or more 2-dimensional manifolds intersecting at a point.

Proof of |[Proposition 3.5. (i) It is sufficient to show that one of the func-
tions (F; +pFy +qFp)|s, Fyls has nonzero gradient at zg. Since 29 ¢ A, we
have F,(z) # 0. Thus, by the implicit function theorem, there exists a func-
tion g: U — R, defined on an open set U C R3, such that, in a neighbour-
hood of zp, a point (z,y,p,q) € O isin S if and only if p = g(z, vy, q). Thus,
without loss of generality, we may assume that F(x,y,p, q) = g(z,y, q) — p.
Let ¢: U — S denote the map (x,y,q) — (z,y,9(x,y,9),q). Then it is
sufficient to check that one of the functions g, + gg, — ¢, g, has nonzero
gradient at ug = ¢ !(2). Now we have either

%(Qz + 99y — Q)(UO) = gzq(uO) + g(uo)qu(uo) -1#0

or one of gzq(ug) = 0z9q(up), gyq(uo) = 9yge(ug) is nonzero. This proves
(i).

(ii) Since Fp(zp) = 0 and since VF(zy) # 0, from the definition of ¥,
we have F,(z9) # 0. Thus, again, by the implicit function theorem, there
exists a function h: V — R, defined on an open set V C R3, such that,
in a neighbourhood of 2y, a point (z,y,p,q) € O is in S if and only if
y = h(z,p,q). Hence, without loss of generality, we may now assume that
F(z,y,p,q) = h(z,p,q) —y. Let ¢»: V — S denote the map (z,p,q) —
(z,h(x,p,q),p,q). Then it sufficient to check that one of the functions
hz — p + ghy, hg has nonzero first or second derivatives at vy = ¢‘1(zo).
Since F,(zp) = 0, we have hy(vp) = 0. Now it may happen that all first
derivatives of h, — p + qh, and h, vanish at vp. Suppose this is the case,
then, in particular,

0
8—p(hx —p+ th)(v()) = hrp(vo) -1+ thp(vo) =0

and thus one of hgp(vo), hpp(vo) is nonzero. Suppose that hgy(vg) # 0.
Then either
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0 0
0q Ox
or one of hyzq(vo) = 020:hg(v0), hpzq(vo) = 0z0phge(vo) is nonzero, as re-
quired. The case hp,(vg) # O is similar. This proves [Proposition 3.5 U

(hy —p+ th)(UO) = hm:q(”D) + hp:r(vo) + thiEQ(UO) #0

We continue to assume that ¥, # 0. When 0 is a regular value of F|s
we can obtain more precise information about the sets ¥, and A in the
completely integrable case.

Proposition 3.6 Suppose that 0 is a regular value of Fy|s and (1) is
completely integrable around a point zg € X..

(i) X, is a 2-dimensional manifold around zg.

(i1) If z € A, then A is a 1-dimensional manifold around .

We point out that, in case A is a 1-dimensional manifold it need not
be a geometric solution (see Example 5.2).

Proof of [Proposition 3.6. (i) Follows immediately from Lemma 3.1.

(ii) As in the proof of Proposition 3.5, we may assume, without loss
of generality, that F' has the form F(x,y,p,q) = h(z,p,q) — y for some
function h: V — R, where V is a open subset of R3. Now, by assumption, 0
is a regular value of F;|s and hence 0 is also a regular value of h,. It follows
that ¢~ (X.) = h;'(0), where ¢: V' — F~1(0) is defined in the proof of
[Proposition 3.5, and hence 1 ~1(A) = h71(0) N hzjl(()). Let A € R?X3 be
the matrix with rows Vh,(vg), Vhg(vo):

A_(’me(vo) hpp(vo) hpq(vo))
hgz(v0)  hep(vo)  hgq(vo) ’

where vg = 1" 1(z9). To show that A is a l-dimensional manifold, it is
sufficient to show that A has rank 2. Now since ¢ ~!(X,) is a 2-dimensional
manifold around 29 and Vhg(vp) is nonzero, shrinking V' if necessary, there
exists a function p: V — R such that

(3)

hy — p + qghy, = phy. (4)

Now differentiating (4) with respect to p and ¢ and evaluating at vy =
(20, po, qo) gives

h:cp(UO) = p(UO)th(UO) +1- qohpp(UO)
haq(vo) = p(v0)heq(vo) — qohpe(vo)- (5)
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Substituting in (3) for hyz(vo) = hep(vo) and hez(up) = hag(ug) now gives

h
A= p(v0)hgp(v0) + 1 = qohpp(v0)  hpp(vo)  hpg(vo)
p(v0)hgq(vo) — qohpe(vo) hgp(vo)  hgq(vo) .

Now using column operations it follows that rank A = 2 if and only if

1 hyp(vo)  hpg(vo) .
I‘ank( 0 hgp(vo) hqq(v0) > -2

Suppose now for a contradiction that rank A = 1. Then hgp(vo) = heq(vo) =
0. Also, from (5) it follows that hgy(vo) = hye(vo) = 0. But this contradicts
our assumption that Vhg(vg) is nonzero. Thus rank A = 2 and A is a 1-
dimensional manifold around zq as required. L]

Under the same assumptions as those of [Proposition 3.6 we can also
obtain the following information about the second-order contact singular
set Y.

Lemma 3.7 Suppose that 0 is a regular value of Fyls and (1) is com-
pletely integrable. Then Y. is contained in A.

Proof. Assume that .. # 0 and let 25 € X... We show that zy € A. Since
VF(z) # 0 and 2y € X, either Fy(z) # 0 or F,(20) # 0. First suppose
that F(z0) # 0. Due to the implicit function theorem, we may assume that
F has the form F(z,y,p,q) = h(z,p,q) — y for some function h: V — R,
where V is a open subset of R3. Also, it follows from our assumptions that
P HE(F)) = h;l(()) and, as in the proof of [Proposition 3.6, shrinking V
if necessary, there exists a function p: V' — R such that the identity (4)
holds. Now since zg € ¥, from the definition of ¥.. we have

hqx(UO) + qthp(vo) =0, hqq('UO) = 0. (6)

Here (20,p0,q0) = vo = % (20). On the other hand, differentiating (4)
with respect to g and evaluating at vy gives

hmq(v0> + hp(U()) + qthp(UO) = p(UO)hQQ(UO)' (7)

Comparing (6) and (7) now shows that h,(vg) = 0 and hence zy € A, as
required.

Now suppose that Fy,(29) = 0 and hence F,(z9) # 0. Again, due
to the implicit function theorem, we may assume that F' has the form
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F(z,y,p,q) = g(x,y,q) — p for some function g: U — R, where U is an
open subset of R3. Also, it follows from our assumptions that ¢~ 1(Z,) =
97 '(0). As before, shrinking U if necessary, there exists a function p: U —
R such that

9z + 99y — ¢ = pgq- (8)

In this case, from the definition of ¥.. we have

gqm(uo) + Q(UO)QQZ/(UO) =0, gqq(UO) =0, (9)

where ug = ¢71(29). On the other hand, differentiating (8) with respect to
q and evaluating at ug gives

gz (o) + Q(UO)gqy(UO) — 1= ggq(uo). (10)

The incompatibility of (9) and now shows that this case cannot occur.
This proves O

Our final example in this section shows that even when the contact
singular set ¥, is a 2-dimensional manifold the equation F(z,y,p,q) = 0
need not be completely integrable.

Example 3.8 Let F(z,y,p,q) = ¢®+pr—y. In this case F, +pFy+qF, =
qz, F, = 3¢*>. By Lemma 3.1, F(z,y,p,q) = 0 does not admit a complete
solution in a neighbourhood of the contact singular point 2y = (0,0,0,0).
Note that the contact singular set ¥, coincides with the m-singular set >
and is given by 3. = {(z,y,p,q) | y = px, ¢ = 0} and is thus a 2-dimensional
manifold.

4. Proofs of main results

Theorem 1.1 Suppose that 0 is a regular value of Fy|ls. Then (1) is
completely integrable around a point zg € S if and only if zy ¢ X, or X. is
a 2-dimensional manifold around zy.

Proof. Suppose that (1) is completely integrable around zy. Then, by
[Proposition 3.6 (i), if zp € X, then X, is a 2-dimensional manifold around
20. Now suppose that 3. is a 2-dimensional manifold around zy. Since
VF(z) # 0and zg € X, either Fy,(z9) # 0 or Fj,(20) # 0. First suppose that
Fy(z0) # 0. Then, due to the implicit function theorem, we may assume,
without loss of generality, that F' has the form F(z,y,p,q) = h(z,p,q) — y
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for some function h: V' — R, where V is an open subset of R3. Now, by
assumption, 0 is a regular value of Fj|g and hence 0 is also a regular value
of hq. Thus ¢~ 1(E.) = h;1(0), where ¢: V. — F~1(0) is defined in the
proof of [Proposition 3.5. Also, as in the proof of [Proposition 3.6, shrinking
V' if necessary, there exists a function p: V' — R such that the identity (4)
holds. A complete solution of (1) in a neighbourhood of zg is now given by
integrating the vector field ¢, X, where X: V — TV is given by

X = (17 q, _p)

Now suppose that Fp(2p) # 0. Again, due to the implicit function
theorem, we may assume, without loss of generality, that F' has the form
F(z,y,p,q9) = g(z,y,q) — p for some function g: U — R, where U is an
open subset of R?. Also, by assumption, 0 is also a regular value of g,.
Thus ¢ 1(Z,) = g;l(O), where ¢: U — F~1(0) is defined in the proof
[Proposition 3.5. Also, as before, shrinking U if necessary, there exists a
function pu: U — R such that the identity (8) holds. A complete solution
of (1) in a neighbourhood of z( is now given by integrating the vector field
©+Y, where Y : U — TU is given by

Y =(1,9,—p).
This proves [Theorem 1.1. O

Theorem 1.2 Suppose that 0 is a reqular value of Fy|s and (1) is com-

pletely integrable.

(i) Leaves of the complete solution which meet ¥, away from A intersect
Y. transversally.

(ii) Leaves of the complete solution which meet A meet 3. tangentially.

Proof. (i) Fixa point g in 3.\ A, which we assume is nonempty. We show
that the leaf of the complete solution which passes through zg intersects
Y. transversely. Since Fj,(zp) # 0, we may assume that F has the form
F(z,y,p,q) = g(z,y,q) — p for some function g: U — R, where U C RS,
Also, we may assume that ¢! (X.) = g;(0), where ¢: U — S is defined in
the proof of [Proposition 3.5 Let ug = ¢~!(z9). Since Vg,(up) is normal to
¢~ 1(X,) at up and the vector (¢,Y)(20), where Y: U — TU is defined in the
proof of [Theorem 1.1, is tangent to the leaf of the complete solution passing
through zp, it is sufficient to check that the scalar product of Vg,(ug) and
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Y (up) is nonzero. Now

<ng(UO)a Y(U0)> = gqm(UO) + g(UO)gqy(UO) - M(Uo)gqq(uo)' (11)

On the other hand, differentiating (8) with respect to ¢ at evaluating at ug
gives

Jzq(to) + g(u0)gyq(uo) — 1 = p(ug)gqq(uo).

Substituting for p1(ug)gee(uo) on the right hand side of (11) we find that the
scalar product of Vg,(up) and Y (ug) is nonzero as required.

(ii) We now assume that A # 0. Let zp € A. We show that the
leaf of the complete solution passing through zy meets ¥, tangentially.
Since Fy(zg) # 0, we may now assume that F" has the form F(z,y,p,q) =
h(zx,p,q) — y for some function h: V — R, where V C R3. Also, we may
assume that ¥ ~1(%,) = h;l(O), where ¢: V — S is defined in the proof of
Proposition 3.5. Let vg = ¥ "1(20). In this case, since Vhy(vg) is normal
to ¥ ~1(X.) at vy and the vector (¢,X)(29), where X: V — TV is defined
in the proof of [[heorem 1.1, is tangent to the leaf of the complete solu-
tion passing through zg, it is sufficient to check that the scalar product of
Vhg(vo) and X (vp) is 0. Now

(Vhg(v0), X (v0)) = hqez(v0) + ghep(vo) — p(v0)hqgq(v0)- (12)

On the other hand, differentiating (4) with respect to g at ug gives

haq(v0) + qhpq(v0) = p(v0)hp(vo)-
It follows that the right hand side of is 0 as required. O

Theorem 1.3 Suppose that 0 is a regqular value of Fg|s, (1) is completely

integrable and ¥, # ().

(i) Equation (1) admits a complete singular solution around a point zy €
e if and only if 29 & Lee or Lee is a I-dimensional manifold around
20-

(ii) Suppose that (1) admits a complete singular solution, then each leaf of
the complete singular solution intersects L. transversely.

Proof. We assume that Y. is nonempty and fix a point 29 € X... We
first suppose that Y. is a 1-dimensional manifold around 2y and show that
(1) admits a complete singular solution around zp such that each leaf of
this complete singular solution intersects ¥, transversely. As before, since
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F,(20) # 0, we may assume that F has the form F(z,y,p,q) = h(z,p,q) —y
for some function h: V — R, where V C R3. Also, we may assume that
Y1) = hy'(0), where ¢: V — S is defined in [Proposition 3.5. Now
since Vhg(vp) is nonzero, from (6) we have hgp(vo) # 0, where v = 971 (20).
Thus, by the implicit function theorem, there exists a function f: W — R,
defined on some open set W C R?, such that, in a neighbourhood of vy, a
point (z,p,q) € V is in ¥~ 1(Z.) if and only if p = f(z,q). Thus, without
loss of generality, we may assume that h,(z,p, q) = f(x,q) — p and hence

Y7 (See) = {I(w) | w = (2,9) €W, fo(w) —q =0, fy(w) =0},

where ¥: W — X, is the map (z,q) — (z, f(z,q),q). Let wo = 97 (vp).
There are two cases to consider: (a) fzq(wg)—1# 0 and (b) fre(wo)—1 = 0.
First suppose that fi,(wg) —1 # 0. Then, since ¥.. is 1-dimensional and
V(fz — q)(wp) is nonzero, 971 (Z..) = (fz — ¢)~(0). Also, shrinking W if
necessary, there exists a function §: W — R such that

fo=06(fe —q). (13)

The required foliation of ¥, is now given by integrating the vector field
(¢ 019),S, where S: W — TW is given by

S = (5,-1).

To show that each leaf of this foliation is transverse to X.. it is sufficient to
check that the scalar product of V(f, — ¢q)(wp) and S(wy) is nonzero. Now

(V(fz = @)(wo), S(wo)) = faa(wo)d(wo) — (frq(wo) — 1) =1,

where the second equality follows from differentiating with respect to
x and evaluating at wy.

Now suppose that fz,(wg) —1 = 0. In this case 971(Z.) = f710).
Now, shrinking W if necessary, there exists a function v: W — R such that

fe—qa="f,

The required foliation of ¥, in this case is given by integrating the vector
field (¢ 0 ¥).T, where T: W — TW is given by

T =(1,—7).
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Now

(V fq(wo), T'(wo)) = fox(wo) — foq(wo)y(wo) = 1

shows that each leaf of this foliation intersects ¥.. transversely.
Now suppose that (1) admits a complete singular solution around z.
We show that ¥ is a 1-dimensional manifold around zg. Let

®: (a,B) X (a,b) = X,

be a complete singular solution around zy. Then, by definition, for each
c € (o, 8), ®(c,): (a,b) — X. is a geometric solution of (1) and for each
(c,t) € (a, B) x (a,b)

rank(xt v P ‘It):2. (14)
Te Ye DPc 4c

Also
(I)—l(ZCC) = {(Cv t) | yc = pxmpc - qxc} .

Since we are assuming F(z,y,p,q) = h(z,p,q) — v, at (c,t) € ®7H(T.) we
have

Yo = hexc + h'ppc + thc
= (_th + p)xc + hppc-
Thus if p. = qx., then y. = px. holds automatically. Thus
(I)_1<ZCC) ={(c;t) | pc = qzc} -

Now let A(c,t) = p. — qz.. We claim that A\¢(cg, tp) # 0, where (co, tg) =
®~1(29). Now

At = Det — GtTc — Gt (15)

Also p; = qx¢, since ®(c, -) is a geometric solution. Thus

Ptc = qcTt + qTtc. (16)

Substituting (16) into (15) now gives

At = QcTt — 1T (17)

On the other hand, since zg € ¥, pr = qxt, Yyt = PTt, Pec = qQTc, Yo = P



On singular solutions of implicit second-order ODEs 639

Thus (14) holds if and only if

rank< Tt G > = 2.
e (¢

That is, 0 # x1q. — zcqt = A¢. Thus . is a 1-dimensional manifold around
Zp as required. O

Proposition 1.4 Suppose that 0 is a regular value of Fy|s, (1) is com-
pletely integrable and .. is a 1-dimensional manifold. Then ¥.. is an
isolated singular solution of (1).

Proof. Let zg € ¥.. As before, we can assume that F' has the form
F(z,y,p,q) = h(z,p,q) — y for some function h: V — R, where V C R3.

Also, by our assumptions, ¥~ (X.) = h;*(0),

P H ) = {v="(z,p,q) € P (Ze) | hga(v) + qhgp(v) = 0, hgq(v) = 0},

where ¢: V — § is defined in [Proposition 3.5 Also, a complete solution of
(1) in a neighbourhood of z is given by integrating the vector field ¥, X,
where X: V — TV is defined in the proof of [I'heorem 1.1. Now since
Vhy(vo) is nonzero we have hgy(vg) # 0, where vg = ¥~1(z2). It follows
that one of Vhgg(vo), V(hge + ghgp)(vo) is nonzero. Suppose first that
Vhgq(vo) is nonzero. Then ¢~ 1 () = hq‘l(O) N hq_ql(O). To show that X,
is not a leaf of the complete solution around z it is sufficient to check that
the scalar product of Vhgq(vg) and X (vg) is nonzero. Now

<thq(U0)v X (vo)) = hqqx(UO) + qohqqp(UO) - P(UO)hqqq<U0>v 18)

where vy = (Zo, Po, o). On the other hand, differentiating the identity (4)
twice with respect to ¢ and evaluating at vy gives

hzqq(v0) + Gohpgq(vo) + 2hpg(vo) = p(v0)hgeq(vo)-

Thus, since hpq(vg) # 0, the right hand side of is nonzero as required.

Now suppose that V(hg + qhgp)(vo) is nonzero. Then ¢~ 1(Z.) =
h71(0) N (hgz + ghgp)~'(0). In this case it is sufficient to check that the
scalar product of V (kg + qhgp)(vo) and X (vg) is nonzero. Now

(V(hgz + ghgp)(vo), X (vo))

= hq:m:(’”O) + Qthpm('UO) + qO(hqmp(UO) + QOhQPP(UO))
= p(v0)(hgzq(v0) + hep(vo) + qohgpq(v0))- (19)
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On the other hand, differentiating (4) with respect to z and then ¢ and
evaluating at vy gives

hezq(vo) + Qohpee(vo) + hps(vo) = p(v0)hguq(vo) 4 pg(vo)hez (vo).
(20)
Also, differentiating (4) with respect to p and then g and evaluating at vy
gives

hapg(vo) + qohppg(vo) + App(vo) = p(v0)Rgpg(vo) + pq(v0)hgp(vo).
(21)
Comparing (19) with the equality obtained by adding (21) multiplied by qq
to (20), it is now sufficient to check that hpe(v0) +qohpp(vo) — p(v0) hgp(vo) is
nonzero. This can be seen to be the case by differentiating (4) with respect
to p and evaluating at vg. This proves [Proposition 1.4 O

5. Further examples

Example 5.1 Let F(z,y,p,q) = —+¢®> + gp — y. In this case F, +pF, +

3 y
qF, = ¢ — p, F; = —¢* + p, thus, by Lemma 3.1, F(z,y,p,q) = 0 is
completely integrable. Also,

2
Ye=3 = {(rc,y,p,q) |y = §q3, p= q2}
Yee=A={(z,y,p,9) |ly=p=q=0}.
Thus by [l'heorem 1.1 and [Theorem 1.2, the complete solution of

F(z,y,p,q) = 0 intersects ¥, transversely away from A and is tangential
to X. at points in A. In addition, by [Theorem 1.3, F'(z, y, p, ¢) = 0 admits
a complete singular solution. By Theorem 1.4, ¥.. is an isolated singular
solution.

Example 5.2 Let F(z,y,p,q) = %q?’ + ¢%c + gp + 2zp — y. In this case

Fy +pFy +qF, = F; = 2¢* + 2qz + p, thus, by Lemma 3.1, F(z,y,p,q) = 0
1s completely integrable. Also,

4
EC - Eﬂ' = {(x>y7pv Q) I Yy = _§q3 - 5(]233 - 4(]332, D= _2(]2 - 2(]13}
4
A= {(w,y,p, q) |y = —§a:3, p=—4x? q= —23:},

Y =(0,0,0,0).
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Again, by [Iheorem 1.1 and [I'heorem 1.2, the complete solution of
F(z,y,p,q) = 0 intersects 3. transversely away from A and is tangential
to X, at points in A. Note in this example, however, that, by ['heorem 1.3,
there is no complete singular solution around the second-order contact sin-
gular point (0,0,0,0).
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