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Subclasses of certain analytic functions

Dinggong YANG and Shigeyoshi Owa
(Received August 31, 2001; Revised February 12, 2002)

Abstract. Let A be the class of functins f(z) which are analytic in the open unit disc E
with f(0) = 0 and f/(0) = 1. Two subclasses of .A with some inequalities are defined. The
object of the present paper is to consider some properties for functions f(z) belonging to
these classes.
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1. Introduction

Let A denote the class of functions f(z) of the form
o
f(z) =z+ Zanz"
n=2

which are analytic in the open unit disc E = {z € C: |z] < 1}. We denote
by S the subclass of A consisting of functions f(z) which are univalent in
E. A function f(z) € A is called starlike in |z| < 7 (0 < r £ 1) if it satisfies

SEC) SR,

For a function f(z) € A, we say that f(z) is in the class H(\, u) if and
only if it satisfies the conditions @ #0 (2 €E) and

2 g1 "
a0 (=)
f(2) f(z)

where ) is a complex number with Re(\) =2 0 and p is a positive real
number. Also we define the class Ho(A, 1) by

Ho(A, 1) = {F(2) € H(\ 1) : £7(0) = O}.
Nunokawa, Obradovi¢ and Owa proved that if f(z) € A with

<p (z€E), (1)
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f(zz) # 0 (z € E) and ‘(ﬁz))”. < 1in E, then f(z) € S. Ozaki and
Nunokawa [4] showed that H(0,1) C S and Obradovi¢, Pascu and Radomir
considered the classes H(0,1) and Hp(0, 1).

In the present paper, we investigate certain properties for the classes
H(, 1) and Ho (A, ). Our results generalize or improve the results obtained

in [2], [3] and [4]. Also some other new results are given in this paper.

2. Properties of the class H(\, u)

Let f(z) and g(z) be analytic in E. Then we say that f(z) is subordinate
to g(z) in E, written f(z) < g(z), if there exists an analytic function w(z) in
E such that |w(z)| < |2| and f(z) = g(w(z)) for z € E. If g(z) is univalent
in E, then the subordination f(z) < g(z) is equivalent to f(0) = g(0) and
f(E) C g(E). To derive our results, we need the following lemma due to
Miller and Mocanu ([1], p. 170).

Lemma Let h(z) be analytic and convez univalent in E, h(0) = 1, and let
p(2) =14 pp2™ + ppy12™ 4+ (neN={1,2,3,---})
be analytic in E. If

p(2) +

where ¢ # 0 and Re(c) 2 0, then

p(2) < (E) Z7n /z tnLh(t)dt.

n 0

nzp'(z)
. < h(z),

For Re(A) 2 0 and p > 0, it is easy to verify that the function

f(z) = °
(1+ =)

belongs to H(\, ) if and only if 4 < |1 + 2)\|. Applying the lemma, we
derive

Theorem 1 Let Re(A\) 20 and 0 < p < |1 +2\|. Then H(A, u) C S.
Proof. Let

p(z) = Z;(f;g‘;’) =1+p2®+--- (3)

(2)
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for f(z) € H(A, 1). Then

"

zﬂ@=—£<ﬁ%)

and it follows from the condition (1) that

p(2) + A2p'(2) = 211) — 222 (L) <1+ pz.

f(2)? f(2)
For A # 0, Re(A) 2 0 and p > 0, an application of the lemma yields
©
p(z) <1+ o2 (4)
From (3), (4) and the Schwarz lemma, we have
2f(2) p
el 1 € |z E
T stk Gen )
for Re(A) 2 0 and p > 0. Hence
2°f'(2) p
L7 — <
) 1‘< |1+2)\|=1 (z€E) (6)
for Re(\) 2 0 and 0 < p < |1+ 2)\|. Now, using in [4], from (6)
we conclude that f(z) € S. O

Remark 1 If we let p = |1 4+ 2\| and A — oo, then the condition (1) can
be written as

(75)

by the Schwarz lemma. Thus we obtain the following corollary which is an
improvement of the main theorem by Nunokawa, Obradovi¢ and Owa in [2].

2 (z€E) (7)

Corollary 1 Let f(z) € A with -J:(;z—) # 0 for z € E, and let f(z) satisfy
the inequality (7). Then f(z) € S,

Remark 2 Recently, Yang and Liu [5| showed by using the
different method.

Next we have
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Corollary 2 Let Re(A\) 20,0 < u < |1+ 2)| and

VA
If
> (n = 1)1+ nA|lba| £ p, 9)
n=2

then f(z) € S.
Proof. From (8) and (9), we have

"

22 f'(2) 2f 2 R n
O Az (ﬁ) -1 - nzzz(n —1)(1+nA)byz
<3 (n = DL+ Aol <
n=2
for z € E. Therefore, we see that f(z) € H(\, u) C S by using Theorem 1.

O
Theorem 2 Let 0 S Ay < Ag and pu > 0. Then H(Ag, 1) C H(A1, p).
Proof. Let f(z) € H(Ag, ). Then, it follows that

"

22f!(2) 2
f(z)2 — )\222 <f—(;)'> <1+ Hz.
From (4) in the proof of [Theorem 1I, we also see that
2f'(2) p
(22 <1+ 1+ 20 <1+ pz.
Hence, we have
2 f'(2) v 2 (_z_)”
e M \FE
M) (_) ( M ) 2f(2)
s { iz i) [TV R) TFee

<1+ pz
for 0 £ A1 < A9, which implies that f(z) € H(A1, ©). O
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Further, we derive

Theorem 3 Let Re(\) 20, u > 0 and

)-z—l—Zanz

be in the class H(A, u). Then

z

22

1+ a9z

<_ ¢
1+ 2)]

_Z__l

f(2)

)
} " (|a2| T

2z

).
PRES

<144 (Iazl ;

7

1+ 2]

and

||

1+ laallzl + (ty ) 1412

v

f(2)l

Equalities in (10), (11

given by
2
(Z): EH()\’“)
1 bz + (jky ) 22
with 0 < pS|142M and 0S b <2 ﬁm

Proof. For the function f(z) € H(A, u), we find that

f (e =a) =27

Using (5) in the proof of [Theorem 1, it follows from that

‘ /'Z' ()
0

F(8)?

as.

L1,
(2)

1

t2

2|

| +2/\[

131

). a2)

(13)

), (12) and (13) are attended for the function f(z)

(14)

(z € E),



132 D. Yang and S. Owa

which gives [10). In view of [10), we easily have (11}, (12) and [13). O

Remark 3 Taking A =0and p=11in and (12), we have the corre-
sponding results by Obradovié, Pascu and Radamir [3].

The inequlity (10) in Theorem J leads us the following theorem.
Theorem 4 Let Re(\) 20, u> 0 and f(2) € H(A, ). Then

(15)

The result is sharp for 0 < pu < |1+ 2)|.

Proof. Since

o0

£ 1 + agz = (a2 — a3)z2 + Z bn2",

f(z)
from (10) in Theorem 3, we deduce that

1 (27| peif " 2

— _——1 wiode

27r/ F(re®) + agre

2
L
= |a2 — a3|®r* + Zlb |2r2" < (ll +2>\|> rf (0<r<),
n=3

which leads to (15). Further, it is easy to check that the estimate is
best possible for the function f(z) given by (2) with0 < p < |14+2A|. O

3. Properties of the class Ho(A, )
For functions f(z) belonging to the class Ho(A, 1), we may have

Theorem 5 Let Re()\) 2 0 and f(2) € Ho(A, p).

'1+2,\! < . . . [1+2)],
(a) If 5 = w1+ 2)|, then f(z) is starlike in |z| < SV

() If 152 < 1+ 20, then Re f/(2) > 0 for |2] < /2L

Proof. We follow the technique by Yang and Liu in [5]. For Re()) 2 0 and
0 < pu £ |1+ 2)|, the inequality (5) in the proof of gives us that

2 f'(2) 2
arg (22 _ar081n<‘1+2)‘|| 2| ) (z € E). (16)
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Also it follows from in with ag = 0 that

== (5 ))’ < wesin ([fy ) e an

(a) If Il:;gM < u < |14 2)|, then from [16) and [17), we obtain

o (55 o (752 o (5)
< 2arcsin <|1 +“2/\||2|2> < g

for |z| <r; = 1/%{' < 1. This shows that f(z) is starlike in |2| < 7.
(b) If Jl"'—é‘?—)‘—l < p £ |14 2|, then it follows from and that

o (1) (5)

f(2)?

< 3arcsin(|1f2)\||z|2) <g

for |z| < rg =4/ ’Hz)‘l < 1. This implies that Re f'(z) > 0 for |z| < rs.

|arg f'(2)] =

O

Remark 4 Letting A =0 and p = 1 in Theorem 5, we see that (a) is the
same as in [3] and (b) is the improvement of a result in [3].

gives us the following corollary.
Corollary 3 Let Re(A) 2 0 and f(2) € Ho(A, p).

(a) If 0<p< M then f(z) is starlike in E;

(b) If 0<p< J%l, then Re f'(2) > 0 for z € E.

Finally we derive

Theorem 6 Let
f(z) =

2
143 02y bn2™’

(18)



134 D. Yang and S. Owa

fi(z) = z and
z
fm(z) - 1+ZZI=2 bnzn‘
If Re(A)20,0< u S |1+2)| and
Y (n= D1+ nX||ba| £ g,
n=2

then we have
(a) f(z) e Ho(M, ) CS:
(b) for z €E,

fm(z) _ I
Re( 1) ) > s (m oy DN

and

(1) e

The results are sharp for each m € N.
Proof. Let ¢, = (—"M (n 2 2). Then

Cntl > Crn 21 (n22)

m|l+ (m+ 1A +p

(19)

(20)

(21)

(22)

for Re(A) 2 0 and 0 < g < |1+ 2)|. From (19) and [(22), we deduce that

the function f(z) given by (18) is analytic in E and

o0

m o0
Z |bn| + cmt1 Z |bn| = ZCSO:QCnle <1
n=2

n=m++1 n=2

(23)

(a) Notingthat f(2) € Aand f”(0) = 0, from the proof of [Corollary 2,

we see that f(z) € Ho(A, ) C S.
(b) Let us define the function p;(z) by

1= {9 (121}

Then

oo

L+ o by

pi(2) =1+
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and from (23) we deduce that

pi(z) -1 l _ Cm41 D onemt1 bn2”

D1 (z) +1 2(1 + Z;nzz bnzn) + Cm+1 Zzo:m.;.l b 2™
—2-2 Z;nzg Ibnl — Cm+1 Z?zo:m-f—l |bn|
<1 (z € E).

Hence we conclude that
fm (z) ) 1
Re (___ o1
f(z) Cm+1

for z € E. This proves the inequality (20) for m 2 2.
If we take the function f(z) defined by

f(2)

z

— , (24)
1+ oistron 2™

then f,(2) =z and
fm(z) u ’:‘_1
) T i many e

Hence, the bound in (20) is best possible for each m 2 2.
Similarly, if we put

f(z) Cm+1 )
=1+4+cn - )
pa{z) = (1 +emsr) (fm(z) T+ Cmat
then it follows from (23) that

p2(z) — 1 ’ _ (L4 Cm+1 Y pemi1 bn2"

pa(z) +1 2(1+ 3 5 bn2™) — (em41 — 1) > g1 bn2™
< (1 + emt1) Xopime [bnl
—2-2 Z:=2 lbn‘(cmﬂ - 1) E7omo=m+1 |bn|
<1 (z € E).

Now we easily show the inequality (21) for m 2 2 and the bound in (21) is
sharp for the function f(z) given by [24). O
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Finally, the coefficient inequality (23) becomes

00 00
022 Ibnl < chlbnl =1
n=2 n=2

when m = 1. By using the same way as in the above, the proof of the
theorem is completed.
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