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A sufficient condition on global stability in a logistic
equation with piecewise constant arguments1

Yoshiaki MUROYA

(Received June 29, 2001)

Abstract. We establish a sufficient condition for the contractivity for solutions and
global asymptotic stability for the positive equilibrium N^{*} of the following logistic equa-
tion with piecewise constant arguments:

\{\begin{array}{l}\frac{dN(t)}{dt}=N(t)r(t)\{1-\sum_{k=O}^{m}b_{k}N(l-k)\}, l\leq t<l+1,N(0)=N_{0}>0, andN(-k)=N_{-k}\geq 0, 1\leq k\leq m,\end{array}

l=0,1,2 , \ldots ,

where r(t) is continuous on [0, \infty) , r(t)\geq 0 , r(t)\not\equiv 0 , b_{0}>0 and b_{k}\geq 0,1\leq k\leq m .
This new condition that b_{0}> \sum_{k=1}^{m}b_{k} and r_{l}= \int_{l}^{l+1}r(s)ds , 0< \inf_{l\geq 0}r_{l}\leq r_{l}\leq 1 ,
l=0,1,2 , \ldots , is another type condition than those given by J. W.-H. So and J. S. Yu
(1995, Hokkaido Math. J. 24, 269-286) and others.
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1. Introduction

Consider the following logistic equation with piecewise constant argu-
ments:

\frac{dN(t)}{dt} – N(t)r(t) \{1-\sum_{k=0}^{m}b_{k}N(l-k)\} ,

l\underline{<}t <l+1 , l–0,1,2 , \ldots .’ (1.1)

with initial conditions of the form

N(0)–N_{0}>0 and N(-k)–N_{-k}\underline{>}0 , 1\underline{<}k\underline{<}m , (1.2)

where r(t) is continuous on [0, \infty) , r(t)\underline{>}0 , r(t)\not\equiv 0 , and

b_{0}>0 , and b_{k}\underline{>}0 , 1\underline{<}k\underline{<}m . (1.3)
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Concerning the conditions of the global asymptotic stability for the
positive equilibrium N^{*} of Eq. (1.1), Gopalsamy, Kulenovic and Ladas [2]
have obtained r< \frac{1}{}mA_{\frac{2}{1}}o+ for r(t)—r, and So and Yu [4] improved this
condition to \int_{0}^{\infty}r(t)dt--+\infty and \sup_{l\geq 0}\int_{l-m}^{l+1}r(t)dt\underline{<}\frac{3}{2} .

In this note, using some techniques (see Lemmas 2.1 and 2.3), we obtain
a new condition for the contractivity of solutions and the globally asymp-
totic stability for the positive equilibrium N^{*} of Eq. (1.1).

This condition that b_{0}> \sum_{k=1}^{m}b_{k} and for

rl– \int_{l}^{l+1}r(s)ds , 0< \inf_{l\geq 0}r_{l}\underline{<}r_{l}\underline{<}1 , l–0, 1, 2, \ldots

(see Theorem 2.1), is related to Theorem 2.1 in Wang and Lu [5] and is
another type condition than those of So and Yu [4] and others (cf. Chen
and Liu [1], Yu [6] and Zhou and Zhang [7] ) .

2. Contractivity and global stability

Consider the following logistic equation with piecewise constant delays:

\frac{dN(t)}{dt} – N(t)r(t) \{1-\sum_{k=0}^{m}b_{k}N(l-k)\} ,

l\underline{<}t <l+1 , l– 0 , 1, 2, \ldots , (2.1)

with initial conditions of the form

N(0)–N_{0}>0 and N(-k)–N_{-k}\underline{>}0 , 1 \underline{<}k\underline{<}m , (2.2)

where we assume that r(t) is continuous on [0, \infty) , r(t)\underline{>}0 , r(t)\not\equiv 0 and,

b_{0}>0 , and b_{k}\underline{>}0 , 1\underline{<}k\underline{<}m . (2.3)

Let

r_{l}^{t}-- \int_{l}^{t}r(s)ds , for l\underline{<}t <l+1 , and

r_{l}-- \int_{l}^{l+1}r(s)ds , l–O, 1,2, . . (2.4)

Then, Eq. (2.1) is equivalent to the following difference equation (see Lemma
2.1):
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N(l+1)=N(l)\exp\{ r_{l}(1- \sum b_{k}N(lm-k))\} , l =0,1,2 , . .
k=0

(2.5)

As similar to Gopalsamy and Liu [3], we see

\{N(t\frac{d}{dt}[

)>0 , fo

\frac{1}{N(t)}\exp\{

rt \in[l, l+1) , and

r_{l}^{t}(1- \sum_{k=0}^{m}b_{k}N(l-k))\}]=0 ,
(2.6)

and hence, we have

N(t)=N(l) \exp\{r_{l}^{t}(1-\sum_{k=0}^{m}b_{k}N(l-k))\} ,

l\leq t<l+1 , l= 0 , 1, 2, . (2.7)

Let
m1

\sum_{k=0}^{m}b_{k}

N^{*}= , and
t_{l}=1-\lambda^{\backslash }k=0b_{k}N(l-k)

, l=0,1,2 , . . 1

(2.8)

Then, we get a basic lemma.

Lemma 2.1

N(l+1)=N(l)\exp(r_{l}t_{l}) , l= 0 , 1, 2, \ldots , (2.8)

and

N(l+1)-N^{*}

=\{\begin{array}{l}\{1-b_{0}N(l)\frac{exp(r_{lt}_{l})-1}{t_{l}}\}(N(l)-N^{*})-N(l)\frac{exp(r_{l}t_{l})-1}{t_{l}}\sum_{k=1}^{m}b_{k}(N(l-k)-N^{*}), ift_{l}\neq 0,\{1-b_{0}N(l)r_{l}\}(N(l)-N^{*})-N(l)r_{l}\sum_{k=1}^{m}b_{k}(N(l-k)-N^{*}),ift_{l}=0.\end{array}

(2.10)



78 Y. Muroya

Proof. Rom Eq. (2.7) and (2.8), we have Eq. (2.9). Then,

N(l+1)

=\{\begin{array}{l}N(l)+N(l)+\{\end{array}

\{(\sum_{k=0}^{m}b_{k})N^{*}-\sum_{k=0}^{m}b_{k}N(l-k)\}N(l)[(\exp\{r_{l}t_{l}\}-1)/t_{l}] ,

t_{l}\neq 0 ,

( \sum_{k=0}^{m}b_{k})N^{*}-\sum_{k=0}^{m}b_{k}N(l-k)\}N(l)r_{l} , t_{l}=0 ,

from which we have Eq. (2.10). \square

On the uniform persistence for solutions of Eq. (2.1), we have the fol-
lowing well known result.

Lemma 2.2 (see Theorem 2.3 in So and Yu [4]) Assume

\sup_{l\geq 0}\int_{l-m}^{l+1}r(s)ds\leq M<+\infty . (2.11)

Then, the solution N(t) of Eq. (2.1) is bounded above and is bounded below
from 0.

In order to prove the global asymptotic stability of N^{*} , we only need
to prove the global attractivity of N^{*}r

Let

\underline{r}=\inf_{l\geq 0}r_{l} ,

\overline{f}(t;r)=\{\frac{e^{rt}-1}{r,t}
,

t=0t\neq 0 ,’ and k_{l}=N(l)\overline{f}(t_{l}; r_{l}) , l=0,1,2 , \ldots ,

(2.12)

and we prepare the following important lemma (cf. the proof of Theorem 2
in Wang and Lu [5] ) .

Lemma 2.3 Assume that

0<r_{l}\leq 1 , l=0,1,2 , . . t (2.13)



A sufficienl condition on global stability in a logistic equation 79

Then, for any positive integer l , it holds that

N(l) \leq\frac{1}{r_{l}b_{0}} , and 1-b_{0}k_{l}\geq 0 . (2.14)

Moreover, if \underline{r}>0 , then there exists a positive constant \underline{k} such that for any
sufficiently large positive integer l ,

\underline{k}\leq k_{l}\leq\frac{1}{b_{0}}, (2.15)

and

\lim_{larrow}\sup_{\infty}N(l)\leq\frac{1}{b_{0}} and \lim\inf N(l)larrow\infty\geq\frac{1}{b_{0}}(b_{0}-\sum_{k=1}^{m}b_{k})\frac{1}{b_{0}} .

(2.16)

Proof We easily see that (2.13) implies (2.11) and hence, by Lemma 2.2,
N(l) is bounded above and is bounded below from 0.

For f(x)=xe^{r-ax} , where r and a are positive constants, we have

0 \leq+\infty\max_{x<}f(x)=\frac{e^{r-1}}{a} .

Thus, by Eqs. (2.9) and (2.13), we see for l\geq 0 ,

N(l+1) \leq N(l)\exp\{r_{l}(1-b_{0}N(l))\}\leq\frac{\exp(r_{l}-1)}{r_{l}b_{0}}\leq\frac{1}{r_{l}b_{0}} ,

and hence,

\overline{t}_{l}=1-r_{l}b_{0}N(l)\geq 0 , for any l\geq 1 . (2.17)

Consider the function

g(x)=\{\frac{e^{x}-1}{1,x}, x\neq 0x=0 ’.
Then,

g’(x)=\{\begin{array}{l}\frac{1}{x^{2}}\{(x-1)e^{x}+1\},1\overline{2},\end{array} x\neq 0x=0’

,
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and for h(x)=(x-1)e^{x}+1 , h’(x)=xe^{x} . Then, h(x)\geq h(0)=0 ,
g’(x)\geq 0 and hence, g(x) is a strictly monotone increasing function of x on
(-\infty, +\infty) .

Hence, by Eqs. (2.8), (2.13) and (2.17), we have that r_{l}t_{l}\leq\overline{t}_{l} and

b_{0}k_{l}\leq r_{l}b_{0}N(l)g(r_{l}t_{l})\leq(1-\overline{t}_{l})g(\overline{t}_{l}) , l=1,2 , . . 1

We easily see that

(1-x) \frac{e^{x}-1}{x}\leq 1 , for any 0<x\leq 1 .

Hence, we have Eq. (2. 14).
In (2.8), we see

t_{l} \geq_{-}t_{J}\equiv 1-\sum_{k=0}^{m}b_{k}(\lim_{larrow}\sup_{\infty}N(l))>-\infty .

Put

\underline{k}\equiv\{\begin{array}{l}\frac{1}{2}(l1im\inf N(l))arrow\infty\frac{exp(\underline{rt}_{|\vee})-1}{\underline{t}_{l}}>0,\frac{1}{2}(llim\inf N(l))arrow\infty\underline{r}>0,\end{array}
It\neq 0\underline{t}_{l}=0’

.

Then, for any sufficiently large positive integer l ,

0< \underline{k}\leq k_{l}\leq\frac{1}{b_{0}} .

Next, let a sequence \{l_{p}\}_{p=1}^{\infty} satisfy the following condition:

0< \lim_{larrow\infty}N(l_{p})=\lim sup N(l)<+\infty .
larrow\infty

Then, by (2.10) and (2.15), we have that for any sufficiently large positive
integer p,

N(l_{p+1})-N^{*}\leq(1-b_{0}k_{l_{p+1}-1})(N(l_{p+1}-1) - N^{*})

-k_{l_{p+1}-1}( \sum_{k=1}^{m}b_{k})(\min_{1\leq k\leq m+1}N(l_{p+1}-k)-N^{*}) .

Let parrow+\infty , in the above equation. Then,

\lim_{parrow\infty}\max N(l_{p+1}-k)1\leq k\leq m+1\leq\lim_{larrow}\sup_{\infty}N(l) and
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\lim_{parrow\infty}\min_{1\leq k\leq m+1}N(l_{p+1}-k)\geq\lim_{larrow\infty}\inf N(l) ,

and by (2.15), we have

b_{0}( \lim_{larrow}\sup_{\infty}N(l)-N^{*})+(\sum_{k=0}^{m}b_{k})(llim\inf N(l)-N^{*})arrow\infty\leq 0 .

Then, we get

\lim_{larrow}\sup_{\infty}N(l)-N^{*}\leq-\{(\sum_{k=1}^{m}b_{k})/b_{0}\}(llim\inf N(l)-N^{*})arrow\infty

\leq\{(\sum_{k=1}^{m}b_{k})/b_{0}\}N^{*} ,

and hence, we have

\lim_{larrow}\sup_{\infty}N(l)\leq\{1+(\sum_{k=1}^{m}b_{k})/b_{0}\}N^{*}=\frac{1}{b_{0}} .

Similarly, let a sequence \{l_{p}\}_{p=1}^{\infty} satisfy the following condition:

\lim_{parrow\infty}N(l_{p})=\lim_{larrow\infty}\inf N(l)>0 .

By (2.10) and (2.15), we have that for any sufficiently large positive integer
l ,

N(l_{p+1})-N^{*}\geq(1-b_{0}k_{l_{p+1}-1})(N(l_{p+1}-1) - N^{*})

-k_{l_{p+1}-1}( \sum_{k=1}^{m}b_{k})(_{1\leq k\leq m+1}\max N(l_{p+1}-k)-N^{*}) .

Therefore, as similar to the above discussions, we get

b_{0}(l lim\inf N(l)-N^{*})arrow\infty+(\sum_{k=1}^{m}b_{k})(\lim_{larrow}\sup_{\infty}N(l)-N^{*})\geq 0 .

Then,

\lim\inf N(l)-N^{*}larrow\infty\geq-\{(\sum_{k=1}^{m}b_{k})/b_{0}\}(\lim_{larrow}\sup_{\infty}N(l)-N^{*}) ,
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and

\lim\inf N(l)\geq larrow\infty\{1+(\sum_{k=1}^{m}b_{k})/b_{0}\}N^{*}-\{ ( \sum_{k=1}^{m}b_{k})/b_{0}\}\lim_{larrow}\sup_{\infty}N(l)

= \frac{1}{b_{0}}-\{(\sum_{k=1}^{m}b_{k})/b_{0}\}\lim_{larrow}\sup_{\infty}N(l) .

Thus, by the first part of (2. 16),

\lim\inf N(l)\geq larrow\infty\frac{1}{b_{0}}-\{(\sum_{k=1}^{m}b_{k})/b_{0}\}\frac{1}{b_{0}}=\frac{1}{b_{0}}(b_{0}-\sum_{k=1}^{m}b_{k})\frac{1}{b_{0}} .

Hence, we complete the proof. \square

From Lemmas 2.1 and 2.3, we obtain a su fBcient condition of the con-
tractivity for solutions and the global asymptotic stability for the positive
equilibrium N^{*} of Eq. (2.1).

Theorem 2.I Assume that

b_{0}> \sum_{k=1}^{m}b_{k} , and 0<r_{l}\leq 1 , l=0,1,2 , . . \tau (2.18)

Then,

|N(l+1)-N^{*}|\leq 0\leq k\leq mmax|N(l-k)-N^{*}| , l=0,1,2 , \ldots .’ (2.19)

which implies that solutions of Eq. (2.1) have the contractivity.
Moreover, if \underline{r}=\inf_{l\geq 0}r_{l}>0 , then the positive equilibrium N^{*} of

Eq. (2.1) is globally asymptotically stable.

Proof. By Lemmas 2.1 and 2.3,

|N(l+1)-N^{*}|

\leq(1-b_{0}k_{l})|N(l)-N^{*}|+k_{l}(\sum_{k=1}^{m}b_{k})(1\leq kmax\leq m|N(l-k)-N^{*}|)

\leq\{1-k_{l}(b_{0}-\sum_{k=1}^{m}b_{k})\}(0\leq kmax\leq m|N(l-k)-N^{*}|) ,

l=0,1,2 , \ldots ,

from which by Eq. (2.18), we get Eq. (2.19).
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Moreover, if \underline{r}>0 , then by Lemma 2.3, 1 – k_{l}(b_{0}- \sum_{k=1}^{m}b_{k})<

1- \underline{k}(b_{0}-\sum_{k=1}^{m}b_{k})<1 , for any large positive integer l , and hence,
\lim_{larrow\infty}N(l)=N^{*}- Thus, we get the conclusion. \square
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