Hokkaido Mathematical Journal Vol. 41 (2012) p. 257-27/

Positive Toeplitz operators on the Bergman space

of a minimal bounded homogeneous domain
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Abstract. Necessary and sufficient conditions for positive Toeplitz operators on the
Bergman space of a minimal bounded homogeneous domain to be bounded or com-
pact are described in terms of the Berezin transform, the averaging function and the
Carleson property.
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1. Introduction

In 1988, Zhu obtained the conditions in order that a positive Toeplitz
operator is bounded or compact on the Bergman space of a bounded sym-
metric domain in its Harish-Chandra realization [11]. In this paper, we
extend this result for the case that the domain is a minimal bounded homo-
geneous domain.

Let D be a bounded homogeneous domain in C”, dV the Lebesgue
measure, O(D) the space of all holomorphic functions on D, and LP(D) the
Bergman space LP(D,dV) N O(D) of D for p > 1. We denote by Kp the
Bergman kernel of D, that is, the reproducing kernel of LZ(D). We fix a
minimal bounded homogeneous domain ¢/ with a center ¢. It is known that
U is a minimal domain with a center ¢ if and only if Ky(z,t) = Ky(t,t) for
any z € U (see [9, Theorem 3.1]). For example, the open unit disk D, the
open unit ball B™ and the bidisk ID x D are minimal domains. It is known
that every bounded homogeneous domain is biholomorphic to a minimal
bounded homogeneous domain (see [7]).

Let p be a complex Borel measure on ¢. The Toeplitz operator T}, with
symbol p is defined by

T, f(2) = /M Ku(zw) f(w)du(w) (= €U, | € L2U)).
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If dp(w) = uw(w)dV (w) holds for some u € L>(U), we have T, f = P(uf),
where P is the orthogonal projection from L?*(U) onto L2(U). Therefore,
T,, is a bounded operator on L2(U) with ||T,| < |ull,,. We consider the
condition of u that T}, is a bounded (or compact) operator on LZ(U).

A Toeplitz operator is called positive if its symbol is positive. A result on
positive Toeplitz operator of a bounded symmetric domain €2 in its Harish-
Chandra realization was obtained in [11]. Zhu proved that the boundedness
of the positive Toeplitz operator T}, on L2(9) is equivalent to the bound-
edness of the Berezin transform g or the averaging function iz on §2. The
key lemma is [3, Lemma 8]. The proof of this lemma is based on some char-
acteristic properties of a bounded symmetric domain in its Harish-Chandra
realization. It is difficult to generalize directly their argument for a bounded
homogeneous domain, which is not necessarily symmetric. However, the fol-
lowing theorem enables us to prove the same key estimate (Lemma 3.3) for
the Bergman kernel of a minimal bounded homogeneous domain.

Theorem 1.1 ([7, Theorem A]) Let U C C™ be a minimal bounded ho-
mogeneous domain. Take any p > 0. Then, there exists C, > 0 such that

C_l < KZ/I<27 a)

— | <
P Ku(% CL) CP

for all z,a € U with B(z,a) < p, where 3 denotes the Bergman distance on
U.

Using Lemma 3.3 and Zhu’s method (see [11] or [12]), we deduce a
certain relation of averaging functions to the Carleson measures (Theorem
3.7). Moreover, we obtain the following theorem.

Theorem 1.2 LetU C C" be a minimal bounded homogeneous domain
and p a positive Borel measure on U. Then the following conditions are all
equivalent.

(a) T, is a bounded operator on L2(U).

(b) The Berezin transform ji(z) is a bounded function on U.
(¢) Forallp > 1, pu is a Carleson measure for LE(U).

(d) The averaging function [i(z) is bounded on U.

The representative domain of the tube domain over the Vinberg’s cone is
an example of nonsymmetric minimal bounded homogeneous domain. The-
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orem 1.2 generalizes Zhu’s result ([11, Theorem A]) to such domain, for
instance.

In the part (¢) = (a), we use the boundedness of the positive Bergman
operator P;f on L*(U,dV). By using Schur’s theorem (see [12, Theorem
3.6]), it is sufficient to find a positive function h and a positive constant C
such that

/M Ky (2, 0)| h(w)dV (w) < Ch(z)

holds for all z € U. If U is a bounded symmetric domain in its Harish-
Chandra realization, we can construct such h and C' from the Forelli-Rudin
inequalities (see [12, Theorem 7.5], [4, Proposition 8]). But it is difficult to
do this on minimal bounded homogeneous domains. Instead, we make use of
the boundedness of the positive Bergman operator Pg on L?(D,dV), where
D is a homogeneous Siegel domain of type II (|2, Theorem I1.7]). Since every
bounded homogeneous domain is biholomorphic to some Siegel domain, we
deduce the boundedness of PJ (see section 2.4).

To prove the compactness of T},, we consider a vanishing Carleson mea-
sure for L2 (U). We know that Ky(a,a) — oo as a — OU (see [8, Proposition
5.2]). Therefore, we can prove Theorem 3.10 in the same way as in [12,
Theorem 7.7]. We obtain the condition of the compactness of the Toeplitz
operator.

Theorem 1.3 Let U C C” be a minimal bounded homogeneous domain
and i a finite positive Borel measure on U. Then the following conditions
are all equivalent.

(a) T, is a compact operator on LZ(U).
(v)
(¢) w is a vanishing Carleson measure for L2(U).

(d) The averaging function ji(z) tends to 0 as z — OU.

The Berezin transform ji(z) tends to 0 as z — OU.

2. Preliminaries

2.1. Minimal domains

Let D be a bounded domain in C™. We say that D is a minimal do-
main with a center ¢ € D if the following condition is satisfied: for every
biholomorphism ¢ : D — D’ with det J(¢,t) = 1, we have
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Vol(D') > Vol(D).
From [6, Proposition 3.6] or [9, Theorem 3.1], we see that D is a minimal

domain with a center t if and only if

1
Vol(D)

KD(Z,t) =

for any z € D.

The representative bounded homogeneous domain is a generalization of
the Harish-Chandra realization for a bounded symmetric domain. Indeed,
every bounded homogeneous domain is biholomorphic to a representative
bounded homogeneous domain. It is known that any representative bounded
homogeneous domain is a minimal domain with a center 0 (see [6, Proposi-
tion 3.8]). Therefore, every bounded homogeneous domain is biholomorphic
to a minimal bounded homogeneous domain.

2.2. The Berezin symbol and the averaging function N
For a bounded linear operator 7' on L2 (), the Berezin symbol T' of T
is defined by

T(2) := (Tk.,k.) (2 €U),

where k. is the normalized Bergman kernel of L2(U) at the point z € U,
that is,

Ky(w, z)
ko (w) = W

For a Borel measure p on U, we define a function g on U by

i(z) = /u e () Pdpa(u0),

which is called the Berezin symbol of the measure . For any z € U and
r >0, let

B(z,r) :={wel|p(z,w) <r}
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be the Bergman metric disk with center z and radius r. Since |Ky(z,w)]| is a
bounded function on B(t,r) X U (see [7, Proposition 6.1]), f is a continuous
function if p is finite. For fixed p > 0, we also define a function i on U by

o u(Bap)
) = ol (B, )

which is called the averaging function of the measure u. Although the value
of i1 depends on the parameter p, we will ignore that distinction.

Suppose that the Toeplitz operator T}, is a bounded operator on L2(U).
We have

__ 1
Tu(2) = (Tuks, k2) = WTukz(Z)

by the definition of the reproducing kernel. The right hand side equals

Ku(zlz)l/Q /UKM(Zaw)k‘z(w)du(w) = /u Ik, (w) 2 dp(w).
Therefore, we have
TM(Z) = (2). (2.1)

2.3. Carleson measures and vanishing Carleson measures
Let © be a positive Borel measure on ¢ and p > 1. We say that p is a
Carleson measure for L?(U) if there exists a constant M > 0 such that

/V@WM@SM/V@WW@
u u

for all f € LP(U). It is easy to see that u is a Carleson measure for LE(U)
if and only if LP(U) C LP(U,dp) and the inclusion map

it LE(U) — LE(U. dp)

is bounded.
Suppose p is a Carleson measure for L2(U). We say that p is a vanishing
Carleson measure for L2 (U) if the inclusion map
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ig: L2(U) — L2(U, dp)

is compact.

2.4. Boundedness of the positive Bergman operator
In order to prove the part (¢) = (a) in Theorem 1.2, we use the
boundedness of the positive Bergman operator P on L*(U,dV) defined by

Big(z) = /u Ky (2, 0) | g(w) dV (w)

for g € L?(U,dV). We prove that P} is a bounded operator on L?(U,dV).

It is known that every bounded homogeneous domain is holomorphically
equivalent to a homogeneous Siegel domain [10]. Let ® be a biholomorphic
map from U to a Siegel domain D. We define a unitary map Us from

L2(U,dV) to L*(D,dV) by
Ua f(¢) := f(@7H(Q)) [det J(@7. Q)| (f € L*U,dV)).

Then, we have
Up o Pj = P o Us.

Therefore, the boundedness of P on L?(U, dV) is equivalent to the bound-
edness of P on L?(D,dV). On the other hand, Békollé and Kagou proved
the boundedness of the positive Bergman operator Pj on L*(D,dV) ([2,
Theorem I1.7]). Therefore, we have the following lemma.

Lemma 2.1  The operator P, is bounded on L*(U,dV).

3. Some Lemmas

In this section, we show some lemmas for a minimal bounded homoge-
neous domain U with a center ¢ € U. Although the proofs of these lemmas
are almost same as the ones for the case of symmetric domain ([1], [3], [12]),
we write them here for the sake of completeness. In this section, K(z,w)
means Ky(z,w). First, we present the following theorem, which plays fun-
damental roles in this work.

Theorem 3.1 ([7, Theorem A])  For any p > 0, there exists C, > 0 such
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that

>0y

_ K(z,a)
1 < ?
%' <[k

for all z,a € U such that B(z,a) < p.

For a € U, let ¢, be an automorphism of U such that ¢,(a) = t. Using
Theorem 3.1, we prove Theorem 3.7. First, we prove some lemmas.

Lemma 3.2 One has

et a2 = et e (3.1)
det J(p; 1, 2) 2 = DR (@a) (3.2)

|K(pa'(2),a)

where det J (g, z) is the complex Jacobian of ¢, at z.

Proof. By the transformation formula of the Bergman kernel, we have
K(Zv a) = K(Soa(z)a ‘pa(a)) det J(Som Z)det ‘](90(17 a’)'
Since K(¢q(2), pala)) = K(pa(z),t) = K(t,t), we obtain

K (2,0))
K(t,1)? |det J(¢q, a)

|det J(pq, 2)| = . (3.3)

On the other hand, we have
K(a,a) = K(pa(a), pa(a)) |det J(pa, a)|*.

This means

det J(pq, a)[> = (3.4)

From (3.3) and (3.4), we obtain (3.1). The equality (3.2) follows from

det J(pa, 05 (2)) det J(p, 1, 2) = 1. O
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Lemma 3.3 (cf. [3, Lemma 8]) There exists a constant M, such that
M < [ka(2)]* Vol (B(a, p) < M,

for alla €U and z € B(a, p).

Proof. Thanks to the invariance of the Bergman distance under biholo-
morphic transformations, we have

\kd(B(aﬁﬁ)::/;U )kmtJ(wglﬂo\Zdvxuy

By Lemma 3.2, we obtain

__K@@f/ K(t,0K(@a) 10
B

ka2 Vol (Bla,p) = S f K (' (w).0)]°

K (2,0)
— K(t,t SdV (u). 3.5
) [ o IRl gV 69

Since u € B(t,p) means B(t,u) < p, we have B(a,p,;(u)) < p, so that
Theorem 3.1 implies

K
ot < ‘(?a) <c, (3.6)
K(pa (u),a)
On the other hand, we have
_ K(z,a)
< < C,. ,
% <[l <@ .
Multiplying (3.6) by (3.7), we obtain
_ K(z,a
2 |& e (3.8)

7T K (pat (w), )| T

By (3.5) and (3.8), we complete the proof with M, = C2K(t,t) Vol(B(t, p)).
O
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Since one uses not the symmetry but the homogeneity of a complex
domain in the proof of [1, Lemma 5], the following lemma holds for the
minimal bounded homogeneous domain U.

Lemma 3.4 ([1, Lemma 5]) There ezists a sequence {w;} C U satisfying
the following conditions.

(S1) U = U2, Bluw.p).

(52) Blw;, p/4) N Blw;, p/4) = 0.

(S3) There exists a positive integer N such that each point z € U belongs
to at most N of the sets B(w;,2p).

Lemma 3.5 (cf. [1, Lemma 7])  There exists a constant C' such that

p C P p =
FOF < i) Jo, TPV

forall fe OWU),p>1andacU.

Proof. First, we consider the case a = t. Since the Bergman metric induces
the usual Euclidean topology on U, there exists a Euclidean ball E(t, R)
with center ¢ and the radius R such that E(t,R) C B(t,p). Let f be a
holomorphic function on /. Since f has a mean value property, we have

1
5O = TR Jog T C)

Therefore, by Jensen’s inequality, we obtain

< vormim L HErave)

< z z).
Vol (E(t, R)) Jg,r)

Now, put Cg := m. Note that the constant Cr is independent
of p and f. Since E(t,R) C B(t,p), we have

[F@)F

f@fscg/ F()P AV (2). (3.9)

B(t,p)

Next, we prove the general case. Since f o, ! is a holomorphic function on
U, we have
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|fop't)|" < OR/ |fop, (2)|"dV(z)

B(t,p)

by (3.9). Put w := ¢, '(2). Then the inequality (3.10) means

F@)P < Cr / | (w)[? |det T (e, w)|? dV (w).

B(a,p)

By Lemma 3.2, the right hand side is equal to

o Ewalf
Cr /B O R )

Therefore we have

K(a,a) K(w,a)|”
fla)f <C / f(w)|? dV (w).
|f(a)] REED B(W)\ (w)] K(a.a) (w)
By Theorem 3.1, we have
C—Q < K(w7a) ? < 02
P | K(aya)| — °°

on w € B(a, p). Therefore we have
K(a,a)
f(a)|? < CrC? / fw)|P dV(w
s <orciad [ s avi)

by (3.11) and (3.12). We see from (3.12) and Lemma 3.3 that

2 2
oo o | k) _ M,
o = K@a)| T K@a) = Vol(Bla,p) K(a,a)
Hence we obtain
M,C?
K(a,a) Lr

= Vol (B(a, p))’

By (3.13) and (3.14), we have

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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C
fla)]? < / f(w)|P dV (w
O < o) Jye, O V@
with C = CACrM,K (t,t)". O
Lemma 3.6 There exists a constant C such that
swp (@)l < s [ 1@ av(e)
weB(a,p) Vol (B(CL, p)) B(a,2p)

forall fe OWU),p>1anda cU.
Proof. By Lemma 3.5, there exists a constant C' such that

p C = p =
O < B Jo, O W)

for any f € OUU), p > 1 and w € Y. Therefore we have
1
swp (P <C s (s [ pperave)
we B(a,p) weEB(a,p) Vol (B(w,p)) B(w,p)
1
<o [ perave) se oo,
B(a,2p) weB(a,p) Vol (B(’LU, p))

where the last inequality holds because B(w, p) is a subset of B(a,2p) for
all w € B(a, p). Hence, it is sufficient to prove

C
su < .
weBp) VoL (B(w, p) = Vol (B(a, p))

Take any w € B(a, p) and let b € B(a, p) N B(w, p). Then we have

Vol (B(a, p)) < M, |ka(b)| 72,
Vol (B(w, p)) > Mp_l |k (b)] 2

by Lemma 3.3. Therefore, we obtain
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Vol (B(a, p)) 2 | Fuw(b)
<M 3.15
Vol (Blw,p)) = 7 [ ha(0) (3:19)
On the other hand, we have
ko(D)|* _ K (w,b)]* K(a,a)
ka(b) K(w,w) |K(a,b)|”
| K(w,a) || K(a,a) || K(w,b) [*| K(b,b)|?
| K(w,w) | |K(w,a)| | K(b,b) | |K(a,b)
Since f(w,a), B(w,b) and [(a,b) do not exceed p, we have
ko) * _ 6
< 1
kb = (319
by Theorem 3.1. Therefore, we have
< 1 < C
up <
weB(a,p) Vol (B(w, p)) ~ Vol (B(a, p))
by (3.15) and (3.16). O

By Lemmas 3.3, 3.4 and 3.6, we can prove the following theorem as in
the same way of the proof of [11, Theorem 7]. It follows from this theorem
that the property of being a Carleson measure is independent of p.

Theorem 3.7 ([11, Theorem 7]) Suppose u is a positive Borel measure
onU and p > 1. Then p is a Carleson measure for LE(U) if and only if

sup B

acU Vol (B((I, P))

It is known that H := span(Ky(-,w))wey is dense in L2(U). On the
other hand, Ky(-,w) is bounded for each w € U (see [7, Proposition 6.1]).
Therefore H C H*(U), where H>(U) is the set of all bounded holomorphic
functions on . Thus, H>(U) is dense in L2(U).

Since K(a,a) — oo as a — OU (see [8, Proposition 5.2]), we can prove
the following lemmas in the same way as in [4].
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Lemma 3.8 ([4, Lemma 1]) A sequence {k,} converges to 0 weakly in
L2(U) as a — OU.

Lemma 3.9 ([4, Lemma 5]) Let {f,} be a sequence of functions in L2(U)
which is weakly convergent to f. Then f, — f uniformly on compact subsets

of U.
From Lemmas 3.8 and 3.9, we can prove the following theorem.

Theorem 3.10 ([11, Theorem 11], [12, Theorem 7.7]) Let p be a finite
positive Borel measure on U. Then p is a vanishing Carleson measure for
L2(U) if and only if

i MBla,p)
a—au Vol (B(a, p))
4. Boundedness of the Toeplitz operator
In this section, we prove the main theorem.

Theorem 4.1 Let U C C™ be a minimal bounded homogeneous domain
and p a positive Borel measure on U. Then the following conditions are all
equivalent.

(a) T, is a bounded operator on L2(U).

(b) p(z) is a bounded function on U.

(¢) Forallp>1, p is a Carleson measure for LE(U).
(d) 11(z) is a bounded function on U.

Proof. We have already proved (¢) <= (d) in Theorem 3.7. We will prove
(a) = (b) = (d) and (¢) = (a).
First, we prove (a) = (b). Since T}, is a bounded operator, we have

A(2) = Tu(2) = (Tuka k)| < | Tl 1R |)” = 1T < oo,

where the first equality follows from (2.1).
Next, we prove (b) = (d). By Lemma 3.3, we have

M < [k (w)[* Vol (B(z, p))

We integrate this inequality on B(z, p) by p. Then we have
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M [ ) < Vol (B [ () du)

B(z,p)

Therefore, we have

u(B(z,p)) S dute
Vo By <M [ el Pdut)

< My [[k:l 72y = MpA().

Therefore we have [i(z) < M,fi(z), so [i(z) is a bounded function on U.
Finally, we prove (¢) => (a). For f € L2(U), we have

IT, 12 = /‘/Kuzw w)du(w)
< [ (] st iplauto >>2dv<z>
-/ ( [ 1w dute ) V(). (4.1)

where we put F,(w) := Ky(z,w)f(w). Since Ky(z,-) € L2(U), we have
F. € LL(U). Moreover, i is a Carleson measure. Hence, there exists a
positive constant M, such that

2
dV (z)

[ 1Pl dutw) < M, [ [F.0)|aV(w), (4.2
u u

By the definition of the Carleson measure, M,, is independent of z. There-
fore, we have

IT,.f115 SMi/M </L{|Ku(z,w)|If(w)IdV(w)>2dV(Z)

by (4.1) and (4.2). Moreover, the right hand side is rewritten as

+ 2
M| £ s
2.1, we have

where f* = |f|. Since P} is a bounded operator by Lemma
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1T flly < My || B7 £ |, < My [[B7 (11

I

Next, we prove T,,f € OU). Since T,,f € L*(U), it is enough to prove
(T,f,g) =0 for any g € L2(U)*. We see that

(T,.f,9) / {/ Ky(z,w) )du(w)}g(z)dV(z)
/ {/ Ky (w, 2)9(2)dV (= )}f(w)du(w)

(4.3)

Note that since
/u /u Ky (w, 2)g(2) £ ()| dps(w)dV () < My, L[| 1£11 lglly < 00, (4.4)

the second equality of (4.3) follows from Fubini’s theorem.
Therefore, T}, is a bounded operator on L2(U). O

5. Compactness of the Toeplitz operator

Suppose 1 < p < oo and ¢ is the conjugate exponent of p. It is known
that (L2(D))* = L%(D) with equivalent norms and under the integral pair-

ing:
(f.g) = / H(2)g@av (=),

where f € LP(D) and g € LI(D) (see [12, Theorem 4.25]). To prove this, we
use the boundedness of the positive Bergman operator Pﬂ{ on LP(D,dV).
But, we do not know that PLJ{ is a bounded operator on LP(U,dV') for p # 2,
whereas the similar statement is shown for homogeneous Siegel domain by
Békollé and Kagou. Therefore, we consider the case p = 2 in the present
work.

Theorem 5.1 Let U be a minimal bounded homogeneous domain and
a finite positive Borel measure on U. Then the following conditions are all
equivalent.
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(a) T, is a compact operator on L2(U).

(b) p(z) =0 asz— oU.

(¢) w is a vanishing Carleson measure for L2(U).
() 7

d) u(z) =0 as z— oU.

Proof.  Theorem 3.10 shows (¢) <= (d). We will prove (a) = (b) = (d)
and (¢) = (a).

First, we prove that (a) = (b). By Lemma 3.8, we have k, — 0 weakly
in LZ(U) as z — OU. Since T}, is a compact operator, we have Tk, — 0 in
L2(U). Therefore, we have

i(z) = [(Tukz, k)| < | Tukz2llkzlls = [[Tukzlly — 0 (2 — OU).
Next, we prove (b) = (d). We have already shown that
() < M,(2)

in the proof of Theorem 4.1. Therefore, we have fi(z) — 0 as z — IU.

Finally, we prove (¢) = (a). First, we prove that ”TufHL2(dv) <
My ([ fll 22 (apy for any f € L2(U). Since p is a Carleson measure, we have
T,.f € L2(U) by Theorem 4.1. Take any g € L2(U). Then, we have

(T.f,9) /(/Ku z,w) f(w)dp(w )> (2)dV (z)
-/ < / Ku(z,w)g(Z)dV(Z)>f(w)d#(w)
- /M Fw)g(w)du(w).

Note that we can change the order of integral because (4.4) holds for the
case g € L2(U). Since

(Tt D < W 2 qam 190 2 ay < Mu | p2eapy 190 22 avy -

we have

[T fll2 < Myl f1l 22 (ap)- (5.1)
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Next, we prove the compactness of T),. Take any sequence {f,} such
that f, — 0 weakly in L2(U). Since u is a vanishing Carleson measure for
LZ(U), we have f, — 0 in L2(U,dp). Therefore we have ||, fn|l, — 0 by
(5.1). It means that T}, is a compact operator on L2 (U). O
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