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Stability of discrete ground state
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Abstract. We present new criteria for a self-adjoint operator to have a ground state.
Although the proof which we give is easy, it has many applications. And in various
models, it is easy to check the criteria. As an application, we consider models of “quantum
particles” coupled to a massive Bose field and prove the existence of a ground state of
them, where the particle Hamiltonian does not necessarily have compact resolvent.

Key words: ground state, discrete ground state, generalized spin-boson model, Fock space,
Derezinski-Gérard model.

1. Introduction

Let T be a self-adjoint operator on a Hilbert space H, and bounded
from below. We say that 71" has a discrete ground state if the bottom of the
spectrum of T is an isolated eigenvalue of T'. In that case a non-zero vector
in ker(T' — Ey(T)) is called a ground state of T. Let S be a symmetric
operator on H. Suppose that T has a discrete ground state and S is T-
bounded. By the regular perturbation theory [8, XII], it is already known
that T'4+ AS has a discrete ground state for “sufficiently small” A € R. Our
aim is to present new criteria for 7'+ AS to have a ground state.

In Section 2, we prove an existence theorem of a ground state which is
useful to show the existence of a ground state of models of quantum particles
coupled to a massive Bose field.

In Section 3, we consider the GSB model [2] with a self-interaction
term of a Bose field, which we call the GSB + ¢? model. We consider only
the case where the Bose field is massive. The GSB model — an abstract
system of quantum particles coupled to a Bose field — was proposed in [2].
In 2], A. Arai and M. Hirokawa proved the existence and uniqueness of
the GSB model in the case where the particle Hamiltonian A has compact
resolvent. Shortly after that, they proved the existence of a ground state
of the GSB model in the case where A does not have necessarily compact
resolvent [4, 3]. In this paper, using a theorem in Section 2, we prove the
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existence of a ground state of the GSB + ¢? model in the case where A does
not necessarily have compact resolvent.

In Section 4, we consider an extended version of the Nelson type model,
which we call the Dereziiiski-Gérard model [5]. The Derezinski-Gérard
model is introduced in [5], and J. Derezinski and C. Gérard prove exis-
tence of a ground state for their model under some conditions including
that A has compact resolvent. In Section 4, we prove the existence of a
ground state of the Derezinski-Gérard model in the case where A does not
have compact resolvent. Our strategy to establish existence of a ground
state is the same as in Section 3.

2. Dbasic results

Let ‘H be a separable complex Hilbert space. We denote by (-, - )y
the scalar product on Hilbert space H and by || - || the associated norm.
Scalar product (f, g)y is linear in g and antilinear in f. We omit H in
(-, )n and || - ||x, respectively if there is no danger of confusion. For a
linear operator T in Hilbert space, we denote by D(T") and o(T") the domain
and the spectrum of T respectively. If T is self-adjoint and bounded from
below, then we define

Eo(T) :=info(T), X(T):=infoess(T),

where oegs(T") is the essential spectrum of T'. If T" has no essential spectrum,
then we set X(7T") = oco. For a self-adjoint operator T', we denote the form
domain of T by Q(T'). In this paper, an eigenvector of a self-adjoint operator
T with eigenvalue Ey(T) is called a ground state of T (if it exists). We say
that 7" has a ground state if dimker(T" — Eo(T')) > 0.

The basic results are as follows:

Theorem 2.1 Let H be a self-adjoint operator on H, and bounded from
below. Suppose that there exists a self-adjoint operator W on H satisfying
the following conditions (i)-(iii):

(i) D(H)cC D(W).

(ii) W is bounded from below, and 3(W') > 0.
(i) H— Eo(H)>W on D(H).

Then H has purely discrete spectrum in the interval [Eo(H ), Eo(H)+X(W)).
In particular, H has a ground state.
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Proof. For all uq, ..., u,_1 € ‘H, we have
inf (U, HV) — Eg(H) > inf (U, W),
‘IJELh.[ul,“.,un,l]l ‘IJEL.hA[ul,m,unfl]l
[Iw[|=1, ueD(H) [Iw]|=1, ueD(H)
where L.h.[- - - ] denotes the linear hull of the vectors in [- - -]. Since D(H) C
D(W), we have that
inf (U, W) > inf (U, WU).
WEL.h.[uy, ..., up_1]+ VeL.h.[ug, ..., up_1]+
lw|=1,¥eD(H) |¥|=1, ¥eD(W)
Hence, for all n € N
:un(H) - EO(H) > Nn(W)
where
/”‘n(ﬁ) = sup inf <\I]7 ﬂ‘lj>a (ﬂ = H7 W)

ULy ooy U1 EH TEL DU, .oy Up_1]t
I|l=1, ¥eD(4)

By the min-max principle ([8, Theorem XIII.1]), lim, oo pn(H) = X(H)
and limy, o0 pn (W) = X(W). Therefore we obtain

S(H) — Eo(H) > (W) > 0.

This means that H has purely discrete spectrum in [Ey(H ), Eo(H)+X(W)).
U

Theorem 2.2 Let H be a self-adjoint operator on H, and bounded from
below. Suppose that there exists a self-adjoint operator W on H satisfying
the following conditions (i)-(iii):

() QUH)C QW)

(ii) W is bounded from below, and (W) > 0.
(iii) H—Eo(H)>W onQ(H).

Then H has purely discrete spectrum in the interval [Eo(H), Eo(H)+X(W)).
In particular, H has a ground state.

Proof. Similar to the proof of Theorem 2.1. O

We apply Theorems 2.1 and 2.2 to a perturbation problem of a self-
adjoint operator.
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Theorem 2.3 Let A be a self-adjoint operator on H with Ey(A) =0, and
let B be a symmetric operator on D(A). Suppose that A+ B is self-adjoint
on D(A) and that there exist constants a € [0, 1) and b > 0 such that

(¥, BY)| < alp, A) +b][¢|?, € D(A).

Assume
b+ Eo(A+ B)
1—a
Then A+ B has purely discrete spectrum in [Eg(A+ B), (1 —a)X(A) —b).
In particular, A+ B has a ground state.

< 2(A). (1)

Proof. By the assumption we have
A+B-Ey(A+B)>(1-a)A-b—Ey(A+B)

on D(A), and (1 — a)X(A) — b — Eo(A+ B) > 0. Hence we can apply
Theorem 2.1, to conclude that A+ B has purely discrete spectrum in [Fo(A+
B), (1 —a)X(A) —b). In particular, A 4+ B has a ground state. O

Remark It is easily to see that —b < Ey(A+ B) < b. Therefore condition
(1) is satisfied if
2b
1—a
Let H, K be complex separable Hilbert spaces. Let A and B be self-

adjoint operators on H and K respectively. Suppose that Fy(A) = Ey(B) =
0. We set

< 3(A).

To:=A®I+I®B.

Let Z be a symmetric sesquilinear form on Q(7p), and assume that there
exist constants a1 € [0, 1), as € [0, 1) and b > 0 such that, for all ¥ € Q(Tp)

1Z(0,0)| < a1 (¥, A® I gorm + az(¥, T @ BY)ory + b|| ¥,

where (¥, A® IW)gorm = ||AY? ® I'¥||%. Therefore, by the KLMN theorem
there exists a unique self-adjoint operator 7" on H ® K such that Q(T") =
Q(Ty) and T =Ty + Z in the sense of sesquilinear form on Q(7p). We set

s:=min{(1 —a;)X(A), (1 —a2)X(B)}.

The following thorem is easy application of Theorem 2.2.
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Theorem 2.4 Assume
s>b+ Eo(T). (2)

Then, T has purely discrete spectrum in the interval [Eo(T), s — b). In
particular, T has a ground state.

Proof. Similar to the proof of Theorem 2.3. O

Remark It is easy to see that —b < Ey(T) < b. Therefore the condition
(2) is satisfied if

s > 2b.

Remark Theorem 2.4 is essentially same as [4, Theorem B.1]. But our
proof is very simple.

3. Ground States of a General Class of Quantum Field Hamil-
tonians

We consider a model which is an abstract unification of some quantum
field models of particles interacting with a Bose field. It is the GSB model
[2] with a self-interaction term of the field.

Let H be a separable complex Hilbert space and Fy, be the Boson Fock
space over L?(R%):

Ty = @[ L2(Rd)].
n=0"%" s

The Hilbert space of the quantum field model we consider is
F:=HQ Fp.

Let w: RY — [0, o0) be Borel measurable such that 0 < w(k) < oo for
almost every k € R? (a.e. k). We denote the multiplication operator by the
function w acting in L?(R%) by the same symbol w. We set

Hb = de(w)

the second quantization of w (e.g. [7, Section X.7]). We denote by a(f), f €
L%*(R%), the smeared annihilation operators on F,. It is a densely defined
closed linear operator on F,(R?) (e.g. [7, Section X.7]). The adjoint a(f)*,
called the creation operator, and the annihilation operator a(g), g € L*(R%)
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obey the canonical commutation relations

[a(f), alg)") = ([, 9), la(f), alg)] =0, [a(f)", alg)"] =0
for all f, g € L2(R?) on the dense subspace

Fo:={¢ = (w("))ffzo € Fp|there exists a number ng such that
™ =0 for all n > ng},

where [X, Y] = XY — Y X. The symmetric operator

1
= —=[a(f)" + a(f)],
o(f) \/5[ (f)" +a(f)]
called the Segal field operator, is essentially self-adjoint on Fy (e.g. [7, Sec-
tion X.7]). We denote its closure by the same symbol. Let A be a positive
self-adjoint operator on H with Ey(A) = 0. Then, the unperturbed Hamil-
tonian of the model is defined by

Hy=A®I+1® H,

with domain D(Hp) = D(A® I) N D(I ® Hy,). For g;, f; € L*(R?) j =
1,...,J,and Bj(j = 1, ..., J) a symmetric operator on H, we define a
symmetric operator

J
Hi:=3 Bj®d(g)),

j=1

J
Hy =) I1®6(f)"

j=1
The Hamiltonian of the model we consider is of the form
H(\ p):= Ho+ AHy + pnHo,

where A € R and p > 0 are coupling parameters.
For H(A, u) to be self-adjoint, we shall need the following conditions
[H.1]-[H.3]:
[H.1] gj € Dw™Y?), f; € DY) N Dw™Y?),j=1,..., J.
[H2] D(AY?) c ﬂjle(Bj) and there exist constants a; > 0, b; > 0,
j=1,...,J,such that,

I1Bjull < a| A2 ull + bllull, u e D(AY?).
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[H.3] A 72, ajllgs/vall < 1.

Proposition 3.1 Assume [H.1], [H.2] and [H.3]. Then, H(X, p) is self-
adjoint with D(H(\, n)) = D(Hy) C D(Hi) N D(Hz2) and bounded from
below. Moreover, H(X, p) is essentially self-adjoint on every core for Hy.

Remark This proposition has no restriction of the coupling parameter
pu=0.

To perform a finite volume approximation, we need an additional con-
dition:
[H.4] The function w(k) (k € R?) is continuous with

lim w(k) = oo,
i (k)

and there exist constants v > 0, C' > 0 such that
jw(k) —w(k)| < Clk = KL+ w(k) +w(k)], kK €R™
Let

m = kienlgdw(k). (3)

If A has compact resolvent, we can prove the extension of the previous
theorem [2, Theorem 1.2].

Theorem 3.2 Consider the case m > 0. Suppose that A has entire purely
discrete spectrum. Assume Hypotheses [H.1]-[H.4]. Then, H(\, u) has
purely discrete spectrum in the interval [Eo(H (A, p)), Eo(H (X, ) + m).
In particular, H(X, u) has a ground state.

Remark This theorem has no restriction of the coupling parameter
p = 0.

Remark In the case m > 0, the condition [H.1] equivalent to the follow-

ing:
g € LXRY, f;€D(W/@), j=1,.... .
For a vector v = (v1, ..., vy) €ER’ and h=(h1, ..., hy) € EB}LIL2(RC[),
we define

J
M,(h) = vihyll.
j=1
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We set
J J
g = (gla SRR gJ) € @LQ(Rd)a f = (fla SRR fJ) € @L2(Rd)?
Jj=1 J=1

and

a=(ay,...,ay), b=(b, ..., by).

For 6, €, €, we introduce the following constants:

Co, e :=0Ma(g/Vw) + €Ma(g),
Dy, er = Ma(g/v/w) /20 + € My(g/v/w),
Ee.e:=Ma(g)/8¢ + My(g/vw)/2€ + My(g)/ V2.
Let the condition [H.3] be satisfied. Then, we define

[A[Ma(gvw) 1
Ing = ( 2 ’ |)\|Ma(g/\/(;)> ) |)\‘Ma(g/\/a) £0
0ok MM, (g/v/@) =0

It is easy to see that [1/2,1] C I 4. Therefore, for all 6 € I 4,

1= 0[AIMa(g/vw) >0,
- WG

We define for 0 € I, 4,

Sp:={(e,¢) | & ¢ >0, [\Cpc <1, |NDyg e <1}.
Next we set
T, e, i= (1 — |\[Cp,)5(A) — [N Ee o,
and
T:={(0, ¢ )eR® e, (¢, ¢)€Sp Tp.c0 > Eg(H, 1))}

Theorem 3.3 Consider the case m > 0. Suppose that oess(A) # 0. As-
sume Hypothesis [H.1]-[H.4], and T # (. Then, H(X\, u) has purely discrete
spectrum in the interval

[Fo(H O ), minfm + Bo(HOW ), snp_ 7)) (1)
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In particular, H(\, 1) has a ground state.

Remark T # () is necessary condition for A to have a discrete ground
state. Conversely, if A has a discrete ground state, then T # () holds for
sufficiently small A\, . Therefore the condition T # () is a restriction for the
coupling constants A, .

3.1. Proof of Proposition 3.1
In what follows, we write simply

H := H(\, p).
For D a dense subspace of L?(R?), we define
Fin(D):=L.h.[{Q, a(h1)"---a(h,)*QneN, h; €D, j=1, ..., n}l,

where Q := (1, 0, 0, ...) is the Fock vacuum in F},. We introduce a dense
subspace in F

D, := D(A)&Fun(D(w)),

where & denotes algebraic tensor product. The subspace D, is a core for
Hy.
Let
Hasg := Hy+ AH;

be a GSB Hamiltonian. The Hamiltonian H and Hgsp has the following
relation:

Proposition 3.4 Let D(A) C D(By), j = 1,...,J and f; € D(w'/?).
Assume that Hgsp is bounded from below. Then, for all ¥ € D,,,

I(Hase — Eo)||* + [lnH2¥|* < |[(H — Eo)¥|* + D[[®[*, (5
where D = Hijl w2 f;]|2 and
Ey = inf (¥, HgspV¥).

VveD(Hgsp)
Iwl=1

Proof. Tt is enough to show (5) in the case A = y = 1. First we consider
the case where f; € D(w). Inequality (5) is equivalent to

—2Re((Hgsp — Eo)¥, Ha¥) < D[V (6)



698 T. Miyao and I. Sasaki

By Hgsp — Eg > 0, we have

((Hass — Eo)¥, I ® ¢(f;)°¥)
= (I ® ¢(f;), (Hass — Eo)|¥, I @ ¢(f;)¥)
+ ((Hass — Eo)l @ ¢(f;)¥, I @ ¢(f;)¥)
> (I ® ¢(f;), Hass — Bol¥, I ® o(f;)T).

Therefore we have

2Re((Hasp — o)V, ¢(f;)*¥) > —[[Vw fi]*[ 2]

This means inequality (6). Next, we set f; € D(y/w). Then, there exists a
sequence { fjn}o2y C D(w) such that fj, — fj, wl/ijn — wl/ij (n — 00).
By limiting argument, (6) holds with f; € D(w'/2). O
Lemma 3.5 Suppose that Hgsp is self-adjoint with D(Hgsg) = D(Hy),
essentially self-adjoint on D, and bounded from below. Let f; € D(wl/Q) N
D(w=Y2). Then H is self-adjoint with D(H) = D(Hy) and essentially self-
adjoint on any core for Hgsp with

I(Hess — Eo)|1* + [|nHa || < [|(H — Eo)¥|* + D|[¥|?,
U € D(Hy).
Proof. It is well known that D(Hy,) C D(¢(f;)?), and ¢(f;)? is Hy-bounded

(e.g. [1, Lemma 13-16]). Namely, there exist constants > 0, # > 0 such
that

J

Z¢(fj)2¢H < B + 619l € D(Hy). (7)

=1

Since Hggp is self-adjoint on D(Hp), by the closed graph theorem, we have
[HoW|| < A[[Hes Y| + v[[¥l, ¥ e D(Ho), (8)
where A and v are non-negative constant independent of W. Hence
[HoW[| < nA|[Hasp¥| + (nv + 0)|[¥]|, ¥ € D(Ho).

We fix a positive number g such that py < 1/(u)). Then, by the Kato-
Rellich theorem, H (), 1) is self-adjoint on D(Hgsg), bounded from below
and essentially self-adjoint on any core for Hggp. For a constant a (0 <
a < 1), we set py, 1= (14 a)"up. Since Hggp is self-adjoint on D(Hy), for
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each j =1, ..., J we have D(A) C D(B). Thus by Proposition 3.4, for all
v eD,

I(Hesp — Eo)¥|* + [l Hoa W | < [|(H(X, pn) — Eo)¥|* + D[ 1%,

If H(\, py) is self-adjoint on D(Hgsp), bounded from below and essentially
self-adjoint on any core for Hgsp, then H (A, pn41) has the same property.
On the other hand, we have u,, — oo (n — o). Hence we conclude that H
is self-adjoint with D(H) = D(Hgsp), bounded from below and essentially
self-adjoint on any core for Hgsp. O

Now, we assume conditions [H.1], [H.2] and [H.3].

Then Hggp is self-adjoint on D(Hy), bounded from below and essen-
tially self-adjoint on any core for Hy (see [2]). Hence, the assumptions of
Lemma 3.5 hold. Thus Proposition 3.1 follows. O

3.2. Proofs of Theorems 3.2 and 3.3

Throughout this subsection, we assume Hypotheses [H.1]-[H.4] and
m > 0.

For a parameter V' > 0, we define the set of lattice points by

o7
I'y = v
2 .
::{k:(kl,...,kd) kj:?,njez,j:y..,d}

and we denote by 12(T'y) the set of [? sequences over I'y,. For each k € I'y,
we introduce

._ _ T m T ™ d
C(k:,V).—[kl V,k1+v>>< x[kd V,kd+v>CR,

the cube centered about k. By the map

U: P(Ty) 3 {hihiery — (V/2m)*2 Y hpa,v(-) € LA(RY),
lely

we identify 1?(I'y) with a subspace in L2(R?), where y;,v/(-) is the charac-
teristic function of the cube C(I, V) € R% It is easy to see that I?(I'y) is a
closed subspace of L?(R%). Let

(e e}

Fov = F(PTv)) =P [@ ZQ(I‘V)} ,

n=0"% s
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the boson Fock space over [?(I'y). We can identify Fb, v the closed subspace
of F}, by the operator ['(U) := @52, ®" U, where we define ®°U = 0. For
each k € R?, there exists a unique point k- € T'y such that k& € C(ky, V).
Let

wy (k) :==w(ky), keR?
be a lattice approximate function of w(k) and let
Hy, v :=dl'(wy)
be the second quantization of wy. We define a constant

cur=co(F) (1)

where C' and ~ were defined in [H.4]. In what follows we assume that
Cy < 1.

This is satisfied for all sufficiently large V.

Lemma 3.6 ([2, Lemma 3.1]) We have
D(Hy,v) = D(Hy),

and
2CYy
1-Cy
First we consider the case where g;’s and f;’s are continuous, and finally,
by limiting argument, we treat a general case. For a constant K > 0, we
define g; i, fj K, and g; k. v, fj Kk,v as follows:

g5, i (k) == xx (k1) - xr (ka) g; (K),
gixvk) = > gi(Oxev(k),

LeT Yy, [€; 1<K
i=1,...,d

fi k (k) == xrc (k1) - - - xx (ka) £ (K),
firv(k) = Z fi(O)xe, v (k),

€Ty, 4;|<K
i=1,...,d

[(Hy — Hy,v) ¥ =

|Hy Y|, W€ D(H).

where x i denotes the characteristic function of [-K, K].
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Lemma 3.7 Foralj=1,...,J,
lim |lgj kv —g;xll=0,  lim |lgj xv/vwv —gjx/Vw| =0,
V—oo V—oo
lim lim |lgj, x/vVw —gj/vw| =0,
K—oo K—oo
lim ||f; kv —fixll=0,  lim ||f;xv/Vov—fjx/Vol| =0,
V—oo V—oo

ng,K - ng =0,

lim [|f, = fjll =0, lim | £,/ vw = f3/vVwl] =0,
K—oo K—o0
lim [[Vwfj x —Vwfjl|=0, lim [|\ovfj kv —vwfkll=0.
K—oo V—oo
Proof.  Similar to the proof of [2, Lemma 3.10]. O

We introduce a new operator:

H(),v::A®I—|-I®Hb’V,

J
Hy k=) B;® (g ),

j=1
J
Hyi kv = Z B; ® ¢(gj,K,V)7
7=1
J
Hy =Y I®¢(f k)%
j=1

J
Hy gvi=Y 1®¢(f;xv)
j=1

and define

Hy :=Hy+ AHy k + pHs k,
Hyg v:=Hyv+ AHy kv +pHs k,v.

Lemma 3.8 (i) Hg is self-adjoint with D(Hg) = D(Hp) C D(H1, k) N
D(Hj k), bounded from below, and essentially self-adjoint on any core for
Hy.

(ii) For all large V, Hg v is self-adjoint with D(Hg,v) = D(Hp) C
D(Hy k,v) N D(Hy, k,v), bounded from below, and essentially self-adjoint
on any core for Hoy v .

Proof. Similar to the proof of Proposition 3.1. U
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Lemma 3.9 For all z € C\R, and K > 0,
lim ||(Hx —2)"' = (H —2)""| =0,
K—oo
lim H(HK,V — Z)_l — (Hg — Z)_1|| =0.
V—o0
Proof.  Similar to the proof of [2, Lemma 3.5]. O

The following fact is well known:

Lemma 3.10 The operator Hy, v is reduced by Fy, v and Hy, v [Fp v equal
to the second quantization of wy [I?(Ty) on Fy v.

Lemma 3.11 Hy v s reduced by Fy .
Proof.  Similar to the proof of [2, Lemma 3.7]. O
Lemma 3.12 We have

Hy v[Fiy > Eo(Hg,v) +m.

Proof.  Similar to the proof of [2, Lemma 3.10]. O

Lemma 3.13 Let T,, and T be a self-adjoint operators on a separable
Hilbert space and bounded from below. Suppose that T,, — T in norm resol-
vent sense as n — oo and T, has purely discrete spectrum in the interval
[Eo(Ty), Eo(Ty) + ¢n) with some constant cy,. If ¢ := limsup,,_ ., ¢, > 0,
then T has purely discrete spectrum in [Eo(T), Eo(T) + ¢).

Proof.  There exists a sequence {c,, }72; C {cn}p2y so that ¢, — c(j —
o). So, for all € > 0 and for sufficiently large j, the spectrum of T),; in
[Eo(Th;), Eo(Tn;) + c—e¢) is discrete. Therefore, applying [2, Lemma 3.12],
we find that the spectrum of T" in [Eo(T"), Eo(T') + ¢ — €) is discrete. Since
€ > 0 is arbitrary, we get the conclusion. O

Now, if A has compact resolvent, by a method similar to the proof of
[2, Theorem 1.2], we can prove Theorem 3.2. Therefore, we only prove
Theorem 3.3.

The following inequality is known [2, (2.12)]:

(@, Hi0)| < Co, (U, A®TY) + Dy, (¥, I @ Hy¥) + B o[ |7,
where U € D(Hy) is arbitrary. Thus we have,
H> (1= \Co)A® I+ (1~ \Dyg,o)I & Hy + pHy — |NE, .
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Let I>\79(K), 0976(K), D976(K) and E€7€/(K) are I 4, 0976, Dy ¢, Ee o with
gj, fj replaced by g; K, fj K respectively, and let I 4(K, V), Cp (K, V),
Dy (K, V) and E. (K, V) are I 4, Cy ¢, Dy ¢, Ec ¢ with g;, f; and w
replaced by g; kv, [}, k,v and wy respectively. Then we have

Lemma 3.14 The following operator inequalities hold:
Hic > (1= ACo,(K)A® T+ (1 — |\ Dp, o (K))I & H,
+ nHy k — [MEe e (K) on  D(H),
Higv>(1—|NCy (K, V)ARI+ (1 — XDy (K, K))I® Hy, v
+ pHo v — |MEe (K, V) on D(Hp).
Proof. Similar to the calculation of [2, (2.12)]. O

By Lemma 3.7, we have

lim Cp. (K, V)=Cp(K), lim Cp (K)=Co., 9)
V—o0 K—o0

lim Dy (K, V) = Dy o(K), lim Dy o(K)= Dy o, (10)
V—ooo ’ K—oo 7’ ’

lim E‘€ EI(K, V) = E'E E/(K), lim E'E E/(I() = E‘E € (11)
Vooo ’ K—oo ’

Let (0, €, €) € T, namely
TO, e, e = (1 — |/\|Cg’€)2(./4) — |)\|E67 e > Eo(H)

Formulas (9)—(11) and Lemma 3.9 imply that for all large V' there exists a
constant Ky > 0 such that for all K > K,

(1= [A|Ch, (K, V))E(A) — [A[Ee, (K, V) > Eo(Hg,v), (12)
IANCh, (K, V) <1, |ADg (K, V)<L. (13)
By Lemma 3.11, Hg, v is reduced by Fy. Therefore, Hg y satisfies the
following inequality:
Hi v[Fv > (1= |[ANCy (K, V)A I[Fy
+ (1= [N Dg, e (K, V))I @ Hy, v[Fv
— |NEe, (K, V). (14)

Since Hy, v[Fp, v has compact resolvent, the bottom of essential spectrum
of the right hand side of (14) is equal to

(1 - |)‘|00,6(Ka V))E(A) - |)‘|EE, E’(K’ V)
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By Lemma 3.12, we have Eo(Hgk v|[Fv) = Eo(Hg,v). Thus, applying
Theorem 2.1 with Hg v [Fy, we have that Hg v [Fy has purely discrete
spectrum in [Ey(Hg,v), (1 — |A[Cy, (K, V)24 — E. ¢(K, V)). Since this
fact and Lemma 3.12, Hg v has purely discrete spectrum in

[Eo(Hr,v),
min{Eo(Hg,v) +m, (1 — [MCy,(K, V))E4 — E. o (K, V)}).
By Lemma 3.9 and Lemma 3.13, we have that for all sufficiently large K >
0, Hg has purely discrete spectrum in [Eo(Hg), min{Ey(Hg) + m, (1 —
IANCo (K))X(A) — |AN|Ee ¢ (K)}). Similarly, H has purely discrete spec-
trum in [Eo(H (A, p)), min{m + Eo(H (X, 1)), To,e,e }). Since (0, ¢, €') € T
is arbitrary, H has purely discrete spectrum in (4). Finally, we have to con-
sider the case where g;’s and f;’s are not necessarily continuous. But, that
argument were already discussed in [4]. So we skip that argument. O

4. Ground State of the Derezinski-Gérard Model

We consider a model discussed by J. Derezinski and C. Gérard [5]. We
take the Hilbert space of the particle system is taken to be

H = L*(R").

The Hilbert space for the Derezinski-Gérard (DG) model is given by
F:=H® F(L*RY).

We identify F as

o0

& [H ® (gng) LZ(Rd)} :

n=0

Hence, if we denote that ¥ € (\Il(”))gozO e F, each ¥ belongs to H &
[®@7L2(RY)]. We denote by B(K, J) the set of bounded linear operators
from K to J. For v € B(H, H ® L?(R%)), we define an operator a*(v) by
(@ (0) ) =0,
(@ (0)9)™ = VT © $2)(0 @ Iy o) PO, (02 1),

¥ e D(a*(v)) == {\11 = (UM e F I @ (0)0)™)? < oo}.
n=0
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We set

Dy := {¥ = (¥(™)2, € F | there exists a constant ng € N,
such that, for all n > ng, ¥™ = 0}.

Throughout this section, we write simply I, := Ignr2(ra). It is easy to see
that:
Proposition 4.1 a*(v) is a closed linear operator and Dy is a core for
a*(v).

So we set

a(v) := (@ (v))*
the adjoint operator of a*(v).

Proposition 4.2 The operator a(v) has the following properties:

D(a(v) = {\1; — (pm)2,

i(n + D) (I © Sp) (v @ L)WY )? < OO} (15)

n=0
(@(©)®)™ = Vn + 1 ® Sp(v* © L,) 8" 0 € D(av)), (16)
and Dy is a core for a(v).

Proof. For ® € F, ¥ € D(a*(v)),

o0

(@, @ () 0) = (@), Vil ® Si) (v @ L) ¥ )

n=1

n=0

=S (Vi (I S,) (0" @ 1)) w0y,
n=0

This implies (15) and (16). It is easy to prove that Dy is a core for a(v).
]
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An analogue of the Segal field operator is defined by

Let A be a non-negative self-adjoint operator on ‘H with FEy(A) = 0.
Then the Hamiltonian of the DG model is defined by

Hpg = AR +1® Hy+ ¢(v).

We call it the Dereziniski-Gérard Hamiltonian. Here Hy, is the second quan-
tization of w introduce in Section 3. Let

Hy: = AT +I1® H,.

Throughout this section we assume the following conditions:
[DG.1] There is a Borel measurable function v(x, k) € C, (z € RV, k €
R%), such that

(vf)(z, k) = v(z, k) f(z), fe€L*R?).

We need also the following assumption:
[DG.2]

v(z, k)
w(k)

2
dk < oo.

ess.sup /

z€RN JRd
Proposition 4.3 Assume [DG.1] and [DG.2]. Then Hpg is self-adjoint
with D(Hpg) = D(Hp), and essentially self-adjoint on any core for Hy.

For a finite volume approximation, we introduce the following hypothe-
ses:
[DG.3] There exists a nonnegative function v € L?(RY) and function
0: R — R, such that

ess.sup |[v(x, k) —v(x, 0)] < 0(k)o(|k —¢]), ae. k, £ eR?
zeR”

limo(t) = 0.
tllrglo() 0

[DG.4]

ess.sup/ lv(z, k)|?dk = o( K?).
Tz€eR™ ([-K, K]%)e
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where
(K, K] :=RI\ (I x---x 1), I:=[-K,K]
and, o(tY) satisfies lim;_ o(t’) = 0.

Let m be defined by (3). Let

1
== inf € +-) (17)
2 o<e'<|vll/llv/vw? < el)

Here, v/\/w is a multiplication operator by the function v(z, k)/+/w(k)
from L?(RM) to L2(RN) ® L%(R%). In the case m > 0, we can establish the
existence of a ground state of Hpg:

Theorem 4.4 Let m > 0. Suppose that [DG.1]-[DG.4] and [H.4] hold,
and suppose

%(A) = [l D = Eo(Hpe) > 0.
Then, Hpg has purely discrete spectrum in

[Eo(Hpa), min{ Eo(Hpa) +m, S(A) - [[o][ D}).
In particular Hpg has a ground state.

Remark In the case where A has compact resolvent, this theorem has
been proved in [5]. A new aspect here is in that A does not necessarily have
compact resolvent. Also our method is different from that in [5].

4.1. Proof of Proposition 4.3

Lemma 4.5 Let M(z) = ([ga [v(2,k)[2dk)/2, 2 € RN and M: L*(RN) —
L2(RN) be a multiplication operator by the function M (z). Then

lvfll> = IMfI?, f e L*®RY).
In particular, ||[v|| = ||M|| = (ess.supyepn [pa [v(z, k)[2dk)Y? hold.

Proof. By the Fubini’s theorem, we have

foflP= [ ak [ delo(e, DRI

:/RN (|f(:c)|2/]Rd e k;)Pdk;) dz.

This means the result. O
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The adjoint v* has the following form:
Lemma 4.6 For all g € H® L*(RY),

(v*g)(z) = /Rdv(:z, k)*g(x, k)dk, a.e. ze R (18)

Proof. For all f € 'H, we have

(g 05 = [ do [ dkgla 1y u(o, Bf@)

_ / dz </g(az, k) (e, k)dk) f(x).

Since f is arbitrary, this proves (18). O

Lemma 4.7 a(v) is

o0

D (n+ 1)/ dadky - - - dky,

N+d
n=0 RN +dn

D@@D:{Wef

2
<o)

/ dkv(k, )" (2 k, ke, ... k)
Rd

@)0) ™ (2, ki1, ..., k)
=vVn+1 [ ol BV (e k ki, k),
Rd
a.e. (Ve D(a(v)))

Proof. Using Lemma 4.6, we have
(v* @ L)V (2 ky, .o k)
= / v (z, )OO (2 k kL k)R (19)
R4

This is invariant for all permutations of k1, ..., k,,. Therefore, using Propo-
sition 4.2, we get

@@)0) ™ (z, ki, ..., k)
:\/n—i—l/ o(, KOO () ko ky, L kp)dk

Rd
]
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Lemma 4.8 Suppose that [DG.1] and [DG.2] hold. Then, D(a(v)) D
D(I® HY?) and

la()@| < o/vVallll © HY?®|, @ e D(I e HY?).
Proof. By (19), we have for all ® € D(a(v))

(@) )™ |2 = (n+1)/ dadhy - dby| [ /o(R)
Rdn+N Rd
1 2
oz, k)M (2 k, ky, . ky)dE|
w(k)

Using the Schwarz inequality, one has
2

/\/w(k) ! v(z, k)" (2, k, Ky, ..., kn)dk
Rd

NEON
<L\

v(z, k)*
w(k)

Hence, for every ® € Dy N D(I ® H1/2) we have

I@(v) @)™ ||2

<ess sup

2
dk - / w(k)| @D (@, k, ky, ..., ky)|*dE.
Rd

v(ac, k)*
w(k)

2dk> (n+1) x

/ dzdk; - - dkndkw (k)| @D (2, k, ki, ..., kn)|?

Rdn+N

* 2
= <ess.sup/ v(z, k) dk:) X
T R4 w(k‘)
n+1
/ dzdk; - danZ DO (@ Ky, k)]
Rdn+N

Therefore

2o oy

el < |-l om0
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Since, Dy ﬂD(I®H1/2) is a core for I®H1/2, one can extend this inequality
toall ® € D(I ® HY*), and D(I ® H”Z) C D(@(v)) holds. O

Lemma 4.9 On Dy, a(v) and a*(v) satisfy the following commutation
relation:

(@), a(0)*] = [ (-, k)dk.
R4

where the right hand side is a multiplication operator by the function: x —
Jra [v(z, k)|2dk.

Proof. Let ® € Dy. By the definition of a*(v), and using Proposition 4.2,
we get

([@*(v), @(v)]®)™ = @(v)a) @)™ — (@(v)*a(v)®)™
=V + 11y ® Sp(v* @ I,)(@(v)* @)™
— V(I @ Sp)(v @ I 1)(@(v)®) ",
Hence, we have
([a*(v), a(v)]®) ™ (z, ki, ..., kn)

= (n+ 1)/ v(z, k) (I ® Spy1(v®@ L)@ ™) (z, k, k1, ..., kn)dk
R

d

1 n
n—va ki)(v* @ I, — 1)) (2, ki, ..., kj, ..., kp)
7j=1

= / dkv(z, k)* (v(z, k)™ (z, ki, ..., kn)
]Rd

3

_|_Z xk wkkl,...,];,u-,kn))

fz (z, kj) /dk:v(x ko™ (2, k,y ki, ooy ks k)

(/ yvxk|2> z ki, . k).

Here 7 indicates the omission of the object wearing the hat. O
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Lemma 4.10 Assume, [DG.1] and [DG.2]. Then D(I®H&/2) C D(a*(v))
and for all ® € D(I ® H.'),

~% 1/2

@ ()2 < o/ Vel PIIT @ Hy 2|2 + [|v] || (20)
Proof. For all ® € Dy N D(I @ HY?), we have

[@*(v)®@|]? = (@, a(v)a*(v)®)

=(®, a*(v)a(v)®) + < </Rd (-, k:)\2> P, <1>>

~ 2 21112
<lla(0)®[” + [[v]|[|® |-
Thus we can apply Lemma 4.8 to obtain the result. U
Now we can prove Proposition 4.3:

Proof of Proposition 4.3. By Lemma 4.8 and 4.10, the operator &(v) isI®

Hé/ ®_bounded. Hence #(v) is infinitesimally small with respect to I ® Hy,.
Namely, for all € > 0, there exists a constant ¢, > 0, such that,

$(0)@]| < €I ® Hy®|| +cc|®], @€ D(I® Hy).
Since A > 0, we have
I6(0)®| < €| Ho®|| + ¢ ®|, @ € D(Hp).

Thus we can apply the Kato-Rellich theorem to obtain the conclusion of
Proposition 4.3. O

4.2. Proof of Theorem 4.4

In this subsection we suppose that the assumption of Theorem 4.4 holds.
Let Fy,v, wy, Hy v, Ho, v, Fv, I'v, xe,v(k) be an object already defined
in Section 3, respectively. Suppose that xx is a characteristic function of
K, K].

For a parameter K > 0, we define vg € B(H, H ® L*(R%)) by

(v f) (@, k) == x(-k, k) (F)v(z, k) f ().
and vk, v € B(H, H ® L*(R%)) by

(v )@, k)= > xevk(, 0)f(x).

€Ty, 6 |<K
i=1,...,d
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Lemma 4.11 The following hold:

log — v vl =0 (V = 00), [log —v[| = 0 (K — o0). (21)
VK VK,V [
ﬁ \/uTV — 0 (V — o0), \/»—\/}'—>O (K — 00). (22)

Proof. By [DG.3] and [DG.4], we have

2

o = oy P =esssup [ a(ole, )= 3 ol v ()| di
zeRN JR4 LeTy,
[€;|<K

:ess.sup/Rd Z xev(E)|v(z, k) —v(z, £)*dk

RN LeTy,
6| <K
gess.sup/ Z sz ”U ’2~(’k 6])2dk
z€RN  JRd CeTy,
|¢;|<K
/ S Xev (k) (k) 2501k — £])%d
Lely,
1€; \<K

It follows from the property of o that for every € > 0, there exists a constant
Vo > 0 such that, for all V' > V,

xe, v (R)o(|k — €))* < exe,v (k).
Therefore,

||vaK,v||2ge/ S Xev (0)5(k) dk = ello]2 -

Lely,
|€; \<K

Hence the first one of (21) holds. The second one is a direct result of
condition [DG.4]:

ok — v]|? = ess.sup / el = 1o, )Pk
x R

:ess.sup/ |v(z, k)|*dk=o(K%) — 0 (K — o).
([ K, K])e

x

Using [H.4], one can easily check (22) O
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We introduce two operators:
Hp(K):=A®1+1® Hy+ ¢(vk),
Hpg(K, V)=A® I +1® Hy v + ¢(vk,v).
Lemma 4.12 (i) Hpg(K) is self-adjoint with D(Hpg(K)) = D(Hy),

bounded from below, and essentially self-adjoint on any core for Hy.
(ii) For sufficiently large V- > 0, Hpg(K, V) is self-adjoint with domain
D(Hpg(K, V)) = D(Hy), bounded from below, and essentially self-adjoint
on any core for Hy.
Proof. Similar to the proof of Proposition 4.3. U
Lemma 4.13 For all z € C\R,

Jim [[(Hpa(K, V)~ =)~ (Hpa(K) — )7 =0,

li

Al

Proof.  Similar to the proof of [2, Lemma 3.5]. O

(Hpa(K) —z)~" = (Hpg — 2)~ || =0.

Lemma 4.14 The operator Hpg(K, V) is reduced by Fy .

Proof. We identify v(z, ¢) with multiplication operator by v(-, ¢). By
abuse of symbols, we denote x¢, v (-) by x¢, v (k). Then

(@ (v, O)xe,v (k)®)™ = /n(I @ S,) (v, Oxe,v (k) @ PO
=vnv(z, O8a(xe,v ® 8"7Y)
= x(@, OVnSu(xe,v ® 20 Y).
Hence, we have
a*(v(@, Oxe,v(k)® =v(z, ) ®a*(xe,v)®.
Therefore, we get
@orv)= Y v, )@ (xev): (23)
e
Hence, its adjoint is

avrv)= Y v(-, 0" ®@alxev). (24)

Lery,
[6;| <K
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This means that the operator Hpg(K, V) is a special case of the GSB
Hamiltonian (see [2]). Hence, by [2, Lemma 3.7], Hpg (K, V) is reduced by
Fv. O

Lemma 4.15 Hpg(K, V)[FF > Eo(Hpg(K, V)) +m
Proof. Similar to the proof of [2, Lemma 3.10]. O

Lemma 4.16 For all ® € D(I ® H1/2), and for all € > 0,

v 1/2 v
e e 1 (e Do

(@, 3@ < o ;

Proof. For all ® € D(I ® H1/2), e >0,

(D, p(v)D)]
1 _ 1
< ﬂ<e\a( )@ + €H<I>H2+6Ha*(v)¢>H2+46H<I>H2)
1 ? 1/2 1
2 2 2 2
S\/i(% — | 1T ® H,?*®|? + €||v|*| | +26H¢>”>
= /2¢ H ||I®Hé/2q)“2+HUH<\/§eHvH+ )|| 12,
2 V2|

where we have used Lemma 4.8 and 4.10. Let v/2¢||v|| =: €. Then, for all
¢ > 0, we have

6/

| (%
= el

(D, (v)®) 7o

1/2 o]l
e e+ (04 D

g

Proof of Theorem 4.4. From (23) and (24), Hpg(K, V) is equal to the
special case of the GSB model. Therefore, Hpg (K, V)[Fy has the same
form with Hpg (K, V). Using Lemma 4.16 we have on D(Hp) N Fy

HDG(Kv V)
=ARI+I1®Hy v+ vk, v)

>AQI+1®Hyy
1
I®H vk, vl <6,+ )
2 €

!/

€ 'UK

Jov

|vr, v ||
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¢ VK.V 2>
:A®I+<1— ’ I1® H,
vk, v || VoV v
1
2 ¢

where ¢ > 0 is an arbitrary constant. By Lemma 3.10, Hy, v[Fy v has
compact resolvent. Thus, for € > 0 satisfying

i
_ ’ >0, 26
Tl | vor (26)

the bottom of the essential spectrum of (25) is equal to
1

Z(A) _ ||7)k,VH 6/+ -,

2 €

Let, Dk and Dg v be D with v replaced by vk, vk v, respectively. It is
easy to see that

lim Dx =D, lim Dk y = Dg.
V—oo

K—oo

By Lemma 4.13, one has
Aim Eo(Hpa(K)) = Eo(Hpa),
Jim Eo(Hpe (K, V)) = Eo(DG(K)).

From the assumption of Theorem 4.4, for all K > 0, there exists a constant
Vi such that for V > Vj,

v
¥(A) — HKQ’VHDK,V — Eo(Hpg (K, V)) > 0.

By the definition of D v, for all K > 0 and V' > Vj, and for all ¢ which
satisfies (26), we have

2 ¢
Therefore, by Theorem 2.1, we have that Hpg(K, V)[Fy has purely dis-
crete spectrum in

[Eo(Hpa(K, V), X(A) — [Jvk, v Dk, v)-

S(A4) — M<e’+ 1) > Ey(Hpg(K, V)).
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This fact and Lemma 4.15 mean that Hpg (K, V') has purely discrete spec-
trum in

[EO(HDG(K’ V))7
min{Eo(HD(;(K, V)) + m, E(A) - HUK,VHDK,V})-

Finally, we use Lemma 3.13 and Lemma 4.13, to conclude that Hpg has
purely discrete spectrum in the interval

[Eo(Hpa), min{ Eo(Hpc) +m, $(A) — ||lv[| D})
O
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