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Boundedness of rough singular integral operators

on the homogeneous Morrey-Herz spaces

Shanzhen Lu and Lifang Xu

(Received April 7, 2003; Revised September 9, 2003)

Abstract. Some boundedness results are established for some rough singular integral

operators and fractional singular integral operators on the Homogeneous Morrey-Herz

Spaces. And also we get some boundedness results on the weak homogeneous Morrey-

Herz Spaces.

Key words: Lebesgue spaces, singular integral operator, fractional singular integral ope-

rator, power weight, homogeneous Morrey-Herz spaces.

1. Introduction

Let Ω be a homogeneous function of degree zero on Rn and Ω ∈
Lr(Sn−1) for some r ∈ [1, ∞]. If f ∈ Lq

ω(Rn), that is

‖f‖Lq
ω(Rn) =

(∫

Rn

|f(x)|qω(x)dx

)1/q

< ∞.

Let T satisfy

|Tf(x)| ≤ c

∫

Rn

|Ω(x− y)|
|x− y|n |f(y)|dy. (1)

for any f ∈ L1(Rn) with compact support and x /∈ supp f . The main pur-
pose of this paper is to establish the boundedness of the sublinear operator
T in the setting of the Morrey-Herz Spaces.

Let Bk = B(0, 2k) = {x ∈ Rn : |x| ≤ 2k} and Ak = Bk/Bk−1 for k ∈ Z.
Let χk = χAk

for k ∈ Z be the characteristic function of the set Ak.

Definition 1.1 Let α ∈ R, 0 < p ≤ ∞ 0 < q < ∞ and λ ≥ 0. The
homogeneous Morrey-Herz spaces MK̇α,λ

p,q (Rn) are defined by

MK̇α,λ
p,q (Rn) =

{
f ∈ Lq

loc(R
n/{0}), ‖f‖

MK̇α,λ
p,q (Rn)

< ∞}
,
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where

‖f‖
MK̇α,λ

p,q (Rn)
= sup

k0∈Z
2−k0λ

( k0∑

k=−∞
2kαp‖fχk‖p

Lq(Rn)

)1/p

with the usual modifications made when p = ∞.

Compare the homogeneous Morrey-Herz spaces MK̇α,λ
p,q (Rn) with the

homogeneous Herz spaces K̇α,p
q (Rn) (see [1]) and the Morrey spaces Mλ

q (Rn)
(see [2]), where K̇α,p

q (Rn) is defined by

K̇α,p
q (Rn) =

{
f ∈ Lq

loc(R
n/{0}) :

∞∑

k=−∞
2kpα‖fχk‖p

Lq(Rn) < ∞
}

,

and Mλ
q (Rn) is defined by

Mλ
q (Rn) =

{
f ∈ Lq

loc(R
n) : sup

r>0, x∈Rn

1
rλ

∫

|x−y|<r
|f(y)|qdy < ∞

}
.

Obviously, MK̇α,0
p,q (Rn) = K̇α,p

q (Rn) and Mλ
q (Rn) ⊂ MK̇0,λ

q,q (Rn).
We can see that when λ = 0, our results below coordinate with those

in the setting of the Herz spaces, which proved by Hu, Lu and Yang in [3].
So in this paper, we only give the results when λ > 0.

In what follows, for any k ∈ Z and any σ > 0, let mk(σ, f) =
∣∣{x ∈

Ak : |f(x)| > σ}∣∣.
Definition 1.2 Let α ∈ R, 0 < p ≤ ∞, λ ≥ 0 and 0 < q < ∞. A
measurable function f on Rn is said to belong to the homogeneous weak
Morrey-Herz spaces WMK̇α,λ

p,q (Rn), if

‖f‖
WMK̇α,λ

p,q (Rn)
=sup

γ>0
γ sup

k0∈Z
2−k0λ

( k0∑

k=−∞
2kαpmk(γ, f)p/q

)1/p

<∞,

where the usual modifications are made when p = ∞.

Compare the homogeneous weak Morrey-Herz spaces WMK̇α,λ
p,q (Rn)

with the homogeneous weak Herz spaces WK̇α,p
q (Rn) (see [7]). Clearly,

WMK̇α,0
p,q (Rn) = WK̇α,p

q (Rn). When λ = 0, the boundedness is also proved
by Hu, Lu and Yang in [3].
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2. Main theorems and their proofs

In order to prove our main theorem, we begin with the following theo-
rem which will be needed for proving our main theorem. And the following
theorem indicates that the boundedness of operator T on Lebesgue spaces
with power weights implies its boundedness on homogeneous Morrey-Herz
spaces.

Theorem 2.1 If a sublinear operator T is bounded on Lq
|x|β (Rn) for all

β ∈ (β1, β2), and some q ∈ (1, ∞), where β1, β2 ∈ R, then T is also bounded
on MK̇α,λ

p,q (Rn) provided that α ∈ (β1/q +λ, β2/q +λ) and 0 < p ≤ ∞, λ >

0.

Proof. We choose α1, α2 ∈ R such that β1/q < α1/q < α − λ < α2/q <

β2/q. Write

f(x) =
∞∑

j=−∞
f(x)χj(x) ≡

∞∑

j=−∞
fj(x).

Then,we have

‖Tf‖
MK̇α,λ

p,q (Rn)
= sup

k0∈Z
2−k0λ

( k0∑

k=−∞
2kαp‖Tf(x)χk‖p

Lq(Rn)

)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

( k+1∑

j=−∞
‖Tfj(x)χk‖Lq(Rn)

)p
)1/p

+ C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

( ∞∑

j=k+2

‖Tfj(x)χk‖Lq(Rn)

)p
)1/p

≡E1 + E2

For E1, we have

E1≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2k(α−α2/q)p

( k+1∑

j=−∞
‖Tfj(x)χk‖Lq

|x|α2
(Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2k(α−α2/q)p

( k+1∑

j=−∞
‖fj‖Lq

|x|α2
(Rn)

)p
)1/p
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≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞

( k+1∑

j=−∞
2jα2/q2k(α−α2/q)‖fj‖Lq(Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞

( k+1∑

j=−∞
2jα2/q2k(α−α2/q)2−jα2jλ2−jλ

×
( j∑

l=−∞
2lαp‖fl‖p

Lq(Rn)

)1/p)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kpλ

( k+1∑

j=−∞
2(j−k)(−α+α2/q+λ)‖f‖

MK̇α,λ
p,q (Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kpλ

)1/p

‖f‖
MK̇α,λ

p,q (Rn)

≤C sup
k0∈Z

2−k0λ2k0λ‖f‖
MK̇α,λ

p,q (Rn)
=C‖f‖

MK̇α,λ
p,q (Rn)

.

For E2, similar to E1, we have

E2≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2k(α−α1/q)p

( ∞∑

j=k+2

‖Tfj(x)χk‖Lq

|x|α1
(Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2k(α−α1/q)p

( ∞∑

j=k+2

‖fj‖Lq

|x|α1
(Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞

( ∞∑

j=k+2

2jα1/q2k(α−α1/q)‖fj‖Lq(Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞

( ∞∑

j=k+2

2jα1/q2k(α−α1/q)2−jα2jλ2−jλ

×
( j∑

l=−∞
2lαp‖fl‖p

Lq(Rn)

)1/p)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kpλ

( ∞∑

j=k+2

2(j−k)(−α+α1/q+λ)‖f‖
MK̇α,λ

p,q (Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kpλ

)1/p

‖f‖
MK̇α,λ

p,q (Rn)
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≤C sup
k0∈Z

2−k0λ2k0λ‖f‖
MK̇α,λ

p,q (Rn)
=C‖f‖

MK̇α,λ
p,q (Rn)

.

This finishes the proof of Theorem 2.1. ¤

Let Ω be a homogeneous function of degree zero on Rn and Ω ∈
Lr(Sn−1) for some r ∈ [1, ∞]. The rough Hardy-Littlewood maximal func-
tion

MΩf(x) = sup
t>0

1
tn

∫

|y|<t
|Ω(y′)f(x− y)|dy,

where y′ = y|y|−1.
The following lemma for the boundedness of MΩ on the Lebesgue spaces

with power weights can be found in [4, P. 874].

Lemma 2.1 [4] If Ω ∈ Lr(Sn−1), 1 ≤ r ≤ ∞, 1 < q < ∞ and

max
(
−n, −1− (n− 1)q

r′
)

< β < min
(
n(q− 1), q− 1 +

(n− 1)q
r′

)
,

then MΩ is bounded on Lq
|x|β (Rn).

As a simple corollary of Theorem 2.1 and Lemma 2.1, we have the
following corollary, which will be used in the proof of our main theorem.

Corollary 2.1 Let Ω ∈ Lr(Sn−1), 1 ≤ r ≤ ∞, 1 < q < ∞, 0 < p ≤ ∞
and

max
(
−n

q
+ λ, −1

q
− n− 1

r′
+ λ

)

<α

<min
(
n
(
1− 1

q

)
+ λ, 1− 1

q
+

n− 1
r′

+ λ
)
,

then MΩ is bounded on MK̇α,λ
p,q (Rn).

To prove our main theorem, we also need the following lemma. It can
be found in [5, P. 251].

Lemma 2.2 [5] Let Ω ∈ Lr(Sn−1), 1 ≤ r ≤ ∞. If a > 0, 0 < d ≤ r and
−n + (n− 1)d/r < β < ∞, then

( ∫

|x|≤a|y|
|Ω(x− y)|d|x|βdx

)1/d

≤ C|y|(β+n)/d‖Ω‖Lr(Rn).



304 S. Lu and L. Xu

In fact, when 1 < r ≤ ∞, this lemma is just a special case of [5, Lemma
1]. The case r = 1 is easily proved using polar coordinates. We omit the
details.

Theorem 2.2 Let Ω ∈ Lr(Sn−1) for r > 1 and let 0 < p < ∞, 1 < q <

∞, λ > 0 and

max
(
−n

q
+ λ, −1

q
− n− 1

r′
+ λ

)

<α

<min
(
n
(
1− 1

q

)
+ λ, 1− 1

q
+

n− 1
r′

+ λ
)
.

If a sublinear operator T is bounded on Lq(Rn) and there is a constant C

independent of f such that

|Tf(x)| ≤ c

∫

Rn

|Ω(x− y)|
|x− y|n |f(y)|dy.

for any f ∈ L1(Rn) with compact support and x /∈ supp f , then T is also
bounded on MK̇α,λ

p,q (Rn).

Proof. Write

f(x) =
∞∑

j=−∞
f(x)χj(x) ≡

∞∑

j=−∞
fj(x).

and

‖Tf‖
MK̇α,λ

p,q (Rn)

=sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp‖(Tf)χk‖p

Lq(Rn)

)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

∥∥∥∥T
( k−2∑

j=−∞
fj

)
χk

∥∥∥∥
p

Lq(Rn)

)1/p

+ C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

k+1∑

j=k−1

‖(Tfj)χk‖p
Lq(Rn)

)1/p

+ C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

∥∥∥∥T
( ∞∑

j=k+2

fj

)
χk

∥∥∥∥
p

Lq(Rn)

)1/p
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≡E1 + E2 + E3.

For E2, by the Lq(Rn)-boundedness of T , we have

E2≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

k+1∑

j=k−1

‖fjχk‖p
Lq(Rn)

)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp‖fχk‖p

Lq(Rn)

)1/p

=C‖f‖
MK̇α,λ

p,q (Rn)
.

For E1, note that when x ∈ Ak, j ≤ k−2, and y ∈ Aj , then |x−y| ∼ |x|,
2|y| ≤ |x|. Therefore, for x ∈ Ak

∣∣∣∣T
( k−2∑

j=−∞
fj

)
(x)

∣∣∣∣≤c

∫

Rn

Ω(x− y)
|x− y|n

∣∣∣∣
k−2∑

j=−∞
fj(y)

∣∣∣∣dy

≤ c

|x|n
∫

|x−y|≤3|x|/2
|Ω(x− y)|

∣∣∣∣
k−2∑

j=−∞
fj(y)

∣∣∣∣dy

≤CMΩ

( k−2∑

j=−∞
fj

)
(x).

Thus, from Corollary 2.1, it follows that

E1≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

∥∥∥∥χkMΩ

( k−2∑

j=−∞
fj

)∥∥∥∥
p

Lq(Rn)

)1/p

=C

∥∥∥∥MΩ

( k−2∑

j=−∞
fj

)∥∥∥∥
MK̇α,λ

p,q (Rn)

≤C

∥∥∥∥
k−2∑

j=−∞
fj

∥∥∥∥
MK̇α,λ

p,q (Rn)

≤C‖f‖
MK̇α,λ

p,q (Rn)
.

Now, let us turn to estimate for E3. Suppose that r′ ≤ q, 1 ≤ r′ ≤ ∞ and
therefore, α > −n/q + λ. Note that when x ∈ Ak, j ≥ k + 2, and y ∈ Aj ,
then |x− y| ∼ |y|. Therefore, for x ∈ Ak, by Hölder’s inequality, we have
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∣∣∣∣T
( ∞∑

j=k+2

fj

)
(x)

∣∣∣∣≤c
∞∑

j=k+2

∫

Rn

Ω(x− y)
|x− y|n |fj(y)|dy

≤C
∞∑

j=k+2

2−jn/q‖Ω‖Lq′ (sn−1)‖fj‖Lq(Rn)

≤C‖Ω‖Lr(sn−1)

∞∑

j=k+2

2−jn/q‖fj‖Lq(Rn).

Thus,

E3≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp‖Ω‖p

Lr(sn−1)

( ∞∑

j=k+2

2(k−j)n/q‖fj‖Lq(Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

(
k0∑

k=−∞
2kαp‖Ω‖p

Lr(sn−1)

×
( ∞∑

j=k+2

2(k−j)n/q2−jα2jλ2−jλ
( j∑

l=−∞
2lαp‖fl‖p

Lq(Rn)

)1/p
)p

)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp‖Ω‖p

Lr(sn−1)

( ∞∑

j=k+2

2(k−j)n/q2−jα2jλ
)p

)1/p

×‖f‖
MK̇α,λ

p,q (Rn)

=C‖Ω‖Lr(sn−1) sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kλp

( ∞∑

j=k+2

2(k−j)(n/q+α−λ)
)p

)1/p

×‖f‖
MK̇α,λ

p,q (Rn)

≤C‖Ω‖Lr(sn−1) sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kλp

)1/p

‖f‖
MK̇α,λ

p,q (Rn)

≤ sup
k0∈Z

2−k0λ2k0λ‖f‖
MK̇α,λ

p,q (Rn)
≤C‖f‖

MK̇α,λ
p,q (Rn)

.

When r′ > q, and therefore, α > −1/q − (n − 1)/r′ + λ. Let s = 1 − r +
r/q = 1− r/q′. Then (1−s)q′ = r and sq = (1− r)q + r ≤ r. When x ∈ Ak,
j ≥ k + 2, and y ∈ Aj , by Hölder’s inequality, we have
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∣∣∣∣T
( ∞∑

j=k+2

fj

)
(x)

∣∣∣∣≤c
∞∑

j=k+2

2−jn/q‖Ω‖1−s

L(1−s)q′ (sn−1)

×
(∫

Rn

|Ω(x− y)|sq|fj(y)|qdy

)1/q

≤c
∞∑

j=k+2

2−jn/q

(∫

Rn

|Ω(x− y)|(1−r)q+r|fj(y)|qdy

)1/q

.

We choose β ∈ R and 0 < ε < 1 such that α > β/q + λ > −1/q − (n −
1)/r′ + λ and α − β/q > (1− ε)n/q + λ. Then, by Hölder’s inequality and
Lemma 2.2, we obtain

∥∥∥∥χkT (
∞∑

j=k+2

fj)
∥∥∥∥

Lq(Rn)

≤C

( ∞∑

j=k+2

2−jn(1−ε)q′/q

)1/q′

×
∥∥∥∥χk

[ ∞∑

j=k+2

2−jnε

(∫

Rn

|Ω(x− y)|(1−r)q+r|fj(y)|qdy

)]1/q∥∥∥∥
Lq(Rn)

≤C2−kn(1−ε)/q

{ ∞∑

j=k+2

2−jnε2−kβ

( ∫

Rn

|fj(y)|q

×
(∫

|x|≤|y|/2
|Ω(x− y)|(1−r)q+r|x|βdx

)
dy

)1/q}

≤C2−k(n(1−ε)+β)/q

{ ∞∑

j=k+2

2−jnε

(∫

Rn

|fj(y)|q|y|β+ndy

)1/q}

≤C2−k(n(1−ε)+β)/q
∞∑

j=k+2

2−j(nε−β−n)/q‖fj‖Lq(Rn).

Thus, we have

E3≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

( ∞∑

j=k+2

2−k(n(1−ε)+β)/q

×2−j(nε−β−n)/q‖fj‖Lq(Rn)

)p
)1/p
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≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kλp

( ∞∑

j=k+2

2(k−j)[(α+nε−n)/q−λ]
)p

)1/p

×‖f‖
MK̇α,λ

p,q (Rn)

≤ sup
k0∈Z

2−k0λ2k0λ‖f‖
MK̇α,λ

p,q (Rn)
≤ C‖f‖

MK̇α,λ
p,q (Rn)

.

This finishes the proof of Theorem 2.2. ¤

Now, let us turn to consider the fractional rough singular integrals. We
first have the following theorem similar to Theorem 2.1.

Theorem 2.3 Let 0 < l < n and Tl be a sublinear operator. If Tl is
bounded on Lq1

|x|βq1
(Rn) into Lq2

|x|βq2
(Rn) for all β ∈ (β1, β2), and some

q1, q2 ∈ (1, ∞), where β1, β2 ∈ R and 1/q2 = 1/q1 − l/n, then Tl is also
bounded from MK̇α,λ

p1,q1(Rn) into MK̇α,λ
p2,q2(Rn) provided that α ∈ (β1+λ, β2+

λ) and 0 < p1 ≤ p2 ≤ ∞, λ > 0.

Proof. Note that if p1 < p2, then MK̇α,λ
p1,q2(Rn) ⊂ MK̇α,λ

p2,q2(Rn). We only
need to prove the theorem in the case p1 = p2. We choose α1, α2 ∈ Rn such
that β1 < α1 < α− λ < α2 < β2. Write

f(x) =
∞∑

j=−∞
f(x)χj(x) ≡

∞∑

j=−∞
fj(x),

it follows that

‖Tlf‖MK̇α,λ
p1,q2

(Rn)
=sup

k0∈Z
2−k0λ

( k0∑

k=−∞
2kαp1‖(Tlf)χk‖p1

Lq2 (Rn)

)1/p1

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp1

×
( k+1∑

j=−∞
‖(Tlfj)χk‖Lq2 (Rn)

)p1
)1/p1

+ C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp1

×
( ∞∑

j=k+2

‖(Tlfj)χk‖Lq2 (Rn)

)p1
)1/p1

≡E1 + E2
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Similar to the estimates for E1, E2 in Theorem 2.1, we can get

E1 ≤ C‖f‖
MK̇α,λ

p1,q1
(Rn)

;E2 ≤ C‖f‖
MK̇α,λ

p1,q1
(Rn)

.

This finishes the proof of Theorem 2.3 . ¤

The following lemma can be found in [5, P. 250].

Lemma 2.3 Let 0 < l < n, 1 < q1 < n/l, 1/q2 = 1/q1 − l/n, n/(n− 1) ≤
r ≤ ∞ and Ω ∈ Lr(Sn−1). If there is a constant C independent of f such
that the sublinear operator Tl satisfies that

|Tlf(x)| ≤ c

∫

Rn

Ω(x− y)
|x− y|n−l

|f(y)|dy. (2)

for any f ∈ L1(Rn) with compact support and x∈̄ supp f , then Tl is also
bounded from Lq1

|x|βq1
(Rn) into Lq2

|x|βq2
(Rn) provided that

l + max
(
− n

q1
, − 1

q1
− n− 1

r′
)

< β < −l + min
( n

q′2
,

q

q′2
+

n− 1
r′

)
.

As a simple corollary of Theorem 2.3 and Lemma 2.3, we have

Corollary 2.2 Assume that 0 < l < n, 1 < q1 < n/l, 1/q2 = 1/q1 − l/n,
n/(n − 1) ≤ r ≤ ∞, 0 < p1 ≤ p2 ≤ ∞ and Ω ∈ Lr(Sn−1). If a sublinear
operator Tl satisfies (2), then Tl is also bounded from MK̇α,λ

p1,q1(Rn) into
MK̇α,λ

p2,q2(Rn), provided that

l + max
(
− n

q1
, − 1

q1
− n− 1

r′
)

< β < −l + min
( n

q′2
,

q

q′2
+

n− 1
r′

)
.

Now we come to consider the end-point cases of Theorem 2.1, 2.2 and
2.3. First, we will establish the boundedness of MΩ on weak Morrey-Herz
spaces.

Theorem 2.4 Let Ω ∈ Lr(Sn−1) and 1 ≤ r ≤ ∞, 0 < p ≤ ∞ and

−n +
n− 1

r
+ λ < α < 0.

Then MΩ is of type (MK̇α,λ
p,1 (Rn), WMK̇α,λ

p,1 (Rn)).
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Proof. Write

f(x) =
∞∑

j=−∞
f(x)χj(x) ≡

∞∑

j=−∞
fj(x).

and

γ sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

∣∣{x∈Ak : |MΩf(x)|>γ}∣∣p
)1/p

≤Cγ sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

∣∣∣∣
{

x∈Ak :
∣∣∣MΩ

( k+1∑

j=−∞
fj

)
(x)

∣∣∣ >γ

}∣∣∣∣
p)1/p

+Cγ sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

∣∣∣∣
{

x∈Ak :
∣∣∣MΩ

( ∞∑

j=k+2

fj

)
(x)

∣∣∣ >γ

}∣∣∣∣
p)1/p

≡E1 +E2.

In [6], Christ and Rubio de Francia have proved that when r ≥ 1, MΩ

is of weak type (1, 1). By this and the hypothesis in the case r = 1, for E1,
we have

E1≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

∥∥∥∥
k+1∑

j=−∞
fj

∥∥∥∥
p

L1(Rn)

)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

( k+1∑

j=−∞
‖fj‖L1(Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞

[ k+1∑

j=−∞
2(k−j)α2jλ2−jλ

×
( j∑

l=−∞
2lαp‖fl‖p

L1(Rn)

)1/p
]p)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kpλ

( k+1∑

j=−∞
2(j−k)(−α+λ)‖f‖

MK̇α,λ
p,1 (Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kpλ

)1/p

‖f‖
MK̇α,λ

p,1 (Rn)

≤C sup
k0∈Z

2−k0λ2k0λ‖f‖
MK̇α,λ

p,1 (Rn)
=C‖f‖

MK̇α,λ
p,1 (Rn)

.
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To estimate for E2, note that −n + (n − 1)/r + λ < α < 0. We can
choose α1 ∈ R such that 0 < α1 < α + n− (n− 1)/r − λ. When j ≥ k + 2,
by Lemma 2.2, we have

∥∥∥∥χkMΩ

( ∞∑

j=k+2

fj

)∥∥∥∥
L1(Rn)

≤ c

∞∑

j=k+2

2−jn

∫

Ak

(∫

Aj

|Ω(x− y)||fj(y)|dy

)
dx

≤ C
∞∑

j=k+2

2−jn+k(α1−α+λ)

∫

Aj

|fj(y)|

×
(∫

|x|≤|y|/2
|Ω(x− y)||x|α−α1−λdx

)
dy

≤ C
∞∑

j=k+2

2−jn+k(α1−α+λ)

∫

Aj

|fj(y)||y|α−α1+n−λdy

≤ C
∞∑

j=k+2

2(k−j)(α1−α+λ)‖fj‖L1(Rn).

Thus,

E2≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

∥∥∥∥χkMΩ

( ∞∑

j=k+2

fj

)∥∥∥∥
p

L1(Rn)

)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp

( ∞∑

j=k+2

2(k−j)(α1−α+λ)‖fj‖L1(Rn)

)p
)1/p

≤C sup
k0∈Z

2−k0λ

(
k0∑

k=−∞
2kαp

( ∞∑

j=k+2

2(k−j)(α1−α+λ)2−jα2jλ2−jλ

×
( j∑

l=−∞
2lαp‖fl‖p

L1(Rn)

)1/p
)p

)1/p

≤C sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kλp

( ∞∑

j=k+2

2(k−j)α1

)p
)1/p

‖f‖
MK̇α,λ

p,1 (Rn)

≤C sup
k0∈Z

2−k0λ2k0λ‖f‖
MK̇α,λ

p,1 (Rn)
= C‖f‖

MK̇α,λ
p,1 (Rn)

.
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In the second-last inequality, we used α1 > 0.
This finishes the proof of Theorem 2.4. ¤

By a proof similar to that of Theorem 2.4, we can prove the following
theorem.

Theorem 2.5 Suppose that Ω ∈ Lr(Sn−1) and 1 ≤ r ≤ ∞, 0 < p ≤ ∞
and

−n +
n− 1

r
+ λ < α < 0.

If a sublinear operator T is of weak type (1, 1) and satisfies (1), then T is
also bounded from MK̇α,λ

p,1 (Rn) into WMK̇α,λ
p,1 (Rn).

For fractional singular integrals, we have some theorems similar to The-
orem 2.5.

Theorem 2.6 Let Ω ∈ Lr(Sn−1) and 0 < l < n, q1 = n/(n− l) ≤ r ≤ ∞,
0 < p ≤ ∞, 0 < p1 ≤ p2 ≤ ∞ and

l − n +
n− 1

r
+ λ < α < 0.

If a sublinear operator Tl is of weak type (1, q1) and satisfies (2), then Tl is
also bounded from MK̇α,λ

p1,1(Rn) into WMK̇α,λ
p2,q1(Rn).

Proof. Note that if p1 < p2, then WMK̇α,λ
p1,q1(Rn) ⊂ WMK̇α,λ

p2,q1(Rn). We
only need to prove the theorem in the case p1 = p2. Write

f(x) =
∞∑

j=−∞
f(x)χj(x) ≡

∞∑

j=−∞
fj(x).

and

γ sup
k0∈Z

2−k0λ

( k0∑

k=−∞
2kαp1

∣∣{x ∈ Ak : |Tl(f)(x)| > γ}
∣∣p1/q1

)1/p1

≤Cγ sup
k0∈Z

2−k0λ

×
( k0∑

k=−∞
2kαp1

∣∣∣∣
{

x ∈ Ak :
∣∣∣Tl

( k+1∑

j=−∞
fj

)
(x)

∣∣∣ > γ

}∣∣∣∣
p1/q1

)1/p1

+Cγ sup
k0∈Z

2−k0λ
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×
( k0∑

k=−∞
2kαp1

∣∣∣∣
{

x ∈ Ak :
∣∣∣Tl

( ∞∑

j=k+2

fj

)
(x)

∣∣∣ > γ

}∣∣∣∣
p1/q1

)1/p1

≡F1 + F2.

Since Tl is of weak type (1, q1), similar to the estimates for E1, E2 in The-
orem 2.4, we get

F1 ≤ C‖f‖
MK̇α,λ

p1,1(Rn)
;F2 ≤ C‖f‖

MK̇α,λ
p1,1(Rn)

.

This finishes the proof of Theorem 2.6. ¤
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