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Abstract. An explicit classification of simply connected compact homogeneous CR
manifolds G/L of codimension one, with non-degenerate Levi form, is given. There are
three classes of such manifolds:

a) thestandard CR homogeneous manifolds which are homogeneous S!-bundles over
a flag manifold F', with CR structure induced by an invariant complex structure on F;

b) the Morimoto-Nagano spaces, i.e. sphere bundles S(N) C T'N of a compact rank
one symmetric space N = G/H, with the CR structure induced by the natural complex
structure of TN = G¢/HE;

¢) the following manifolds: SU, /T - SU,,_2, SUp x SU4/T* - Up—2-Uq—2, SUn /T
SU2-SUy-SUyp,—4, SO10/T'-SO¢, Eg/T!-SOg; these manifolds admit canonical holomor-
phic fibrations over a flag manifold (F, Jp) with typical fiber S(S*), where k = 2,3,5,7
or 9, respectively; the CR structure is determined by the invariant complex structure Jp
on F' and by an invariant CR structure on the typical fiber, depending on one complex
parameter.

Key words: homogeneous CR manifolds, real hypersurfaces, contact homogeneous mani-
folds.

1. Introduction

An almost CR structure on a manifold M is a pair (D, J), where D C
TM is a distribution and J is a complex structure on D. The complexi-
fication D can be decomposed as D€ = D0 + DO into sum of complex
eigendistributions of J, with eigenvalues ¢ and —1.

An almost CR structure is called integrable or, shortly, CR structure
if the distribution D! (and hence also D'°) is involutive, i.e. with space
of sections closed under Lie bracket. This is equivalent to the following
conditions:

[JX,Y]+[X,JY] € D,
[JX,JY] = [X,Y] - J([JX, Y]+ [X,JY]) =0,
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for any two fields X,Y in D.

Amap ¢ :(M,D,J) — (M, D', J") between two CR manifolds is called
holomorphic map if (D) C D' and . (JX) = J p.(X).

Two CR structures (D, J) and (D', J’) are called equivalent if there
exists a diffeomorphism such that ¢,(D) = D’ and ¢.J = J'.

The codimension of D is called codimension of the CR structure. Note
that a CR structure of codimension zero is the same as a complex structure.

A codimension one CR structure (D, J) on a 2n + 1-dimensional man-
ifold M is called Levi non-degenerate if D is a contact distribution. This
means that any local (contact) 1-form 6, which defines the distribution (i.e.
such that ker # = D) is maximally non-degenerate, that is (d6)"™ A 6 # 0.

Note that any real hypersurface M of a complex manifold /V has a natu-

ral codimension one CR structure (D, Jp) induced by the complex structure
J of N, where

D={XeTM, JX eTM}, Jp=Jp

In the following, if the opposite is not stated, by CR structure we will
mean integrable codimension one Levi non-degenerate CR structure. Some-
times, if the contact distribution D is given, we will identify a CR structure
with the associated complex structure J.

A CR manifold, that is a manifold M with a CR structure (D, J),
is called homogeneous if it admits a transitive Lie group of holomorphic
transformations.

If the opposite is not stated, we will always assume that the homoge-
neous CR manifold (M, D, J) is simply connected.

The aim of this paper is to give a complete classification of simply
connected homogeneous CR manifolds M = G/L of a compact Lie group
G. This gives a classification of all simply connected homogeneous CR
manifolds, since any compact homogeneous CR manifold admits a compact
transitive Lie group of holomorphic transformations (see [1] and [12]).

The simplest example of compact homogeneous CR manifold is the
standard sphere S?"~1 C C" with the induced CR structure.

More elaborated examples are provided by the following construction
of A. Morimoto and T. Nagano ([9]). Let N = G/H be a compact rank
one symmetric space (shortly ‘CROSS’). The tangent space T'N can be
identified with the homogeneous space G¢/H®. Hence, it admits a natural
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GC-invariant complex structure J. Any regular orbit G -p = S(N) ~ G/L
in TN = G€ /H C is a sphere bundle; in particular it is a real hypersurface
with (Levi non-degenerate) G-invariant CR structure.

Moreover, these examples together with the standard sphere S?"~! C
C™ exhaust the class of CR structures induced on a codimension one orbit
M = G -z C C of a compact Lie group G of holomorphic transformations
of a Stein manifold C. We call the homogeneous CR manifolds which are
equivalent to such orbits G - p = S(N) in the tangent space of a CROSS
Morimoto-Nagano spaces.

Another important class of examples is obtained as follows. Let F =
G/K be a flag manifold of a connected, compact, semisimple Lie group G
and let g = £ 4+ m, with ¢ = Lie(K), be the associated orthogonal decom-
position of g = Lie(G), w.r.t. the Cartan-Killing form. Let also Jr be a
G-invariant complex structure on F' = G/ K. It can be shown that if Z is an
element in the center of ¢ = Lie(K) and if it satisfies some suitable hypoth-
esis (i.e. it is a t-regular element; see definition in §3.1), then the subalgebra
[z = €N (Z)! generates a closed subgroup Lz C G, and the homogeneous
manifold M = G/Lz admits a G-invariant CR structure (D, .J) with the
following two properties:

i) D is the unique G-invariant distribution corresponding to the subspace
m= &)+ c (Iz)t ~T,G/Lz, 0=eLy;

ii) (D, J) is the unique CR structure with distribution D, so that the
natural projection = : (M = G/Lz,D,J) — (F = G/K, Jr) is holo-
morphic.

We call any such homogenous CR manifold (M = G/Lz,D, J) a standard

CR manifold, determined by the flag manifold F = G/K, the E-regular

element Z and the invariant complex structure Jg on F.

In the fundamental paper [1], H. Azad, A. Huckleberry and W.
Richthofer showed that Morimoto-Nagano spaces and standard CR man-
ifolds play a basic role in the description of compact homogeneous CR
manifolds (see also [8] and [11]). In fact, they prove that any compact
compact homogeneous CR manifold is either a standard CR manifold or a
Morimoto-Nagano space or it admits a natural holomorphic fibration onto
a flag manifold whose standard fiber is a Morimoto-Nagano space.

In this paper, we carry out the explicit classification of all compact
homogeneous manifold G/L of a compact Lie group G, which admit an in-
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variant CR structure, and we determine all invariant CR structures on each
of such spaces. As a result of this classification, we are able to determine the
exact list of all compact homogeneous CR manifolds, which are neither stan-
dard nor Morimoto-Nagano spaces. In particular, we prove that the only
manifolds, which may occur as fibers of the Azad-Huckleberry-Richthofer’s
holomorphic fibration of non-standard, non-Morimoto-Nagano spaces, are
the sphere bundles S(S*) with k = 2,3,5,7 and 9.

The first step consists in characterizing all homogeneous manifolds M =
G /L of a compact Lie groups GG, which admit a G-invariant contact structure
(see §3.1). We first prove that, for any such manifold M = G/L, the center
Z(G) of G is at most one dimensional and that the semisimple part G*°
acts transitively on M. By this fact, we may always assume that G is
semisimple. Secondly, we observe that, for a given compact semisimple Lie
group G, there is a one to one correspondence between simply connected
homogeneous contact manifolds (M = G /L, D) and non-zero elements Z €
g = Lie(G) (defined up to scaling), which generate a closed one-parametric
subgroup and whose centralizer Cy(Z) contains no non-trivial ideal of the
Lie algebra g = Lie(G).

In fact, any such element Z determines: a) an orthogonal decomposition
(w.r.t. the Cartan-Killing form)

g=I[+RZ+m,

where Cy(Z) = [@ RZ; b) an associated homogeneous manifold M = G/L,
with L connected closed subgroup generated by [, endowed with the invari-
ant contact structure D, which is the G-invariant extension of the Adp-
invariant subspace m C (RZ 4+ m) ~ T,M, o = eL. The element Z is called
contact element of the homogeneous contact manifold (M = G/L, D).

We also prove that if (M = G/L, D) is the contact homogeneous man-
ifold associated with the contact element Z, then there exists a natural
principal S!-fibration onto the flag manifold Fz = Adg(Z) = G/Cq(Z)

n:M=G/L— Fz=G/Cg(2),

where Cg(Z) denotes the centralizer of Z in G.

We then determine all distinct invariant contact distributions, which
exists on a given homogeneous contact manifold (G/L,D). It turns out
that only two possibilities may occur:
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«) there exists exactly one invariant contact structure;
B) there exists a family of invariant contact structures, which is parame-
terized by the point of a two dimensional sphere S2.

The contact manifolds of case () are called special contact manifolds. Ex-
amples of special manifolds can be constructed as follows. Let G be a simple
compact Lie group without center and let @Q = G/Sp;- H' be the associated
Wolf space, that is the homogeneous quaternionic Kahler manifold, where
Sp1 - H' is the normalizer in G of the 3-dimensional subalgebra spy(p) of
g associated with the maximal root pu. Then the associated 3-Sasakian ho-
mogeneous manifold M = G/H’ is a special contact manifold. Any 0 #
Z € sp;(p) is a contact element. Furthermore, any two invariant contact
structures on M are equivalent under a transformation, which commutes
with G, defined by the right action of an element from Sp;.

We prove that any special contact manifold, with only one exception,
is a manifold constructed in this way. In fact (see [Theorem 3.6))

Theorem 1.1 Any special contact manifold M = G/L is either the 3-
Sasakian homogeneous manifold G/H' of a simple Lie group G, described
above, or M = G/Sp1, where Spy is the 3-dimensional subgroup of the
exceptional Lie group Go, with Lie algebra sp,(u), where p is the mazximal
root of Gs.

The second step of the classification consists in determining which ho-
mogeneous contact manifold (M = G/L, D), with G compact semisimple,
admits at least one G-invariant CR structure (D, J). The answer is simple:
any homogeneous contact manifold of the above kind admits al least one G-
wvariant CR structure. In fact, if D is associated with the contact element
Z and F' is the corresponding flag manifold F' = Ad¢(Z) = G/K, with K =
Gg(Z), then it can be checked that Z is a t-regular element and [ = (Z)1 N
t. So, for any invariant complex structure Jp on F = Adg(Z) = G/K, the
manifold M = G /L admits the G-invariant standard CR structure (D, Jp)
associated with Z and Jp.

The last (and longest) step consists in classifying all invariant CR struc-
tures for any homogeneous contact manifold (M = G/L, D). For this part
of the classification, we need to introduce the concepts of primitive and
non-primitive CR structures (see §4.3). A compact homogeneous CR man-
ifold (M = G/L, D, J) is called non-primitive if there exists a holomorphic
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G-equivariant fibration (called CRF fibration)
n:M=G/L— F=G/Q,

onto a flag manifold F = G/Q, of positive dimension, equipped with an
invariant complex structure Jp. We call M primitive if it does not admit
any CRF fibration.

A fiber of a CRF fibration 7 : M = G/L — F = G/Q is always either
S! or a homogeneous compact CR manifold Q/L.

Examples of non-primitive CR manifolds are given by the standard CR
manifolds, since, by construction, they always admit a CRF fibration with
fiber S'. Examples of primitive CR manifolds are given by any Morimoto-
Nagano space which is not a sphere S?"~! (which is standard CR mani-
fold) nor a 3-dimensional SUp-orbit in T'S? = T(SUs/T") (which is a non-
standard CR manifold that admits a CRF fibration onto S? = SU,(T")
with fiber S!) (see §8).

In §5, we classify all invariant CR structures on the special contact
manifolds, we determine which of those CR structures are primitive and,
for those which are non-primitive, we exhibit a natural CRF fibration with
primitive fibers.

After the result of §5, we have to discuss the non-special contact man-
ifolds. At this regard, we observe that on a non-special contact manifold
(M = G/L,D), the invariant distribution D is uniquely determined and
that the standard CR structures on M = G/L are in one-to-one correspon-
dence with the invariant complex structures Jr on the flag manifold F' =
Adg(Z) associated with the contact element Z of the distribution D. Since
the description of invariant complex structures on a flag manifold is known
(see e.g. [3], [4], [5], [10]), it remains to classify the non-special contact
manifolds which admit non-standard CR structures, together with all their
admissible invariant CR structures.

A characterization on non-standard CR structures can be obtained by
means of the anticanonical map ¢, which was defined in [1] (see §4.4). Let
(M = G/L,Dg,J) be a homogeneous CR manifold of a compact Lie group
G and g€ = 1€ + CZ + m!® + m% the corresponding decomposition of
g®. Then the anticanonical map ¢ is the holomorphic map of M into the
Grassmanian of k-planes, k = dimc(I® + m%), given by
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¢: M =G/L— Gri(g") CCPY, ¢: gL Ady([I°+m")).

Note that ¢ is a G-equivariant map onto the orbit G - p of p = [I® + mdl] ¢
Gri(g®) under the natural adjoint action of G on Gry(gC).

The following theorem gives the required characterization (see Theo-
rem 6.3):

Theorem 1.2 Let (M =G/L,Dyz,J) be a homogeneous CR manifold.
(1) If it is standard, then the image (M) = G -p of the anticanonical map
is the flag manifold Fz = G/K, associated with the contact structure
Dz. Hence ¢ : M — ¢(M) = Fy is the natural S*-fibration.
(2) If it is non-standard, then ¢ : M — ¢(M) = G - p is a finite holo-
morphic covering, with respect to the CR structure of G - p C Gri(g®)
induced by the complez structure of Gri(g©).

Using [I'heorem 1.2 and several algebraic lemmata, we reach the classifi-
cation of all non-standard CR structures on non-special contact manifolds in
87 (see Propositions [7.3, 7.5 and [(.6). In particular we determine the list of
all non-special contact manifolds (M = G/L, D) admitting a non-standard
CR structure, together with the explicit description of all invariant non-
standard CR structures on such manifolds. We also determine which of
them is not primitive and, for any non-primitive CR manifold, we indicate
a natural CRF fibration with primitive fibers.

In §8, we give the complete lists of primitive CR manifolds and of
non-primitive CR manifolds, simply combining the previous results on spe-
cial and non-special contact manifolds. From such lists, it follows that
the Morimoto-Nagano spaces which are different from the standard spheres
§?"~1 and from the 3-dimensional orbits of SU, in T(52) = T(SU,/T?!) are
exactly all primitive CR manifolds.

In §8, we also give a precise description of any non-standard, non-
primitive CR structure on a homogeneous manifold M = G/L in terms
of some suitable painted Dynkin graph, that is of a Dynkin graph of the Lie
algebra g = Lie(G) with nodes painted in three colors.

We have to mention that a few important steps towards a classification
of non-standard CR manifolds were performed also by Azad, Huckleberry
and Richthofer in [1]. There, the authors study in great detail the image of
a non-standard CR manifold M = G/L under the anti-canonical map. We
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recall that such image is a G-orbit M = G/i} =G -pC CPY in a complex
projective space CPY and it is finitely covered by M = G/L. Notice also
that the G-orbit M = G/ﬁ = G -p C CPY is a real hypersurface in the
complex orbit @ = G . p = G¢/H. Azad, Huckleberry and Richthofer
prove that there always exists a natural Gt-equivariant fibration 7 : Q =
GC/H — G°/P onto a flag manifold G®/P (possibly of dimension 0) and
they call it Stein-Rational fibration. We may observe that a Stein-Rational
fibration 7 : @ = G*/H — G®/P onto a flag manifold of positive dimen-
sion induces always a CRF fibration 7 : G/L — G¢/P = G/G N P on the
real hypersurface G/ L=G:p. Studying the possibilities for the fiber of
a Stein-Rational fibration, Azad, Huckleberry and Richthofer find several
limitations on the parabolic subgroup P and on the isotropy subgroup H.
It is possible to use such limitations to determine a few corresponding con-
ditions that are satisfied by the subgroups @ and L of a given compact
semisimple Lie group GG, when there exists an invariant non-standard CR
structure on G/L and a CRF fibration 7 : G/L — G/Q. But none of such
conditions is sufficient to determine if a given homogeneous manifold G/L
does actually admit an invariant, non-standard CR structure. For this rea-
son, it is not possible to infer the exact list of non-standard CR manifolds
using only those conditions.

On the other hand, most of the arguments in [1| do not make any use
of the condition of Levi non-degeneracy and several results of that paper
give very useful information on the structure of compact homogeneous Levi
degenerate CR manifolds of a very wide class (see also [11]).

As a final remark, we would like to mention that our classification of
compact homogeneous CR manifolds have several important corollaries con-
cerning compact cohomogeneity one Kahler manifolds. In particular, such
corollaries are an essential tool towards the classification of Kahler-Einstein
manifolds in the above class. They will be discussed in a forthcoming paper.

We heartily thank the referee for his very valuable comments.

2. Basic facts about CR structures

Definition 2.1
(1) A CR structure on a manifold M is a pair (D, J), where D C TM is

a distribution on M and J € End D, J? = —1, is a complex structure
on D.



Invariant CR structures on compact homogeneous manifolds 217

(2) A CR structure (D, J) is called integrable if J satisfies the following
integrability condition:

[JX,Y]+[X,JY] €D,
[JX,JY] = [X,Y] = J([JX,Y]+[X,JY]) =0 (2.1)

for any pair of vector fields X, Y in D.

In the sequel, by CR manifold we will understand a manifold M with
integrable CR structure.

If (D, J) is a CR structure then the complexification D€ ¢ TCM of the
distribution D is decomposed into a sum D = D0 + DO of two mutually
conjugated (D!® = D) J-eigendistributions with eigenvalues i and —i.
The integrability condition means that these eigendistributions are
involutive (i.e. closed under the Lie bracket).

The codimension of a CR structure (D, J) is defined as the codimension
of the distribution D. Remark that a codimension zero CR structure is the
same as a complex structure on a manifold. A codimension one CR structure
(D, J) is also called a CR structure of hypersurface type, because such is the
structure which is induced on a real hypersurface of a complex manifold.
In this case the distribution D can be described locally as the kernel of a
1-form #. The form 6 defines a J-invariant symmetric bilinear form

LY Dy, x Dy — R
given by
L0 (v, w) = (df) (v, Jw)

for any v,w € D. It is the real part of a C-valued Hermitian form and
it is called the Levi form. Remark that the 1-form 6 is defined up to
multiplication by a function f everywhere different from zero and that £f¢ =
fL£9. In particular, the conformal class of a Levi form depends only on the
CR structure.

A CR structure (D, J) of hypersurface type is called non-degenerate
if it has non-degenerate Levi form or, in other words, if D is a contact
distribution. In this case a 1-form 6 with ker @ = D is called contact form.

A smooth map ¢ : M — M’ of one CR manifold (M, D, J) into another
one (M', D', J') is called holomorphic map if

a) @*(D) c D
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b)  w«(Jv) = Jp.(v) for allv € D.

In particular, we may speak about CR transformation of a CR manifold
(M,D,.J) as a transformation ¢ such that ¢ and ¢! are CR maps. In
general, the group of all CR transformations is not a Lie group, but it is a

Lie group when (D, J) is of hypersurface type and it is Levi non-degenerate.

Definition 2.2 A CR manifold (M, D, J) is called homogeneous if it ad-
mits a transitive Lie group G of CR transformations.

Our aim is to classify compact homogeneous codimension one non-
degenerate CR manifolds. The following theorem, which is indeed a conse-
quence of the results in [1], shows that we may identify any such manifold
with a quotient space G/L of a compact Lie group G.

Theorem 2.3 ([1], [12]) Let (M, D, J) be a compact non-degenerate CR
manifold of hypersurface type. Assume that it is homogeneous, i.e. that there
exists a transitive Lie group A of CR transformations. Then a mazrimal
compact connected subgroup G of A acts on M transitively and one may

identify M with the quotient space G /L where L is the stabilizer of a point
pe M.

Now we fix some notations. If the opposite is not stated, we will as-
sume that a CR structure is of hypersurface type, integrable and Levi non-
degenerate.

The Lie algebra of a Lie group is denoted by the corresponding gothic
letter.

For any subset A of a Lie group G or of its Lie algebra g, we denote by
Ci(A) and Cy(A) its centralizer in G and g, respectively. Z(G) and Z(g)
denote the center of a Lie group G and a Lie algebra g. By homogeneous
manifold M = G/L we mean a homogeneous manifold of a compact con-
nected Lie group G with connected stability subgroup L and such that the
action of G on M is almost effective, i.e. has a finite kernel of non-effectivity.

3. Compact homogeneous contact manifold

3.1. Homogeneous contact manifolds of a compact Lie group G
Let M = G/L be a homogeneous manifold of a compact Lie group G
with connected stabilizer L.
Any G-invariant contact distributions D on M is uniquely associated
with a global G-invariant contact form 6 on M (determined up to a multiple)
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such that D = kerf. On the other hand, any G-invariant contact form 6
on M is uniquely associated with an element § € g* of the dual space
of g = Lie(G), which satisfies the following four conditions (see e.g. [2]):
i) it vanishes on [ = Lie L; ii) it is Ad-invariant; iii) Kerdf ¢ [; iv) Ker 6 N
Kerdf C [. Any 6 € g* which satisfies conditions i)-iv) will be called contact
form of G/ L.

Fix now an Adg-invariant Euclidean metric B on g and denote by [+
the orthogonal complement to [ in g.

The vector Z = B~! 0 § which corresponds to a contact form  is called
a contact element of the manifold (M = G/L,D).

From the fact that 0 is a contact form, it follows that Z = B~1 06 is
characterized by the properties that:

(1) Z €1t and

(2) the centralizer Cy(Z) = [@ RZ.
Hence, we have the following

Proposition 3.1 There exists a natural bijection between invariant con-
tact structures on a homogeneous manifold M = G/L and contact elements
Z defined up to a scaling.

We will denote by Dz the contact structure on M defined by a contact
element Z. A homogeneous manifold M = G/L with an invariant contact
structure D is called homogeneous contact manifold.

IProposition 3.1 implies the following

Corollary 3.2 Let G/L be a homogeneous contact manifold of a compact
Lie group G which acts effectively. Then the the center Z(G) of G has
dimension O or 1.

Moreover, if Z(G) is one dimensional, then any contact element Z has
nonzero orthogonal projections Zyz(g), Zy on Z(g) and g’ = [g,g], and the
stability subalgebra | can be written as

= [Cy(Zy)lp EAX =Y +(Y), Y € Cy(Zy)}

where ¢ : Cy(Zy) — Z(g) = R is a non-trivial Lie algebra homomorphism.

Proof. Clearly Cyq(Z) D Z(g). If dimZ(g) > 2 then [N Z(g) # {0} and
this contradicts the fact that G acts effectively. The other claims follow
immediately. U
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Now we associate with a homogeneous contact manifold (M = G/L, Dy)
a flag manifold

Fy=G/K % Adg Z = Ade (Zy)

where K = Cg(Z) is the centralizer of the contact element Z. We will call
F5 the flag manifold associated to a contact element Z.

Note that the contact form § = B o Z is a connection (form) in the
S! bundle 7 : G/L — Fz and that the corresponding contact structure
D = ker @ is the horizontal distribution of this connection.

We describe now all homogeneous contact manifolds (G/L,Dz) with
given associated flag manifold F' = G/K of a semisimple Lie group G.

Consider the orthogonal reductive decomposition

g=t+m

associated with the flag manifold F' = G/K.

We say that an element Z of the center Z(¥) is &-regular if it generates
a closed 1-parametric subgroup of G and the centralizer Cg(Z) = K.

One can check that if Z is -regular, then the subalgebra

[z =tn(2)*
generates a closed subgroup, which we denote by L. Therefore

Proposition 3.3 Let F = G/K be a flag manifold of a compact, semisim-
ple Lie group G. There is a natural 1-1 correspondence

7 <— (G/Lz,'Dz)

between the t-reqular elements Z € g (determined up to a scaling) and the
homogeneous contact manifolds (G /L, D) with associated flag manifold F' =
G/K.

Proof. The proof is straightforward. ]

3.2. Invariant contact structures on a contact manifold M =
G/L
Now we describe all invariant contact structures on a given homoge-
neous manifold M = G/L. We will show that generically there is no more
then one such structure.
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Definition 3.4 A homogeneous manifold G/L is called homogeneous con-
tact manifold of non-special type (respectively, of special type or, shortly,
special) if it admits a unique (respectively, more then one) invariant contact
structure.

3.2.1. Main examples of special homogeneous contact manifolds
Let g be a compact semisimple Lie algebra, h a Cartan subalgebra of g
and R the root system of the pair (g%, §©).
Recall that a root a € R defines a 3-dimensional regular subalgebra
g%(a) with standard basis given by the root vectors E,, E_, and

H,=[Es E_4) = &B_l o« (3.1)
satisfying the relation [Hy, F1o] = £2F1,. The intersection of this subal-
gebra with g is a 3-dimensional compact subalgebra denoted by g(a). We
will call g(a) the subalgebra associated with the root o and denote by G(«)
the 3-dimensional subgroup of the adjoint group G = Int(g) = Aut(g)°
generated by g(a).

Note that two such subalgebras are conjugated by an inner automor-
phism of g if and only if the corresponding roots have the same length.

Fix a system R of positive roots of R and put R~ = —R™. The highest
root 4 of Rt defines the following gradation of the complex Lie algebra g©:

g" =g_o+g-1+0g0+081+ 9o, (3.2)

where
g2=CE_, g2=CE, go=CHy+gy go=Cgl(g(n)

g-1= > CEs  g1= > CEjg (3.3)
BER\({-1}UR,) BERT\({1}UR,)
and R, = {a € R, a L p} is the root system of the subalgebra go = Cy(H,).
is called the gradation associated with the highest root.

The explicit decomposition for any simple complex Lie algebra is
given in Table 1 of the Appendix.

Denote by [ = Cy(g(r)) = gp N g the centralizer of g(x) in g and by L
the corresponding connected subgroup of G. It is easy to check that L =

Ce(g(n))-
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Lemma 3.5 Let G be a compact simple Lie group without center and let
L = Cq(g(p)) be as defined above. Then any non zero vector Z € g(u) is a
contact element of the manifold G/L. In particular, G/L is a homogeneous
contact manifold of special type.

Proof. Observe that Z € g(p) is a contact element if and only if Cy(Z) =
[+RZ and then g-Z is contact for any g € G(u). Since G(u) acts transitively
on the unit sphere of g(u), the Lemma follows from the fact that

Co(iHy) =goNg=1+R(:H,)
and hence that iH, is a contact element. O

Remark that the contact manifolds M = G/L = G/Cg(g(n)), with G
simple, carry invariant 3-Sasakian structure and they exhaust all homoge-
neous 3-Sasakian manifolds (see [6]).

3.2.2. Classification of special homogeneous contact manifolds
The previous examples almost exhaust the class of special homogeneous
contact manifolds. In fact, we have the following classification theorem.

Theorem 3.6 Let M = G /L be a special homogeneous contact manifold
of a compact Lie group G. Then the group G is simple and either L is the
centralizer of the subalgebra g(u) associated with the highest root and M is
a homogeneous 3-Sasakian manifold or G = Go and L is the centralizer of
the subalgebra g(v) associated with a short root v.

Proof. We prove first that if G is not semisimple and, hence, dim Z(g) = 1,
then a contact element Z is unique up to a scaling and M is not special.
Indeed, we have the decomposition

t=Co(Z) = 1®RZ =1® Z(g)

since Z(g)N I = 0, by effectivity. The line RZ is determined uniquely as the
orthogonal complement to [ in € = [+ Z(g).
Now we may assume that g is semisimple. We need the following:

Lemma 3.7 Let g be compact semisimple and let | C g be a subalgebra,

which contains no ideal of g. If there exist two not proportional vectors
Z, Z' € I such that

Co(Z) =1+RZ, [(+RZ CCy(Z)),
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then g is simple and there exists a root o € R such that:
(1) [=Cq(g(a));
(2) Z,Z' € g(a) and Cy(Z") = Cy(g(a)) + RZ';
(3) Co(D) = 2(1) + g(a);

(4) for any root B which is orthogonal to o, oo £ 3 is not a root.
Proof. We put ¢ = Cy(Z) and consider the orthogonal decomposition
g=t+m=(1+RZ)+m.

Denote by R the root system of the complex Lie algebra g© with respect to a
Cartan subalgebra h which is the complexification of a Cartan subalgebra
h of €. Then the element Z’' can be written as

k
Z'=cZ+) ¢y,
=1

for some root vectors E,, and constants ¢, ¢;. The condition [, Z] = 0
implies a;(h NI) = 0 if ¢; # 0. Since h N [ is of codimension one in b, there
exist exactly two (proportional) roots with this property, say o and —a.
This shows that [ C Cy(g()). Moreover, since Z € h NI+, we obtain also
that Z is proportional to H, = [E,, F_,] and (1) follows. In particular, g
must be simple and now (2) is clear. (3) follows from (2).

To prove (4), assume that there is a root 3 which is orthogonal to «
and such that a + 3 is a root. Then the vector Eg 4+ E_g € g does not
belong to I® = C ¢ (g(c)), but it is orthogonal to Z (since Z is proportional

g
to H,) and belongs to the centralizer of Z: contradiction. U

Now we conclude the proof of [Theorem 3.6. Let G be a compact
semisimple Lie group and let Z, Z’ two non-proportional contact elements
for G/L. By Lemma 3.7, G is simple and L = Cg(g(a)). By direct inspec-
tion of the root systems of simple Lie groups, a root « satisfies the condition
(4) of Lemma 3.7 if and only if it is a long root or if it is a short root in the
G2 type system. This concludes the proof. [

3.3. Isotropy representation of a homogeneous contact manifold

Let M = G/L be a homogeneous contact manifold with invariant con-
tact structure D associated to a contact element Z. Let g = [+ RZ + m be
the corresponding orthogonal decomposition. Fix a Cartan subalgebra b of
g which belongs to ¢ = [+ RZ = Z(¢) + ¢ (where ¥ = [¢, ] is the semisimple



224 D.V. Alekseevsky and A.F. Spiro

part of £). Then
h=Z{)+h =Z(I)+RZ+V,

where we denote by b’ a Cartan subalgebra of ¢. Remark that h({) = Z(I)+
b’ is a Cartan subalgebra of [.

Denote by R (resp. R,) the root system of g (resp. £€©) w.r.t. the Cartan
subalgebra h* and let R' = R\ R,. We will denote by h(R) the standard
real form of b, spanned by R, that is

h(R) = hN B ((R)).
We put t = 3(¢) N Hh(R). Then Z € it and we may identify
¥ =—if = —iB(Z,")

with the corresponding element in t* C h(R)* = spang R.
Consider the decomposition of the £¢-module m® into sum of irreducible
-modules

m® = Zm(’y). (3.4)

Here, m(7y) stands for the irreducible £“-module with highest weight v € R’

BC

The following Lemma states a well known property of flag manifolds
(see e.g. [3] or [4]).

Lemma 3.8 The t“-modules m(~y) are pairwise not equivalent and, in par-
ticular, the decomposition (3.4) is unique. The modules m(y) are irreducible
also as [“-modules.

Proof. 'We only need to check that a module m(7) is irreducible also as an
(C-module. But it is sufficient to observe that the semisimple parts of I and
of £© coincide and to recall that, whenever dimc m(y) > 1, the semisimple
part of £© acts non-trivially and irreducibly on m(y). O

From we derive the following technical proposition, which
will be useful in the following sections.

Proposition 3.9 Let M = G/L be a homogeneous contact manifold and
let Z be a contact element for M. Assume that G # Gg or that G = G»
and ¥ = —iBB o Z is not proportional to a short root of R.



Invariant CR structures on compact homogeneous manifolds 225

Then for any irreducible €*-module m(v) there exists at most one dis-
tinct €©-module m(y'") which is isomorphic to m(y) as (C-module.

This is the case if and only if the highest weights v and ' are -
congruent, i.e. ¥/ = v+ X\ for some real number \.

Corollary 3.10 Let M and Z as in the Proposition 3.9. Then:

a) if the modules m(7), m(vy') are equivalent as (“-modules, then for any
weight o € R’ of m(y), there exists exactly one weight o/ € R’ of
m(y') which is 9-congruent to «;

b) for any root a € R’ there exists at most one root o' € R’ which is
¥-congruent to «, i.e. such that o = o+ A9 for some real number

A#0.

Proof of [Proposition 3.9. Observe that two irreducible [C-modules m(y)
and m(y’) are isomorphic if and only if their highest weights |y« and
'Vl’h(l) coincide. This occurs if and only if v = v + A9 for some \ € R.

Assume now that there exist three distinct isomorphic [*-modules m(v),
m(y') and m(y”). Then R = spang(y,7,7”) N R is a 2-dimensional root
system and v, 7' and v belong to the straight line v + Rv. Checking all 2-
dimensional root systems, 241, As, By, Go, we conclude that this is possible
only if R is of type By or G2 and ¥ is proportional to a short root. We claim
that both these cases cannot occur.

If R has type G, then R = R which contradicts to the assumptions.

If R has type Bs, one of the roots v, v/, v is orthogonal to ¥ and this
is impossible because

9*NR=R,=R\R

while v, 7/, " € R'. O

4. General properties of compact homogeneous CR manifolds

4.1. Infinitesimal description of invariant CR structures
Let (M = G/L,Dyz) be a homogeneous contact manifold of a connected
compact Lie group G with connected stabilizer L and let

g=1+RZ+m (4.1)

the associated orthogonal decomposition where ¢ = Cy(Z) =1+ RZ.
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Definition 4.1 A complex subspace m!® of m is called holomorphic if
i) m'%Nm® = {0}, where m®! = m0 and ‘bar’ denotes the complex
conjugation with respect to the real subspace g;
i) m€ =m0 4 mOl;
iii) 1€+ m!% is a complex subalgebra of gC.
In the following we will refer to condition iii) as the integrability condition.

Note that if the integrability condition holds, also I€ +m®! is a subalge-
bra. Furthermore, any holomorphic subspace m!° defines an ad;-invariant

complex structure J on m, whose (+i)- and (—i)-eigenspaces are exactly
m!® and m9!,

Proposition 4.2 Let (M = G/L,Dgz) be a compact homogeneous contact
manifold and g = [+ RZ + m be the associated decomposition. Then there
exists a natural one to one correspondence between the set of invariant CR
structures (Dz,J) on M and the set of holomorphic subspaces m'% of mC.

Proof. Recall that, under the natural identification of RZ + m with the
tangent space T,y M, we have that m = Dz|.r. Moreover, any invariant CR
structure (D, J) defines a decomposition D% = D0+DO into two mutually
conjugated invariant integrable distributions. Then one can easily check
that the complex subspace m!0 = Dég C m® is a holomorphic subspace.
Conversely an holomorphic subspace m!'® and its conjugate subspace
m%! = m10 are adj-invariant and also Ad-invariant since L is connected.
Then they can be extended to two invariant integrable complex distributions
D19 and DO such that D = DO+ D with DNDO = 0. Hence they may
be considered as eigendistributions of an invariant CR structure (Dgz, J) on
M. O

01

4.2. Standard CR structures

We want to show how to construct an invariant CR structure (Dg, J) on
a homogeneous contact manifold (M = G/L,Dgz) starting from an invariant
complex structure J on the associated flag manifold Fz.

Let FF = G/K be a flag manifold and let g = € + m the associated
reductive decomposition. Recall that an invariant complex structure Jr on
F is associated with a decomposition m® = m!% + m%! such that

01

a) m% =ml0; p) p=+t"+m!is a subalgebra of g-. (4.2)

We say that m!0 is the holomorphic subspace associated with Jp.
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It is known that p is a parabolic subalgebra, with reductive part ¢¢ and
nilradical m!®. Moreover, we can always choose a system of positive roots
R* for g€, such that m!0 is generated by root vectors E,, with a € R*.
We say that such system R™ is compatible with the complex structure Jp.

Let (M = G/L,Dz) be a homogeneous contact manifold, g = ([ +
RZ) + m = & + m the corresponding decomposition and Fz = G/K the
associated flag manifold. Any invariant complex structure Jr on Fz induces
an invariant CR structure (D, J), which is the one corresponding to the
same holomorphic subspace m'® C mC as Jp.

Definition 4.3 An invariant CR structure (D, J) on a homogeneous con-
tact manifold (M = G/L,D), which is induced by an invariant complex
structure Jr on the associated flag manifold F' = G/K, is called standard
CR structure.

Remark 4.4 Since any flag manifold admits at least one invariant com-
plex structure, we may conclude that any homogeneous contact manifold
(G/L,D), with G compact, admits an invariant CR structure (D, J).

The following Lemma gives an algebraic characterization of the stan-
dard CR structures.

Lemma 4.5 An invariant CR structure (D, J) on a homogeneous contact
manifold (M = G/L, D) is standard if and only if the corresponding complex
structure J on m is Ad(K)-invariant.

Proof. 'The proof is straightforward. O

Since the description of all invariant complex structures on flag man-
ifolds is well known (see [3], [4], [5], [10]), the problem of classification of
the invariant CR structures on compact homogeneous spaces reduces to the
description of non-standard invariant CR structures.

The following proposition reduces the problem to the case of G semi-
simple.

Proposition 4.6 Let (M = G/L,D) be a contact manifold of a compact
Lie group G with dim Z(G) = 1. Then any invariant CR structure with
underlying distribution D is standard.

Proof. It follows immediately from the fact that any Ad(L)-invariant de-
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composition m€ = m'® + m% is clearly also Ad(K)-invariant, since K = L -
Z(G). O

4.3. Holomorphic fibering of homogeneous CR manifolds

Let (M = G/L,D, J) be a homogeneous CR manifold with a standard
CR structure J associated to a complex structure Jr on the associated flag
manifold F' = G/K. Then the natural projection

n:G/L— F=G/K

is a G-equivariant holomorphic fibration.
More generally we give the following definition.

Definition 4.7 Let M = G/L be a homogeneous manifold with invariant
CR structure (D, J).

(1) Any G-equivariant holomorphic fibering
T M=G/L— F=G/Q

of (M, D, J) over a flag manifold F' = G/Q equipped with an invariant
complex structure Jp is called CRF fibration;
(2) we say that a homogeneous CR manifold (M = G/L, D, J) is primitive
if it doesn’t admit a non-trivial CRF fibration;
(3) a non-primitive homogeneous CR manifold (M = G/L,D, J), admit-
ting a CRF fibration with typical fiber S, is called circular.
Remark that any standard CR structure is circular and that the typical fiber
Q/L of a CRF fibration carries a natural invariant CR structure.

The following Lemma gives a characterization of primitive CR struc-
tures.

Lemma 4.8 A homogeneous CR manifold (G/L,D,J) admits a non-
trivial CRF' fibration if and only if there exists a proper parabolic subal-
gebra p = v+ n # g€ (here ¢ is a reductive part and n the nilpotent part)
such that

o) r=(png)% b F+m®cCp o P

In this case, G/L admits a CRF fibration with basis G/Q, where Q is the
connected subgroup generated by q =tNg.

Proof. Suppose that (M = G/L, D, J) is non-primitive and let 7 : G/L —
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G/Q be a CRF fibration over a flag manifold F = G/Q with invariant
complex structure Jp. Consider the decompositions associated to J and Jg

g=I[4+RZ+m, m® = m!% 4+ m%,
g=4q ij/7 m/(C — m/lO +m/01'
Since 7 is holomorphic and non-trivial, the subalgebra [© + m!9 is properly
contained in the parabolic subalgebra p = q© + m’!0, with reductive part
q¢ = (gNp)C. Furthermore, since the fiber has positive dimension, [ # q.
Conversely, if p = t 4+ n C g® is a parabolic subalgebra with reductive
subalgebra t = q*, where q = p N g, then we may consider the orthogonal
decompositions

g=q+m, g =t+mC=tr4+n+r,
where ' = nt N m’®. By the remarks at the beginning of §4.2, there exists
a unique invariant complex structure Jp with associated holomorphic space
m'!0 = n. Therefore if [ 4+ m!® C p, [ # q and Q is the reductive subgroup
generated by q, it is clear that 7 : G/L — G/Q is a non-trivial CRF
fibration. ]

4.4. The anticanonical map of a homogeneous CR manifold
Let (M = G/L,Dg,J) be a homogeneous CR manifold of a compact
Lie group G and

C

g=[+RZ+m, m"=m"4md

the associated decompositions of g and of m®.

To characterize non-standard invariant CR structures, we need to recall
the definition of anticanonical map of a homogeneous CR manifold intro-
duced for the first time in [1]. It is a G-equivariant holomorphic map

¢: M =G/L— Grg(g")

into the Grassmanian of complex k-planes, k = dime (1€ +m°), of ¢g© given
by

¢:gL— Adg([(C +mh.
Due to the existence of standard holomorphic G-equivariant embedding

2 : Gry(g®) — CPN, N = (di'zgm) —1,
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V =span(ey,...,ex) v [V] =Cler A---Aeg),

we may consider ¢ as a G-equivariant map into CPY. To prove that the
map ¢ is holomorphic it is sufficient to check that the linear map

¢* . Do = ker ngoM =m-— T[[(t+m01]Grk(g(C)

commutes with the complex structure.
Let v =X + X € m, where X € m!°. Then

¢+ (v) = ad x5 ([I€ + m?"]) = adx (€ + m®)).
Therefore

6 (Jv) = ¢, (1 X — 1.X) = ad;x ([ + m°))
= jadx ([I® + m%]) = gy (v).

This shows that the map ¢ is holomorphic.

Remark that the stabilizer Q of the point [I€ +m®] in ¢(M) = G/Q is
the normalizer Q@ = Ng(I© + m°1).

Characterizations of non-standard CR structures by means of the anti-
canonical map will be given in §6, after proving some main facts on CR
structures on special contact manifolds.

5. Classification of CR structures on special contact manifolds

We describe here all invariant CR structures (Dz, J) on a special con-
tact manifold G/L. Recall that in this case G is simple and L = Cg(g(c)),
by Theorem 3.6, where either a = g is the highest root or G = G5 and
a = v is a short root.

We have the following orthogonal decomposition of g

g=[+RZ4+m=[+a+n, (5.1)

where a = g(a) is the 3-dimensional subalgebra associated with the root a,
Z =1iH, € a and [ = Cy(a) is its centralizer.
Let (D, J) be an invariant CR structure on G/L which is determined
by the contact element Z = 1H, and by the decompositions
m® = m!0 4 mO = a0 4 104 g0 4 0 (5.2)

where al® = a® N m!% n1% = nC N m!% and m®! = % 4 n° =m0,
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Since a® ~ sly(C) and a!® + a%! is the orthogonal complement to CZ in

€. we can write a'? = CZ’, for some Z' € m€ N aC.

a

Note that a regular element X of a© (up to rescaling) can be always
identified with iH,, where « is a root of g€ with respect to some Cartan
subalgebra h of g€ and such that a = g(a). In particular, since any contact

element Z of g is a regular element for a®, it can be always identified with
1H,.

If & = p is the highest root, the eigenspace decomposition of ady,, gives
the gradation

g =g o+g.1+goto+a2 (5.3)

which is described in and Table 1. Table 1 shows that for g€ # Ay, the
go-modules g4 are irreducible, their dimension is dim¢ g4 = 1/2dimc nC
and

41, 9+1] = g2 (5.4)

If gC = Ay, each gg-module g1; decomposes into two not equivalent irre-

ducible gp-modules: gy = g(ill) + g(if

hold:

Moreover, the following relations

07,6 =0} = 6%, 69, 18 ) = g2, [89),69)] = g0,
(5.5)

6 00 =09, @D )=, W =g% (i£j). (56

The modules g(li) and g(_j% (i # j) are isomorphic as gj-modules and, for
both values of 7, dim¢ ggi)l = 1/4dim¢ nC.

When g€ = G5 and a = v = ¢ is a short root, the eigenspace decom-
position of operator ady, defines the following gradation of gC:

GC =g 3+¢g2+9g-1+g0+ g1+ 92+ 93, (5.7)
where

go = 96 + (CHVv gO - ( (V)) <E:I:(52~€3)> H€2—€3>7
2 =CE.,, g2=CE_., g¢g°()=g2+g_2+CH,,,
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g1 = <E46:m E—52>7 g3 = <E€1—E;;a E61~52>7
g ,=g; for i=1,3 (5.8)

(see Appendix for notation).

Note that all subspaces g; are irreducible gi-modules and that the mod-
ules gj, j = %1, 43, are equivalent gj-modules. Furthermore, [g41,g+] =
g+2 and [g13, g13] = {0},

The following Theorem gives the complete classification of the invariant
CR structures on special contact manifolds.

Theorem 5.1 Let (M = G/L,Dy) be a special contact manifold. Then:

a) if G # SUpy and M # Gy/Spy, where Spy denotes the subgroup
with Lie algebra spy (1) with g mazimal root, then there exists (up to a sign)
a unique invariant CR structure (Dy, J), and it is the standard one.

b) if M = Gy/Spy, where Spy denotes the subgroup with Lie algebra
sp, (i) with o maximal root, there exists a 1-1 correspondence between the
invariant CR structures (determined up to a sign) and the points of the unit
disc D = {t € C, [t| < 1}. Using the notation of the Appendix for the roots
of Gy and under the identification Z = iH. , a point t € D corresponds to
the CR structure (D, Jy) with the holomorphic subspace

ml() - C(Eil + tzE'El) + <C(E—E:s + tEE'z) + C(E"fz + tE&;)
+ C(Eey ey + Bey o)) +C(Bey ey + B, ). (5.9)

The CR structure (Dy, Jy) is standard if and only if t = 0.

¢) iof G =8Uy and hence M = SU,, there cxists a 1-1 correspondence
between the invariant CR structures (determined up to a sign) and the points
of the unit disc D. Under the identification Z = iH,, a point t € D
corresponds to the CR structure (D, Jy) with the holomorphic subspace

m'Y = C(E, +tE ). (5.10)

The CR structure (Dy, Jy) is standard if and only of t = 0.

d) if G = SUy, ¢ > 2, and hence M = SUp/U;_y, the set of all
invariant CR structures (determined up to a sign) consists of :

d.1) the standard CR structure (Dy, J (0)), induced by the invariant complex
structure JO on F, = S Ue/T 2.8Uy_y, which is the natural complea
structure of the twistor space of the Wolf space Gry(C*) = SU,/S(U, -
U(%—2)§
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three families (Dz, Ji), (Dz, J}) and (Dz, Jt(o)) of invariant CR struc-
tures, parameterized by the points of the unit disc D. Under the identi-
fication Z = iH,,, the CR structures (Dz, Jy), (Dz,J;) and (D, J,FO))
have the following holomorphic subspaces

(for ) m!®=C(E,+tE ) +ay" + 9%, (5.11)

(for JI) w0 =C(E, +tE_,)+g2 + g%, (5.12)

(for Ji) w0 = C(B, + 1 E) + (a1 +ta) + (8 + 1),

(5.13)

where

g" =14+ CZ+m" =g+ C(iH,) + (g2 + 91+ 81 + 02),
and where (ggi) + tg(_ji) denotes the unique gj-invariant subspace of

g1+ g-1, with highest weight vector Efi) + tE(vjl), where E(ik’l), k=1,2,

are highest weight vectors of g(f).

A CR structure (Dy, Ji), (Dgz, J]) or (Dy, .],FO)) is standard if and
only if t =0.

Corollary 5.2 Let (M = G/L,Dygz) be a special contact manifold with
G = SU,.

(1)

if M = SU,, then (M, D7) admits (up to sign) only one standard CR
structure and one family of non-standard CR structures, parameterized
by the punctured unit disc D\ {0} C C; any non-standard CR structure
is circular and the anti-canonical map ¢ : M — ¢(M) is a finite
covering;

if M = SUy/Ug—a, £ > 2, then (M,Dz) admits (up to a sign) ex-
actly three standard CR structures (namely (D7, J9), (D, Jy) and
(Dyz, J})) that are induced by three invariant complex structures of the
corresponding flag manifold Fy; = SU,/T? - SU;_a, plus three fami-
lies (Dyg, Jt(o)), (Dz, Jy) and (Dg, J]) of non-standard CR structures,
parameterized by the points of the punctured unit disc t € D\ {0};
any non-standard CR structure (D, Jt(o)) is primitive, while the CR
structures (Dz,Jy) and (Dgz,J;) are circular; furthermore, each CR
structure (Dgz, Jy) or (Dgz, J}) admits also a CRF fibration

7 M = SUp/Up_g — Gro(Ch) = SUy/S(Us x Up_s)
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with fiber SO3 over the Wolf space Grao(CY) equipped with its (unique
up to a sign) complex structure; finally, for any of the non-standard
CR structures, the anti-canonical map ¢ : M — ¢(M) is a finite
covering;

(3) if M = G9/SUs with the subgroup SUs as described in Theorem 5.1,
then (M, Dz) admits (up to sign) only one standard CR structure and

one family of primitive CR structures, parameterized by the punctured
unit disc D\ {0} c C.

Remark 5.3 The complex structures Jy and Jj on Fz coincide on the
fibers of the twistor fibration 7 : F; — Gro(C¥) but are projected into two
opposite complex structures of Gry(CY).

Proof. 'The proof of [[heorem 5.1] reduces to classification of the decomposi-
tions [(5.2), which correspond to an integrable CR structure, for each special
contact manifold (G/L, Dyz). For any decomposition 5.2}, the subspace a'®
can be expressed as al® = CZ’ for some suitable Z’ € a€. Therefore we
have to cases:

(1) Z' is a regular element of a®;

(2) Z'is a non-regular (hence nilpotent) element of a® ~ sl,(C).

Case (1): Consider first a = g(u), with u long root of the simple group G.

Since Z' is regular, we may assume that Z’ = iH,, and we may consider the

corresponding graded decomposition [5.3). Recall that I* = Cy(g(p)) = gl
Hence the subalgebra b = [ + m!? is contained in

(C+m!® =gf+a® 400 =g) +CH, +n'°
=go+n'’ Cgot+gi+g

since n© C g; 4+ g_1, being orthogonal to o€ = CH, + g2 + g—2. In case
g% # Ay, g1 and g_; are irreducible go-modules and hence either g or g_;
is included in n!®. However [g1,9:] = g2 and [g_1,9_1] = g_2, and hence
there is no subalgebra b of gg + g1 + g_1 which contains go properly. In
conclusion, if & = pu is a long root, then g€ = A,.

Consider now the case in which G = G2 and a = g(v), with v short
root of g¢. We assume that Z’' = iH, and we consider the corresponding
graded decomposition [5.7). Then (€ + m!0 is contained in
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€+ ml0 =1 4al0 4l
296+CH,,+1110 Cgo+g1+9-1+g3+9-3 (5.14)

because n® is orthogonal to a® = CH, + g2+ g_». Since [*+m!® = g¥ 4110
is a subalgebra and dim¢ g+ = dimg g3 = %dim@ n'% nl® contains two
irreducible gj-modules. The only possibility for nl% so that go + n!'® is a
subalgebra, is n'® = g_3 + g3. This means that, for a given Z’, there exists
at most one CR structure. If we identify the contact element Z (and no

longer Z') with iH,, v = €1, then the element Z’ can be written in the form
7' = E. +sE_.,, |s|#0, (5.15)

and exchanging a'® with a®! = a0 if necessary (which corresponds to chang-
ing sign to the complex structure), we may assume that 0 < |s| < 1. Since
al®Na® = {0} and hence E., + sE_., and SE., + E_., are linearly inde-
pendent, s satisfies the condition

det [f S} — 1|52 #0 (5.16)
s 1

and therefore s € D\ {0} = {0 < |s| < 1}. Now, the reader can check that

the subspace m!® C g; + g1 + g2 + g2 + g3 + g3 described in (5.9) is

indeed a holomorphic subspace corresponding to the unique CR structure

with a'® = CZ’, where Z’ is of the form (5.14) with s = t*.

Now it remains to classify the invariant CR structures on (SUy/
Up—2,Dz).

For the following part of the proof, it is more convenient to identify
the contact element Z (and no longer Z’) with iH,. We also consider the
decomposition determined by Z = iH,,.

Since Z' is a regular element which is orthogonal to Z = tH,, it is (up
to a factor) of the form Z' = E, + tE_,, with |t| # 0. Exchanging a'” with
a! = al0 if necessary, we may assume that 0 < [t| < 1 and since a'®Na®! =
{0}, by the same arguments of before, we get that t € D\ {0} = {0 < |t| <
1}.

We claim that for any point ¢ € D \ {0} there exist exactly three in-
variant CR structures, whose associated subspace a'® is equal to C(FE, +
tE_,). In fact, one can check that the only gi-invariant subspaces m!0 of

C(E, +tE_,) + g1 + g—1, which satisfy (i) and (ii) of Definition 4.1, are
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either (5.11), (5.12) or a subspace of the form
m!® = C(E, +tE_,) + (81" + 567 + (a1 + sg")) (5.17)

for some coefficient s. One can also check that the subspaces (5.11) and
(5.12) satisfy also the integrability condition, while satisfies the inte-
grability condition if and only if ¢ = s2. This proves that (5.11), (5.12) and
(5.13) are the only holomorphic subspaces of m* containing C(E, +tE_,,).
In particular, they define three distinct invariant CR structures, which we
denote by (Dyz, J;), (Dz, J!) and (Dz, J).

If £ =2 and hence M = SU,, then n = {0} and the three CR structures
(Dz, i), (Dz,J]) and (Dg, Jt(o)) coincide for any ¢.

Since for any t # 0 the holomorphic subspaces m'® and m’%! are not
adz-invariant, any CR structure (Dgz, J;), (Dz, J}) or (Dg, Jt(o)) (t #0) is
non-standard by Lemma 4.5,

Case (2): Since Z' is not regular, it is a nilpotent element of a® = sly(C) =
g%(a). Then we may always choose a Cartan subalgebra CH, of a so that
Z' € CE,. Furthermore, since the contact element Z is orthogonal to al® +
a’l = CE, + CE, = CE, + CE_,, we may assume (after rescaling) that
Z =1iH,.

Consider first that « = p is a long root of G and take the gradation
of g* determined with H,. Then gy = CZ’ = a!° and hence

Ctm®=gl +go+n®Cgh+go+g1+g1.

Assume that g© # Ap. Then the go-modules g4 are irreducible and
[9+1,9+1] = g+2. Hence the only subalgebra of gj + g2 + g1 + g_1, which
properly contains gj, + go, is gf + g1 + go. Hence m!? = g; + go.

Vice versa, m'Y = g; + g, is a holomorphic subspace of m€ = (1€ +
CZ)' = gz and hence it corresponds to an invariant CR structure on
(G/L,Dz). Since Z =iH, € Ny(gy+ g-1 + g—2) = Ng(I® + m), this CR
structure is standard.

Assume now that g© = A, and again consider the decomposition
determined by Z = ¢H,,. Since dim¢ g(jz)1 = 1/4dimc n®, the gp-module nt?
can be written in one of the following five forms:

D= (1), + (0D 200 =g{" +4"),
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3) nlO — 9(12) + g(__ll)v 4) nlo = g1, 5) nlo =8-1,
(2)

(1) , L
1 — @1 are two gy-equivariant homomor-
(1

where ¢ : ggl) — g(fl) and ¥ : g>

phisms and where (ggl))@ and (g ) 1)y denote the subspaces of the form

(61 = {X +o(X): X e g}, (@) = (X +v(X): X € g").

Case 5) cannot occur because in that case [n1° nlY]

dicts the fact that gj + n'® + g, is a subalgebra.
Also case 1) may not occur. In fact, ¢ is either trivial or an isomor-

phism. In case ¢ is an isomorphism, for any 0 # X € g(ll) , 1t is possible

= g_o and this contra-

to find an element Y € g( ) so that [©(X), Y] is non-trivial and belongs to
g_o. Hence,

(X + ¢(X),Y +9(Y)] mod a0 T a4 [p(X),Y] € ga.

This contradicts the fact that (€ 4+ m!? is a subalgebra of g0+ g1 +g2. We

conclude that, if case 1) occurred, n!® = gg ) 4+ (g(l)) . Now, for any X €

gg ) we may consider an element Y + YY) € (9(—2)1/) so that [X,Y] = AH,

for some A # 0. Hence
[X,Y +9(Y)] = AH, mod gj + g2

This gives a contradiction with the fact that g + n'® + gy is a subalgebra
and the claim is proved.

For the cases 2), 3) and 4), m!? equals one of the following three sub-
spaces

o) +9% + 00, 0 +0) + 00, 31+ 0o (5.18)
and one can check that any of them is a holomorphic subspace.

By [Proposition 4.2, they determine three distinct CR structures de-
noted by (D, J), (D,J') and (D, J(®), respectively. For any of the three
subspaces [5.18), the normalizer Ng([(C +m%) contains goNg = [+ RZ and
hence the corresponding CR structures are standard.

Finally, observe that (D, J (0)) is induced by the invariant complex struc-
ture Jp on the flag manifold F; = SU,/T? - SUy_o which is associated to
the following black-white Dynkin graph

] O O O- O L ]
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and which is the invariant complex structure of the twistor space of the
Wolf space Gry(CY) = SUy/S(Us - Up_3); moreover, the subspace of J©)
coincides with the subspace given in (5.13) for ¢ = 0; on the other hand,
the subspaces of J and J' are the subspaces given in (5.11) and (5.12) for
t = 0. All corresponding CR structures coincide if M = SU,.

It remains to consider the case in which G = G2 and a = g(v), where v
is a short root. Consider the decomposition determined by H, so that
(CZ/ = (CE,, = @g9.

As before, we identify Z with 1H,,. We have

[C+m10:gg+a10+nmC96+gg—i—g_1—I—gl+g_3+93

because n® is orthogonal to a“=CH,+g_2+ go. We claim that g3 C nlY.

In fact, for any element X € n!¥ consider the decomposition
X=X_3+X_ 1+ X+ X3, X € gi.

Then, one of the four vectors X, X' = [E,, X], X" = [E,, [E,, X]], X" =
[E,,[E,, [E,, X]]] is a non-trivial element of g3 and it belongs to n'°. Since
g3 is gj-irreducible, the claim follows.

Similarly, we claim that g; C n'C,

To prove this, take any element
X € n'? which has a decomposition of the form

X=X3+X_ |+ Xy, X € gi-

Then, either X or X' = [E,, X] or X" = [E,,[E,, X]] is a non-trivial
element of g; + g3, with non-vanishing projection on g;. This implies that
g1 Nn'® #£ {0} and hence that g; C n!%. Since dimc(g; + g3) = dimg nl®,
we conclude that n'® = g; + g3 and that m'© = g; + go + g3. Indeed,
since (€ + g, + go + g3 is always a subalgebra, there exists an integrable
CR structure whose associated holomorphic subspace is m!0 = g1 +9g2+93.
Furthermore, Ng(I® + m%') contains Z = iH, and hence this CR structure
is standard. O

Proof of [Corollary 5.2. (1) By[Theorem 5.1], it remains only need to check
that any non-standard CR structure on M = SUs is circular and that the
associated anti-canonical map is a finite covering.

By [(5.10), the CR structure (Dz, J) is non-standard if and only if the
corresponding holomorphic subspace is of the form mi® = C(E, + tE_,)
with 0 < |t| < 1. Since | = {0} and the element E, +tE_, is a regular
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element of sl5(C), then m!? is a Cartan subalgebra of g© = sly(C) and any

parabolic subalgebra p which contains m!? satisfies the conditions a), b) and
c) of Lemma 4.8. This implies that M = SU; admits a CRF fibration over
SU,/T!, where T is the 1-dimensional subgroup generated by the subspace
t = p Nsuy.

On the other hand, when 0 < |t| < 1,

NE(C(EQ + tE_a))
={X =a(iH,) + b(Ea + E_,) +ic(Ey — E_)
€suy: [X,Eq+tE_o] € C(E,+tE_4)} = {0}.

Then, by the remarks at the end of §4.4, the stabilizer () of the image of
the anti-canonical map ¢(SUs) = SU,/@ is O-dimensional and the anti-
canonical map is a covering map.

(2) We first observe that each non-standard CR structure (Dy, Jt(o))
is primitive. In fact, by [Lemma 4.8, if one of such CR structures is non-
primitive, then there exists a parabolic subalgebra p C g, which satisfies a),
b) and c¢) of Lemma 4.8. On the other hand, one can check that in this
case, there is no proper subalgebra of g& which properly contains (€ + m!°,
with € = g and m'? as in (5.13).

Now, we want to prove that each non-standard CR structure (Dyz, J;)
or (Dz, J!) admits a CRF fibration onto Gro(C?) = SU,/S(Us - Up_3).

Indeed, note that, if we consider the decomposition determined
by the regular contact element Z = i¢H,, any CR structure (Dg, J;) or
(Dgz, J]) corresponding to the holomorphic subspaces defined in (5.11) and
(5.12) satisfies

Crm?cp=go+g"+a? +g_5+g, (5.19)

C+m™0cp =go+g% + 01" + -2+ 02, (5.20)

respectively. A reductive part for both subalgebras p and p’ is vt =t/ =
(I + a)®. Therefore, by Lemma 4.8, the CR structures (D, J;) and (D, J;)
are non-primitive and they admit a CRF fibration over the Wolf space
SU@.H/S(UQ . Ug_l) with typical fiber S(U2 . Ug_l)/Ug_l = S0s.

We now want to prove that any non-standard CR structure (D, J;) or
(Dgz,J!) admits also a CRF fibration with standard fiber S!. Let us use
the same notation as before and observe that, for any complex holomorphic
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subspace m!? or m’'1% defined in (5.11) or (5.12), the element X = E, +
tE_, € m!®Nm'1% is a regular element of g©(u) C g*. Hence, if we denote
by p any parabolic subalgebra p(u) C g&(u), which properly contains E, +
tE_,or £, + t2E_“, we get that

(1)

€ +m® cp,=gp+o) + 0P + ), (5.21

)
C4+m0cp, =go+ 0% + g + h(u). (5.22)

Note that p, and p), are two parabolic subalgebras of g® which satisfy a), b)
and c) of [Lemma 4.8 and hence that the CR structures (D, J;) and (D, Jy)
admit CRF fibrations with 1-dimensional fibers.

It remains to check that the anti-canonical map of any non-standard CR
structure is a covering map. As in the proof of (1), this reduces to checking
that for any holomorphic subspace defined in (5.11) and (5.12), Ng(I® +
m!%) = N (I® + m'1%) = (© and hence that the image of the anti-canonical
map has the same dimension as G/L.

(3) It is only a matter to check that the non-standard CR structures
with holomorphic subspace m!'9 given in (5.9) are primitive. This can be

done as in (2), using Lemma 4.8. O

6. A characterization of non-standard CR structures

The aim of this section is to give a criterion which distinguishes stan-
dard CR structures in the class of circular CR structures and to furnish a
complete characterization of standard and non-standard CR structures by
means the anti-canonical map.

Let (D, J) be a circular CR structure on G/L and let Zp be a contact
element associated to D. Let also 7 : G/L — G/Q be the CRF fibration
onto the flag manifold G/Q with fiber S = Q/L. Notice that, since q is
the isotropy subalgebra of a flag manifold, q is of the form q =1+ RZ; for
some Z; € Cy() N (1),

Moreover, since 7 is holomorphic, we also have that [€4+m% ¢ ¢ +mO
and that q© + m% is a subalgebra with nilradical m". This implies that
q=I[+RZ; C Ng(I®+ mO).

At this point, we need the following Lemma, which in fact was proved

n .
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Lemma 6.1 Let G/Q = ¢(G/L) be the image of the anticanonical map.
Then dm@Q/L < 1.

Proof. We need to prove that dimq/l < 1, where q = Ng(I® + m1) is the
stability subalgebra of the flag manifold G/Q. Since g = [+ RZ + m, it is
sufficient to check that N m = 0. Let v € gNm. Then

B(Z, [v, 1+ m®)) ¢ B(Z, [ +m") = {0}
and in particular
{0} =B(Z, [v,14+ m]) = —B([v, Z], 1+ m).

This means that v € Ng(Z) = ¢ = [+ RZ and hence that v € ENm = {0}.
O

By Lemma 6.1, we have that dim Ny(I*+m°!) < dim [+ 1 and therefore
that q = Ng([<C + m%). In particular, the circular CR structure (D, J) is
standard if and only if q = ¢, i.e. if and only if RZ; = RZp.

If G/ L is a contact manifold of non-special type, then dim Cy(1)N (1)1 =
1 and hence RZ; = RZp. From this we conclude that any circular CR
structure on a non-special contact manifold is standard and a circular non-
standard CR structure may exist only on a special contact manifold.

Now, the class of all invariant CR structures on special contact man-
ifolds is explicitly classified in [Theorem 5.1 and [Corollary 5.2. From this
classification, the following description of all circular CR structures is im-
mediately obtained.

Theorem 6.2 Let M = G/L be a homogeneous contact manifold of a

compact Lie group G. Then M = G/L admits an invariant non-standard
circular CR structure (D, J) if and only if M = SU,;/Uy_o for £ > 2.

By means of [['heorem 6.2, we may finally obtain the following important
description of standard and non-standard CR structures.

Theorem 6.3 Let
¢: M=G/L— Gr(g®)

be the anticanonical map of a homogeneous CR manifold (M= G/L, Dy, J).
(1) Ifthe CR structure is standard, then the image ¢(M) is G-equivariantly
biholomorphic to the associated flag manifold Fz = G/K = Adg Z en-
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dowed with the complex structure Jrp which induces the CR structure
(Dz,J).

In this case, ¢ is a CRF fibration with fiber S1 and the normalizer
in g of €+ mOl s

t= Ny (I +m®) =+ RZ

and it is equal to the stabilizer of the point [I® 4 m®] € ¢(M) in G.
(2) If the CR structure is not standard, then the image (M) = G/Q is a

homogeneous CR manifold with CR structure induced by the complex

structure of Gre(g®) and ¢ : M — ¢(M) is a finite covering.

Proof. (1) Notice that, by Lemma 4.5, if (Dg, J) is standard then Ny(I®+
m®Y) 5 [+RZ. Therefore, from Lemma 6.1], we get that Ng([(C +m) =+
RZ = t and the image ¢(G/L) of the anticanonical map coincides with the
flag manifold F = G/K.

To prove (2), we first show that if the CR structure is non-standard,
then the anti-canonical map ¢ : G/L — ¢(G/L) is a finite covering. In
fact, if the CR structure is non-circular, the fiber of the anticanonical map
is not 1-dimensional (otherwise it would give a CRF fibration with S!-
fiber) and by this implies that ¢ : G/L — ¢(G/L) is a finite
covering. If the CR structure is circular and non-standard, by [I’heorem 6.2
and [Corollary 5.2, M = SUy/U;—2 and again ¢ : G/L — ¢(G/L) is a
finite covering. The other part of the claim follows immediately by the
holomorphicity and the G-equivariance of ¢. 0

7. Classification of non-standard CR structures on non-special
homogeneous contact manifolds

7.1. Notation
In all this section,

(G/L,Dz) denotes a simply connected non-special homogeneous con-
tact manifold of a compact Lie group G|

t = (Cy(Z) = l®RZ is the orthogonal decomposition of the centralizer
t of Z and m is the orthogonal complement to € in g;

h C £ is a Cartan subalgebra of £ and hence of g;

§ = Bo Z|y is the 1-form on h dual to Z and ¥ = —i6 = —iBo Z|y; we
will refer to both of them as contact forms;

R (resp. R,) is the root system of (g©, %) (resp. of (£©, %)) and R’ =
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R \ R,;

- E, is the root vector with root a in the Chevalley normalization (see
e.g. [7]);

- a subset S C R is called closed subsystem if (S+ S)NR C S;

- if S is a closed subsystem of roots, then g(S) C g® is the subalgebra
generated by the root vectors E,, a € S;

- recall that the root vectors E,, a € R, span m

- m(c) denotes the irreducible £¢-submodules of m®, with highest weight
a € R;

- if m(a) and m(B) are equivalent as [C-modules, we denote by m(a) +
tm(p) the irreducible [C-module with the highest weight vector E +
tEs, a,8 € R/, t € C; note that together with m(f3), these mod-
ules exhaust all the irreducible (“-submodules of m(a) + m(8) (see
Lemma 7.1);

- by Dynkin graph I' we will understand the Dynkin graph associated

C.
)

with a root system R of a compact semisimple Lie algebra g; we asso-
ciate with the nodes of I' the simple roots of R as in [7] (see Table 4
in the Appendix).

7.2. Preliminaries
By the results in §5, the classification of invariant CR structures reduces
to the classification of non-standard CR structures on homogeneous contact
manifolds of non-special type. This will be the contents of §7.3 and §7.4.
In this section we give two important lemmata that settle the main
tools for the classification. The first Lemma is an immediate corollary of
IProposition 3.9,

Lemma 7.1 Let (M = G/L,Dgz,J) be a homogeneous CR manifold asso-
ciated with holomorphic subspace m*® C m® and J the associated complex
structure on m. Assume also that G # Go or that G = G and that the
contact form 9 s not proportional to a short root of R.

Then a minimal J-invariant €-submodule n of m© is either ¢C-irreduc-
ible (and hence n = m(a) for some a € R') or it is the sum m(a) + m(B)
of two such ¥€-modules, where the roots o and B are ¥-congruent (i.e. B =
a+ A9, for some A € R).

Proof. Consider the decomposition m® = 3" m(7) into irreducible £-sub-
modules as in §3.3. The claim follows immediately from the fact that any
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adj-invariant complex structure J on m preserves the [C—isotypz'c components
(i.e. the sum of all mutually equivalent irreducible (®-modules) and that,
under the hypotheses of [Proposition 3.9, the multiplicity of any irreducible
[-module m(y) is less or equal to 2. O

Lemma 7.2 Let (G/L,Dg,J) be a homogeneous CR manifold with non-
standard CR structure. Then G is either simple or of the form G = G X
Gy, where each G; is simple.

Moreover, if G = G| x Gy and R = R; U Ry 1is the corresponding
decomposition of the root system, then there exist two roots u; € Ry, g €
Ry, such that the pairs of roots (uy, —po) and (—uy, p2) are the only ones
which are V-congruent; in particular, ¥ = uy + pg s not proportional to any
r00t.

Proof. Since the CR structure (Dg,J) is non-standard, the associated
complex structure J on m is not adg-invariant; in particular there exists
some minimal J-invariant £“-module in m®, which is not t“-irreducible. By
Lemma 7.1, there exist at least two roots «, 3, which are ¥-congruent.
Without loss of generality, we may assume that ¥ = o — .

If ¥ is proportional to some root v, then this root belongs to some
summand g; of g, ¢ = 1,...,7. Hence, £ = Cy(Z) contains all other simple
summands of g and the same holds for [. By effectivity, this implies that
g=91

If ¥ = o — [ is not proportional to any root and a and ( belong to
the same summand g;, then g = g; as before. Assume that they belong
to two different summands g; and go. The same arguments of before show
that g = g1 ® go and that +(«, 3) are the only pairs of roots which are
¥-congruent. O

We will perform the classification by considering separately two cases:
when the contact form ¢ is proportional to a root and when it is not pro-
portional to any root. Note that by Lemma 7.2, the first case may occur

only when G is simple.

7.3. Case when the contact form is proportional to a root
Recall that the Weyl group of a simple Lie group acts transitively on
the set of roots of the same length. In particular any long root can be
considered as a maximal root. Since we assume that the contact manifold
(M = G/L,Dyz) is non-special and G is simple, we may suppose that 9 is
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proportional to a short root (i.e. strictly shorter then a long root) and hence
G equals either SOg,,4+1, Sp, or Fy. Note that if G = G5 then any contact
manifold (Go/L,Dy), with contact form 9 proportional to a short root, is
special (see §3.2.2).

Proposition 7.3 Let (G/L,Dz) be a homogeneous non-special contact
manifold of a simple group G, such that the contact form 9 is proportional
to a root. Then:
(1) G/L is SO2p41/SO02n_1, Spn/Sp1 X Spn_2 or Fy/SO7 and ¥ is pro-
portional to a short root of G;
(2) there exists a 1-1 correspondence between the invariant CR structures
on (G/L,Dgz) (determined up to a sign) and the points of the unit disc
D c C;
(3) more precisely, any point t € D corresponds to the CR structure
(Dz, J;) whose holomorphic subspace m'® is listed in the following table
(see §7.1 for notation) :

G/L 9 mlo
gg;:i = S(S%) €1 m(e; +e2) + tm(—e1 + €2)
o = S(HP™ 1) | e14ea | (m(2e1) + t2m(~2¢2)) @ (m(e1 + e3) + tm(—ep+e3))

- ) (m(e1 + e2) + t?m(—e; +€2))
ﬁl_,, = S(@)P ) €1 @(m(1/2(51+52+53 +e4))
+tm(1/2(—e1 +e2 + €3 + €4)))

(4) a CR structure (Dgz, Jy) is standard if and only if t = 0; in all other
cases it is primaitive.

Proof. For each group G equal to SOq11, Sps or F; we may assume that
v is the short root 9 = €1, €1 + €9 or €1, respectively. The associated
decomposition g = [+ RZ 4 m is given in Table 2 of the Appendix. It is not
difficult to determine the decomposition of m€ into irreducible submodules.
The result is given in Table 2. Then one has to find all decompositions
m® = m!% 4+ m% into two (C-modules which satisfy the following conditions:
a) m% = ml0; b) m!% m!% ¢ m!® + €. The modules m!® which satisfy
condition a) are of the following form:
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G = SO0g11 : m!® =m% = m(e; +&2) + tm(—¢1 + &2);
G=05Sp: m=m{l=(m(2)+ sm(—2e2))
@ (m(e1 +e3) +tm(—e2 +€3));
G=Fy: m? = mpY = (m(ey +e2) + sm(—e; +€2))
& (m(1/2(e1+e2tes+eq)) +tm(1/2(—e1+ea+e3+¢€4)))

for some s,t # 0. One can easily check that m}Y satisfies condition b) for
every t. The module m{9 satisfies condition b) if and only if s = t2. To
prove it one should observe that the only brackets between [C-weight vectors
in [m;Q, m{%], which are non-trivial modulo (€, are

[E51‘+‘5i + tE—52’+‘5i7 E€1—€i + tE_52_5i]

_ 2

= 51+5ia51_5iE251 +1 N—52+5i7“‘52+5iE_252 mod [©
[E51+5i + tE_52+5i7 E52_5i + tE-El'_Ei]

_ 2 C

= 51+E¢,52—51‘E81+62 +1 N_52+Ei,_51+51' E—61~€2 mod [

By a straightforward computation, it follows that these vectors are in mtlg

if and only if s = #2.

A similar argument shows that also m%g’ satisfies condition b) if and
only if s = ¢2.

Observe that up to an exchange between m!® and m® (which corre-
sponds to changing the sign of complex structure J), we may always assume

that |t| < 1. It remains to check the condition m®' Nm!® = {0}: in all cases,
this implies det [1 ” # 0 and hence that |t| < 1.

To prove (4), note that, in all cases listed in the table above, N (I* +
m®!) contains Z only if ¢ = 0 and hence, by Theorems and 6.3, this is
the only case when the CR structure is standard. Moreover, in all cases, if
t # 0 there exists no proper parabolic subalgebra p D (€ which satisfies the
conditions of Lemma 4.8 O]

7.4. Painted Dynkin graphs and CR-graphs

In this subsection we introduce the concepts of painted Dynkin graphs
and of CR-graphs. They will be necessary to state the classification of non-
standard CR structures corresponding to contact forms not proportional to
any root.
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A painted Dynkin graphs of g = Lie(G) is a Dynkin graph of the Lie
algebra g with nodes painted in three colors: white (o), black (e) and ‘grey’
(®).

Recall that any flag manifold FF = G/Q with an invariant complex
structure Jp is defined (up to equivalence) by a black-white Dynkin graph,
where the subalgebra q = Lie(Q) is generated by the Cartan subalgebra and
the root vectors associated with the white nodes. The complex structure
Jr is determined by the decomposition

o€ = ¢ + ml0 4 O

where m!0 is the nilpotent subalgebra generated by the root vectors associ-
ated to black nodes (see e.g. [3], [4]).

With a painted Dynkin graph I' (equipped by simple roots in a standard
way), we associate two flag manifolds F1(I') = G/K and F»(T') = G/Q
and two invariant complex structure J;(I') and Jo(I") on F(T') and Fy(T),
respectively, as follows. The pairs (Fi(I') = G/K, J1(T')) and (Fy(T) =
G/Q, J2(I')) are the flag manifolds with invariant complex structures defined
by the black-white graphs obtained from I' by considering the grey nodes
as black and, respectively, white.

Note that @ contains K and that the natural fibration

w:F(IN)=G/K - FK,I')=G/Q

is holomorphic and a fiber )/ K is a flag manifold with an induced invariant
complex structure J'. Moreover, J;(I') is canonically defined by Jo(I') and
J.

Conversely, if F1 = G/K and F, = G/Q are two flag manifolds with
invariant complex structures J; and Jy such that Q O K and the equivariant
fibration w : F} — F; is holomorphic, then we may associate with F} and
Fy a painted Dynkin graph in an obvious way.

Definition 7.4 A CR-graph is a pair (I',9(I")), formed by a painted
Dynkin graph I' and a linear combination ¥(I") of simple roots, given in
the following table:
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type g r 9(T)
I A, (n>1) o €1 — &2
/
m | At (e1—€2) — (1 — €2)
(p+q>2) —o—o

IIT | A, (n>3) €1+ €2 —€3—¢€4
/®

IV D') O_O\\ En-3 +5n—2 +€n—1+€n

[e]
\Y% E¢ ? . 2¢1 + €6+ €
(@]

The correspondence between nodes and simple roots is as in Table 4 of
the Appendix.

The CR-graphs of type I are called special CR-graph. All the others
are called non-special CR-graphs.

Let (I',¥(I')) be a CR-graph. We fix a Cartan subalgebra b of the
associated compact Lie algebra g and define the element Z(I') = iB~! o
Y(I') € h. Then Z(I') is a contact element and we call the corresponding
contact manifold (M (') = G/L, Dy ry) the contact manifold associated with
the CR-graph (I',9(I')). Note that M(T') is special if and only if the CR-
graph is special.

7.5. Case when the contact form is not proportional to any root
In this case we obtain the following classification.

Proposition 7.5 Let (M = G/L,Dgz) be a contact manifold with contact
form ¥ not proportional to any root. If it admits a primitive invariant CR
structure (Dy, J), then it is one of the following.

If G is simple then

a) G/L = 509,/S02,_2,n > 2, and 9 is either €1 or, whenn =4, ¢ +

€2 + €3 £ £4; moreover the holomorphic subspace of the CR structure
(Dz, J) is given by

m'% = m(e; + &) + tm(B) (7.1)

where B = —e1 + €2, —e3 — €4 or —e3 + €4 (the last two cases occur

only for n = 4) and t belongs to the punctured unit disc D\ {0} C C;
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b) G/L = Spin, /SUs = S(S7) = ST x 8% ¥ = ) 4+ €2 + €3 and the
holomorphic subspace of (Dz,J) is given by

1
m!0 = m(e; + &2) +tm(—e3) + m(ey + €2) + ?m(—eg) (7.2)

for some t € D\ {0}.
If G is not simple then
c) G/L = 8SUy x SUy/T = S(S3) = §3 x S2, 9 = (g1 — e2) — (€] — &)
and the holomorphic subspace of (Dz,J) is

1
mm::@ugr@+¢Eg_%)+C(E4way+zE4ﬁ_%J. (7.3)

In all cases we consider ¥ up to a factor and up to a transformation from
the Weyl group W(R), and J up to a sign.

Proposition 7.6 A homogeneous contact manifold (G/L,Dz) with con-
tact form ¥ mnot proportional to any root, admits a non-standard non-
primitive CR structure if and only if it is G-contact diffeomorphic to the
contact manifold (M(') = G/L,Dyry) associated with a non-special CR-
graph (T, 9(T")) (see Definition 7.4).

For any invariant CR structure (Dyry, J) on M(T') = G/L the natural
projection w : M(T') = G/L — Fy(I') = G/Q is holomorphic w.r.t. the
complez structure Jo(I') or —Ja(T).

The CR structures for which m is holomorphic w.r.t. Jo(I') are in 1-
1 correspondence with the invariant CR structures on the fiber C = Q/L
subordinated to the induced contact structure Dzpy NTC.

More precisely, if

¢“=1C+CZ+mP+md, g¢=q"+m) + mf

are the two decompositions of q© and g® associated with an invariant CR
structure on the fiber C = Q/L and with the complex structure Jo(I') on
FQ(F), then

m' = mg + ml) (7.4)

is the holomorphic subspace of the corresponding CR structure on M (T).
Moreover, this CR structure is non-standard if and only if the CR structure
on C' is primitive.

The rest part of the section is devoted to the proof of Propositions
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and 7.6. We need some additional notations.
For a fixed CR structure (Dg, J), we set

R} ={a€ R :J(E,) = £iE,},

R;=RYUR;, R. < R\R, (7.5)

and we define the subspaces

mT = Z CEs, my=mbi+mj, e def Z CEg cm®. (7.6)
BeRT BER,

Note that J is standard if and only if R; = R'. We define also the closed
subsystem

Re = [Re] déf RN span(Re), Ro =R, N Rea
R

and we set R, = R, \ R,.
The following Lemma collects some basic properties of these objects.

Lemma 7.7
(1) Ry =—Ry and R, = —R;
(2) for any a € R, there ezists exactly one root 3 € R, which is -
congruent to «;
(3) for any pair o, B € R, of ¥-congruent roots, there exist two uniquely
determined complex numbers A\, u # 0 such that

€a,f — Ea + )\Eﬁ € mlO’ fa,[} - Ea + MEl[j € mOl. (77)

(4) (R* + R,)N R C R and (R, + Ry) N R C Ry;
J J
(5) (R + R)NRC RT UR,UR,.

Proof. (1) is clear. To see (2), (3) and (4), observe that « € R if and only
if £, belongs to an irreducible tC-module which is also J-invariant; hence
(2), (3) and (4) follow from Lemma 7.1 and Corollary 3.10.

The proof of (5) is the following. Let v € Rj; and «, 3 € R, a pair of
two 1J-congruent roots. If v 4+ o € R7, consider the element f_, 5 € mO!

as defined in (7.7). Since E,;, € m°!, by the integrability condition
[Eytor foa—pl = CE, + X €m0 1€

for some C # 0 and X ¢ CE,. This implies that v € R} : contradiction.
O
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For any o € R, a root 8 € R, which is ¥-congruent to «, is said to be
9-dual to o and we say that (a, 3) is a ¥-dual pair. By Corollary 3.10 any
root admits at most one ¥-dual root; by Lemma 7.7 (3), any root in R, has
exactly one Y¥-dual root.

Lemma 7.8 Let (a,a’) be a ¥-dual pair in R.. Then the root subsystem
R = RNspang{a, '} is of type A1+ Ay. In particular o L o and a+d' ¢
R.

Proof. Assume that R # A; + A;. Then R is a root system of type Az, By
or G4. Since by assumptions ¥ = a — o’ is proportional to no root, looking
at the corresponding root systems, we find that up to a transformation from
the Weyl group there are the following possibilities:

R:Agt = €&y — &9, 0/282—81;
R:Bgz a=c¢c;, o =—g +eg;
RZGQZ o= —¢9, O(/:—€1+€2.

Note that in each of these three cases, o + o' = 8 € R.

Case R = Ay: 1In this case ¥ = (g9 — £3) — (62 — €1) = €0 + €1 — 2e2 and
B = a+ o is orthogonal to ¥ and hence it belongs to R,. Moreover € =

Cyc(Z) contains the subalgebra

= CH.y—e, + CE;y—e, + CE¢ .

At the same time, by Lemma 7.7 (3), m%! contains the element fz;—c, cy—e; =
Eey—cy + pEe,_c,, with some fixed y # 0. Since mO! is I© 01
contains also the subspace

[E€1—507 Cf€0—€2,62—61] = C(EEl—Ez - MEEz—Eo)'

By integrability condition, this implies that

-invariant, m

[EE()—:SQ + HEsg—sl ; Esl —€9 T ,U'EEQ—E()]
= .UJ(’—HEO'Q + H52—€1) em’ + (©

and hence we conclude that —H,,_., + H., ., € I®. But this cannot be
because —H., ¢, + He,—, is not orthogonal to Z = iB~! o 9.
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Case R = By or G3: Then 8 = a+a is not orthogonal to ¥ = a — o and,
moreover,

(B+RIYNR=0.

These two facts show that 5 € R\ (R.UR,) = R;. Changing the sign of o
and o, if necessary, we may assume that 3 € Rj.

Consider the vector f, o = Eq + 1Ey € m®! which is defined by (7.7).
Then E, + puEy = E_o + pE_, € m!Y and by integrability condition its
commutator with Eg is also in m!0 + (€. Therefore

[E_o+ iE_o, Eg) = N_g gEor + iN_or gEo € m!Y,
Hence the coefficient A of the vector e, o defined by (7.7) is

Ao D-ap (7.8)
UN—a’,ﬁ
Since we use the Chevalley normalization (see §7.1), N_, 3 = +(p + 1) for
any two roots «, (3, where p > 0 is the maximal integer such that 3+ pa €
R (sce e.g. [7]). Using this formula, we obtain from (7.8) that if R = By,
Mi = +2, while if R = Gy, A\i = £3.
On the other hand, by integrability condition

[aars fasar] = [Ba + AEh, E—o + RE_o/] = Ho + NiH € I©.
This means that ¥(H, + \aH, ) = 0, i.e. that

(D]a) + A(d|a) = 0,
where (¥]|a) = 2(9, a)/(«a, a). Hence for ¥ = « — o/, we obtain

2 — () + A\a[-2 + {a]|a’)] = 0.

In case R = By, (/|a) = =2 and {(a|e/) = —1 so that Az = 4/3; in case
R = G, (d/|a) = =3 and (a]a/) = —1 so that Ag = 5/3. In both cases we
get a contradiction with the previously determined values for Aj. Ul

Now we determine the possible types of the root subsystem R, = RN
spallp (Re) .

Lemma 7.9 If R, is not of the form A, U Ay, then R, and R are both
indecomposable root systems.
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Proof. By Lemma 7.8, we may assume that rank R, > 2. Supposc that
R, is decomposable into two mutually orthogonal subsystems R; and I2,.
Let « € RiN R, & € RoN R, and B, A’ the Y-dual roots of o and o/,
respectively. Since ¥ cannot be in the span of Ry, it is clear that 3 € R,
and that 8’ € R;. Then the identity

RY = R(a — 8) = R(d — 3)

implies that o + p3 = pa’ + 3 = 0 for some p # 0. From this follows that
#' = —a, 3 = —a’ and that rank R, = 2: contradiction.
A similar contradiction arises if we replace R, by R. O

Note that by Lemma 7.9, if G = G| x G, then the only possibility for
R is Ay U Aj.

The following Lemma gives a more detailed description of the root
subsystem R,.

Lemma 7.10 The root subsystem R, has type Dy, £ > 1 or Bs and, up to
a factor and a transformation from the Weyl group W = W(R), the contact
form 9 is one of the following:

(1) of R, = Dy = A; + Al and o, & are roots of the summands A, and

Al then ¥ = a — o;

(2) if f?,e = D3 or Dy, with ¢ > 4, then ¥ = 2¢y;

(3) if Re = Dy then 9 = 21 or 9 = e1+eg+e3+€4 ord = €] +69+63—¢4;

(4) if R. = B then 9 = €| + €9 + €3.

Note that in case R, = Dy, all three contact forms 9 in (3) are equivalent
with respect to automorphisms of the root system.

Pmof From Lemma 7.9, it is sufficient to consider the case when rank
R. > 2 and R, is indecomposable. For each indecomposable root system R,
we describe, up to a transformation from the Weyl group, all pairs of roots
(cr, @), which are orthogonal and such that a + o’ ¢ R. By Lemma 7.8
such pairs are the only candidates for ¥-dual pairs in R,. For each case, we
consider the corresponding form ¥ = o — o/, and describe all ¥-dual pairs in
R,. Then, assuming that «, o’ € R,, we check if the case is possible looking
if the ¥-dual pairs in R, may generate R,.

Case (A): R, = Ay
Up to a transformation from the Weyl group, the pair (a, o) is equal



254 D.V. Alekseevsky and A.F. Spiro

to (€1 —e2,e3—¢€4). Then ¥ = (g1 —e9) — (3 — &4) and the Y¥-dual pairs are
(up to sign)

(61 —€92,€3 — 84); (51 —€3,&2 — 64)-

Since =3 —e3 € R, = (9)T N R, then &1 —e3 = « + 0 € R, and hence
also the second ¥-dual pair is in R,. In particular rank R, = 3 and R, =
Az = Ds.

Case (B): R, = By.

We have three possibilities for (a, o) according to their lengths:

i) (a,d) = (e1+e2, ~(e3+¢4));

i) (a,d) = (e1 +e2, —€3);

i) (a,d’) = (e1, —¢e9).

The last case is not possible, since we assume that 9 = o — o/ is pro-
portional to no root.
i) 9 =€) + €2+ €3+ €4 and the ¥-dual pairs are (up to sign)

(e1+ €2, —(e3+e4));  (e1+e3, —(e2+€4));

(61 + &4, —(62 + 63)) (79)
As in case (A), one can check that all these ¥-dual pairs are in R, and
that they span a space of dimension 4. Since the ¥-dual pairs consist of

long roots, they cannot generate the root system B, and hence this case is
impossible.

ii) ¥ =¢e1 + &2 + €3 and the ¥-dual pairs are (up to sign)

(a=¢€1+eg,ad =—¢3); (B=ea+e3,8 =—¢€1);
(y=¢e3+e1,7 = —&2). (7.10)

Again all pairs in (7.10) consist of roots in R,. This implies that rank R, =
3.

Case (C): R. = Cy.
As in case (B), we have three possibilities.
i) (a,a’) = (61 +€2,—(€3+64));
ii) (a,d) = (e1 + €2, —2¢3);
i) (a,a) = (21, —2¢3).

As in (B), the last case is not possible.
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i) ¥ =e€1+¢e9+¢e3+ ¢4 and the ¥-dual pairs are given (up to sign) in (7.9).
This implies that +2¢; € Ry, i =1, ..., 4, because it has no 1¥-dual root and
it is not orthogonal to ¥. Note also that the roots ¢; — ¢;, 7,7 = 1,...,4,
belong to R,, because they are orthogonal to ¥/. Therefore

Re C{*(ei+¢j), 1 <i,5 <4} C (Ro+{£2e;})NRC Ry

and this is a contradiction.

ii) Y =¢€1 + €9 + 2¢3.

In this case, up to sign, there is only one ¥-dual pair, that is (e; +
€9, —2¢3). On the other hand, €1 — €2 € R, and hence 2¢; = (g1 + €3) +
(€1 —€2) € R,: contradiction.

Case (D): R, = Dj.
Since D3 = Az, we may assume that ¢ > 4. Then we have three
possibilities:
i) (a,d) = (e1+¢e2,—(e3+ €4));
i) (a,d) = (e1+ eq, —(e3 — e4);
iii) (o, @) = (e1 + €2, —(e1 — €2)).

i) ¥ =¢e; + €2 + €3+ ¢4 and the ¥-dual pairs are given (up to sign) in (7.9)
and they all belong to R.. Hence the rank of R, is 4.

A similar argument shows that rank Re = 4 in case ii), where ¥ = &1 +
€9 + €3 — &4.

iii) ¥ = 2¢; and the ¥-dual pairs are (1 +¢;,61 —¢;), withi = 2,.. .4, they
are all in R, and they span the whole system D,.

Case (E): R, = Fg, E; or F.

Let a,a’ € R, be a ¥-dual pair. Since o and o are orthogonal, we
may included them into a subsystem II of simple roots. According to the
type of R., without loss of generality, we may assume that o’ is one of the
following:

Re=FEg: o =eq+e5+¢e6+e¢;
}?e———E7: o = e5+¢eg+ 7 + €5
R.=Fg: o =¢eg+e7+es.

For each case, it follows that a = ¢; — ;41 for some ¢ # ¢ — 3 where { =
rank R.. It can be easily checked that, using permutations of the vectors
g; which belong to the Weyl group of E, and which preserve o/, we may



256 D.V. Alekseevsky and A.F. Spiro

assume that either o« = 1 —eqgora = ey_1 —ep = — Zf;f g; —2¢ep. Therefore
we have the following possibilities:
if Re - EG:

i) a=¢e;—eand¥=0 —a=—e1+eg+ey4+e5+¢e6+¢;

i) a=¢e5—cgand ) =4+ 2c¢+€ =€ —€1 — €9 — €3 — €5 +€;
if R, = Fr:
ilil) a=¢e —eyand 9= —e1 +e9+¢e5+ 66+ 7 +€s;
~iv) a=cg—cyand ¥ =¢€5+ 267 +eg =67 — €] — €3 — €3 — €4 — Eg;

v) a=¢; —cyand ¥ = —e; + 9 + €g + €7 + €5;

vi) a=e7—cgand ) =¢eg+ 265 =eg — €1 —€9 — €3 — €4 — €5 — 7.

We claim that all ¥-dual pairs belong to R, and that the space they
generate has dimension 5 for the cases i), ii) and v); it has dimension 6 for
the cases iii) and iv) and dimension 7 for the case vi). Since in all cases
the dimension is strictly less then rank R, = ¢, we conclude that the case
R. = Ey is impossible.

We prove the claim in the cases v) and vi) which occur when R, = Eg;
in all other cases the proof is similar.

For case v), the ¥-dual pairs are (up to sign) (—¢; + €, 9 + &1 — &),
where 1 = 2,6,7,8 and they all belong to R,. These vectors generate a
5-dimensional vector space. In case vi) the ¥-dual pairs are (—eg + &;,9 +
eg—¢€;), where i = 1,...,5 or 7, and again they are all in R,. These vectors
generate a 7-dimensional vector space.

Case (F): R, = Fy.
We have the following possibilities:
i) (a,a) = (e1+e2,—(e3+¢4));
( ) = (e1 + &2, —€3);
(a, ') = (61 + €9, —(1/2(e1 — €3 + €3 + €4));
(a,0f) = (

Cases i) and iv) are impossible because ¥ = a — o' should be proportional
to no root. The admissible ¥-dual pairs for case ii) are given by (7.10) and
they all belong to R,. They generate a 3-dimensional subspace and this is
impossible because rank R, = rank F; = 4. A similar argument is applied
for case iii). O

Corollary 7.11 If G is simple, then the only possibilities for the pair
(R, R,) are
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(An, As), (An,Bs3), (Bn,As), (Bn,Bs),
(Bn,Dy4), (Dn,Ds4), (Dn,Dy), (Es,Ds),
(E7,Ds), (Es,Ds), (Es,Dr7), (Fy Az), (Fi Bs).

Proof. If R is the root system of the simple Lie group G and (o, ¢’) is a
Y¥-dual pair in R,, then the arguments used in the proof of Lemma 7.10 give
the result. O

Lemma 7.12 Let R, = R,NR,, R, = R,\ R, and a, &’ € R, be a ¥-dual
pair. Then
a) R, =[({xa, £/} + R,) N R] U Ry;
b) R, = ({#a,+a'} + R,)NR and RyjN R, = 0;
¢) Rg=R,UR, and Rp = R,UR,U R}“ are closed subsystem of R; Rg
is the mazimal symmetric subset in Rp (i.e. the biggest subset such
that —Rg = Rq), and Rp is parabolic (i.e. for any root «, either o or
—a belongs to it);
d) (Rg+ R.)NR C R, and hence Rg = R, U R, is an orthogonal decom-
position;
e) for any 9-dual pair (o, ') let Ro(a) = (Ro+{a})NR and R,(—a') =
(Ro + {—a'}) N R); then the set of roots

S(a,0') = Ry U Ro(a) URy(—a') U RY (7.11)
1 a closed parabolic subsystem of R.

Proof. a) When rank R, = 2 the claim is trivial.
If R, = B3, we may assume that @« = €1 + €9, o/ = —e3 and ¥ = ¢; +
€9 + €3. Hence

R, =R.N ()" ={ei—¢j, i,5=1,...,3}.
By Lemma 7.7 (4),
({£a, £’} + Ry) N R = {*(e; +¢;), %4, i,5=1,...,3} C R..

Since R, = R, U {£(e; + €5), *ei, 1,5 = 1,...,3}, the claim is proved for
this case.

If R, = Dy, the argument is similar. In particular, if ¥ = 2, one
obtains that R, = Dy_; = {feitej, i,j>1} and R, = {£e1 £ &;}.

b) follows directly from a).
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c) The closeness of Rg and Rp follows from Lemma 7.7 (4) and (5)
and from point b). The last statement is obvious.

d) The first claim follows from the facts that R, = spang(R.) N R and
(R, + R:) N R C R,. This implies that g(R,) is an ideal of the semisimple
Lie algebra g(R¢g) and from this also the second claim follows.

e) By point b), R,(a) U Ro,(—a') C R, and hence R, U R,(a) U
R,(—d/) C Rg and S(a,@’) C Rp = Ro U R}. Since Rg corresponds
to a reductive part of the parabolic subalgebra g(Rp) and Rj corresponds
to the nilradical, it follows that (S(a, o/)+R¥)NR C RY. By d), it remains
to check that R,(a) U R,(—«) is a closed subsystem.

In case R, = 2A; = D,, we have that R,(a) U Ro(—a) = {a, —/} and
hence the claim is trivial.

In case Re = Dy, £ > 2, we may assume that ¥ = 21, a = €1 + &3,
o = —(g] — €2). Then R, = {#¢; +¢;, 1 <i,5} and

Ro(a) ={e1 £ &, 1 <i} = Ry(—0) ' (7.12)

and the conclusion follows. In case R, = B3, then 9 = g1 + e+ €3, a =
€1+ €2 and @ = —e3. Then R, = {£(e; —¢;)} and

Ro(a) = {&i + ¢4}, R,(—d') = {&;} (7.13)
and again the conclusion follows. O

Since g(R7) is the nilradical of the parabolic subalgebra g(Rp), we
may choose an ordering of the roots such that the positive root system R*
contains R}'. In the following o denotes the mazimal root in R, w.r.t. this
ordering and o' is its associated 9¥-dual root.

Proposition 7.13  The orthogonal complement m® to €© in g© admits the

following~ tC-invariant decomposition:
(1) if R, = B3 or Dy = A} + A, then

m® =e+m¥ +m; = (m(a) +m(e/) + m(a) + m(c)) + mF +m7,
(7.14)
(2) if R. = Dy, then

mC:e+m}L+m3 = (m(a) + m(e’)) + mF +m; (7.15)

where m(a) and m(a') are irreducible €¢-modules with highest weights a,
o, which are equivalent and irreducible as [C-modules.
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In terms of this decomposition, the holomorphic subspace m'© of the CR
structure (Dz, J) (up to sign) is of the form
(1) if Re = Bs or Dy = Ay +A/1

m' = (m(a) + tm(a’)) + (m(a) + %m(a’) ) +m3, (7.16)
(2) if Re= D,
m!® = (m(a) + tm(a)) + m? (7.17)

for somete {r e C:0< |z| <1} =D\ {0}.

Proof. From (R, + a) N R C R, and the definition of «, the root « is the
maximal weight of the £C-module in m€ which contains E,. Moreover since
o is ¥-congruent to «, then also o/ is the maximal weight of an [C- and
hence £“-module, and the [®-modules m(a) and m(a') are equivalent. By
Lemma 7.12 b), it follows that the subspace ¢, spanned by the root vectors
E,, v € R,, is given by

e =m(a)+m(a') + m(a) + m(a).

Moreover if R, = Dy, £ > 2, Ro(a) = Ro(—c') (see (7.12)) and hence
m(a) = m(c’) (see also Table 3 in the Appendix).
From Lemma 7.1 and the remark in the second to the last point of §7.1,

we obtain that the holomorphic subspace m!? is of the form

m'? = (m(a) + tm(c/)) + m7

when R, = Dy, £ > 2, and of the form

m'® = (m(a) + tm(e)) + (m(a) + sm(e’)) + m

when R, = Bs or Dy = Ay + Ay, for some t,s # 0. By exchanging m!?
with m% (which corresponds to changing the sign of J) we may assume
that [t/ < 1. Using the integrability condition and the assumption that
¥=a—a ¢ R, we have

[Eq 4+ tEo,E_oq+sE_o) = Hy + tsHy € m'0 4+ (¢
and therefore H, + tsHy € [©. Using (3.1) we get
0 =9(H, + tsHy ) = (F]a) + ts(d]|a’).



260 D.V. Alekseevsky and A.F. Spiro

So

If R, = 24, it is immediate to check that (J]a) = 2 = —(J|a’). In case

R, = Bs, we may assume that ¥ =¢e; +e3 + €3, « =¢1 + €9 and o/ = —e3.

Hence again (¥|a) = —(¥|a’) and this shows that in both cases s = 1/t.
Finally, the condition m!® " m% = {0} implies that the vectors E, +

tE, and E_, + %E_a/ =FE,+ %Ea/ are linearly independent, and hence
t| # 1. O

Lemma 7.14

(1) Let “=t“+eandp = q© + mj. Then p is a parabolic subalgebra
of g%, with reductive part q© and nilradical m}L. Moreover, if Q) is the
connected subgroup of G with Lie algebra q = q© N g, then Fy = G/Q
s a flag manifold and mj 1s the holomorphic subspace of an invariant
complex structure Jo on Fy = G/Q.

(2) The subspace m},? = m(a) + m(—a’) +m7 is the holomorphic subspace
of an invariant complezx structure Jy of Fz = G/K.

(3) The natural G-equivariant projections

m:G/L — G/Q, ™ :G/K — G/Q

are holomorphic fibrations w.r.t. the CR structure (Dz,J) on G/L,
the complex structure J; on Fz = G/K and the complex structure Jo
on Fy = G/Q, respectively. Moreover, the typical fiber C = Q/L of ©
is either Spin; /SUz = S7x 8% or SO9¢/SO9—_2, £ > 1 and the induced
tnvariant CR structure is primitive.

(4) The typical fiber C = Q/L of m may be equal SO4/SO5 = S x S? only
if G =G x Ga, with each G; simple.

Proof. (1) The proof follows from Lemma 7.12 ¢) and the remark that
p=g(Rp) + b* and ¢ = g(Rg) + h*.

(2) We have to check the conditions a) and b) of (4.2). Condition a)
is obvious. Condition b) means that £€© +m(a) +m(—a’) = g(S(a, o’)) + hC
is a subalgebra. This follows from Lemma 7.12 e).

(3) The first claim follows from Lemma 4.8.

For the second claim, we recall that we have the following decomposi-
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tions of the Lie algebras q© and [C:

(€ = g(R,) & (3(Ro) + Z(1%)),
q" =€ +e=g(R,) ® (g(Re) + Z(q%)).

Since the fiber /L has a non-standard CR structure, the group Q' =

Q/N, where N is its kernel of non-effectivity, is bemlslmple by Corollary 3.2
and Proposition 4.6. Therefore it has Lie algebra ¢'C = g(R.) = Bs or
Dy. The corresponding stability subalgebra I'C = € / n~ has rank equal to
rank(q'®) — 1 and his semisimple part is g(R,) = Ag or Dy_;. Hence the
fiber Q/L = Q'/L', considered as homogeneous manifold of the effective
group ', is either Spin, /SUs or SO9y/S0O9_5 (note that SO; does not
contains SUs). The manifold Spin; /SUs can be identified with the unit
sphere bundle S(Spin; /G3) = S(S7) = S§7 x SS.

The holomorphic subspace m'%(Q/L) of the CR structure of the fiber
Q/L is of the form (m(a)+tm(c’)) + (m() + 1/tm(a’)) for some t # 0 and
the minimal $®-module generated by m'%(Q/L) is ¢. By Lemma 4.8, this
implies that the CR structure on /L is primitive.

(4) Tt is sufficient to observe that if G is simple, the case R, = A; UA;
cannot occur by Corollary 7.11. O

Lemma 7.14 (3) and Proposition 7.13 directly imply Proposition 7.5.

Now it remains to prove Proposition 7.6. Let (M = G/L,Dz,J) be a
non-standard non-primitive CR manifold with contact form ¢ not propor-
tional to any root. We recall that in Lemma 7.14 (3) we defined a complex
structure J; on the flag manifold Fz = G/K, associated with the decom-
position g = €€ + mlfl) + m%. We also defined another flag manifold F;, =
G/Q, with q© = €C + ¢, with invariant complex structure J, associated
with the decomposition g€ = q© + mj + m; and such that the projection
n:(Fz =G/K,J1) — (F» = G/Q, J2) is holomorphic. Moreover the CR,
structure (Dz, J) on G/L has the holomorphic subspace defined in (7.16)
and (7.17).

The subalgebra €€ corresponds to the root subsystem R,, which has the
orthogonal decomposition R, = R, U R,, and q€ corresponds to the root
subsystem with the orthogonal decomposition Rg = R, U R, = R, U (R, U
R.) (see Lemma 7.12). Moreover there are only three possibilities for the
pair of subsystems (Re,R ), namely (Dy = 2A1,0), (D¢, Dg_1), £ > 2, or
(Bs, A2). However, the following lemma shows that this last case cannot
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occur.
Lemma 7.15 If R; # 0, then R, # Bs.

In other words, the fiber C = Q/L of the CRF fibration 7 : G/L —
(/@ described in Lemma 7.14 (3) cannot be Spin, /SUs if the base is not
trivial.

Proof. Assume that Re = Bj3. Then G is simple and R is indecomposable
by Lemma 7.9. So R has type either B, or Fj, because these are the only
connected Dynkin graphs which contain a subgraph of type Bs.

If R = Fy, using the notation of the Appendix, we may assume that
(@ = €9 +€3,0 = —¢e4) is a ¥-dual pair in R,. Since ¥ = €9 + €3 + €4, then
—£4 + €1 € Ry, because it is not orthogonal to ¥ nor has a ¥-dual root;
moreover —¢, € R, = RN (Y¥) and hence —e4 = (—e4 +€1) — €1 € Ry, by
Lemma 7.7 (4): contradiction.

Assume now that R = B,,, n > 3. Then we may assume that (a,qa’) =
(€1 + €9, —¢€3) is a ¥-dual pair in R, and hence that ¥ = &1 +e5 + 3. Then,
as before, we get that —e3 + ¢4 € Ry, —e4 € R, and hence that —e3 =
(—e3 +¢€4) + (—€4) € Ry: contradiction, O

Now we construct some special basis II for R, which we will call good.
For any basis II let

II,=INR, HO,=T,NR, IM.=TNR, II,=10NR,.
Then
I, = IT, UTI,.

A basis I1 is called good if

RO = {ﬁo]a Re = [ﬁ€]7 RO - [Ho]v
where for any subset A C II we denote [A] = span(A) N R.

A good basis exists because R, U R, = R U R, is a closed subset of
roots, R, is orthogonal to R, and R, = R, U (R, N R,) = R, U R,. In fact,
we may take a basis f[o for RO, extend it to a basis er for Re, add to it a
basis for R, and finally extend everything to a basis II for R.

By the remarks before Lemma 7.15, the pair (ﬁe, ro) is of type
(Dg, Dy—1), £ > 2, or (2A1,0) and it can be represented by the following
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two graphs
2 2 2 2/0 1
S < (7.18)
ol
1 -1
® ® (7.19)

where the subdiagram I1, is obtained by deleting the grey nodes. Moreover,
by Lemma 7.10, the contact form ¢ is the linear combination of the simple
roots associated with the nodes of (7.18) and (7.19) with the indicated co-
efficients. For example, if (I, II,) = (Dyg, Dy_1) and if we use the standard
correspondence between nodes and roots, we get

¥ =2(e;—ea)+ - +2(ep—2 —€p-1) + (€0—1 —€¢) + (€0_1 + &¢)
= 281.

Note that if £ = 4, using two permutations of the simple roots corresponding
to the end nodes, one gets the other two possible contact forms, namely ¢ =
€1 +eg+ez3+esand V=1 + 69 +e3 —€4.

Remark that a good basis II together with the subsets I1, and II, com-
pletely determines the homogeneous CR manifold M = G/L and the flag
manifolds (Fz = G/K, J;) and (F» = G/Q, J3). In fact the root systems
R, = R(K) of K and R(Q) of Q are given by R, = [II,] and R(Q) = [[. =
ITI, UIL] and [ = &N (ker ¥), where ¢ is defined by (7.18)—(7.19).

Notice also that by definition of good basis

RN )t =R, = [I1,)] (7.20)
and hence that
I, = 1IN (9)*. (7.21)

Any good basis II together with the subsets I, and II, can be represented
by a painted Dynkin graph I' = I'(Il) if we paint the nodes corresponding
to the roots of Il, in grey, the nodes of II, in white and all others in black.
We call such graph I' a painted Dynkin graph associated with the CR
manifold (M = G/L,Dz, J).
Any associated painted Dynkin graph has the following two properties.
(1) It contains a unique proper subgraph I', of type (7.18), if it is con-
nected, or of type (7.19), if it is not connected; moreover in this second
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case, I' = I' UT'y has two connected components and each of them
contains exactly one grey node.
(2) The black nodes are exactly the nodes which are linked to T,.
Indeed, (1) follows from definition of good basis, Lemma 7.9 and Lemma 7.2.
(2) follows from (7.21).

A painted Dynkin graph which satisfies (1) and (2) is called admissible
graph.

Let I' be an admissible graph and I', the corresponding subgraph of
type (7.18) or (7.19). We denote by 9(T") the linear combination of roots
associated with the nodes of I', as prescribed in (7.18)—(7.19).

An admissible graph I' is called good if

[I,] = RN (9)*, (7.22)

where I, is the set of simple roots associated with the white nodes of I.
Remark that by (7.20) any graph associated with (M = G/L, Dz, J) is a
good graph. The converse of this statement is also true.

Lemma 7.16 Any good graph is a painted Dynkin graph associated to
a homogeneous CR manifolds (G/L,Dg,J), which have a contact form ¥
parallel to no roots and where (Dyz, J) is non-standard and non-primitive.

Proof. Let I be a good graph and ¥(I") the corresponding contact form. As
described in §7.4, I" defines two flag manifolds Fy(T") = G/K and F5(T") =
G/Q, with invariant complex structures Ji(I') and J5(T'), respectively. De-
note by

gt =tC+mP+mf gC=gC+mll +ml

the corresponding associated decompositions. Consider also the element
Z =iB7! o(T"). Since the 1-parametric subgroup generated by Z is closed,
by Proposition 3.3 it defines a contact manifold (M = G/L,Dz) with [ =
tN (Z)+. Moreover the fiber C = Q/L of the fibration 7 : G/L — G/Q,
together with the contact structure induced on C by Z, is one of the contact
manifolds described in Proposition 7.5 admitting a primitive CR structure.

If m{? is the holomorphic subspace of such CR structure, then m1% =
méo + m},S is the holomorphic subspace of a non-standard CR structure
(Dz,J) on G/L and the associated painted Dynkin graph is exactly
(T, 9(T)). In fact, the conditions i) and ii) of Definition 4.1 are immediate.
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The integrability condition follows from the fact that mg) is a holomorphic
subspace for a CR structure on C = Q/L (and hence that I© + ml? is a
subalgebra), that mtlj(; is the nilradical of the parabolic subalgebra q°© +m1J(2),
and that mlco c qC. U

Now the classification of homogeneous CR manifolds of the considered
type reduces to the classification of good graphs I'.

Case 1: T is not connected.

In this case I', = A U A;, I' =17 UT'y, where each I'; is a connected
component which corresponds to a root system R;, and R = R; U Rs.
Moreover ¥ = a; — a9, where o; € R;.

We prove that if I" is good then R = A, U A,, with p+ ¢ > 1 and that
I' is a CR-graph of type IIL

First of all, one can easily check that if one of the connected components
I'; is not of type A, then I' is not good, that is that there exists a root
B € RN (9)* which is not in [II,]. For example, if Ry = D,, we may assume
that 9 = a; — ag, where o) = &1 —e9. Then 3 =1 + ey € RN (9)* but it
is not in [I1,].

Assume now that R = A, U A;. Without loss of generality we may
assume that a; = e — epy1, g = &‘/T — €/T+1 are the roots associated with
the grey nodes of I'1 and I'y, respectively. Then RN (9)+ = A, 2 U Aj»
and it coincides with [II,] if and only if the nodes of the roots «; are end
nodes. This proves that I' is good if and only if it is a CR-graph of type II
(see Definition 7.4).

Case 2: T is connected .
In this case, I is a good graph only if the type of the pair (I, I',) is one
of the following
(An>A3)7 (Bn7A3)7 (Dn7D4)> (E67D5))
(E7, D), (FEs,Ds), (Es,Dr).
This follows from Corollary 7.11 and the fact that (A,, As), (Bn, Bs),

(Bn, D), (Dn, Dy), (Fy, As) and (Fy, B3) do not correspond to any ad-
missible graph.

We first prove that the cases (B, As), (E7, Dg), (Eg, Ds) and (Eg, D7)
are not possible.



266 D.V. Alekseevsky and A.F. Spiro

i) (I,T¢) = (B, As). In this case I is of the form
(63] (65) a3

o— e O ® O ~R O ® PR O—=—0

where ay = € — €k41, @9 = €k41 — k2 and a3 = €42 — €x43. Then
(') = a1 + 202 + a3 = € + €g41 — Eky2 — €43 and

HOI{Ei—€i+1,i=1,...,k—2; k;k+2;k+4,...,n—1;€n}.

However the root 8 = g1 +¢ek+2 € (9(I))LNR but it does not belong
to [II,]: contradiction.
ii) (T,T,) = (E7, Dg). In this case I" and ¥(I") are

23} a2 a3 a4 as Qg

®——0—0 o o . Y¥I) =2 +e7+es.

o—0O

az

However, this situation corresponds to no good graph, because the
root 8 = g7 — eg is in 9(I)L N R, but it does not belong to

[II,] = [{ae, a3, a4, as, ar}]
= {5a—5b, i(€a+€b+67+68), 1<a,b< 6}.

iii) (T, T,) = (Es, D5). Then I' and 9(T") are

o! O ° o "]r O R 19(F)=64+€5+€6+€7——€8.

O

One can easily check that the root § = €; + €2 + €4 is orthogonal to
J(T'), but it doesn’t belong to the subsystem

[IL,] = [{a1, ag, a4, as, as, ag}]

generated by white roots: contradiction.
iv) (I,T,) = (Es, D7). Then I" and 9(I") are

§——0——0——O0——¢——0—— , () = 2¢e; + €5.
O
Also this case is not possible because g7 — 9 € RN (¥(I'))* but it is
not in [II,] = [{a2, as, a4, as, s, as}].
It remains to describe the good graphs of the following types
1) (An7 A3)7 2) (Dn) D4>7 3) <E6a D5)
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(1) (Fa Fe) = (Ana A3)
Assume that I', is not at an end of I', that is

a) a2 a3

o— - O [ J O X O o O

O

Then we may assume that o; = €p4; — €pti41. Then H(I') = a; + 202 +
a3 = €p41 + Ept2 — Ep+3 — Ep+a and the root B =g, — g5 € RN (Y(D))*
but it is not in the span of 1I,; hence the graph is not good. On the other
hand one can easily check that the graph

o R o ° o o

is good.

(2) (F) Fe) = (Dn7 D4)
In this case we have two admissible graphs:

Qn_3 Qn_2 Qap—1

ot oo (7.23)
apn-3 Op—-2 0 Qp_—1
— o ool (7.24)

No  an
Using the standard equipment, we have that if I" is given by (7.23), then

19(]._‘) = ap_3+2ap_2+ ap_1 + 20, = En-3 T Ep—2 tEn—1+€n
and RN (9(T))t = D,_4 U A3. If T is given by (7.24), then
19(F) =20p_3+ 202+ p_1 + ap = 26,3

and RN (H(I)*+ = D,y

Since in both cases [II,] = A,_5 U Ag, the graph (7.24) is not good,
while the graph (7.23) is good only when n = 5.
(3) (F7 Fe) = (Eﬁa D5)

Up to isomorphism, we have only one admissible graph

(3] (6 %] a3 Q4 Qs
® O

O [ ]

o—0

a6

Using the standard equipment, we get

19(F):2(a1+a2+a3)+a4+a6:251+€6+6.
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Then

RNWT)*' = {ea —ep, +(ea+ep+c6+¢), a,b=2,3,4,5}
= [HO] = Dy

and hence the graph is good.

This concludes the classification of good graphs. We proved that the
pairs (I',9()) given by all good graphs are exactly the non-special CR-
graphs of Definition 7.4. By the remarks before Lemma 7.16 and the Lem-
mata 7.14 and 7.16, Proposition 7.6 follows.

8. Primitive and non-standard non-primitive CR manifolds

In this conclusive section, we collect the information of Theorem 5.1,
Corollary 5.2 and Propositions 7.3, 7.5 and 7.6 to enumerate all primitive
CR manifolds and non-standard non-primitive CR manifolds.

The list of primitive CR manifolds is easily obtained taking in account
the primitive CR manifolds described in Corollary 5.2 and the primitive
CR manifolds described in Propositions 7.3 and 7.5. Moreover, we have the
following.

Lemma 8.1 Any primitive CR manifold (M = G/L, D, J) is a Morimoto-
Nagano space.

Proof. By Theorem 6.3, the anti-canonical map
¢:G/L — Grp(g®) c CPN

is a finite holomorphic covering of the G-orbit G/L = G -p = ¢(G/L) C
Gri(g), p = ¢(eL). Observe also that ¢(G/L) = G/L does not admit any
CRF fibration: in fact, if G-p = G/ L admitted a CRF fibration, then there
would exists a parabolic subalgebra p C g®, which satisfies the conditions
of Lemma 4.8 and hence also M = G/L would admit a CRF fibration.

By [1], the orbit G/L = G - p is a real hypersurface in the complex
orbit G€ . p = G€ /H of the complexified group G® and the complex orbit
GC . p = G®/H is either Stein or it admits a holomorphic fibration 7 :
GY/H — F = G°/P onto a flag manifold F = G°/P. This second case
cannot occur, because otherwise 7 would induce a CRF fibration 7 : G/ L—
F = GY/P. Since G is a compact Lie group acting holomorphically on the
Stein manifold G* - p = G*/H with orbits of codimension one, by [9], it
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follows immediately that the orbit G/L = G -p ¢ G%/H is a Morimoto-
Nagano space. By a direct inspection of all cases, it can also be checked
that any Morimoto-Nagano space is either simply connected or it admits
a holomorphic covering by a simply connected Morimoto-Nagano space.
Hence, also the simply connected primitive CR manifold M = G/L is a
Morimoto-Nagano space. 0

Collecting these information, we have the following theorem.

Theorem 8.2 Let (M = G/L,Dz,J) be a simply connected, primitive,
homogeneous CR manifold and let 8 = B o Z|, be the dual form of the
contact element Z restricted to a Cartan subalgebra t of € = Cy(Z) = 1 +
RZ. Then G/L is isomorphic to the universal covering space of a sphere
bundle S(N) C T(N) of a CROSS N. The groups G, K = Cg(Z), the form
¥ = —i0 and the CROSS N are listed in the following table.

1| SU; x SU T x TV (e1—e2) + (61 —€3) $° = 5o

2 Spiny T - SU; €1+ &2+ €3 ST = '8227

3 G T - SU, €1 S6 = S

4 Fa T!-S0; €1 OP? = g

5 SOQn+1 n > 1 Tl N SOQTL—I 5] SQn — 5352:1

6 SOQn n > 2 Tl . SOQn_z €1 SQn—l _ Sggzn_l
7| SUny1 n>1 TV - Upy €1 — €2 CP™ = _S({]n+1

8 Spn T - Spi - Spn-2 €1+ €2 HP ! = Spfsgn—l

Putting together the lists of non-primitive CR manifolds in Corollary 5.2
and those in Proposition 7.6, we also obtain the complete table of non-
standard non-primitive CR manifolds, which give in the following theorem.
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Theorem 8.3 Let (M = G/L,Dgz,J) be a simply connected homogeneous
CR manifold with a non-standard non-primitive CR structure.
Then, either M = SUsy or there exists a unique CRF fibration

mn:M=G/L—F=G/Q

over a flag manifold F' with an invariant complex structure Jg, such that
the fiber C = Q/L 1is either a primitive CR manifold or is equal to SO3 =
S(S?%). Moreover the groups G, L, the primitive fiber C = Q/L and the flag
manifold F = G/Q are as in the following table (in n.2, the subgroups Up_2
and Ué_g of L are subgroups of the factors SU, and SU(; of G, respectively) :

n° e L C=Q/L F=G/Q
1|SU, n>2 Tt . SUn_s SO3 = S(S5?) (]

2 SPU:_ : f(f T Up—2-Uj_s % = 5(5%) s(UQS.[zJJI;_Q) S(Uf-%i_z)
3 | SUs n>4|T"-(SUz x SUz) - SUn-s | 5% = 5(5°) SO

4| SO T' - SO 08 = 5(8") T8

5 E T' . SOs 5900 = 5(s%) Freom

In particular, the fiber C is a sphere bundle S(S™) C TS™ where r = 2,3,5,7
or 9. The CR manifolds in n.1 admit also a CRF fibration with fiber S1.

We conclude with the next Theorem 8.4, where it is indicated how a
non-standard, non-primitive CR structure can be totally recovered from a
CR-graph (see the definition and basic properties of CR-graphs in §7.4).

We recall that the explicit classification of non-standard, non-primitive
CR structures on non-special CR manifolds using non-special CR-graphs is
already given in Proposition 7.6. On the other hand, the explicit description
given in Theorem 5.1 and Corollary 5.2 of non-standard, non-primitive CR
structures on special CR manifolds can be easily restated using special CR-
graphs. Putting these results together, one obtains the following description
in term of CR-graphs of any non-standard, non-primitive CR structure.
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Theorem 8.4 Let M = G/L be a simply connected, homogeneous CR
manifold with a non-primitive, non-standard CR structure (Dz, J). Suppose
also that M # SU,.

Denote by m: G/L — Fz = G/K the natural (non-holomorphic) fibra-
tion associated with the contact structure Dz and by 7’ : G/L — F» = G/Q
the unique CRF fibration over a flag manifold Fo = G/Q with invariant
complex structure Jo, with non-standard fiber Q/L of minimal dimension,
which is either primitive or admitting a CRF fibration with fiber ST.

Then @ O K and the sequence of fiberings

M=G/L— F;=G/K — F,=G/Q

is holomorphic with respect to the standard CR structure (D, Js) on M,
associated to (D, J), the corresponding complex structure Js on Fz and the
complex structure Jo on F5.

Moreover, the painted Dynkin graph I' associated to the flag manifolds
Fy = Fy, Fs with complex structures J; = Js and Jo, respectively, is a CR
graph and (up to a transformation from the Weyl group) Z is proportional
to Z(T') =B~ o 9(I).

Conversely, if T is a CR-graph, then there exists a unique homogeneous
contact manifold (M = G/L,Dyz) such that Z = iB~! o ¥(T) and Fz =
Fi(T') = G/K. The complex structure Ji(I') defines the unique standard
CR structure (Dz, J1(I")) on M such that the sequence of fibrations

is holomorphic w.r.t. (Dz, J1(I")), J1(T') and Jo(T'). The space of the invari-
ant CR structures (Dz,J) on M such that the projection @’ : M — F5(T)
is holomorphic, is parameterized by the points of the unit disc D € RZ.
The center of D corresponds to the CR structure (Dz, J1(I')) and the other
points correspond to the non-standard CR structures. Moreover a CR struc-
ture is non-standard if and only if it induces a non-standard CR structure
on the fiber Q/L; such induced CR structure is always primitive, with the
exceptions of the cases in which ' is a special CR-graph.

Appendix

The notation used in the following Tables is the same of [7]. We recall
that the weights of the groups By, Cp, Dy and Fj are expressed in terms of
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an orthonormal basis (e1,...,¢e¢) of h(Q)*. The weights of the groups Ay,

E;, Eg and G4 are expressed using vectors €1,...,e¢41 € h(Q)* such that
/ =
- 1 =
{41
Z&' = 0, (51', €j) = (Al)
NN
{+1 J

It is useful to recall that if Y a; = 0, then (3 a;e;, Y bje;) = ) ab;. For
Es, the weights are expressed by vectors €1, . . ., €g, which satisfy (A.1) with

¢ = 5, and by an auxiliary vector £ which is orthogonal to all £; and satisfies
(e,e) =1/2.

In Table 1, for any simple complex Lie group g©, we give the correspond-
ing root system R, the longest root p (unique up to inner automorphisms),
the subalgebra gy = Cyc(g(p)), the subsystem of roots R, corresponding
to g, the decomposition into irreducible submodules of the go-module g;
which appear in the decomposition (3.2), and the set of roots Ry = R\
(U R,).

For a set of simple roots of g;, we denote by {m,...,m} the corre-
sponding system of fundamental weights and, for any weight A = _ a;7;,

we denote by V() the irreducible gj-module with highest weight .
0

In Table 2, we give the information needed to determine the holomor-
phic subspaces m!® when g® is a simple Lie algebra and the contact form
¥ = —iB o Z|y is parallel to a short root.

In Table 3 we give the same information for the cases g© = Bz or Dy
and 9 proportional to no root and associated with a primitive CR structure.
In both tables we give the root systems R, the contact form ¢, the
subalgebra € = C ¢(Z) N (Z)*, the root subsystem R, of [* and the list

g

of the highest weights for the irreducible £*-modules in m® (¢¢ = Cc(2)).
We group the highest weights corresponding to equivalent (“-modules with

curly brackets.

In Table 4 we recall the Dynkin graphs associated with indecomposable
root systems and the correspondence used in [7] between nodes and simple
roots.
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Table 1
/
g R p 9o R, g1 R’
€i—¢j €a—Eb V(m)+ | €1—€a, €a—€r41
A 1<i,j<eq1 |F1T EL+1 A2 +R 2<a, b<¥ V(me—2) 2<a<?
) +(e1—e2), eqatey €1, €2
+e;te;, +e; V(m)®
By 1< J.<£ €1+ &2 [A1+ Br_o +eq , €1teq, e2teq
SURAS 3<a, b<t Vi) 3<a<t
te; e, £2¢; teotep, £2¢, e1teq
Ce| ~ 1<ij<e 2e Ce1 2<a,b</t V(m) 2<a<t
te;te; +(e1—e2), teatey | V(m)® €1%€a, €2te,
Dol 1qij<e e1t+ez | A1+ Des 3<a,b<t Vir') 3<a<t
Ei—Ej, +2¢
E6 €;+e;+erte 2¢e A5 € —&j V(’/Tl) £; +Ej+8k:t€
1<4,5,k<6
Eaq—Eb
€;—€j er4egteqaten —€7+€q, €E8— €4
Er| eitejtentee | —c7 + € Dyg catebtected V(ﬂ']) egteateptec
IS/L’Jak)ESS 1§a,b,c, dSG 1Sa’b’C§6
Eq—E
Ei_Ej :t(€1+€9:‘€ ) €1—E€a, _59+5a
Eg| t(eitej+er) €1 — €9 E ¢ V(ﬂ'l) €1teates
1<i, j, k<9 t(eateptec) 2<a,b<8
- = 2<a,b, c<8
teytegtegtey +(e1—e2)
2 €1 —egtegtey €1, €2
F4 Fe;te;, L& €1 + E2 03 + 2 V('/Tl) e1tegteztey
1<i, j<4 teq, teqakesp 2
=hJ= 3<a,b<4
€i—€j, t&; €1—€3, €1—€2
G2 1<i, <3 €1 — &2 Al :*:53 V(ﬂ'l) es—c9
Table 2
. A€ = highest weights for m®
g R B —Z C (2) ﬂ_(Z)J' Ro grouped into sets of
1D O .
8¢ equivalent [*-modules
teite;, e teq,tep, teqg
Bg 1<i, j<t €1 Bg_l 2<a, b<t {81 + €2, —€4 +€2}
+(e1—€2), X2¢e,
isi:tsj, +2¢e; ’ {261,—252}
A A1+Cy teat
Ce 1.<_7’7]S£ €1 +€2 1+ -2 3<5; b€<b£ {El+€3v —Eg+€3}
:i:elztezztsa:teg
3 B tegtep, tea {e1+€2,—e1+€2}
F4 te;tej, tey €1 3 2<a, b<4 { e1+egteatey —ejtegptegtey }
1<4,5<4 -7 2 ' 2
ei—€j, e {e1,—e1}
G2 1<i,5<3 €1 A t(e2 — 1) {ez—e1, €3, —€2, e1—€2}
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Table 3
C highest weights for mC€
9 R . [ R d into sets of
; o grouped into sets o
=1BoZ =C (N (2)+
BC( )0 (2) equivalent [C-modules
:l:ei:tsj, :*:Ei i(ea“eb),
Byl icijes |1t E2tes A I<a by | {E1teres}  {—eames, a1}
Teite; teite;
Dy 1<i, j<¢e €1 Dy 2<i, <t {e1 + &2, —e1 + €2}
Table 4
Type of G Dynkin graphs Simple roots
1 2 -1
Ar o= © Qi =€; — €41
1 2 -1 _
By o o =0 Qi =& —&41 (Z < Z),
Q¢ = &y
1 2 £—1 _
Cy OO —=—0 o =¢; — i1 (1 < ¥),
ay = 2y
D, o o O = E&; — €41 (Z < 6),
¢ Qg =€Eg—1+ €
1 2 3 4 5 )
Eg o o o o o O = E; — Ei41 (Z < 6),
l 6 Qg =€4+¢€5+¢6gt+¢
1 2 3 4 5 )
Er o o o o Q; = & —&i+1 (Z < 7),
l 7 Q7 = €5+ €6 + €7 + €8
1 2 3 4 5 6 7 '
Eg 0—0—0—0—0—0—0 o =€ — &1 (1 <8),
ls g =€g + €7+ €8
1 2 3 4 041:(51—52—53—64)/2,
F4 (e, O—=xE=0 O Qg — €4, (X3 = €3 — &4,
Oy = €2 —€&3
1 2
Go o====0 Q1= —€2, Q2 = €9 — €3




[9]
[10]

[11]

[12]
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