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Boundedness of rough singular integral operators
on the homogeneous Morrey-Herz spaces

Shanzhen LU and Lifang XU
(Received April 7, 2003; Revised September 9, 2003)

Abstract. Some boundedness results are established for some rough singular integral
operators and fractional singular integral operators on the Homogeneous Morrey-Herz

Spaces. And also we get some boundedness results on the weak homogeneous Morrey-
Herz Spaces.

Key words: Lebesgue spaces, singular integral operator, fractional singular integral ope-
rator, power weight, homogeneous Morrey-Herz spaces.

1. Introduction

Let ©Q be a homogeneous function of degree zero on R™ and Q €
L"(S"1) for some r € [1, oo]. If f € LL(R™), that is

1/q
lizgee = ([ @ etonr) < .

Let T satisfy
2z —y)|

Tf(x §c/ —1f(y)|dy. 1

rrE<e [ W) 1)
for any f € L'(R") with compact support and = ¢ supp f. The main pur-
pose of this paper is to establish the boundedness of the sublinear operator
T in the setting of the Morrey-Herz Spaces.

Let By, = B(0, 2¥) = {x € R": |z| < 2¥} and Ay, = By,/By_1 for k € Z.

Let xx = x4, for k € Z be the characteristic function of the set Aj.

Definition 1.1 Let a e R, 0 < p <000 < g < ooand A > 0. The
homogeneous Morrey-Herz spaces MK, ;;‘(R”) are defined by

MEGNR™) = {f € L R0}, 1F 153 amy < o0}
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where

ko 1/p
—koA k
s ey = 527 (32 27 vl )
0

k=—o00
with the usual modifications made when p = oo.

Compare the homogeneous Morrey-Herz spaces M K;f ’q)‘(R”) with the
homogeneous Herz spaces Kg""(R™) (see [1]) and the Morrey spaces M (R™)
(see [2]), where KgP(R™) is defined by

oo

K$P(R") = {f € L (R(0)): D 2 fxalfagny < 00}7

k=—00

and Mé\ (R™) is defined by

1
ME) ={se b @) w5y < ool
Obviously, MK (R") = Kg*P(R") and M)MR™) C MKy, (R™).
We can see that when A = 0, our results below coordinate with those
in the setting of the Herz spaces, which proved by Hu, Lu and Yang in [3].
So in this paper, we only give the results when A > 0.
In what follows, for any k € Z and any o > 0, let my(o, f) = ’{:E €

Ag: |f(2)] > o}

Definition 1.2 Let « € R, 0 < p < o0, A > 0and 0 < ¢ < co. A
measurable function f on R” is said to belong to the homogeneous weak
Morrey-Herz spaces WM Kp; (R™), if

ko 1/p
1l ar g ey = SUPY SUD TW( > ok (y, £y q) < o0,

>0 ko€Z k= —o00

where the usual modifications are made when p = cc.

Compare the homogeneous weak Morrey-Herz spaces WM K;‘, ’q)‘(R”)
with the homogeneous weak Herz spaces WKP(R™) (see [7]). Clearly,
WMKSY (R™) = WEKSP(R™). When A = 0, the boundedness is also proved
by Hu, Lu and Yang in [3].
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2. Main theorems and their proofs

In order to prove our main theorem, we begin with the following theo-
rem which will be needed for proving our main theorem. And the following
theorem indicates that the boundedness of operator 1" on Lebesgue spaces
with power weights implies its boundedness on homogeneous Morrey-Herz
spaces.

Theorem 2.1 If a sublinear operator T is bounded on folB(R”) for all

B € (B, B2), and some q € (1, o), where B, B2 € R, then T is also bounded
on MKﬁ’q)‘(]R”) provided that o € (B1/q+ A, B2/q+ ) and 0 < p < oo, A >
0.

Proof. We choose aj, ag € R such that /¢ < a1/qg < a— X < as/q <
B2/q. Write

Zf )X (@ ij

Jj=—00 Jj=—00

Then,we have

1/p
Il oy = 510 2 o ( S° STl o)

k=—oc0
ko k+1 p\ /P
<C sup 2’foA( S Qkap( > HTfj(x)Xk”Lq(R")) >
ko€Z k=—0o0 j=—00
ko P 1/p
+C sup 2k0)\< Z 2kap< Z HTf] Xk”Lq R» ) >
ko€Z k=—o00 j=k+2
=E1 + b»

For F,, we have

k+1 1/p
p
E1<Csup2 k‘O/\( sz a—az2/q)p ( ZHTf] XkHLq ‘QQ(R )) )

ko€Z k=—o00 Jj=—00

k+1 1/p
<Csup?2” ko/\< Z ok(a—az/q)p ( Z Hf]HL‘ g B )) >

kocZ k=—o00 Jj=—00
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ko k+1 p\ /P
<Csup r’fﬂ( >o (D2 2l e ) )

ko€Z k=—o00 j:—oo

ko k+1
<C sup 2—ko)\< Z ( Z gjaz/qok(a—az/q)g—jagirg—jA
koeZ k=—00 j=—o00
J 1/p
1/p\p
!
(3 2 ) ) )
l=—0c0
ko k+1 p 1/p
<Canp2 (| Yo o))
ko€Z k=—o00 Jj=—0o0
ko 1/p
<C sup 2_’“0)‘( 2kpA> [f 1y e o
sup k_ZOO 1 W ar g ey

<C'sup 2~ ko)‘2k0)‘\|fHMKa A
ko€EZ

(Rm) ™ C”fHMKa )‘(Rn)

For E5, similar to Eq, we have

p\1/P
Ey<Csup 2~ ko)‘( ZZka a1/q)p (ZHTf] )Xkl e 7o ( ")) >

ko€Z k=—o00 J=k+2
koA k( Vr
<Capzt S gmenfar (Z 15210, )’
0€ k=—00

P\ /P
Z gjai/qgk(a—ai/q) Hf]HLq Rn) >

k=—o0 j=k+2

Z Z gjai/qok(a—ai/q)g—jagjrg—jA
k=—oc0 j=k+2

ko€EZ

<C sup 27 oA
ko€Z

<C'sup 2™ k0>\<

( Z 2lap||fl||Lq(Rn ) >p> 1/p

l=—00

1/p
p
<C’sup2 ko/\< E 2kp)\< E 2J k)( a+a1/q+)\ ”fHMKa A(Rn)))

ko€Z k=—o00 Jj=k+2

ko 1/p
<C'sup 2—ko)\< Z 2kp>\> ||f||MK§,’qA(R”)

ko€Z k=—o00
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<C sup 27 F0r2RoA| 7]
ko€Z

This finishes the proof of Theorem 2.1. O

MKS‘,}?(R"):C”f”MKS,?(R")'

Let ©Q be a homogeneous function of degree zero on R™ and €
L"(S"~1) for some r € [1, oo]. The rough Hardy-Littlewood maximal func-
tion

1
Maf(x) = sup — 1Y) f (2 — y)ldy,
>0 1 Jjy|<t
where ' = y|y| L.

The following lemma for the boundedness of Mg on the Lebesgue spaces

with power weights can be found in [4, P. 874].

Lemma 2.1 [4] IfQe L"(S" 1), 1<r<o0,1<q<o0 and

(n—1)g

Inax<fn, -1 7“’ ) <B<min<n(q1),q1+(n;/1)q)’

then Mgq is bounded on L?I‘B(R”).

As a simple corollary of Theorem 2.1 and Lemma 2.1, we have the
following corollary, which will be used in the proof of our main theorem.

Corollary 2.1 Let Q € L"(S" 1), 1 <r<o0,1<qg<o0,0<p< oo
and

1 -1
max(—ﬁ—l-k, - —I—)\)
q q

74/
<o
1 1 n—1
<min(n<1—7)+)\, 1-- 422 +>\),
q q

,
then Mg, is bounded on MKy, (R™).

To prove our main theorem, we also need the following lemma. It can

be found in [5, P. 251].

Lemma 2.2 [5] Let Qe L"(S" Y, 1<r<oc. Ifa>0,0<d<r and
—n+(n—1)d/r < < oo, then

1/d
( / » |m<x—y>|d|x|ﬁdx) < Cly PO 1 .
z|<aly
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In fact, when 1 < r < oo, this lemma is just a special case of [5, Lemma
1]. The case r = 1 is easily proved using polar coordinates. We omit the
details.

Theorem 2.2 Let Q € L"(S™ ') forr > 1 andlet 0 < p < o0, 1 < ¢ <
o0, A >0 and

1 —1
max(—ﬁ—i—)\, - —1—)\)
q q

,rl

<«

1 1 n—1
<min(n(1- =)+ A 1=+ 5=+ 2).
q ¢ v

If a sublinear operator T is bounded on LI(R™) and there is a constant C
independent of f such that

TH()| < c / [z = )]

no |z —yl?

£ (y)|dy.

for any f € LY(R™) with compact support and x ¢ supp f, then T is also
bounded on MKS; (R™).

Proof. Write

fl)= Y flx@) =) fi).

j=—o0 j=—o0

and
||Tf|’MK;;1’\(Rn)

ko 1/p
—sup 27 (3 2T
ko€EZ
k-2 P 1/p
T Ii ) Xk )
(X 5o,

j=—00
ko k+1 1/p
FCsp 2 352 S Tl

ko€Z k=—o00 j=k—1
p > 1/p
La(R™)

k=—o00

ko
<C sup 2k0)‘< okap
sup >

k=—o00

ko€Z

+ C sup 2_k0A< Z gkap
k=—o00
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=F| + FE> + FEs.
For E,, by the LI(R™)-boundedness of T', we have

ko k+1 1/p
EQSC sup 2_k0>\( Z 2kocp Z ||ijk||I[)/q(Rn)>
ko€Z k——00 j=k—1

ko 1/p
<C' sup Z_ko’\( Z 2k°‘p’kaH]£q(Rn)>
ko€EZ

k=—00
:CHfHMK;’;‘(Rn)'
For E1, note that when x € Ay, j < k—2,and y € Aj, then |z —y| ~ |z,
2|y| < |x|. Therefore, for x € Ay,
k—2

‘T( > fj)(x) SC/RTLW > fj<y)‘dy

j:—oo J=—00

k—2
c
<o/ 26| X si00]as
2] Jie—yi<alel /2 jz_:oo
k—2
sCMQ< > fj>(a:>-
j=—00
Thus, from Corollary 2.1, it follows that
ko k—2 P 1/p
E1<C sup 2_k0’\< Z okep XkMQ< Z fj) >
ko€Z e —oo j=—00 La(R™)

(S 5)
kz_:z I

j=—o0

’MKS“,?(R”)

<C

MEp 3 (R")
< QL .
—CHfHMKp’»qA(Rn)
Now, let us turn to estimate for E3. Suppose that ' < ¢, 1 <7’ < oo and

therefore, & > —n/q + A. Note that when x € Ay, j > k+2, and y € A;,
then |z — y| ~ |y|. Therefore, for x € Ay, by Holder’s inequality, we have



306 S. Lu and L. Xu

)| < Z/ i W) 1))y

Jj=k+2

(2 )

<C S TN oy I

<Ol pr(sn-1y > 2779 £l agan)-
j=ht2

Thus,

1/p
P
E3<Csup2™ k0>\< Z2kap”Q”pr - ( ZQ(k ])n/’le | La Rn) )

ko€Z k——oo0 j=k+2

ko
<C sup 27 koA oker| QP
sup 2 (3 el

k=—o0

. | . . . j 1/p p 1/p
(3 oty (30 2l ) )

k42 = oo
1/p
<C'sup 2~ W( 22’“‘1’”9”% s ( 22 (k= J)”/q2_90‘23”\> >
ko€Z k=—oo j=k+2

X ‘|f|’MKa7A(Rn)

1/p
=CI o s1p 2 w( ZQW( 3 gk ) )
k=—00 j=k+2
X ”fHMf(qu*(Rn)
ko 1/p
—koA kA
<Cllr o s 25 (3 2) Tl e
k=—o00
<sup 2~ kOA2k0>\||f||MKa A(Rn <C||f”MKa A(Rn)
ko€EZ
When 7’ > ¢, and therefore, « > —1/g— (n — 1)/ + X\. Let s=1—1r+
r/g=1—r/q¢. Then (1—s)¢ =r and s¢ = (1—r)qg+r <r. When z € Ay,
Jj > k+2,and y € A;j, by Holder’s inequality, we have
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<C Z 2 Jn/qHQ”L(l s)q’ (S" 1)
j=k+2

< ([ 0 - wrswrea)

<e>o 2 ( | - )]0 )y

j=k+2

(5 1)

j=k+2

1/q

We choose # € R and 0 < € < 1 such that & > /¢ + A > —1/¢ — (n —
1)/r" +Xand o — 3/q > (1 — €)n/q + A. Then, by Holder’s inequality and
Lemma 2.2, we obtain

’XkT Z fi)

j=k+2 La(R")
1/q
<C ( > 2j"(16)q’/q>
j=k+2
o] ' . 1/q
x:{ > gine </ 1Q(z — y)|¢ ’“)Wlfj(y)\qdyﬂ
iThi2 Rn La(R"™)
<cotrtiaf 3 g ([
k42 R

1/q
<(f \Q(x—y>r<1-r>q+rrxrﬁdx)dy) }
|z|<|y|/2
00 ‘ 1/q
<caket-omminl S o[
R’n

j=k+2

<C2HI=OtD/a ™ gitneBma| fl .
j=k+2

Thus, we have

ko 0o
E3<C sup 2_]“0’\< Z Qkap( Z o—k(n(1—e)+8)/q
ko€Z k= —o0 j:k+2

1/p
p
X2 ime=B=m)/a|| £ ., Rn) )
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ko > : P\ 1/P
<C sup 2_k0A< Z Qk/\P( Z Q(k—J)[(aJrne—n)/q—)\}) )

koeZ k=—o0 j=k+2

<sup 27F0A2RoA 7]
ko€EZ

This finishes the proof of Theorem 2.2. O

Now, let us turn to consider the fractional rough singular integrals. We
first have the following theorem similar to Theorem 2.1.

Theorem 2.3 Let 0 < | < n and 1} be a sublinear operator. If Tj is
bounded on LEIB‘H (R™) into L?j‘ﬁ‘m (R™) for all 8 € (B1, B2), and some
q1, g2 € (1, 00), where B1, B2 € R and 1/q2 = 1/q1 — I/n, then T} is also
bounded from MK;?{ZI (R™) into MKI?;’,)(‘D (R™) provided that o € (B1+A, Pa+

A) and 0 < p; < py < oo, A > 0.

Proof. Note that if p; < pa, then MK;;?‘% (R™) C MK,?;’?&Z (R™). We only
need to prove the theorem in the case p; = ps. We choose a1, as € R™ such
that 01 < a1 <a— A < as < (. Write

fa)y= > flx @)= > fi),

j:—oo j:—OO

it follows that
ko

1/101
IIJ’zf\MK;i}qQ(Rn)::uE%?'““( > 2kap1\(ﬂf)Xkll’£1q2(Rn)>
0

k=—00

ko
<C sup 2_kO>‘< Z okap:

ko€Z k——o00

k+1 1/p1
p1
(3 ITswlien)”)

j=—00
ko
+ C sup 2_’“0)‘( Z okapy
ko€Z oo
s o\ L/t
<( 3 Il )
Jj=k+2

=k + F»
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Similar to the estimates for Fy, Es in Theorem 2.1, we can get

L= |’f”MKp£?\q1(Rn)7 2= HfHMK {?ql(R")

P

This finishes the proof of Theorem 2.3 . U
The following lemma can be found in [5, P. 250].
Lemma 2.3 LetO<l<n,l1<q <n/l,1/gg=1/q1 —1/n, n/(n—1) <
r < oo and Q € L"(S™1). If there is a constant C independent of f such
that the sublinear operator 1 satisfies that

mis <e [ s (2

for any f € LY(R™) with compact support and x€supp f, then Tj is also
bounded from L™ , (R™) into L, (R™) provided that

|| A1 || P92
1 —1 —1
l—l—max<—£,_f_n, )<ﬂ<—l+min<ﬁl,%—|—n/ )
a q r 42 42 r

As a simple corollary of Theorem 2.3 and Lemma 2.3, we have

Corollary 2.2 Assume that 0 <l <n, 1 <q <n/l, 1/ga=1/q1 —l/n,
n/(n—1)<r<oo,0<p <py<ocoand Qe L"(S" Y. If a sublinear
operator T; satisfies (2), then Tj is also bounded from MK;;;}M (R™) into
Mng’i\zz (R™), provided that
1 n-1 g/ n n ,1>.
5 T

n
[+ max(——, - —
a1 q1 r

/

) <p< -l +min(ﬁl,

a3

Now we come to consider the end-point cases of Theorem 2.1, 2.2 and

2.3. First, we will establish the boundedness of Mg on weak Morrey-Herz
spaces.

Theorem 2.4 Let Q€ L"(S" 1) and 1 <r < o0, 0 < p < oo and

n—1

—-n + +A<a<O.

Then Mq is of type (MK;;&A(R”), WMKg’l/\(R")).
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Proof. Write
= fax@) = ) fi@)
j=—00 j=—o0
and
1/p
3 sup 278 S 24| (g e s | Mo (o) >P)
ko€Z Pl
k+1 »\1/p
<C~sup 2~ koA( Z2kap {ngAk ‘MQ( Z fj) ‘ } )
koEZ j=—o0
ko ) p\1/p
+Cy sup 2—ko>\< ZQkaP {x € Ag: ‘MQ( Z j‘})(l‘)’ >’}/} >
ko€Z k=—o00 j=k+2
=F1 + Es.
n [6], Christ and Rubio de Francia have proved that when r > 1, Mg

is of weak type (1,1). By this and the hypothesis in the case r = 1, for Fj,

we have

ko k+1 1/p
Fi<C sup 2w< S ok 52 g )
koE€Z oo je—oo  NLL(R)

k+1 1/p
<C sup 2 S 2 3 e ")

ko€Z k=—00 j=—00

ko k+1
<C sup Q—W( > [ > 2lkmiagirg=iX

ko€Z k=—00 -j=—00

J p\ 1/p

<(X 2 ile) ] )

l=—o0

ko k+1 p\1/P
<C sup 2—k0)\( Z 2kp)\< Z 2 (J—k)(—a+A) ”fHMKQ)‘ Rn)) )

ko€Z k=—o00 Jj=—00

ko 1/p
<C sup 2—’“@( 5 zkm) -

ko€Z k=—o00

<C'sup 2~ ko’\QkO’\HfHMKa N

o =ClF L g
Sup @) = O kg @y
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To estimate for Es, note that —mn + (n — 1)/r + A < a < 0. We can
choose a € R such that 0 <oy < a+n—(n—1)/r —X. When j > k+ 2,
by Lemma 2.2, we have

Thus,

XkMQ< i fj)

j=k+2

ey o s (/ =Dy )ds

j=k+2

<0 3 akemeny [ )
J

j=k+2
X ( [ 0w y>|\:c|a—a1—kdx> dy
lz|<|y|/2

<C Z 2—jn+k(a1—a+)\)/A. !fj(y)\!y\a_al+"_’\dy
J

j=k+2

<C ) 2t £ gy
kg2

L1(R")

ko s P 1/p
E><C sup 2_1‘7”( Z okap Xk:MQ( Z fj) >
FocZ k=—o0 j=kt2 L1(R)
P\ /P
<C sup 2™ k())\( Z 2kap( Z 9(k=j)(ar1—a+X) Hfj”Ll(R" ) )
ko€Z Rt Nt
ko 00
<C sup 2k0’\< Z Qkap( Z o(k—j)(e1—a+A)g—jagjrg—jA
ko€Z Rt s
p\ /P
(Z 2] ol gy ) “’) )
l=—0
ko 00 ‘ oA\ 1/
<C sup 2_kOA< > 2mp( > Q(k_ml) ) 1Al ar o ey
ko€Z e o0 iohio 1

<C sup 2~ kOAQkO)‘HfHMKa A

_¢ .
koCE (R" Hf”MK /\(R )
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In the second-last inequality, we used aq > 0.
This finishes the proof of Theorem 2.4. O

By a proof similar to that of Theorem 2.4, we can prove the following
theorem.

Theorem 2.5 Suppose that ) € L"(S"‘l) and 1 <r < o0, 0 < p < 0
and

n—1

—n+ +A<a<0.

"
If a sublinear operator T is of weak type (1,1) and satisfies (1), then T is
also bounded from MK;"’l)‘(R”) into WMK;’I)‘(R”).

For fractional singular integrals, we have some theorems similar to The-
orem 2.5.

Theorem 2.6 Let Q€ L"(S" 1) and0 <l <n, g =n/(n—1) <r < oo,
0<p<oo,0<p <ps < oo and

n—1

l—n-+ +A<a<O.

r

If a sublinear operator T} is of weak type (1, q1) and satisfies (2), then T} is
also bounded from MK;I’?‘l(R") into WMEKS, (R™).

Proof. Note that if p; < pa, then WMKZ?‘l’,’}h (R™) C WMK;;’)’}M (R™). We
only need to prove the theorem in the case p; = po. Write

fx)= Y fax@)= Y fi)

j=—o0 j=—00

and

ko 1/p1
ysup 27 (Y 2 € A [T )] > 2} )

ko€EZ ke —oo0

<C'y sup 2~ koA
koE€EZ

x<k§: oan {xeAk: ‘TZ<I§ ;) @) >7}

=—00 J=—00

pl/Ql) 1/p1
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p1/q1>1/171

{$Ez&5‘ﬂ< 53 ﬁ)@ﬁ‘>y}

j=k+2

ko
x( Z okap

k=—o0

= + .

Since T} is of weak type (1, q1), similar to the estimates for £y, Fy in The-
orem 2.4, we get

F < CHfHMKSI’,)‘l(R”);Fb < C”f"MK;?{/\l(Rn)
This finishes the proof of Theorem 2.6. ([
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