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Well-posedness of the Cauchy problem for the semilinear
Schrodinger equation with quadratic nonlinearity
in Besov spaces

Shifu TAOKA
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Abstract. Well-posedness of the Cauchy problem for the semilinear Schrédinger equa-
tion with quadratic nonlinear terms is studied. By making use of Besov spaces we
can improve the regularity assumption on the initial data. When the nonlinear term
is cju? + c2@?, our results are as follows: When d = 1 or 2, for any initial data ug €

H~3/%(R%) there exists a unique local-in-time solution u € B;_(g/ﬁ’l,/fg‘z (R4 x It). When

d > 3, for any small data ug € HP(R?), where p(z) = 24/2721og(2 + z), there exists

a unique local-in-time solution u € B;p(’;/f)llﬂz,(Rd x Ir), and for any ug € H* (Rd)7

s > d/2— 2, there exists a unique local-in-time solution u € Bés(’;/f)) )2 (R? x I7). Here

It = (—=T,T). We also have results for the equation with the nonlinear term czua.

Key words: semilinear Schrédinger equation, Besov type norm, initial value problem.

1. Introduction

This paper is a continuation of our study on the Cauchy problem for
the semilinear Schrédinger equation

Opu = iAu+ N(u,u), z€R? teR,
U(LE,O) ZUO(I)a T G]Rd)

(1.1)

where N(u,u) = ciu® + coi? or N(u,@) = c3ud, ¢y, ¢z, c3 are constants.
In [5] we proved that the Cauchy problem (1.1) with N(u, ) = ciju® + cou?
in one space dimension is locally well-posed in B; f/ 4(R). In this paper
we improve this result, that is, this Cauchy problem is locally well-posed
in H—3/4(R). Further, by the same method we show that when N(u,u) =
c1u?+co? the Cauchy problem (1.1) in two space dimensions is locally well-
posed in H~3/4(R?) and when N(u, %) = c3u@ it is well-posed in H”(R?)
with p(z) = 2z~ Y*log(2 + z). For 3-D case we prove that the Cauchy
problem (1.1) with N (u, @) = c;u?+c2@%? has a unique local-in-time solution
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for small data in H?(R?) with p(z) = 2~ /?log(2 + 2) and it has a unique
local-in-time solution for any data in H*(R?) if s > —1/2. As far as we
know, there is no paper in which the well-posedness of (1.1) in H*(R?) with
s > —1/2 is proved. We also give the results for higher-dimensional case.
By means of the Fourier restriction norm method (due to Bourgain [1])
Kenig, Ponce and Vega ([3]) have studied the Cauchy problem for the 1-D
semilinear Schrodinger equation. They used the following bilinear estimates

1f9llx.0-r < el fllx.ullgllx. s (1.2)
1£9llx. -0 < el fllx.ollgllx.,- (1.3)
=2

They showed that the 1-D Cauchy problem with N (u, @) = c;u? + cou? (or
N(u,u) = cgun) has a unique local-in-time solution in H*® if s > —3/4 (or
s > —1/4). Our results in [5] are improvement of their results.

Staffilani ([6]) generalized the results of Kenig, Ponce and Vega to
the 2-dimensional case, who showed that a unique local-in-time solution
of the 2-D Cauchy problem exists in H® if s > —1/2 when N (u, @) = c3u?.
To prove this, she showed that the estimate (1.3) holds for any s > —1/2 in
R? x R. The study for the 2-dimensional case was improved further, that
is, Colliander, Delort, Kenig and Staffilani ([2]) proved local well-posedness
of the 2-D Cauchy problem with nonlinearity N(u,%) = cju® + cou? (or
N(u,u) = cguu) in H®if s > —3/4 (or s > —1/4). In this paper we improve
their results.

When the space dimension d > 2 in the case N(u,u) = u? there arises
a difficulty that

—€24 (£ —n)?+1% = 25(¢ — ) goes near to 0 while || and [¢ |

are large
(&, n are the Fourier variables). We resolve this difficulty by expressing
a function f (&, 7) as an integral sum of functions f,Lw] (&, 7) supported in the
set Ry D(v,w) x R, where D(v,w) := {¢£ € S 1;arccos(¢ - w) < 277} (see
proof of Lemma 4.6 for detail). By this method we can get sharp estimates.

This paper is organized as follows. In §2 we give the definition of the
spaces we use, and state our main results and our bilinear estimates. In
84 we give the lemmas which give the estimates of the norm of bilinear
operators which are needed to calculate the norm of products. The bilinear
estimates for cju? + co@? (Theorem 1) is proved in §5 and §6, and that for
the case csut (Theorem 2) is proved in §7. Finally, in §8 we explain the
method to get our main results.
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Notations We use the following notations:
L% denotes LP-space of functions of z,
1f @y, 2) | e xrxre == KIS @y, 2) e H sl e,
¢(91:42) denotes the sequence space defined by the norm

{ajr}ll par.an) = {g (Z Iajkl‘h>q2/q1 }l/qz. (1.4)

For a Banach space X and an open set {2 in the Euclidean space
By ,(; X)) denotes the X-valued Besov space.

xm denotes the defining function of a set M.

j Ak =min(j, k) and j V k = max(j, k).

2. Definition and Main results

The Besov type norm which corresponds to the Fourier restriction norm
is defined as follows:

Definition 1  For a weight p on Ry, b e R, 1 <p <00, 1 < ¢ < o0,
1 < g2 < 00 and a real-valued C*°-function P(§) the space B (R4+1)

. . p,(q1,q2),P
1s the space of tempered distributions f such that the norm

Il = o) 281 fim,p (2, Ol oo Hl o ey (2-1)

p,(qa1,92),

is finite. Here, N := NU {0},

Fiep(&:7) = @i (€D er(T = PE))f (& T), (2.2)

and pj(z), j =0, 1, ..., are C*®-functions of z € R with the following
relations:

©j(2) = @j(—2), supppo C {z;]z| <2}, suppp1 C {2;1 < [z] <4},

r(x) =1 27F12) (forkz1). Y gi(a) =1L
j=0

We write the space by B;S(’zi ) p(RY) when p(z) = 2° and B](Dp(’s)q) =
(p:b)
B

0P and omit the subscript P when P = 0.
For a function space X (R and an open set Q in Rdfl the space X ()
is the set of all distributions f which have an extension f € X (R, and
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its norm is defined by
1£1lx @) = f{| fllx@ey £ = Fla}- (2.3)

In order to solve the Cauchy problem in H*(R?) (instead of BS ) we
are forced to use the spaces with indices (g1, g2).

Note that
B3, (RY) = H’(RY), (2.4)

b
By (R x 1) = B3 1 (I H(R)), (2.5)

and it is easy to see that f € HP(R?) if and only if p(y/1 + [€]2)f(¢) € L2.
Assume that [0¢ P(£)| < C(a)(1 + €)1l holds for any «, where v is
a constant independent of o and C'(«) is a constant depend on «. Then

B;p (’(12 ) (R4 is a Banach space and S(R?*!) is dense in the space if

p < 00, @1 < 00, g2 < oo (see Theorem 2.1 in [5]). Also we see that
Bp1/2)

2,(¢,1),
tinuous ng(Rd)—valued functions of ¢ € R, which guarantees the initial

condition makes sense in this space (see Theorem 2.2 in [5]).
Using these spaces, our MAIN RESULTS are stated as follows:

We write It := (=T,T) here.
Part (I). The case d =1 or 2.
(a) If N(u, @) = ciu® + co@i?, then for any ug € H=3/*(R?) there exists T =

T(lluoll g-3/4(ray) > 0 and a unique solution u(z,t) € B;f(g’/lzl)’li/é)P(Rd x Ir)

to (1.1) satisfying u(xz,t) — W (t)up(x) € Bép(’;/f))_lfp(Rd x Ir). Here p(z) =
273/*og(2 + 2) and {W(t)f}(z,t) := F, 1P O F, f(x,1).
(b) If N(u,@)=csut, then for any ug € HP(R?) there exists T =
T(|[uoll gro(ray) > 0 and a unique solution u(z,t) € Bép(’;/lz))_lg‘Q(Rd X Ir)
o (1.1). Here p(z) = z~/*1og(2 + 2).
Part (II). The case d > 3.
(a) If N(u,u) = cu? + cou® and s = d/2 — 2, then for any T >0
there exists 6(T) > 0 such that (1.1) has a unique solution u(z,t) €
1/2 .
Bé?(zﬁ))7_|£|2(RdeT) for any ug € HP(R?) with |luol|lgr < 6(T). Here
p(z) = 2%log(2 + 2).
Also, if N(u,u)=ciu®+cou® and s>dj/2—2, then for any
ug € H*(R?) there exists T = T(|[uollgs(ray) > 0 and a unique solution

p(RYT) s continuously imbedded into the space of bounded con-
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u(w,t) € BY oY) cp(RTx Ir) to (1.1).
(b) The case d =3. If N(u,u) = csuu, then the same result as Part (I) (b)
holds.

The case d > 4. If N(u,u) = csuiu, then the same result as Part (II) (a)

holds.

Asin [2], [3], [5], the keys to prove these results are the following bilinear
estimates:

Theorem 1 Let P(¢) = £|¢|%, and let Q be P or —P, and define p(z) =
log(2 + z)z°.
(a) Letd =1 or2, s > —3/4 and let b > 1/2. Then we have the inequalities

1y < s 2.6
I8l s <ellflgparnNallpgarn (26)

—1/2) <€ , + s, . .
1F9ll pgp,- 170 < {HfHB;(?l),QHgHBgi;@Q HfHB;(;’/f){QHQHB;(S?U’Q}

(2.7)
(b) Let d > 3, s =d/2 — 2. Then, we have the inequality
_ < . 2.8
HngBé’fi,zol/2) < C’\f\\Béf{;flz){QHQHBéf’(’;,/f)),Q (2.8)
Also, if d > 3, s > d/2 — 2, then we have the inequality
_ < s s . 2.9
19l < el ol s (2.9)

Theorem 2 Let P(&) = +[¢)?, € € RY, and define p(z) = log(2 + 2)2°.
(a) Let d=1, 2 or 3, —1/4 < s. Then, we have the inequality

_ < i s
1791l ggo,1rm < len{\|f||B§7(21/12)>’P||9||B;<;’/12)>’7P,
s . 2.10
ey, Mol ) (210)
(b) Let d > 4, s > (d —4)/2. Then, we have the inequality
- < . 2.11
1Fgll g1 < C"f‘|357(21{1"'){1:,‘|9‘|B;7(21{1§{_P (2.11)
Also, if s > (d —4)/2, then we have

_ < s s . 2.12
17 9ll ggo,- 170 < C“f”B;’(*;,/f){P”9”3;’(*;,/12){713 (2.12)
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3. Norm of bilinear operators

Definition 2 For a kernel K (x,%) defined on R? x RY the bilinear opera-
tors B(K; f,g) is defined by

B(K: f.g)(x) = / K(z,y)fW)g(z - y)dy, (3.1)

and its norm is denoted by Ny (K).

First note the basic properties of bilinear operators which have been
proved in [5].

Lemma 3.1 Let K(z,y) be a measurable function on R*?,

(a) Put Kl(‘rvy) = K(y?$)7 KQ(:Evy) = K(:L’,:L‘ - y); K3($>y) =
K(yvy - $), K4($7y) = K(l‘ - Y, _y); K5(x,y) = K(.%’ - y,ﬂl’) Then we
have Ny(K) = Ny (K1) = Ny (K2) = Ny (K3) = Ny (K4) = Ny (Ks).

(b) If M(z,y) is a non-negative measurable function such that
|K(x,y)| < M(z,y) for almost everywhere, then Ny(K) < Ny (M).

Next, we prove the following lemma which gives sharp estimates of the
norm of bilinear operators:

Lemma 3.2 Letd=d +d", and write x = (2, 2"), y = (¢, y"), 2/, ¥ €
R, 2, " € RY. Then for a kernel K(z,y) = K(z',2",y,y") we have
Nbl(K) < min{Cl,Cg}, where

Cl = HK(IEI,wHaylvy//)HLi,me ><L§,,7 (32)

(«"y")
Cy = HK@?/:Q?”’ Y, y//>HL§,><L°° xL2," (3.3)

(=',y'")

In particular, taking d’ =0, d' = d, we have

Ny (K) < min{ess.sup [[K(z,y)||r2, ess.sup | K(z,y)l|z2}.  (3.4)
T Y

Proof. Put

Ky (2) o= K@y y ) e, | xr2,s

(2",y")
F(z',2") = // K2y ") F v )g(a" =y 2" —y")dy dy”.

Then, by Schwarz’s inequality we have
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|F(a,2")|

1/2
S /dy/ H[{(:pl7 .’13//, y/’ y//) ||L§H ( |f(y/7 y//)g(xl _ y/’ x// _ y//) |2dy/l>

1/2
S/dy’Kl(ﬂv')( If(y’,y”)g(rv’—y’,x”—y”)lzdy") -

This combined with the identity

1/2
H </ ‘f(y,,y”)g(fﬁ/ o y’,x” o y//)|2dy1/) ]
L 1

1/2
- </‘/ |f(y,’ y”)g(x, - y,’ z" — y”)|2dy” dm//>
i 1/2
: (/ o yu)‘Qdyﬂ) (/ loa" y’,x”)!de”> :

17 (2", &)l 2,
x

1/2 1/2
< Ko [ ( / \f(y’,y”)\zdy”) ( [1ate - yﬁx”)\Qdas”)

1/2 1/2
< Ky(@') ( 15y dy") ( [[ ot anpay d)

= K1 (@)1 £l 2 llgll 2-

Take L2,-norm. Then we get || F|r2 < C1lf|lz2llglz2-
Moreover, by Lemma 3.1 we have Ny (K(z,y)) = Nu(K(y,x)), and
hence

yields

No(K (@,9)) < IK @, y" 2", 2"l e, w2,

(=,y")
= 1K@ "y )2 wres, |, <22, = Co O
Since LP(R%)-norm is invariant with respect to orthogonal transforma-
tions, that is, || f(z)||z» = || f(Tx)||Lr for any orthogonal transformation T,
we have the following lemma:

Lemma 3.3 Let K(z,vy) be a kernel, T a orthogonal transformation on RY,
and define K"\(z,y) = K(Txz,Ty). Then Ny(K) = Ny (K.
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4. A special class of bilinear operators

In this section we write &€ = (£1,...,&), n= (n1,...,mq) ERL, 7,0 €
R, and define 7; = X{zer,2-1<|z|<2i+1} fOr j > 0, 70 = X{eemr;|z1<2}
¥ (2 ) = 1(2772). Further, for any real-valued function P, @, R we de-

fine 75y (&, 7) == (1€ (r — P(£)),

wﬂ@ﬁnv) ﬁ?m,w%@—nx—ax (4.1)
H5S (€7 n.0) = m(€) HY o (6,7, 0), (4.2)
HPQE (€7, n,0) = 40, D HG € 7,0, 0). (4.3)

The following lemma has been proved in [5].

Lemma 4.1  Assume that v,(|€])v;(In])ve(|E—=nl|) # O for some &, n. Then
h<jVe+2.

Moreover, h > jV{—2 when |j—¢| > 3 and |j—¥| < 2 when h < jV{—3.

The following seven lemmas concern with the norm of bilinear operators
of special kind in (d + 1)-dimensional space. In these lemmas, ¢ denotes
a constant depending only on d.

First, Lemma 3.1 and Lemma 3.2 together with inequalities

PQ
HH][kﬁm] (577—7 m, O-)”%%n ”

— /’Yj(\ﬁl)w(lé—n\)dn /%(U—P(n))%n(T—U—Q(f—n))da

< 9d(ADFRAM+2(d+1)

1586 rn o)y < [n€Dde [rmlr =~ Q¢ ~mar

< gdhtmt2(d+1)
P,Q,R]
1oz < [nleee - alds [an(r = Pe)dr
< QUhAO+n+2(d+1)

and identities
P b
Hh]k%ln(fv T, g n,T— U) Hhen?j]k(fa T,n,o0 )7
P,Q,R] P,Q,R
Hl[zn]clgcﬁm(éﬂ— 5 nT— U) Hf[mgnﬂl(faﬂﬁaff%
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yield the following
Lemma 4.2 Let P, Q and R be real-valued functions. Then

Ny(H{ 2l < colbrm+diniy/2, (4.4)

Ny(H5 3 ) < caldhtknm)/2, (4.5)

Nu(Hpp @by < coldminugO4n}/2) (4.6)
Next,

Lemma 4.3 Let P(¢) = £[£)?, d > 2. Then,

Nbl(H[fQP]) < ¢ olktmt(d=1)(GAE)—jVE}/2 (4.7)
JjrEMm /. — ) .
sz(H}[LI;}fZL@) <ec o{k+m+(d—1) min(h,j,6)—jVE} /2 (4.8)

Proof. By changing variables 0’ = 0—P(n), m—&1/2 = rcosf, ne — &2/2 =
rsinf, s = 7 — o F2r? F [£]%/2 F 2|n" — £"/2|?, where ¢ = (&1,62,€"),
n=(m,m2,7"), &, &, m, n2 € R, £, " € R92, we have

PP
Vi (€m0l

2
< [t rele” = "D [ (oo’ [
g / V(T — 0’ F 2% F |6%/2 F 20" — /2 )r dr
<2m 2 [y Ielle” = D" [ m(5)ds
— ¢ oktm+(d=2)(iAL) (¢ = 22417,

Thus we have (4.7) for the case |j — ¢| < 3 + (logy d)/2.
Now, we consider the case where j > ¢+ 3 + (logyd)/2. For a €
{1,2,...,d} we define

Lo i={&=(&1,...,&) € R% |Ea| > (5]
for every g € {1,2,...,d}} (4.9)

(the cone in R? where a-th coordinate is the largest in absolute value).
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Then we see that

d
> xra(@) =1 (4.10)
a=1

holds for almost everywhere. We show

|H o (€ 7m,0)xr, () gz, < cthemTetd-ni2,
n,T

where ¢ is a constant independent of j, k, ¢, m, a. We may assume that

P,P]
o = 1since [HEENE om0 xea (), = WHEENE mm. o), ()

(n,7)
follows from Lemma 3.3. !

We write & = (£1,€), n = (n,7), &, m € R, €, € R Since
1] > 0]/ when ~;(Jnl)xr, () # 0, by setting o = & — P(n), we have

//I Hpa (€7, 0)xr, (n)[Pdn do

"do' m(T — 0" — P& —n)— P(n))dn.
< [owteie’ [ i Pl )~ Pl
Set (4 =7 —0" — P(§ —n) — P(n). Then we have

dCl ! e+1
’_|4,71_2§1|>7 if |€—n <2

Vd

and consequently
[ [ v, g s
< Vaz it [l ~ i (oo’ [m(crrdc:
— ¢ 9ktm—j+(d-1)¢ (c= \/822d+3)'
Therefore

]k@m (57 n,o )XF1 (77) ||L2

< polktm—i+d=1)}/2,
(m0)

Also, by the same consideration we have

Jag sup [[115E € ron o, do < 2o,

51777/77—
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which implies

PP k+m—j+(d—1)h}/2
Vi (€ 7o e )z ez < c2lm e (@0mz2

With the aid of Lemma 3.2 and (4.10), this gives the conclusion of the

lemma. O

Lemma 4.4 Let P(§) = £[¢|?. Then

sz(HJ[fg P]) < ¢ 2lkm=(VO+(d-1)(jA0)}/2 (4.11)

holds when |j — £] > 4 + (logy d)/2, and

Nbl(H}[L];}g;TZ]) <c 2{k+m—h+(d—1) min(h,j,é)}/2' (4.12)

Proof. Assume that |j — ¢| > 4+ (logy d)/2 and consider (4.11). We may
assume that j > ¢+ 4 + (logy d)/2, since Nbl(H;[f;}@Zi]) = Ny, (H}[L&SJIZ]) By
changing variables (; = 7 — o’ + P({ — n) — P(n), ¢/ = ¢ — P(n), and
noting that |d¢;/dm | = [2¢1] > 2771/V/d, (In fact, |&1] > |m| — &1 — m| >
2i-1//d — 21 > 212/\/d when 3 () 76(€ — n)xr, (1) # 0) we obtain

(P,—P
1 € rm o,

<co / S(l€' — ') / (0")do" / Y (C1)dCy

_ o oktm—j+(d-1)¢

Combining  this with (4.10) and Nbl(H}[Lij & 7m,m,0)la(n)) =

Nu(H,ror (€, 7,m,0)T1(1)), we obtain (4.11).

Next we consider (4.12). We may assume h > 0. When £ € T'; we have
|d§1/dm| = |2¢&;| > 2//d. Therefore,

[P,—P ~ ~ _
[ 15 o) Pim do < il ol 25,

which implies

/ H) o r (6, 0)Pdn do < c2FFm it d=D0AD, (4.13)
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In the same way, we have the estimate (4.13) when £ € T',. We also have
P,—P] _
[ sw [[ 150 e 0w, (€ P do < cobrmsia-2n,
1’
(4.14)

where 5/ = (gla CIIR a§a7156a+17 ... 75(1)7 77/ - (7717 ey Na—1,MNa+1y - - - )nd)a
which implies, with the help of Lemma 3.2,

P,—P]
Ny Hl[z]kﬁm ZNb h]kem 677— n,0 )Xl“a(g))
< 62{k+m+(d 2)h}/2_ 0

Lemma 4.5 Let P(§) = £[£|?, Q a real-valued function. Then we have

Not(Hpritigm) < c2Antmt(d=1ymin(ij O=3}/2, (4.15)
Nbl(Hi[ziﬁc’zmp]) < ¢2lntma(d=1)min(h,jb)—max(h.j,0)}/2 (4.16)
Ny(Hppo Py < cotrhrme@-Dmin(hgf) -max(hif}/2 - (4.17)
Nbl(Hf[Liﬁjnb < ¢ olntkAm=(jVe)+(d—1)h}/2 (4.18)

Proof. Since Lemma 3.1 implies that Ny (H, }[L]Z]Ci ZI:A ) = Ny( Hy[‘%z]:k;zp})’
(4.15) follows from (4.12).
By Nbl(H;[lZﬁg’ng]) Nbl(H][(;g}’m’Enb and (4.8) we have

Nbl(Hf[Liﬁ’emP]) < ¢ {ntm+(d—1) min(h.5,6)=hVE}r/2,

If h < jVv{—2, then |j — /¢ < 2 by Lemma 4.1. Hence max(h,j,f) <
hVve+2 If h > jV{—2, then it is clear that max(h,j,¢) < hV{+2. Thus
we have (4.16).

Since Nbl(Hl[l]’rDL]kfm P]) Nbl<Hf[L]:mm];k P}) (4.17) follows from (4.16).

Finally, we consider (4.18). By (4.15) and Nbl(H,EiﬁfnL) = Nbl(Hf[L]:zgn];;g)

we have

Nbl(H}[Z}:UIanL) < C2{n+(k—€)/\(m—j)+(d—1)min{h,j,ﬁ}}/2' (419>

If h<jVe—2 then |j — ¢ <2, and hence (4.19) implies (4.18).
Also, by (4.19) we have Nbl(Hf[L];’jIZZL) < e tkAm+(d=2)(jAO}/2  There-
fore (4.18) holds when h > j VvV £ — 2. O
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In this section we use the following symbols: S9~1 = {¢ € R%; |¢| = 1}.
For any w € S%1,
D(v,w) := {¢€ € ST L arccos(€ - w) < 277},
E(v,w) = {€ € ST7L |1/2 — arccos(£ - w)| < 277},

Here we take arccos1 =0, 0 < arccos z < .
The following estimate (4.21) is crucial to prove Theorem 1 for the case

Q=P
Lemma 4.6 Let j AL >0, and let P(¢) = £|¢|%. Define

Hio (6.7,0,0) = s (€= 1) )iy, (0, 0) 7 (€ = 0,7 = 0).
(4.20)

Then we have
Nbl(H][];él;Ju) < C2{k+m+(d—2)(j/\€)—u}/2. (4'21)

To show this lemma we need the following:

Lemma 4.7  ~;(In))ve(|€ =n])jqt— ((E=1) 1) X D(ww)(In]~0) # 0 implies
€ =nI7H (€ —n) € E(v,w).

n = (|n] cos 6, wln|sind), w e 472,
£—n= (¢ —n|cost,f|¢ —|sind’), o € 572,
(€ —mn)-pl <2 0<o <27
Hence
[ 1€ =l |cos(8 — 6)] < 27+ + 4216 — ] n|27,
which gives
lcos(f — 0')] < 27V F3 po7vil — 5. 97l
Therefore, |7/2+0—0'| < 12x27Y, that is, |¢—n| =1 (6—n) € E(v, (1,0,...,0)).
Assume now that v;(|n])ve(|€ = nl)¢j+e—v (€ =) M) X D(ww) (Inl 1) # 0.

Then it follows that ~v;(|Tn)ve(|7w€ — Tn)ejre— (T — Tom) - Tun)
XD(V,(l,O,...,O))(‘n‘_lTwn) # 0, where T, is the rotation with T,w =
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(1,0,...,0). Hence, |¢ — n|7'T,(6 —n) € E(v,(1,0,...,0)), so that
€ —nl~H (€ —n) € T, E(v.(1,0,...,0)) = E(v,0). O

Proof of Lemma 4.6. As Nbl(Hj[fégy) =N, (Héfwk}y) we may assume that
0>j>0.

Since Ny(Hlpiml,) < Nu(Hipt)) < c2(+m+(d=2070)/2 follows from

Jkemy —
(4.7), we also may assume that v > 6 + (logy d)/2.
Define
FENET) = XD (€€ F (&, 7), (4.22)
P,P] - PP

HﬁmWJéTm )ZXDWMMM\lﬂhﬁA&ﬂmJ) (4.23)
Then we have

fle, ) =4, fle, r)dw, A, = g2, (4.24)

Sd—1

We show first

Nbl (H‘][fgwij) < 62(k+m+(d—2)j—(d—l)lj)/2. (425)
Since, taking T}, to be the rotation in &-space which goes w to (1,0, ...,0),

P,P

we have H][Mmuw( 1.6, 7,T,n,0) = H][Mm}y(1 0. (5,7‘ n,0), we see by
Lemma 3.3 that it is sufficient to consider only the case where w =
(1,0,...,0). The estimate of Nbl(Hg[lljéfm}u(l 0. )) follows from Lemma 3.2

combined with the following inequality

sup/ ’HJJI:EI;V 1,0,. )(§777n70)|2d77 do < 02k+m+(d72)j7(d,1)y7
(4.26)

which is proved as follows:

Assume that H]U]:;;]V (1,0,...0 ({,T, n,0) # 0. Then, we have 2771 <

In| < 27t n = (|n|cos€,w|77|s1n0), we S92, 0< 6 <277 hence n >
7l(L = 2727/2) > 211~ 29), || < || 2. Since |- (€ )| < 2+,
we have |(§1 —m)m| < 2777 4| — | || < 2L ¢ — | 27,
which implies that [&; — 1] < 267V T1(3 - (1 —279)71) < 267v+3,

We consider the case where Hj[kemyw(f,T n,o )Xp2 0,8 —n') #0. We
use change of variables ¢/ = o — P(§), G =717—0 —PE—-n)— Pn).
Since [& — | > 27 Y/Vd =1 > 20717008 D2 d(y fdi| = (265 — dipp| >
9|&o —ma| — 2|mo| > 26~ (082 d)/2 _ 9i—v+2 QEVVﬁWMmVZ5+(b&dV2
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Therefore we have

PP
ap o [V 00670k 0.6 = 1) do

§C2kz+m—£/ d’r]/// d771
"' |<2)—v |[€1—m|<2f-v+3

< ¢ oktm—t+(d=2)(j—v)+t—v

—c 2k+m+(d72)jf(d71)u

)

which leads to (4.26), because

Hiyw (& T0.0) ZH}@?,}W (€71, 0)xr,(0,6 —11) ae.

jktmyw

Next, it follows from Lemma 4.7 that
ijﬁmu,w(£7 71, U) = ijﬁmu,w(ga T, O‘)XE(V,W)(|£ - 77|_1(£ - 77))7
which implies

BHI  foer=A, | B ke ) dw
- (4.27)
4.27

where
32(6,7) = X (€€ TDIE ). (4.28)
Schwarz’s inequality gives that
|B(H i, £9)]2

SA”/ |BEHED 1 g8 de
Sd

| ) 1/2 1/2
< C2(k+m+(d—2)J)/2{ / Al f2, dw} { / 1312 dw}
Sd—1 Sd—

< 2EEmHEDIOR £l 12 gl 2.

Here we used the following facts:

/ A N2 dw = / |f(&,7)|2de dr / Ay dw = || f|[72,
Sd—1 D(v,)¢|71¢)
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/ 1302, do = //|g§, )2 de dr / do < ¢277||§]2.
gd—1 A 3]

O
Similarly, a crucial estimate to prove Theorem 2 is the following:

Lemma 4.8 Let jAL>0, h >0, and let P(¢) = £|£]2. Define

H P (6 mm,0) = Gnieo (€ — 1) - O H\bmgm (€,7.17,0). (4.29)

Then we have

Nu(HGrpmhe) < cg{ktm(d=2hnt-v}/2, (4.30)

Proof. First, consider the case h < ¢. In view of (4.12) we may assume
that v > 6. Writing

P,—Pl« P,—P)x _
H}Ejk[m]y,w(g)Ta 777 ) Hi[ij:fml/ (67 T 777 )XD(I/,LU)(|§‘ 16)7

we have by Lemma 4.7
[ dtenmaifatfane i (131)
=[] e n B ke e dr

for ¢ € S, where wl[,w] is defined by (4.22) with f replaced by 1.
Thus the conclusion follows from the fact that

Nbl(Hi[zI;kﬁi}uw) < coktmH(d=2)h=(d=1)r)/2 (4.32)

In fact, Schwarz’s inequality gives that
' / (e, BUHELE £, g)de dr
< VA, QD2 f / 112159 2 deo

< AR £ o ]| 29 2

Now we proceed to prove (4.32). The estimate (4.32) is verified by
Lemma 3.3 if we give the proof for the case w = (1,0,...,0), and (4.32) for
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this case follows from Lemma 3.2 and the inequality

[ { iy sup // P (f,r,n,a>|2dmda}

<02k+m+(d 2)h—(d—1)v (4.33)

which is proved as follows:

Assume that Hf[LI;}c;rit(l,o,...,o) (¢,7,m,0) # 0. Then, we have || > 2/2,
|€'] < 2P=*2 Therefore, by changing variables ¢/ = 0 — P(n), ( = 7 —
o' + P(¢& —n) — P(n), in view of the fact that |d¢/dm| = |2&| > 2", we
obtain (4.33).

Next, consider the case £ < h. Using the identity
[ itenn( Lfkgit“,f,m(s,r)dsdf
—af[[ e n B e e dr o, (134

where

P,— P P,—Plx -
H][L]kgmyw(é.? T 777 ) H}[L]kem]l/ (57 T? ?77 O-)XD(V,UJ)(|€ - TI’ 1(6 - 77))7

(4.30) is a consequence of the inequality

Nbl(H[R_P]** )<e o(k+m+(d—2)—(d—1)v)/2

hjklmyrw/ — ) (435)

which can be proved as follows:
P—P
Assume that H}[ijﬁm]:?l,o,...,()) (&,7,m,0) # 0. Then, we have |§ —n1| >

20711 =279, |¢ — /| < 2876 | < 2P B¢ > 272 We make use
. . P,— PJxx [P,— P]#x
of the identity H;[Wm}l,(l 0.0 &7 0) = Y5, h]kgm]y (10,..0)(& 751, 0)

xr;(0,¢'). When 8 = 2, we put o=0c—-P(n),(=7—0 +P(£ n)—P(n).
Since |d¢/dna| = |2&| > 2M2(082d)/2 e obtain that

/ dé-l bup /ﬁ/ﬂ—y(fﬂ _ n//)dnl/
[gr]<2h—vH3 &omyr

P,— P]*x
[ €70 0,8 Pl do

< ¢oktm+(d- 2)£7(d71)u

which means (4.35). O
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Lemma 4.9 Let jAL >0, h >0 and let P(¢) = £[¢|?. Then we have

Not(HIPEP) (67,0, 0)p10-0 (0 - (€ = )

< ¢ ofnthimt(d=2)jnt-v}/2 (4.36)
Ny (Hi[ziﬁr’;nf} (5, T, N, U)@Z—l—h—u(ﬁ : (5 - 77)))
S c 2(n+k/\m+(d—2) min(h,j,ﬁ)—u)/Q. (437)

Proof. By (4.30), we have

Nyt (HIPE) (6,70, 0)@0-0 (0 - (€ = )

P.P—P
= Ny (H][khném ](6’ 71, U)@j-&-f—l/(f ’ (5 - 77)))
< 62{n+m+(d—2)j/\f—u}/2‘

: P,P,P P,P,P
Since Ny (Hyy i @ise—v(n (€ =m)) = Nut(Hpppmrdiojre—v(n - (€ = ))),
we also have Ny (H,[Liﬁg?]ﬁpﬁé_y(n. (€ — 77))) < e lnth+(d=2)jn—v}/2
Next we consider (4.37). By (4.30), we see that

Ny (HI P e 7, 0)00in-v(€ - (€~ 1))
= Nbl (H}[Lf;g_mI?éD] (57 7,1, 0—)90£+h71/(§ ' 77))
[-P,P,—P]
= Nbl (Hémhnjk (67 7,1, U)@f-ﬁ-h—l/(g : 7)))
= Nu(Hypom PUE T, 0,0) im0 (€ - (€ = 1))

< Nut (Hpjn (&m0, 0)pesn—v (€ - (€ = 1))

< c2(n+k+(d72)h/\€fu)/2‘
Using (4.21), we obtain that

Not (HIP PP € 70, 0)psnn (€ - (€ = 1))

= Nt (H o (6.7.1.0) 05— (0 - (€ = 1))

< sz(H;[liﬂ(é,T, 10,0)pesn—v(n-(E—=n)))
< cofntmi(d=2)(hno)—v} /2,

Hence, we get (4.37) if h A€ can be replaced by min(h, j,¢). To do so we may
assume that v > 6 because of (4.16), and show that h A ¢ < min(h,j, ) +4,
which can be done as follows: Obviously, it is sufficient to consider the case
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j = min(h,j,¢). If h < £ — 2, then Lemma 4.1 says that [j — ¢| < 2, and
hence j > £ — 2. If h > £ — 2, it follows that 27772 > |¢. | > |¢]? —
|€- (€ —m)| > 22h=2 — ohtlmvtl 5 9203 g that j > h — 4. 0

5. Proof of Theorem 1. Part I.

In this section we put @Eﬁ({ﬁ) = pr(|€])en(T — P(§)), and write
Firq(&m) =o€, 1) f(€,7). Then we have =37, fitg: 9= g Jem.Q:
which give

fg= Z [ik,Q9em,Q- (5.1)
gk, £,m

We need the following lemmas:

Lemma 5.1 (Lemma 5.2 in [5]) Let P(£) = £|€2. Assume that

H,[Li’];;;m (&,m,m,0) Z0. Then, we have max(n, k,m) > 2(j vV {) — 3.

Lemma 5.2 (A special case of Lemma 3.1 in [5]) Let c1 = sup; >, [cjel,
co = supy ), |cje|. Then we have

Z Z ngajbg
J l

Let f, g € S(R™!). To prove Theorem 1 we divide the norm of the
terms of the formula (5.1) into five parts in consideration of Lemma 4.1.
That is, we set

< veras [{ag}lel{be} o (5.2)

I(1) :={(h,n,j,k, l,m); kvVm <n<4(j+ ),
J,0>5 0<h<jVve—5}
I1(2) :=={(h,n,J, k., ,m); kvVm <n <4(j+ 1),
G 0>5, jVE—4<h<jVe+2),
I1(3) :={(h,n,j,k, l,m); kvm >n, n<4(j+¥), j, £ >5,
0<h<jVv{-—5}
I(4) :=={(h,n,j, k., &,m); kvVm >n, n<4(j+1¥), j, £L>5,
JVE—A<h<jVe+2),
I(5) :=={(h,n,j, k,,m); n>4(j+1¢), j, £L>5}
U{(h,n,j,k,¢,m); j <5or <5},
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— Pl ; ~
and put F, := ZI(V) p(2h) 2 "/2||<p£”jfjk,Q * Gem,QllL2, v = 1,...,5. Then,

by (5.1) we have

19l pio-1/2r < Fi + Fo+ Fy + Fy + F. (5.4)

Now we proceed to prove Theorem 1 for the case Q = —P.

It follows from (4.8), Lemma 4.1 and Lemma 5.1 that

JVe—5

F<c Z Z Z Z (2h) 2(=nthtm=(VO+(d=1)h)/2

7—4<2 k,m n>2(5v€)—3 h=0

X |\ fik,—pllz2llgem,—pll L2
JVe—5

Z Z Z p(2h)2(k+m*3(j\/€)+(d71)h)/2

j—€)<2 k,m  h=0
X || fik,—pll 22 |gem,— |l 2-
When d =2 this gives that Fi < c|fll e2 gl ea2  for any
2,(2,1),— P 2,(2,1),—P

s > —3/4, since

S (h+ 1) 20120 < 1S e S,
3 T eV e+ 1)226+/DEVO i g > —1/2,
(5.5)
and
> abe < cl{alalb e >0
li—el<2

When d > 3 F; can be bounded by cm1n{||f||B(g1/2) ||g||B(p 12)
1,— 1),—P
1l g gl gesr2) } for s = d/2 — 2, since [j — £| < 2 and (5 6) For
2,(2,1),— P 2,(2,1),—
s>d/2—2 F) is estimated by HfHBés,l/Q) g/l ges.1/2)  since (j+1)27 07 <
,(2,1),—P 2,(2,1),—P
C(0) <0 if §d > 0.
Lemma 5.1 and (4.7) imply that

JVe+2

£ <CZZ Z Z (2h) 2= mHktm=(GVO+(EA-1) A}/

5,4 k,m n>2(jvel)—3 h=jV{—4
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X || fik,—pll L2 || gem,— P 2
< C/Z Z(j V 0 4 1) 2kHm)/2H5GVOHE/2-1/2) A3V 0) /2
j7£ kvm
X || fik,—pllr2llgem,— Pl L2
< 'S NG AL+ 1) 20O+ 225Nl
il km
X || fik,—pll 2l gem,— Pl L2,

since
jVEL+1 —8lj—¢| .
27 < C(S fo .
Y < C(5) ifé >0, (5.7)

where C(0) is a constant depend only on 4.
When d >3, s =d/2 -2, we have by Lemma 5.2 F, <

CHfH p1/2) HgH (s, 1/2) , since Zj 9~ li—t < 3, Zﬁ 2~ li-tl < 3.
1),— 1),—
Whend—2 52 3/4orwhend23,s>d/2—2, we have Fy <

cllfll g Mgl gz since (5 +1) 2797 is bounded if > 0.
2,(2,1),—P 2,(2,1),—P
By (4.17), Lemma 4.1 and Lemma 5.1, we see that

JVe—=5

Fr<e > > D Dl

7= <2 kvm>2(jVe)—3 n<4(j+¢) h=0

x (T RAm=GVOTA=OR/2) 0 bl 12| gem,— | 22

jVe—5

Z Z Z ]+€ +1) ( h) 2(k+m—3(j\/€)+(d—1)h)/2

lj—£]<2 k,m  h=0
X || fik,—pPll 22l gem,—pll 2-
When d=2 we have by this estimate and (5.5) that F;<
cmin{||fll g1 lgllgen Nfllgearm  llgllgeirm  }ifs=-3/4,and
2,(2,1),— 2,(2,1),—P 2,(2,1),— 2,(2,1),—P
that F3 < chHB(s S HgHB(s . if s > —3/4.
When d > 3 we have
F<c Z Z JVe+1 23(3\/4) (k+m)/2+(d/2—2) (VL)
li—4<2 k,m

X || fik,—pllr2l9em,— Pl 12+
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Thus when s = d/2 — 2 we have F3 < ¢ f[| yo1/2 |9l geo1/2 , and when
2,(2,1),—P 2,(2,1),—P )
s > d/2 =2 we have F3 < ¢|fll jen gl yeare , since (j +1)227% is
2,(2,1),—P 2,(2,1),—P
bounded if § > 0.
It follows from (4.17) and Lemma 5.1 that

JVE+2

CED YD YD VDS

§,€ kvm>2(jVe)—3 n<4(j+L) h=jVvEi—4

x 2UAmHEDGAOZIVE| £ )| 2 9o, pll 12

< C/Z Z(4(j 4 0) 1 1)p(27VE) ok mH(d=1)(GAD=3(VO}/2
7€ k,m

X |Ifjk,~pll2 | gem,~ Pl 2-
Hence, by (5.7) we have
F, < CZZ GV 0+ 1)2 2k /24 (HHO+(d/2-2-5) GA0-3lj~/2
7,4 k,m

X |\ fik,—pll L2 |9em,— Pl L2

< Z Z(j A€ 4 1)2 2UHm)/24s(i0)+(d/2-2=5)(IA) = |~
7,4 k,m

X || fik,— Pl L2llgem,— Pl L2-
Therefore, when d > 3, Fy is estimated in the same way as F3.

Estimate of F5 follows from the lemma below.

Lemma 5.3 Let P, Q, R be real-valued C*®-functions, p(z)=2z%log(2+z),
s>d/2—2. Then

ST S e@) 27 enn,p(fikq * Gemr)l 12

3,0 k,m n>4(j+£)—40 h
< s s . 5.8
< ellfllpgam llolpeam (53)

Proof. Tt follows from (4.4) that

Z Z Z Z p(2") 272\ o (Fik. * Gem.R) || 2

5,2 k,m n>4(j+€)—40 h



Cauchy problem for the semilinear Schréodinger equation in Besov spaces 87

<ec Z Z Z p(2h) 2= 2G+O+{knm+d(in0)} /2 /00

7,4 k,m h

|z211gem, R 2

For the case s < 0 (5.8) is proved by the observations that >, p(2") is

bounded and that —2(j +¢) + (d/2)(j A L) = (d/2—2)(j +£) — (d/2)(j V L).

For the case s>0 (5.8) follows from the observations that

SVERZ p(2h) < e(G V £+ 1)2250Y0 ) and that —2(j + £) + (d/2)(j A €) =
(/2 2)(j A l) — 2V £).

The above estimates also give (2.7). (See proof of Theorem 5.1 in [5]).

Il

6. Proof of Theorem 1. Part II

Here we give the proof of Theorem 1 for the case @ = P. We start with

Lemma 6.1 Let P(§) = +[¢|?. Assume that H,E};}%Ziy(é,T,n,a) % 0.

Then, we have max(n,k,m) > j+4{—v — 2.
Moreover, if h < jV{—5 and Hfﬁﬁﬁ(f’ﬂn’ o) £ 0, then we have
max(n, k,m) > j+ £ — 4.

Proof. Assume that H [P, P, P]

hnjkémy(é,ﬁn, o) # 0. Then we see that

P <2n- (=) < |7+ 17 =o' £2(6 —n) - nl + |0
< 2n+1 + 2m+1 + 2k+1 <3. 2max(n,k,m)+1

)

where 7/ = 7 — P(€), 0/ = 0 — P(n), so that we have max(n, k,m) > j+/{—
v—2.

Assume that b < j V£ —5. When j > ¢, |(€ —n)-n| > |[n|*> — €] |n] >
9272 — QM2 > 9IS When £ > j, (€ —m) 0| 2 € —nf* — [¢][€ —nl =
2202 _ ohtt42 > 9j+6=3 Qo we see |(&€ —n) - n| > 293, This implies
that

W2 <ol (E=n)| < 7|+ |7 =o' £2(6=n)-n|+ |0]

< gn+1 + gm+1 + 2k+1 <3. 2max(n,k,m)+1‘

Therefore we have max(n,k,m) > j + ¢ — 4. This completes the proof of
Lemma 6.1.
O

Let f, g € S(R1), and use the inequality (5.4) with Q = P.
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It follows from (4.8), Lemma 4.1 and Lemma 6.1 that

jVe—5

Fi <c Z Z Z Z p(gh) o(—ntk+m—(3V0)+(d—1)h)/2

|7—2|<2 k,m n>j4+L—4 h=0

This estimate is the same one as for the case Q = —P, since |7 — ¢| < 2.
Therefore we have the same estimate of F as for the case Q = —P.
F5 is estimated in the same way as Fy in the case Q = —P, since

(4.21) together with Lemma 6.1 gives

j+e V2
F<ed > >0 > >
3,0 k,m v=—2 n>j+l—v—2 h=jVI—4

x 2o DA £ pll 12 gem, Pl 2

<! Z Z(j V€4 1) p(20VE) plktmH(d=2) (A —j~t}/2

3.l k,m
2l gem, Pl 2
<SS v £+ 1)2 o) s+ 2 GOl H)/2
7,¢ k,m
|gem, Pl 2
We have the same estimate for F3 as for F} in the case Q = —P, since

(4.18) combined with Lemma 4.1 and Lemma 6.1 implies that

JVe—5

Fy<c Z Z Z (G V€ +1)p(2h) 2(k+m=3GVO+Hd=1)h)/2
lj—<2 k,m h=0

lgem,pllL2-

It follows from (4.36) and Lemma 6.1 that

GVE+2

ZESODID DD DD DEND DR DRy C

5,4 kvm>n n<d(j+£) v kvm>j+l—v—2 h=jVI—4
« 2{kAm+(d 2)(jNE)—v}/2

WYY Y Y e

5,4 kvm>n n<4(j+L) v>j+l—kvm—2
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x QU HERGA A2 i pl| 12 g, Pl 2

< ! Z Z(] Vet 1)p(2j\/2) 2{k+m+(d72)(j/\é)fjfé}/2
7€ k,m
X || fik,pll 22l gem.pl 2

Therefore Fy can be estimated in the same way as F5.

Estimate of Fj follows from Lemma 5.3. U

7. Proof of Theorem 2.
To prove Theorem 2 we need the following lemma:

Lemma 7.1 Let P(¢) = £[¢]2.
(a) H}[Liﬁg_rf](gm,n,a) # 0 implies that n < max(h + £ + 2,k,m) + 3.
Moreover, max{k,m,n} > 20 —4 if j < {—5.
(b) H;[liﬁ’[nf] &1, 0)onti—v (& (£ —n)) #Z 0 implies that max(n, k,m) >
h+0—v—2.
Proof.  Let H,[li’f,:;;nf] (&,1,m,0) # 0. Since

2" < || < =o' £ 26 =) - €]+ [0’ +20€ - (€ )l

K h042)+1
<3. 2max(m ) ’

we have n < max(m, k,h+ ¢+ 2) + 3, where 7/ =7 — P(§), 0/ = 0 — P(n).
Assume that j < ¢ — 5. Then we have
21 (§ —m)| = 20§ —nf* — 2| - [§ —nl > 2271 — 27D > 22072,
which gives 3. 2max{kmn}+l > | 2/| |7/ — 6! +2(€ —n) €|+ |o’| >
206 - (€ —m)| > 222,
Hence we have max{k,m,n} >2¢ —4if j <{—5.
Assume that H}[LI:L’]?Z’ZJ] & 71,n,0)phte—v(& - (£ —n)) # 0. Then we see
that 2" < 2|¢-(E—n)| < |7/|+|7' =0’ £2(E—n)-£|+|0’| < 3-2max(nkm)+1
so that we have max(n,k,m) > h+{—v — 3. O

Now we proceed to prove Theorem 2. Let f, g € S(R?!), and define

_ P] 2 ~
Gui=ca . p@) 272N fp * o pllrz,
(h7/n’7.]7k7€7m)el(02)

fori =0,1,2,3, (7.1)
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Gi:=cq Z p(2") Q_R/QHSD;m fik,p * Gem,—pll L2,
(hyn,g,k,6;m) eI (i)

fori=1,2,3, (7.2)

where
1000) := {(h,moji ko om); <2, £<2),
1(01) := {(h,n, j, k,£,m); j <2, £ =3},
1002) i= {(hyn, g, b £ym); >3, €< 2},
I1(03) := {(h,n,j,k,£,m); h=0, j >3, £>3},
I(1) :={(h,n, 43, k, £,m); kvm <n<8h+1{),

j>{f—5—1logyd/2, 7 >3, £>3, h>1},
1(2) :={(h,n,j,k, l,m); kVm>n, n <8(h+1),
>3, 0>3, h>1}
I(3) :={(h,n, 5, k, l,m); kVm<n<8(h+1),
3<j<{—-5—logyd/2},
I(4) .= {(h,n,j,k,£,m); n>8(h+¥0), >3, £>3 h>1},
(7.3)

and ¢y = (27)~%2. Then HngBépl,;uz) <o Goi+ X1, Gi.
Estimate of Ggo. By (4.4), it is easy to see that
Goo < ¢S p(@") 202 p ol 1 gem,— el 2
1(00)

<d s
< ”f”Bé,é,/ff,pHg”Bé,éffﬂ,p

Estimate of Go1 and Goz. By (4.12) and Lemma 4.1 we have

042

Goy <CZZZ Z Zp2h —n+k+m—nh)/2

7=0 £>3 k,m h=(-2 n
X || fik,pllL2||gem,— P L2
2
< SN ST o2 2502 £ pll 2l gem, -l 2
j=0 ¢>3 k,m

< ]
< HfHBé’(‘;f))’PHQHB;(;’/E){_P
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In the same way we have Gpo < CHfHBéS(’;/f))PHg”Bésé/f)) .

Estimate of Gg3. Since Nbl(Hi[l];’]i’;nf]) = Nbl(Hf[LZ’f;LP;’kP])’ it follows

from Lemma 4.1, (4.15) and (4.16) that

Goz < CZ Z Z ZT"/QHWBJZ]fjk,P * Gem,—pll L2

>3 >3 k,m n

<d ST ST ok mVOR) £ pll 2 gem, -l 12

|7—0<2 k,m n
Hence, by Lemma 7.1 we have

{+5

Goz<c ) > > 2 m=IVOR| £ bl 2l gem,—pll e
[7—€)<2 Evm<{+2 n=0
kVm-+3

e > Y ST om0 p pll el gem. -l e

=<2 kvm>t+2 =0
S C/ Z Z {(6 4 6) 2(]6/\m7j\/€)/2
kom |j—(<2
+ (kv m 4 4) 20 m=VERWIRY £ pl| | gem, - Pl 2-
Therefore we have Goz < cmin{||f[| 12 N9l g I fll5e/2)

2,(2,1),P 2,(2,1),—P 2,(2,1),P
9]l gs.1/2 } when s = —1/4 and Goz < c|/fllge.1/2) [l9ll sz when

2,(2,1),—P 2,(2,1),P 2,(2,1),—P

s> —1/4.

Estimate of G; and G2. Put H,[liﬁ’[ng (5,7’,7),0):H}[£’]Z’;nf] (&, 1,m,0)

Ohtt—v(§-(€—n)). Then we have

h+¢

i (€,7) Finp * Gem,—p (&) < S BUH ) | Fivpl, |Gem,— ),
v=—2

(7.4)

which implies, with the aid of Lemma 7.1 and (4.30) that

jve—3 GVE+2

G1§C{ Z Z +Z Z }p@h)Q(d—z)min(h,j,z)/zjhjm’

lj—€]<2 h=1  j,£>3 h=jVi—2
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h+4

T = >y 2R bl e gom, - pll e

k,m v=—2 n>h+l—v—2

<Y (A 04 3) 28N £ bl gm,—pll -

k,m

(Note that A A ¢ < min{h, j, {} + 6 + logy d/2)
Also, it follows from Lemma 7.1 and (4.37) that

JVve=3 JVE+2
Gy < C{ Z Z Z Z } d 2) min(h,j,é)/Qthz’%

lj—€|<2 h=1 7,4>3 h=3VvL—2
h+¢

thg72 = Z Z Z 2(—n+n+k/\m—l/)/2

n<8(h+f) v=—2 kvm>h+{l—v—2
X || fik,pll L2 llgem,—pll 2

S CZ Z (S(h +£) 4 1) 2(71/+k/\m)/2
k,m v>h+l—kVm—2

X || fik,pll L2l gem,— Pl L2
< 2(8(h +0) + 1) 2002 f bl 2| gem,—pll 2

k,m
Thus we have G1 + G2 < ¢(H; + Hs), where

jve—3

Z Z Z(f + h + 3)p(2h) 2tk+m+(d=2) min(h.j.£)=h—L}/2

[7—0<2 h=1 k,m

X || fik,pll L2 ||gem,— Pl 12
V42

Hy:= Z Z Z(£+ h+ 3)p(2h) 2{k+m+(d72) min(h,j,l)—h—£}/2

5,03 h=jvi—2 k,m

X || fm.pl L2l gem,~pllL2-
The case d = 2. This gives G1 + G2 < cmin{\|f||B§’s(,;,/12))7P||gHB(,’J,21,/2)7 )
11l ¢ sz llgll 5 BELD J} when s=-1/4 and G1 + G2 < C||f|!B§f(,;(2{
”gHBé‘?zéfﬁ’,_p when s > —1/4. In fact, if s < 1/2 S0V + b + 3)p(2h)

2=h=0/2 < ¢(2(j v ) + 1)2742, and if s > 1/2 Zjve 0+ h + 3)
p(2h) 2(—h—()/2 < C(]V[‘Fl) QSE Z
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Also, we have Z{l\fj\ﬁiﬂﬁ + h 4 3)p(2M) 202 < c(j v £ + 2)?
2(s=1/2)(GVO—/2 < o 9s(G+0)—li—4l/4,

For the case d = 3 this also gives the same estimate of G 4+ Gs. In fact,
we have

jve—3
Z (f +h+ 3)p(2h) 2{—h—€+min(h,j,€)}/2
h=1
jve—3
<c Z (0 + h+3)p(2") 272
h=1
oy (25 V £) +4)2742 ifs<0,
(] vV I+ 1)3 2—(j\/€)/4+s(j+€) if s > 0,
V42
DT (4 h+3)p(2h) 2Tt
h=jV{—2
< (G VL4 2)p(27VE) 2~ 0VO/2
< 9s(J+0)—1i—l/4
The case d > 4. Since
V-3
(ﬁ +h+ 3)P(2h) 2{—h—€+(d—2) min(h,j,€)}/2
h=1
S C(] v E + 1)p(2]\/€) 2{—@4—((1—3)(j\/f)}/z7
we have
Hy<e Y Y (j+1)7 2022 00mR) ol | gem,—pll 2,

lj—<2 k,m

which gives

1l g1 gl geoa  when s =d/2 -2,
Hl S c 2,(2,1),P 2,(2,1),—P
£l g2 Mgl gsazy when s > d/2 —2.
2,(2,1),P 2,(2,1),—P
Also from
V2
Z (6 + h+3)p(2h) o{—h—{+(d—2) min(h.5,0)}/2
h=jvi—2
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C(] V, é + 1)p(2]VZ) 2((1/2—1)(j/\f)—(j\/f)/?—f/Q7

it follows that

Hy < CZ Z(] Vet 1)2 25(j+ﬁ)+(d/2—2—s)(j/\€)—\j—f\/2+(k+m)/2
3l k,m

| gem,—pllL2-

Therefore Hs can be estimated in the same way as F3 in §5.

Estimate of Gg. Note first that [ —h| < 21if j < ¢ —5 —logyd/2.
Lemma 7.1 and (4.11) give

142

Gs <CZ Z Z Z 2h o —ntk+m—L+(d—1)5}/2

3,4 k,m h=0—2 n>2h—4

X || fik,pll 21| 9em,— Pl 2

< C/Z Z(g 1) ost+(d/2-2)j=3|0=j|/2+(k+m) /2
73,4 k,m

X || fik,pll 21| gem,—Pll 12

7,4 k,m

X || fik,pll 2|l gem,—pl 2,
which gives
min s, 5, :
{”f”Béf’(‘gl,/f)),p||g||B§,é,/f>),,p’ HfHBé,é,/f)),p||g||B§’,’<21,/f>LP}
Gz <c when s =d/2 — 2,
HfHB<s,l/2> H9HB<s,1/2> when s > d/2 — 2
2,(2,1),P 2,(2,1),— P

Finally, by Lemma 5.3 we have G4 < c[|f| (172 llgll e/ . In fact,
2,(2,1),pP 1),

-p

if h<jVve—2, then [j— ¢ <2, hence8(h+€)>8£>4(g+€)—8 and if
h>jVve—2, then 8(h+¢) >4(j + () —8. O

8. Outline of proof of Main Results

Main results follow from Theorem 1 and Theorem 2 by making use
of the method employed in [5]. However, for the sake of completeness we
write here outline of their proof. Consider the case where d =2, N(u,u) =
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cu? + cou?. Let
t _
B(f?Q) = /O W(t - t/){le([IJ, t/)g(x, t/) + CQf($7 t,)g(l', t/)}dt,?
(8.1)

where W (t) is defined by {W(t)f}(z,t) := F,; e F, f(x,t). Then, by
Theorem 1 we have

B < s
|| (fa g) HBé’jl’,l}/,z)(RdXI) = CHfHB;f’(’;’/f))’P(RdXI) Hg”Bé’(’;’/lQ))‘P(RdXI)

(8.2)
holds for any f € BY;,/ ,(RY x 1), g € By, L(RY x 1), and
HB(f7 g)HBé{’i}I/DQ)(RdXI)
< s s
= C{ "f‘|B£,Eg?1),P(RdXI) ||g||B§‘<’é’/12)>’P(Rd><I)
+ ”fHB;(’;/IQ))’P(RdXI) HgHB;(JQ)?U,P(Rd XI)} (83)

holds for any f, g € Bé‘?(’g?l)ﬁp(]Rd x I)if b > 1/2. (see [5]) Here I = (—a,a),
0<a<1, P ==%|¢? s=-3/4, p(z) = 2°log(2+2), and C is a constant
independent of a, f and g. With the aid of the fixed point theorem, the

existence of solutions to the integral equation
t
() = Wt)uo(z) + / Wt — )N (u, @) (z, ) dt (8.4)
0

follows from (8.2) for ug € HP(R?). But, putting u(z,t) = W(t)uo(z) +
v(z,t), we have

v = B(W(t)uo(z), W(t)uo(z)) + B(W (t)uo(z),v)
+ B(v, W(t)uo(z)) + B(v,v).

Hence, by using (8.2) and (8.3), we can solve this equation for uy €
H~3/*(R?) with small norm. To remove the smallness assumption on the ini-
tial data, we employ the scaling method, that is, we put v(z,t) = u(dx, §°t)
and solve the equation for v.

Note that we could not remove the smallness assumption by the scaling
method when d = 3, s = —1/2. But when s > —1/2 by Theorem 1 for any
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g€ Bés I/Q)P(Rd x I) we have

+(2,1),

B s <O\ fll 5 s
IB(f, g)||B§1£;flz’>{P(Rde) <l HB;(’;’GQ))‘P(R‘ZXI)|’g|’B§’£;{12){P(Rde)’
(8.5)

and we can use the scaling method to obtain local well-posedness of the
Cauchy problem (1.1) in H*(R3).

Finally, we mention that our proof of the uniqueness needs the following

facts (see [5]):

Let b>1/2, and I = (—a,a), a >0. Then, for any f € Bép(’;)l

7 ),P(Rd x T)

with f(z,0) =0, ||f|Rd><(—§,5) HB&?(’;LLP(RCZX(*&(S)) —0as 6 — +0.
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