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Change of variables for weighted Hardy spaces on a domain

Akihiko MIYACHI

(Received June 12, 2008)

Abstract. A generalized version of weighted Hardy spaces on a Euclidean domain
is introduced and it is proved that the spaces are transformed to the same kind of
spaces by certain smooth change of variables. Some related properties of the spaces,
including a modified form of atomic decomposition, and some examples are also given.
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1. Introduction

After the pioneering work of Fefferman and Stein [F'S]|, in which the
Hardy space HP(R"™) was introduced, several authors introduced variants of
HP(R™). Goldberg [G] introduced the local Hardy space h?(R™). Stromberg
and Torchinsky [ST] introduced the weighted Hardy spaces HP (R™). The
present author introduced the Hardy space HP(2) on a Euclidean domain in
[M1] and its weighted version HP(2, A) in [M2] and [M3]. The purpose of the
present paper is to introduce the Hardy spaces HP (2, T, \) for open subset
Q of R™ and show, among other things, that certain change of variables
in the basic domain Q transforms the space HP(,T,\) into a space of
the same kind. Our spaces HP (2, T, \) include, as their special cases, the
spaces hP(R™), HP(Q2), HP(Q, A), and also the local version of H? (R™). Our
result will show, for example, Goldberg’s space h?(R) is transformed to the
space HP((0,1),dz/z(1 — x)) of [M2] and [M3] by the change of variables
y =log(z/(1 — x)). In this section, we shall explain the main results of this
paper in some detail.

The following notation is used throughout this paper.

Notation The letters Q and Q always denote open subsets of R". We
write D’(€2) to denote the set of all distributions on Q. If Q # R™, we write

do(z) = dis(z, Q%) =inf{|lz —y| |y e R"\ Q} (x € Q).
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For x € R™ and r € (0,00), we write the open Euclidean ball with center x
and radius r as B(z,r). If B = B(z,r) is a ball and if a € (0,00), then we
write aB = B(z,ar). If X is a Borel measure on € and p € (0, 00), we write

I fllzrn) = (/ﬂ \f(x)\pd/\(x))l/p.

If k£ is a nonnegative integer, then P denotes the set of all polynomial
functions on R™ of degree not exceeding k. We write || - ||~ and L to
denote the L*>°-norm and the L*°-space on R™ with respect to the Lebesgue
measure. For E C R, the closure of E in R" is denoted by E. If F and G
are functions defined on a set X taking values in [0,00) U {co} and if there
exists a constant A € (0,00) such that F(z) £ AG(x) for all x € X, then
we write ‘F(z) S G(z) for x € X’ or ‘G(z) 2, F(z) for x € X’. We write
‘Fz) = G(z) for x € X' if F(z) < G(x) and G(z) < F(x) for x € X. We
often omit to mention the set X if it is obviously recognized from the context.
We use the letter ¢ to denote positive constants, which may not be the same
at different places. We write ¢(a, (3,...), for example, to denote a positive
constant which depends only on «,f,.... If P(z,y,...) is a proposition
containing variables z, vy, ..., then we define 1{P(z,y,...)} to be equal to
1 if the proposition P(z,y,...) is true and to 0 if P(x,y,...) is false. We
write 15 to denote the defining function of a set E; thus 1g(x) = 1{z € E}.

Now the T"and X in HP (2, T, A) are the ones in the following definitions.

Definition 1.1 If Q # R"”, then 7(£2) denotes the set of all functions T’
on {2 that satisfy the following two conditions:

(i) 0 < T'(z) < dis(x,Q°) for all z €

(ii) |T(z) = T(y)| < |z —y| for all z,y € Q.

If @ = R”, then 7(2) = 7(R™) denotes the set of all positive real-valued
functions 7" that satisfy the condition (ii).

Notice that, if '€ T(2) and « € (0, 1], then oT € T ().
For T € T(R2), z € 2, and 6 € (0,00), we write

UT(z,6) = B(x,6T(z)).

For T € T(Q2), we write B(Q,T) to denote the set of all balls B(xz,r) with
rx€Qand 0 <r < T (z).



Change of variables for weighted Hardy spaces on a domain 521

Definition 1.2 Let T € 7(Q2) and o € (0,00). Then Double*(Q, T, o)
denotes the set of all Borel measures A on € for which there exist o € (0,1)
and A € [1,00) such that

0<AB)S ANt 'B) < 00 (1.1)

for all balls B € B(Q2,aT") and for all t € [1, 00).

Some basic facts about the measures in Double®(2,T,0) and about
the related Hardy-Littlewood maximal operator will be given in Section 2,
where, in particular, we shall show that, for  # (), the class Double®(Q2, T, o)
is nonempty only if o = n (see Lemma 2.2 (1)).

To define the space HP (2, T, \), we use the maximal functions for dis-
tributions that are defined as follows.

Definition 1.3 Let T'€ 7(f2) and s € (0, 00).
(1) For C*° functions 9 on R", we define

oo = sup [ {18177 [ 6(0) = Pla)ldo

P e Py }] ,
where the sup is taken over all balls B of R”.
(2) For a ball B of R™, we define As(B) to be the set of all ¢y € C§°(R"™)
such that supp ) C B and [[¢[[5(s) = ¢7"7°, where t is the radius of B.
(3) For a € (0,1] and = € Q, we define A% (z) to be the union of A,(B)
over all balls B satisfying x € B € B(Q2,aT).
(4) For f € D'(Q) and « € (0, 1], we define the maximal function fT(z)
(x € Q) by

foot (@) = sup {|[{(f,9)] | ¥ € AT (2)}.

The space HP(2,T, \) is defined as follows.

Definition 1.4 Let p € (0,00), 0 € [n,00), and A € Double*(Q, T, 0).
Take a positive real number o with av < 1/3 and take a positive real number
s satisfying n + s > max{o/p,c}. Then we define, for f € D'(Q),

HfHHP(Q,T,)\) = Hf;’aTHLp(Q,,\)
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and define HP(Q, T, \) as the set of all f € D'(Q) such that || f||gr,1,0) <
0.

In Section 3, we shall show that the equivalence class of the quasinorm
|| e (@,7,1) and the space HP (€2, T, ) do not depend on the choice of a and
s (see Theorem 3.2). In the same section, we shall also give other maximal
functions which characterize H?(Q2, T, \) (see Theorems 3.4 and 3.7).

Remark 1.5 If Q = R", T(z) = 1, and A = the Lebesgue measure,
then HP(Q,T,\) coincides with h?(R™) of [G]. If Q@ = R", T'(z) = 1, and
d\(z) = w(z)dx, then HP(Q, T, \) is the local version of HE (R™) of [ST]. If
Q #R", T(x) = dis(z, 2°), and X = the Lebesgue measure, then H?(Q, T, \)
coincides with HP(Q2) of [M1]. If Q # R™ and T'(z) = dis(x,Q°), then
HP(Q,T, \) coincides with HP(€2, ) of [M2] and [M3].

In order to state the result on the change of variables for HP(Q, T, \),
we use the following notation. Let ® : @ — Q be a ¢ diffeomorphism.
We write Jp and Jp-1 to denote the Jacobian determinant of ® and &1,
respectively. For f € D'(Q), the distribution f o ®~' € D'(Q) is defined by

(fo@™h ) =(f,(po®)|Jsl) (p€C5())

If X is a Borel measure on 2, then ®,\ is defined to be the Borel measure
on {2 that satisfy

/ o) (@) (y) = / 9(®(2))d\(x)
Q

Q

for all nonnegative Borel functions g on Q.

Here is a remark. If A is a Borel measure on €2 and if A takes finite values
for compact subsets of €2, then A could be considered as a distribution on {2
by

M) = /ﬂ p(@)dNz) (p € C52(Q)).

In this case, although A o =1 is also a Borel measure on €, it is not equal
to the Borel measure ®,\. The true relation is this:

d(® M) (y) = |Ja-1(y)|d(X o 71)(y).
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If the distribution f is a locally integrable function on 2, then the
distribution fo®~! coincides with the composite function fo®~ 1 , which is
a locally integrable function on Q. In this case, their LP (©, M)-quasinorms
are related by the equality

Ifllzr@n) = 1F 0@ o a.):

The following theorem, which is the first main theorem of this paper, claims
that the HP(Q, T, \)-quasinorms satisfy the similar relation if ® satisfies
certain conditions.

Theorem 1.6 Let T € T(Q), T € T(Q), and let ® : Q — Q be a O
diffeomorphism. Assume the following:
(a) There ezists a constant G € (0,00) such that

|[Jo ()| 2 GT(®(x))" T (x) "

for all x € Q;
(b) For each multi-index o # 0, there exists Co, € (0,00) such that

|05 ()| < CaT(P(2)T ()~

for all x € Q.

Then the following hold for each o € [n,c0).

(1) For Borel measures A on Q2 and the corresponding Borel measures ®,\
on Q, we have A € Double*(Q, T, o) if and only if ®iA € Double*(Q, T, o).
(2) If X € Double*(Q, T, o) and ®,.\ € Double*(Q,T,0) and if p € (0,00),
then || Fllscrn) ~ 1F 0 @ oy Jor all f € D'(S).

This theorem will be proved in Section 4. In the same section, we
also give some properties of the mappings ® that satisfy the conditions of
the theorem. Some examples of the mappings ® will be given in Section 7,
where we shall also prove that every conformal mapping of the 2-dimensional
domain satisfies the conditions of Theorem 1.6 (see Proposition 7.7).

The next theorem concerns with the multiplication of the distributions
of HP(Q, T, \) by a smooth function.

Suppose w is a positive real-valued C*° function on 2. Then we can
multiply every distribution f on € by w and define wf as a distribution on
Q. If f is a locally integrable function, then wf is also a locally integrable
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function and the LP-quasinorms of f and wf satisfy the relation
lwfllze@.n = [ fllzr@wer)s

where, for a Borel measure A on €2, the Borel measure wP X is defined in such
a way that

[ s@iw@) = [ g@ularire

Q Q

for all nonnegative Borel functions g on 2. Our next theorem will claim that
similar relation holds for the HP(, T, \)-quasinorms if w satisfies certain
conditions. The conditions on w reads as follows.

Definition 1.7 Let T € 7 (). A function w is said to be of class W (2, T)
if it is a positive real-valued C'**° function on €2 and if for each multi-index
« there exists a constant A, € (0,00) such that

05 w(x)| < Agw(@)T (z)~1* (1.2)

for all x € Q.

The following is the second main theorem of this paper.

Theorem 1.8 LetT € T(Q), we W(Q,T), o0 € [n,00), and p € (0,00).
Then the following hold.

(1) A Borel measure X on § is of the class Double™(Q, T, o) if and only if
wP\ is of the class Double™(Q, T, o).

(2) If X\ € Double”(,7,0), then [wfllmorn) ~ |fllee sy for al
feD(Q).

This theorem will be proved in Section 5, where some properties of the
functions in the class W (2, T") will also be given.

The third main theorem of this paper concerns with the atomic decom-
position. One of the fundamental result in the theory of Hardy spaces is
that they can be characterized in terms of atomic decomposition. In most
cases, atoms h are required to satisfy the moment condition such as

/ h@)P(x)dz =0 for all P Py 1.
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We shall give an atomic decomposition theorem for HP(2, T, A) in terms of
atoms h that satisfy the moment condition of the form

/h(w)P((I)(:c))w(x)d:v —0 forall PP, 1, (1.3)

where @ is a mapping satisfying the conditions of Theorem 1.6 and w is a
function of class W (2, T). The precise statement will be given in Theorem
6.1 in Section 6.

2. Doubling measures and maximal functions

In this section, we give some basic facts about the measures of the class
Double*(Q2, T, o) and the Hardy-Littlewood maximal operator related to the
measure A € Double™(Q2, T, o). The results will be used in the next section
to prove some fundamental facts about the spaces HP (2, T, \).

We shall first prove some properties of the measures in the class
Double® (2, T, o). We shall introduce the following notation.

Definition 2.1 Let T € 7(2), 0 € (0,00), and A € [1,00). If X is a Borel
measure on {2 and if the inequalities (1.1) hold for all balls B € B(€2,T') and
for all t € [1,00), then we write A € Double(Q2, T, 0, A).

Using this notation, Definition 1.2 reads as follows: A Borel measure
A on Q belongs to the class Double®(Q,T,0) if it belongs to the class
Double(Q2, aT, o, A) for some « € (0,1) and some A € [1, 00).

We have the following.

Lemma 2.2 LetT € T(Q2) and o € (0,00).

(1) If @ # 0 and Double™(Q,T,0) # 0, then o = n.

(2) If A € Double*(Q,T, o), then, for each o € (0,1), there exists an A €
[1,00) such that A € Double(Q, aT, o, A).

Proof. (1) Suppose Q # 0 and A € Double”(Q,T,0). Take o € (0,1)
and A € [1,00) such that A € Double(Q2, a1, 0, A). Take a ball B(zg,t) €
B(Q,371aT). For each € € (0,1/2), we take disjoint balls B; = B(z;, eto)
(j = 1,...,N) included in By. It is possible to take N ~ ¢~ ". We have
By C Bj(xj,2ty) and B(xj,2ty) € B(Q,aT') since o' (z;) 2 aT(xg) — |z; —
xo| > 2tg. Hence the doubling condition A € Double(Q2, aT, 0, A) implies
that
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A(Bo) = MB(xi,2to)) = A(2/€)7 M Bj)

and thus

A(Bo) gz (2/€)7A(B;) < A(2/) A(By). (2.1)

Since A(By) € (0,00) and since N a2 ¢~ ", (2.1) is possible only when o = n.

(2) Suppose A € Double®(Q,T,0). Then there exist ap € (0,1) and
A € [1,00) such that A € Double(f2, aoT, 0, A4). Let a € (0,1). We shall
prove that A € Double(Q, aT, 0, A) for some A € [1,00). It is sufficient
to consider only the case v > . Take € € (0,1) so small that we have
a™! —1+€> 6¢e/ag. Suppose By = B(xg,10) € B(Q,aT).

For each = € (1—¢)By, we set Q. = B(z,2erg). Then, for z € (1—¢)By,
we have 471Q, C (1 —271€)By and 3Q, € B(Q, agT), the latter of which
comes from

T(x) 2 T(xg) — |x — 0| > a trg — (1 —€)rg > 6erg/ayp.

By elementary geometry for Euclidean metric, we see that the balls Q, with

€ (1 — €)Bp cover By. Then we can select a finite number of balls Qu,
with z; € (1—€)Bo (j = 1,2,...,m) such that the balls Q,, are disjoint and
the balls 3Q,; cover By. Since 3Q., € B(, aoT'), the assumed doubling
condition A € Double($2, agT, 0, A) yields

A(3Qs,) S 127 ANA7'Qy,).

Hence

A(Bo) §i ABQ.,) <1274 AEQ,)
j=1 j=1

= 12"A/\< 6 4—1Qmj> <129A4AM((1 — 27Y€) By). (2.2)

j=1
We write A7 = 127 A. Then repeated application of (2.2) gives

A(Bo) < ATA((1 —27"¢)"By) (2.3)
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for all positive integers k.
We take a positive integer N such that (1 — 27 1)V < ap/a. If 1 2
t=1 = ag/a, then (2.3) with k = N yields

A(Bo) £ AYA((1 = 27'¢)¥ By) £ AVA(t™ ' Bo). (2.4)

If o/ > t71 > 0, then, since (ag/a)By € B(Q, apT), the inequality (2.3)
with £ = N and the assumed doubling condition A € Double(£2, ayT, o, A)
yield

A(Bo) £ AYA((1=271)¥ By) = AY A((an /@) Bo)
< AN A(apt/a)° Mt By). (2.5)

From (2.4) and (2.5), we see that A € Double(Q,aT, o, A) with A =
max{AY, AN A(ap/a)?}. Lemma 2.2 is proved.

If A € Double™(2,T,0), then Lemma 2.2 (2) asserts that, for each a €
(0,1), there exists an A, € [1,00) such that A € Double(Q2, a1, 0, A,). We
call any such function (0,1) 3 o — A, € [1,00) the doubling constant of A
in Double™(Q, T, o).

We shall use the following variant of the Hardy-Littlewood maximal
operator.

Definition 2.3 Let T'€ 7(Q2), A € Double™(Q2, T, o) for some o € [n, o),
and let o € (0,1). For nonnegative Borel functions f on 2, we define the
function M7 (f)(z) (z € Q) by

MET(£)(z) = sup {A(lB) | rwaxe)

x€BEe€ B(Q,aT)}.

For 7 € (0,00), we define MYT(f) = [MET(f7) ()M
The following lemma gives the fundamental estimates for M7 (f).

Lemma 2.4 Let T € T(2), o € [n,00), and A € Double*(Q, T,0). Let f
and f; denote nonnegative Borel functions on €.
(1) If0<a<1/3 and 1 <p < oo, then

HM)(\XT(f)HLp(Q,)\) § CHfHLP(Q,)\)v
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where ¢ depends only on «, p, o, and on the doubling constant of \.
(2) If0<a<1/9 and 1 < p, g < o0, then

<c
Lr(Q,7)

)

LP(Q,))

H [i{MﬁT(ﬁ)}q} v

0 1/q
27]
j=1

where ¢ depends only on «, p, q, o, and on the doubling constant of A.

This lemma can be proved by slightly modifying the argument for the
classical case where 2 = R™ and T is replaced with co. We shall omit the
proof. As for the argument for the classical case, see, e.g., [S, Chapter I,
Section 3] and [ST, Chapter I, Theorem 3]. As for the assumptions on the
parameter «, cf. the comments in [M3, Lemmas 2.1 and 2.2].

As an application of Lemma 2.4 (2), we can prove the following.

Lemma 2.5 Let T € T(2), 0 € [n,00), and A € Double™(Q,T,0). Let
a € (0,1/9), p,q € (0,00), and let u be a real number satisfying u >
max{o/p,o/q}. Then there exists a constant ¢ such that the following in-
equalities hold for all B; = B(xj,r;) € B(Q,aT), all a; € [0,00], and all
e€ (0,1]:

H [ia?(l ot —agl) ] ey < aT(zj)}} N

Lr(Q,X)
oo 1/q
Scet [Za;’vlegj} : (2.6)
j=1 Lr(2,0)
0o 1/q 00 1/q
H[Zaﬁ%} < ceH [Za?lEBj] (2.7)
j=1 Lr(92,A) j=1 Lr(Q,A)

The constant ¢ depends only on o, a, p, q, u, and the doubling constant of
A € Double™ (2,7, 0).

In fact, (2.6) follows if we apply the inequality of Lemma 2.4 (2) to
fi= a?/M].ij with up/o and pg/o in place of p and ¢, and (2.7) follows
from (2.6) since the function in the left hand side of (2.6) is pointwise larger
than a constant multiple of the function in the left hand side of (2.7). Details
are left to the reader (cf. the similar argument in [M3, Section 2]).
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3. The space HP(Q,T, \)

In this section, we give some basic properties of the space HP(Q, T, \).
In particular, we shall prove that the equivalence class of the quasinorm
| - e (7,0 and the space HP(Q,T,\) defined in Definition 1.4 do not
depend on the choice of a and s.

First, we give the atomic decomposition theorem.

Theorem 3.1 Let T € T(Q), o0 € [n,00), A € Double*(Q,T,0), and
p € (0,00). Let s be a positive real number satisfying n + s > max{o/p,o}
and let m be a positive integer satisfying n +m > max{o/p,o}.

(1) Suppose 0 < & < 1/20 and suppose B; = UL (x;,0) with x; € Q. Suppose
gi € L=, suppg; C B;, and Y, ||gill=~1p, € LP(Q,X). Then the series
> gi converges unconditionally in D'(QY) and we have

' D (g0 Z 19ill 15,

i
where the constant ¢ depends only onn, o, p, s, §, and the doubling constant
of .

(2) Suppose Q; € B(Q,T/20), h; € L>, supph; C @j,

<c
LP(Q,X)

)

Lr(Q,\)

/hj(x)P(ac)d:L' =0 forall P& Pp_1, (3.1)

and 3, |hjllL1q, € LP(S%,A). Then the series Y, h; converges uncondi-
tionally in D' (Q) and

\ 3 (hy)3 70

J
where the constant ¢ depends only onn, o, p, s, m, and the doubling constant
of \.
(3) Suppose f € D'(Q), a € (0,1), fT € LP(Q,\), and 0 < § < /4. We
write v = a/36. Then there exist g;, B;, hj, and Q; such that the following
(i)=(v) hold:

<c
LP(Q,))

Y

LP(Q,))

D lIhill=1q,
j

(i) f=>,9+ Zj hj with the two series converging unconditionally in
D'(Q);
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(ii) gi € L™ and suppg; C By = U™ (w;,0);
(iii) h; € L*, supph; C Q; € B(Q,36T), and h; satisfies (3.1);
(iv) For each r € (0,00), we have

1/r
(Zlaliton @)+ X ilietig, @) Serfs*T(@
i j

for all x € Q, where ¢, is a constant depending only onn, s, m, v, and
;

(v) For each B;, there exists a ball B = UT (y,6) such that B; C 2B and
B nsupp f # 0; the same holds for the balls Q;.

For the case T' = dg, 2 # R", an essentially same theorem as Theorem
3.1 is given in [M3, Theorem 1.2 and 1.3]. Although the exact statement
of Theorem 3.1 for this special case is slightly different from that of [M3,
loc. cit.] and although the assertion (v) is only implicitly given in the latter,
the proof given in [M3, Section 4] can be easily modified and generalized to
the case T' € T(€2). We omit the details of the proof of Theorem 3.1.

Here we give a remark concerning the assertion (3) of Theorem 3.1. In
the proof of (3) as given in [M3, Section 4], with necessary modification, g;,
B;, hj, and @Q; are explicitly constructed from f, €2, and o' with the aid
of the function f*°7 and the doubling condition on A and the assumption
froT € LP(Q,\) are used only to prove the convergence assertion of (i).
Hence the constant ¢, of Theorem 3.1 (3)(iv) does not depend on A and p.
(Similar argument for the space HP(R™) can also be found in [U, Section
Iv].)

Using Theorem 3.1, we shall prove the following theorem.

Theorem 3.2 Let T € T(Q), o € [n,00), A € Double™(Q,T,0), and p €
(0,00). Suppose a; and s; (i = 1,2) are positive real numbers such that a; <
1/3 and n+ s; > max{o/p,a}. Then || f3; " |Lo.r) = | f222 Loy for

all f € D'(). The constants contained in this ~ can be taken depending
only onn, o, p, a1, Qa, 1, S2, and the doubling constant of \.

Proof. It is enough to show the inequality

f*,OélT

51 HLP(Q,A) f*’OQT

" ooy (3:2)

< ¢|
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We shall prove the following two estimates:

15 W oy = el o ny (3:3)
5770 oy = el £ M oy (34)

which together will imply (3.2).
First we prove (3.3). To prove this, we take positive real numbers r and
€ such that

r<p, (14+ea; <1/3, a7 —1>40e
and prove the following pointwise inequality

F5 (@) £ eMy ST (170 (@), (3.5)

S1 S1

Once this inequality is proved, (3.3) will readily follow by the use of Lemma
2.4 (1). To prove (3.5), suppose B = B(y,t) € B(,a1T) and ¢ € A, (B).
By using appropriate partition of unity, we can write ¢ as ¥ = Z;VZI 1 in
such a way that ¢, € Ag, (B;), Bj = B(yj,€t), y; € B, N = ¢(n,¢€), and
¢ =c(n, s1,€). Since

T(y;) 2 T(y) — ly — y;| > (a7 ' — 1)t > 40¢t,

we have B; € B(£2,7/40). Hence

< cinf £5T/40 < ! =T g . 3.6
’<faq/)]>| :Clgj fsl :C|:)\(Bj) /Bj (fs1 ) :| . ( : )

Notice that B; C (14 €)B C B(yj, (2 + €)t). Since T(y;) > (ay ' — 1)t and
oyt —1> 2+ ¢, we can use the doubling condition on \ to obtain

A1+ €)B) = AMB(y;, (2 + €)t)) = cA(B;).

Hence from (3.6) we obtain

1/r

s sl 1
i ’ M(A+¢€¢)B) Jarags
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Notice that (1 +€)B € B(£, (1 + €)ayT'). Hence, taking supremum over
and B, we obtain (3.5). Thus we proved (3.3).

Next we prove (3.4). We may assume || f%27|| .5, 1) < 0o. Then using
Theorem 3.1 (3) with s = s2, @ = a9, and with sufficiently small §, we
obtain the decomposition of f as mentioned there. In particular we have

S lgillets (@) + > llhjllzelg, (@) £ ef 5" (x). (3.7)
i J

Then using the obvious inequality
*,T 40
* T/4O hj / ) < ) T/4O R )+ T/40
Zgﬁ_z Z g’ S1 Z( J)sl ( )7
J

using Theorem 3.1 (1) and (2) with s = s, and using (3.7), we obtain

‘ H Z gz :IT/4O Z *T/4O

f;T/LLOHLP(Q,/\)

LP(Q\)

Y lIhill=1q,
i

IN
o

+c
LP(Q,))

||z 1B,

LP(Q,))

A

CHf* azT”LP(Q,A)'

Thus we obtain (3.4). Theorem 3.2 is proved.
For later purpose, we shall introduce another maximal function which
characterizes the space HP(Q, T, \).

Definition 3.3 Let T' € 7(2) and let k£ be a positive integer.

(1) For a ball B in R", we define A(;)(B) to be the set of all 1 € C§°(R™)
such that suppy C B and [0;¢(ty)| = t~" for all multi-indices v with
|v| £ k and for all y € R™, where ¢ denotes the radius of B.

(2) For a € (0,1] and = € Q, we define A(k_)(:c) to be the union of
Ay (B(w,t)) over t € (0,aT(x)).

(3) For f € D'(R2) and « € (0,1], we define the maximal function f( T ()
(x € Q) by

Fis (@) = sup {[(f, )] | ¥ € AGS ()}
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We have the following theorem.

Theorem 3.4 Let T € T(2), 0 € [n,00), A € Double*(Q,T,0), and
p € (0,00). Let a € (0,1/3) and let k be a positive integer satisfying n+k >
max{o/p,c}. Then || f||mr@,r ) = Hf{k;;?THLP(Q,/\) for all f € D'().
Proof. Take positive real numbers s; and ss such that s; > k > so and
n + so > max{o/p,o}. Then, for ¢» € C§°(R"™) with suppy C B(0,1), we
have

1l 2 D 10" ¢l Z 19 ]las)-

v|<k

By dilation and translation, we see that, if v € C§°(R™) and suppy C
B(y,t), then

tSIHQpHA(sl) Z Z Hagi/}(m)HLoo Z t52”¢”A(w)'

<k

Observe also that, if x € B(y,t) € B(Q,37'aT), then B(y,t) C B(x,2t) €
B(2,aT). Using these facts, we see the pointwise inequality
%37 'y *, Q0 *, 00
£37 (@) S 15T (@) S T (@) (3.8)
holds for all f € D'(Q2) and all x € Q2. Hence the desired result follows from
Theorem 3.2. This completes the proof.

Finally we shall give a result concerning the ‘radial’ maximal functions.
This result will not be used in this paper but will be of independent interest.

Definition 3.5 Let ¢ be a function in C§°(R") such that supp ¢ C B(0,1)
and [ ¢(z)dx # 0. For t € (0,00), we write (¢)i(x) = t"¢(t ' x). Let
T € T(Q) and a € (0,1]. For f € D'(Q), we define the function f+:(®).eT(z)
(x € Q) by

FHOT(z) = sup{|(f, (®)e(z — )| | 0 < t < aT(x)}.

Theorem 3.6 Let T € T(Q2), 0 € [n,00), A € Double™(Q,T,0). Let ¢ be
a function as mentioned in Definition 3.5, a € (0, 1), and let s be a positive
real number satisfying n + s = o. Then
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F237 0T (@) £ M RTL (19T (@)

s o/(n

for all f € D'(Q) and all z € Q, where ¢ depends only on n, ¢, a, s, o, and
the doubling constant of \.

A proof of this theorem for the case T'(x) = dg(z), 2 # R", is given in
[M3, Section 3, Lemma 3.3]. The proof can be modified to the general case
without any difficulty.

Using Theorem 3.6 and the obvious converse inequality

f+’(¢)’aT(x) § Csf:’aT(x)v

and also using Lemma 2.4 (1), we obtain the following.

Theorem 3.7 Let T € T(2), A € Double™(Q, T, 0) for some o € [n,o0),
and p € (0,00). Let ¢ be a function as mentioned in Definition 3.5 and let
a € (0,1/3). Then || fllar@rry = || o) for all f € D'(Q).

4. Change of variables

In this section, we shall prove Theorem 1.6. We also prove some prop-
erties the mappings ® that satisfy the conditions of this theorem.
Theorem 1.6 is a direct consequence of the following two propositions.

Proposition 4.1 Let T € T(Q), T € T(Q), and let ® : Q — Q be
a C* diffeomorphism. Assume there exist constants € and K satisfying
0<e<1=Z K <ooandeK <1 for which the following (1)—(iv) hold:

(i) ®UT(z,t)) C UT(®(x), Kt) for all z € Q and all t € (0, €;

(i) @ UT(y,t)) c UT(®(y), Kt) for all y € Q and all t € (0, €l;

(iii) For each multi-index o # 0, there exists a constant B, € (0,00) such
that

|02® (2)| £ BaT(®(w0))T ()71

whenever zo € Q and x € UT (9, €);
(iv) For each multi-index o # 0, there exists a constant B, € (0,00) such
that

0907 ()| £ BaT(®(30)) T (y0)
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whenever yo € Q and y € Uf(yg, €).
Then the conclusions of Theorem 1.6 hold.

Proposition 4.2  The assumptions of Proposition 4.1 are satisfied if and
only if the assumptions of Theorem 1.6 are satisfied.

Proof of Proposition 4.1. (1) Suppose A € Double™(Q,T,0). By Lemma
2.2 (2), there exists A such that A € Double(Q,27'7T, 0, 4). We set § =
min{e, 1/2K}. Suppose y € Q, x = &~ (y), t € (0,6), and s € [1,00). Then
the doubling condition A\ € Double(Q2,271T, o, A) implies that

MNUT (2, Kt)) £ A(K?s)°ANUT (z, K~'s7t)).
By (i) and (ii), we have

oL (U (y,1)) c U (2, Kt),
U (z, K~'s7 1)) c UT (y,s711).
Hence
(@)U (y,1) = M@ (U (y,1)) £ AU (z, K1)
< AK2)NUT (2, K~ 1s71))
= A(K?5)7 (2. 0) (@(UT (v, K~ 's711)))
< A(K?5)7 (@.0) (UT (y,s7'1)).
This implies that ®.A € Double(€, 6T, 0, AK?°) and thus &\ €
Double®(£2,T,0). The converse also holds by the symmetry of the assump-

tions (i)—(iv).
(2) Let zp € Q and yo = ®(zp). Using (iii), we obtain the estimate

0% Jp ()| < caT(yo)"T(z0) "1 for 2 € UT (2, €). (4.1)
Since Jg(x) is locally of constant sign, the same estimate holds also for

0%|Jo(x)|. Using this estimate and using (ii) and (iii), we can easily de-
duce the following: For each positive integer k, there exists a constant cy
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such that, if ¢ € (0,¢/K) and ¢ € A(k)(UT(yo,t)), then c; ' (¢ o ®)|Js| €
Ay (U (20, Kt)). Hence taking the supremum of

[(fo @™, )] = (f, (o ®)|Jal)|

over ¢ € A(k)(UT(yo,t)) and t € (0,¢/K), we obtain

(Fo® s T o) < enfiy (xo) = e ffT (@M wo)).  (4.2)

Assume \ € Double*(Q,T,0), ®,\ € Double* (€, T, o), and p € (0,00).
We take a positive integer k satisfying n + k > max{o/p,0}. We may
assume € < 1/3. Then, taking the L?(Q, ®,\)-quasinorm of (4.2) and using
Theorem 3.4, we obtain

1f 0 2 oo ~ [1(f o ‘I’fl)?ée)K_lT||Lp(ﬂ,@*A)

<

1" o

1HLP(Q,<1>*A) - ‘ f&;;THLP(Q,A) R | fll e @m0
The converse inequality | fllie(er S I © ® 1@ 7.0,y also holds by
the symmetry of the assumptions (i)—(iv). Proposition 4.1 is proved.

In order to prove Proposition 4.2, we use the following lemma, which
gives a qualitative assertion for the implicit function theorem. We shall
omit the proof of this lemma; a proof can be found, maybe implicit, in an
undergraduate text on analysis. We shall write || - || to denote the operator
norm for linear mappings R™ — R"™.

Lemma 4.3 Let xg € R", t € (0,00), M € (0,00), and let F : B(xp,t) —
R™ be a C' mapping. Assume the Fréchet derivative F'(zg) is invertible
and ||F'(zo) 7| £ M. Also assume ||F'(zo) 1F'(z) — I|| £ 1/2 for all
x € B(xo,t). Then F(B(zo,t)) D B(F(xo),t/2M).

Proof of Proposition 4.2. First we assume (a) and (b) of Theorem 1.6 and
deduce (i)—(iv) of Proposition 4.1.
By the condition (b), there exists a constant ¢; such that

19" (2)]| < e T(@(2)T(x) ! (4.3)

for all z € Q. We set 7 = min{271, (9¢;)~*}. We shall first prove that
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|®(x) — (x0)| £ 27 1T((x0)) if 20 € Q and z € UT (20, 7). (4.4)

Suppose on the contrary there exist xg, 1 € Q such that |z1 —zo| < 7T (z0)
and |®(z1)—®(xg)| > 27T (B (x0)). We write z; = (1—t)zo+txy (t € [0,1]).
Then by continuity there exists s € (0, 1) such that

() — P(x0)| = 27 T(P(x0)) (4.5)
and
|®(z;) — B(20)| < 271T(®(z0)) for t € (0, 5). (4.6)

Using (4.3), we see that

— O(x¢)

i ,
2| = 1@~ o)

S 19 () Il — wo| < 1 T(@(@e))T (@)~ Hary — wol.

For t € (0, s), we use the Lipschitz continuity of 7" and T and use (4.6) to
see that

T(D(x0)) < T(®(wo)) + |P(x:) — P(x0)| < (3/2)T( (o))

and
T(x) 2 T(wo) — |2 — wo| > (1 —n)T(wo) = 27T (o)
and thus
}jtq)(xt) < 3e1T(P (o)) T (0) " Yy — 2ol
Hence
B () — B(ao)| < /0 ()|

< 361T(®($0))T(£{}0)71|1‘1 —xols < 361T(<I>(x0))77
< 37T (®(x0)),
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which contradicts (4.5). Thus we proved (4.4).

Using (4.4), we can improve (b) as follows:
(¢) If 2o € Q and = € UT(x0,n), then [02®(x)| < 3 - 21*1-1C, T (®(x0))
T(z0)~1l for each a # 0.
In fact, if 29 € Q and = € UT (0, n), then, by the Lipschitz continuity of T
and T and by (4.4), we have

T(®(z)) £ T(®(x0)) + |®(x) — B(x0)| < (3/2)T(D(0))
and
T(z) = T(zo) — |z — 0| > (1/2)T(x0),

and hence (c) follows from (b).
We shall now prove (i)—(iv). Although we shall not refer to the constants
€ and K in the following argument, the existence of them will be apparent.
(i) If0<t<nand x € Ul (xg,t), then using (c) with |a] = 1 we see
that

|®B(z) — ®(x0)| < T (P(0))T(z0) |z — 20| < T(D(0))t.
This implies ®(U7 (x0,t)) C UT (®(x0), ct) for t € (0, 7).

(ii) From (a) and (b) with |a| = 1, we see that there exists a constant
¢ such that

19 (20) | £ e2T(@(w0)) ™ T (o). (4.7)

On the other hand, using (c) with |a| = 2, we see the following: If ¢ € (0, 7]
and z € UT (x,t), then

@' () — @ (20)|| £ T(P(x0))T (o) 2|z — 20| < T (P(20))T(20) . (4.8)

If t € (0,n] and € UT (20, 1), then (4.7) and (4.8) imply ||®'(x¢) 1@’ (z) —
I|| < ct. Hence we can take an " € (0, 7] so small that we have

|9 (z0) 10 (z) — I|| £1/2 if 2 € U (z0,7). (4.9)

By Lemma 4.3 and by (4.7) and (4.9), we see that if 0 < t < n’ then
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O(U” (20,t)) D B(®(x0), tT(w0)/2c2T (P (20)) " T(20))
= UT(®(x0),t/2c2). (4.10)

(iii) The condition (iii) immediately follows from (c).
(iv) Let cz and ' be the constants as mentioned above. We may assume
o > 1. We shall prove the following: If yo € Q and y € U™ (yo, 7' /2¢2), then

0507 (y)| £ caT(@(y0))T (y0) ! (4.11)

for each o # 0. We shall prove this by induction on |a]. For the rest

of the argument we assume yo € Q and y € U7 (yo,n'/2¢2) and we write
zo = & (yo) and z = ®~1(y). Notice that, by (4.10),

z € @7 (U (yo, ' /262)) € UT (o, ') € U (o, ).
We first prove (4.11) for |a] = 1. Since y € UT(yo,n’/202) C UT(yO, 1/4)
and since © € UT (x9,n") C U (x9,1/2), the Lipschitz continuity of 7" and

T yield

(3/4)T(y0) < T(yo) — ly — yol =T (y) = T(yo) + ly —yol < (5/49)T(yo),
(1/2)T(x0) < T(xo) — |x — x| £ T'(x) £ T'(20) + |2 — 20| < (3/2)T (20).

Combining these inequalities with (a), we have
|[Jo(2)| = G (y)"T(x) ™" = eT(yo)" T (xo) " (4.12)
From (4.12) and (c) with |a] = 1, we see that
1@~ W)l = 19 (@) = T (20)T(yo) ™" (4.13)
This shows the case |a| =1 of (4.11).
Next suppose k is a positive integer and suppose (4.11) holds for 1 =

la| < k. We shall show (4.11) for |a| = k + 1. Let 3 be a multi-index with
6] = k and apply 9] to the equality ®'(z)(®~')'(y) = I. Then we have
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()@ W)+ Y. (g,)(ag’cp'(x))(35”(q>—1)’(y)):o. (4.14)

For |3'| £ |B| = k, we use (c) and the induction hypothesis to see that

107 @' (2)|| < eT'(x0) ™ Tyo)* =171,
For |3"”| < |B| = k, the induction hypothesis implies that
05" @Y )] £ eTlao)E(go) 1

Combining these estimates with (4.14) and (4.13), we obtain

7@ W < cl@'@ M Y (o @] [loy" (@ W)
B'+8"=p,
B0

< T (o) T (yo) 17,
This shows (4.11) for |a| = k + 1. Thus we proved (iv).
Next we shall prove the converse assertion that (i)—(iv) of Proposition

4.1 imply (a) and (b) of Theorem 1.6. Assume (i)—(iv) of Proposition 4.1.
Then (b) is obvious from (iii). By (iv) for |a| = 1 we have

[ Jo-1(y)] < T (@~ ()" T(y) ™",
which implies (a) since Jp-1(y) = Jo(®1(y))~!. This completes the proof
of Proposition 4.2 and thus the proof of Theorem 1.6 is also complete.

Remark 4.4 A close look at the above proof shows the following relations
between the constants of Theorem 1.6 and Proposition 4.1. If (a) and (b)
of Theorem 1.6 holds, then the constants in (i)-(iv) of Proposition 4.1 can
be taken as follows:

e =c(n,G,max{C, | |a| =1, 2}),
K = ¢(n,G,max{C, | |a| = 1}),
Ba = c(n, o, G, max{Cp | 1 =[] < [al}).
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If (i)—(iv) of Proposition 4.1 hold, then the constant ¢ contained in the
relation ~ of (2) of Theorem 1.6 can be taken as

c=c(n,p,0,A, e, K, max{B, | 1 < |a|] < mo + 1}),

where A is the constant such that A\ € Double(Q,2717, 0, A) and my is the
smallest positive integer such that n + mg > max{o/p,c}.

Finally we give some results concerning the mapping ® of Theorem 1.6.
We shall simply say that ® : (Q,7) — (2,T) satisfies the conditions of
Theorem 1.6 if Q, Q, T, T', and & satisfy the conditions of Theorem 1.6.

Proposition 4.5 (1) If ® : (0, T) — (Q,T) satisfies the conditions of
Theorem 1.6, then so does the inverse mapping ®~ : (0, T) — (,T).

(2) If(I) : (Qo,TO) — (Ql,Tl) and U : (Ql,Tl) — (QQ,TQ) satisfy the
conditions of Theorem 1.6, then so does the composite mapping ¥ o & :
(QO,T()) — (QQ,TQ). o

(3) Suppose @ : (2, T) — (Q,T) satisfies the conditions of Theorem 1.6. Let
V be a proper open subset of Q, let V. =®(V), and let

S(z) = min{T(z),dyv ()} (x€V),

S(y) = min{T(y),dy(y)} (yeV).

Then S € T(V), S € T(V), and ®|V : (V,S) — (V,S) satisfies the condi-
tions of Theorem 1.6.

Proof. The assertion (1) immediately follows from Proposition 4.2 and
from the symmetry of the conditions of Proposition 4.1. The assertion (2)
can be proved by elementary calculations.

We shall prove (3). The assertion that S € 7(V) and S € T(V) is
readily checked. By Proposition 4.2, ® : (2,T) — (Q, T) satisfies the condi-
tions of Proposition 4.1. Let € and K be the constants of Proposition 4.1.
Suppose z € V and write y = ®(z). By (ii) of Proposition 4.1, we have

I
=

B(y,eS(x)T(x) "' T (y)) € ®(B(x, KeS(x))) C ®(B(z,S(z))) C ®(V)

This implies eS(x)T(x)"'T(y) < dy(y). We also have S(x)T(x)_{T(y) <
T(y) since S(z) < T(z). Hence eS(z)T(x) 'T(y) < min{dy(y),T(y)} =
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S(y) or, equivalently,

By the symmetry of the conditions of Proposition 4.1, we have the similar
inequality with x and y interchanged. Hence we obtain

T(y)
T(z)

Using this inequality, we easily see that ®|V : (V,S) — (V,S) satisfies the
conditions of Theorem 1.6. This completes the proof of Proposition 4.5.

5. Multiplication by smooth functions

In this section, we prove Theorem 1.8. Before we proceed to the proof
of Theorem 1.8, we shall give some properties of the functions in the class

W(Q,T).

Proposition 5.1 Let T € 7(Q2) and w € W (2, T). Then there exists a
constant § € (0,1) such that 1/2 < w(zx)/w(xg) < 2 whenever xy € Q and
S UT(a?(), 5)

Proof. Let A, be the constants in (1.2) and set
§ =min {47, (16y/nmax{A, | [a| =1})7'}.

We shall prove that this § has the desired property.
We first prove that

w(zr) < 2w(zg) if zo € Q and x € UT (x0,20). (5.1)
Suppose on the contrary there exist g, 1 € 2 such that z; € U7 (2, 26)
and w(z1) > 2w(xp). We write x; = (1 — t)zp + tz1. Then, by continuity,
there exists s € (0,1) such that w(xs) = 2w(zo) and w(z;) < 2w(xp) for
t € (0,s). For t € (0,s), we have

T(x¢) = T(xg) — |y — x0| > T(20) — 26T (20) = 27T (20)
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and hence
d "L dw
%w@t) = ]Z1 aTj(xt)(xl,j — To,5)
<Y max{A, | |af = Tw(a)T(x) " ar; — 20,4
j=1
§ Z4maX{Aa | |Oé| = 1}w($0)T($0)_1|{L‘1J’ — 1'07j|
j=1
< 4max{A, | |o| = 1}w(zo)v/n - 26
< 2’1w(x0).
Hence

w(zs) = w(xzo) + /OS %w(aﬁt)dt < (3/2)w(xo),

which contradicts the equality w(zs) = 2w(xp). Thus (5.1) is proved.

Now suppose 79 € Q and z € U (z9,6). Then (5.1) gives w(x) <
2w(xg). Moreover, by the Lipschitz continuity of T', we have |T'(x) — T'(z)|
< |z — o] < 6T (z0) £ 47T (z0) and hence

(3/4)T(z0) < T(x) < (5/4)T (o).
Thus
|z — 20| < 6T (z0) < (4/3)0T (x) < 26T (x)

and thus zg € U (z,25). Hence (5.1) gives w(zo) < 2w(z). Proposition 5.1
is proved.

We omit the proof of the next proposition, which will be quite elemen-
tary.

Proposition 5.2 If w and v are functions of class W (Q,T), then so are
the functions w + v, wv, w/v, and w* with a € R.

The next proposition will be used in Section 6.
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Proposition 5.3  Suppose Q, Q, T, T, and ® satisfy the assumptions of
Theorem 1.6 and suppose w € W(Q,T). Then:

(1) The function |Js| is of class W(Q,T);

(2) The composite function wo ®~' is of class W (Q,T).

Proof.  The claim (1) can be seen from (4.1) and (a) of Theorem 1.6. The
claim (2) can be seen by the use of (iv) of Proposition 4.1 (cf. Proposition
4.2). Proposition 5.3 is proved.

No we shall prove Theorem 1.8.

Proof of Theorem 1.8. Let § be the constant as mentioned in Proposition
5.1. We may assume 6 < 1/3. Notice that T'(z) ~ T'(z¢) for x and =z
satisfying x € UT (2, 9).

(1) For balls B(xg,t) with t < 0T (z), the inequality of Proposition 5.1
yields

(wPA)(B(o, 1)) = (w(0))" A(B(x0,1))-

From this inequality, it is obvious that the doubling conditions on w? A and
on A are mutually equivalent.

(2) Let A € Double™(Q,T,0) and p € (0,00). Take a positive inte-
ger k such that n + k > max{o/p,0}. Let 2o € Q, t € (0,9), and ¢ €
A (UT (z0,t)). Then, using the inequalities of Proposition 5.1, we easily see
that there exists a constant cq such that ¢y 'w(zo) " wip € Agy(UT (20, 1))
and ¢y 'w(zo)w Y € Ay (UT (20,t)). Hence, for each f € D'(2), we have

[(wf, e)| = [(f;wib)| < cow(wo) £ (o)
and
()] = [wf, w™ )] £ cow(ao) " (wf) T (wo).
Taking the supremum over 1 and ¢, we obtain
(wh) " (o) m w(wo) £y (w0): (5.2)

Hence, using Theorem 3.4, we have
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lwfll @y = @G 1o
~ wa(*k’;;THLp(Q’)\) = Hf(*léiTHLp(Q7wp)\) ~ Hf”Hp(Q,T,pr).

Theorem 1.8 is proved.

Remark 5.4 From the above proof we see the following: If A, is the
constant in (1.2), o € [n,00), A € Double® (2, T, 0), and if my is the small-
est positive integer satisfying n + mg > max{o/p,c}, then the constants
contained in the relation & of Theorem 1.8 (2) can be taken depending only
onn, p, o, max{A, | || =< mp}, and on the doubling constant of \.

6. Modified form of atomic decomposition

An atomic decomposition for HP(€2, T, \) has been given in Theorem
3.1. The purpose of this section is to give a modified atomic decomposition
that involves a moment condition of the form (1.3). The result reads as
follows.

Theorem 6.1  Suppose Q, Q, T, T, and ® satisfy the assumptions of
Proposition 4.1; let K be the constant as mentioned in the proposition. Let
we W(Q,T). Let o € [n,00), A\ € Double™(Q,T,0), p € (0,00), and let
k and m be positive integers satisfying n + k > max{c/p,o} and n +m >
max{o/p,o}. Then the following (1) and (2) hold.

(1) Suppose Q; € B(Q,T/20), hj € L™, supph; C Q;,

/hj () P(®(z))w(x)de =0 for all P € Pp_1, (6.1)

and suppose . ||hjllL=1lq, € LP(2,A). Then the series 3 h; converges
unconditionally in D'(Q?) and

] Sh, S Iy~ 1,
J J

(2) If f € HP(Q, T, \), if « is a sufficiently small positive real number, and
if 0 < 6 = a/12, then there exist g;, B;, hj, and Q; such that the following
(i)~(v) hold:

<c
H?(Q,T,\)

LP(Q\)
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>0+ Ej h; with the two series converging unconditionally in

"(9);
i € L°° and supp g; C B; = UL (x;,0);
<, supph; C Q; € B(,30T), and h; satisfies (6.1);
(1V) For each r € (0,00), there exists a constant ¢, € (0,00) such that

1/r
( E lgillz1{z € K2uBi} + ) |[hyllp~1{x € K2ij})
: J

< e fis T ()

for all x € Q, where v = «/96;
(v) For each B;, there ewists a ball B = U (y,d) such that B; C 2K*B
and B Nsupp f # 0; the same holds for the balls Q;.

Remark 6.2 A close look at the proof of this theorem to be given below
will show the following facts about the constants in the theorem. Let €
and B, be the constants in the conditions of Proposition 4.1. Let A, be
the constant in (1.2). Let mg be the smallest positive integer such that
n + mg > max{c/p,o}. Then the following hold.

(1) The constant ¢ of Theorem 6.1 (1) can be taken depending only on n,
p, 0, €, K, max{A,, | |a| £ mo}, max{B, | 1 < |a] £ mg + 1}, and on the
doubling constant of A in Double™ (2, T, o).

(2) The constant o of Theorem 6.1 (2) can be taken arbitrarily in the range
0 < a = ap, where « is a constant that depends only on n, €, K, max{B, |
1 = |of =2}, and max{A, | || = 1}.

(3) The constant ¢, of Theorem 6.1 (2) (iv) can be taken depending only on
n, k, m, v, r, K, max{A, | |a] £k}, and max{B, | 1 < |a] £ k + 1}.

Proof of Theorem 6.1. (1) We write Q; = UT(z;,s;). Notice that s; <
1/20 by our assumption that Q; € B(€2,7/20). We take a sufficiently small
number £ > 0 and divide the indices j into the two sets I = {j | s; < £} and
M={j|€<s; <1/20}.

First we consider the series over j € II. We shall prove that, for any
§ > 0 fixed, the series .y h; converges unconditionally in D’(£2) and

D oh > lIjll=1q,

jell jell

(6.2)

HP(Q,T,\) LP(QL,N)
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To prove this, we set Q) = UT(x;,1/20) for j € II. Then Q; O Q; D 206Q)]
and hence, by Lemma 2.5,

Y nille=1g;

JEIT

> llhjllzeg,

jEI

< 0. (6.3)
LP(Q,2)

LP(Q,\)

Since supp h; C @j C @}, by virtue of Theorem 3.1 (1), the series
converges unconditionally in D’(Q2) and

> h DIl

jell HH?(QTJ\) jell

jEII

<ec (6.4)

LP(Q,))

Thus (6.2) follows from (6.4) and (6.3).

Next we consider the series over j € I. We shall show that, if & > 0 is
chosen sufficiently small, then the series ) jel h; converges unconditionally
in D'(Q2) and

> hy < el Y Il 1q, (6.5)
jet H?(Q,T,\) el LP(Q,\)
In order to prove this, we define, for j € I,
fi=wldal 'hy fy=f0@7t Ry =UT(R(x). Ksy).
We also define the Borel measures p on Q and j, on € by
p= (0w Jo)PA,  pe = Pup. (6.6)

Then f; € L™, supp f; = ®(supp h;) C ®(Q;) C R;, R; € B(Q, KET), and
[ 5Py = [ F@@)P@E) o)

_ / hy (2w () P(D(x))dz = 0

for all P € P,,_1. We shall prove
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< (6.7)

> I fillze1g,

Jjel

> lIhsllz=1q,

jel

LP () LP(,))

Suppose for the moment (6.7) is proved. Then, by Theorem 3.1 (2), the
series ) .oy fj converges unconditionally in D’(2) and

doF > I fillze1g,

jel jel

<c

H?(Q,T 1) L (S,

Hence the series >, h; = Zjelw_1|Jq>|(fj o @) also converges uncondi-
tionally in D’(2) and, by Theorem 1.8 and Theorem 1.6 (2),

> h w Tl Y f

jel HHP(Q,T,)\) H jel

HP(Q,T,\)
> i ~ D5
jel HP(Q,T,p) jel HP(Q,T,p.)

Combining the above inequalities, we obtain (6.5). Thus it is sufficient to
prove (6.7).
We shall prove (6.7). Suppose j € I. By Propositions 5.1 and 5.3, we
see that
1Fillze = 1 fill e ~ w(@)|Jo (@) |hyllpe  for all z € Q;. (6.8)
Since @1 (K2R;) C @y, (6.8) implies

1FillLLre-2r, (y) < cw(@ (1)) [T (@7 (W))] " IRyl =L, (@7 (1))

Hence, by Lemma 2.5,

Solfle=tr, | S| D o Ifilleelk2rm,||

jel Lp(Q,p4) jel LP(Q,px)

Sef Do w@ M )Ja (@ ) Ihylle1o, (@7 (y)||
Jel LP(S2,p4)
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= c|| Y w(@)|Ja(x)[ |1, (z)

jel LP(Q, )
= || Y llhjllz~1g, ;

jel LP(Q,7)

which proves (6.7).
The claim (1) now follows from (6.2) and (6.5).
(2) We assume f € HP(Q,T,)\), a > 0 is sufficiently small, and 0 < § <
a/12. We take a real number s such that s > k.
We define F € D'(Q), F € D'(Q), &, and § by
F=w|Js|'f, F=Fod!

)

a=a/3K, §=0/K.

We also define i, by (6.6). Using the inequalities (3.8), (4.2), and (5.2), and
using Propositions 5.3 and 5.2, we have

FT(8(@)) £ eF ™ (@) < ek (@)

< cw(@)|Jo (@) 7 £57 (). (6.9)

From the assumption f € HP(Q, T, \), we have f(*];)O‘T € LP(92,\) and hence
(6.9) implies that Fs*”ﬁ e LP(Q, ). We see that p, € Double*(Q,T,0)
by using Propositions 5.3 and 5.2, Theorem 1.8 (1), and Theorem 1.6 (1).
Hence, by Theorem 3.1 (3), F can be decomposed as follows:

(a) F =30+ ; bj with the two series converging unconditionally in
D' ($2);

(b) a; € L and suppa; C B; = UT (y;,0);

(c) bj € L*, suppb; C Qj = UT(zj,sj), 55 < 30, and

/bj(y)P(y)dy =0 forall Pe€Ppy_i;

(d) For v = &/36 and for each r € (0, 00), we have
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. o\ o
(Z lailf~1{y € 0B} + 3 b1~ 1{y € v@;»}) < o, BT (y)
% J

for all y € Q; i
(e) For each Bj, there exists a ball B = UT(y, ) such that B; C 2B and
B Nsupp F' # ); the same holds for the balls Q);.
We define g;, B;, hj;, and Q; by
gi=w Js|(a;0®), By =U"(® ' (1:),6),
hj =w ' Ja|(bjo @), Q; =UT(® " (z), Ks;).
We shall prove that these satisfy the conditions (i)—(v) of the theorem.

The condition (i) immediately follows from (a).
The conditions (ii) and (iii) can be seen as follows. We have

supp g; = ® " (suppa;) C (U (y:,6)) C UT (@ (y:),6) = B,

supph; = @' (suppb;) C (U (z5,5;)) C U (@' (2), Ks;) = Q;.

Since Ks; < 3K 6 = 35, we have Q; € B(Q,30T). Since, by Propositions 5.1
and 5.3 (1), the functions w and |Jg| are roughly equal to constants on the
balls B; and @);, we see that g; and h; are functions of L*>°. The moment
condition (6.1) follows from the moment condition on b; as given in (c).

We shall prove (iv). Notice that v = &/38 = a/98. By Proposition 5.1,
we have

lgill Lo = w(a) ™| Jo(@)|[la;l|lL= for all o € vB;,
1l pe ~ w(@) ™| Ja (2)]b)]l  for all z € vQ;.
We also have
B(K~2uB;) = d(UT(® (;), K~2v6)) € UT (y;,v8) = v,
(K 2vQ;) = 2(UT (' (2)), K 'vsy)) C Uf(zj,vsj) = vQ;.

Hence, for each r € (0,00), we use (d) and (6.9) to see that
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1/r
(Z lgills 1 € K-20B} + 3 [yl 1{x € K%Qj})

< cw(z) e (2) (ZHaZIILml{cb (z) € vB;}
~ 1/r
+ Z 16|70 1{P(x) € UQ]‘})

< ()~ o (@) BT (B(x))

= Crf(*kng( )7

which proves (iv). )
Finally we shall prove (v). If B; and B = U™ (y, 0) satisfy the conditions
as mentioned in (e), then

B = UT(®7(y:),6) € &7 (U (y;, K26)) = &~ (K By)
C 1 (2K2B) = o (U (y,2K2))
c UL (@7 (y),2K35) = 2K2UT (@7 1(y),0)
and
UT (@ (y),6) Nsupp f = UT (&7 (y), K6) Nsupp F
5 & (U (y,5) N supp F) # 0.

Hence B = UT(®71(y),d) satisfies the conditions of (v). The same holds
for @);. Theorem 6.1 is proved.

7. Examples

In this section, we give some examples of the mapping ® of Theorem
1.6 and Proposition 4.1. We shall also prove a proposition which will give
plenty of examples in the case of 2-dimension.

The Examples 7.1-7.5 are the examples in the 1-dimensional case. For
these examples, to check the conditions of Theorem 1.6 or Proposition 4.1 is
an elementary task and the details are left to the reader. In these examples,
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we use the letters x and y to denote the variables in 2 and Q, respectively;
x € Qandye Q.

Example 7.1 Q = (0,m), Q = (~1,1), T(z) = da(z), T(y) = dg(y),
®(z) = cosz. In this case, T(y) ~ T(z)?. This case was already considered
in [M4].

Example 7.2 Q= (-7/2,7/2), Q
1T

R, T(z) = do(x), T(y) = 1+ |yl,
®(z) = tanz. In this case, T(y) ~ ).

(z
Example 7.3 Q= (0,00), Q =R, T(z) = do(z) =z, T(y) = 1, d(z) =
log x.

Example 7.4 Q= (0,1), 0= (0,00), T(x) = da(x), T(y) = dg(y) = v,
O(z) =z/(1 —x).

Example 7.5 Q = (0,1), Q = R, T(z) = da(z), T(y) = 1, ®(z) =
log{z/(1 — z)}. This ® is the composition of the ®’s of Examples 7.4 and
7.3.

The next is an example for arbitrary dimension.

Example 7.6 Q= Q =R"\ {0}, T(z) = T(z) = do(z) = |z|, ®(z) =

Proof. If a € R"\ {0}, b= ®(a) = a/la|?, and t € (0,1), then

(U™ (a,1)) = ®(B(a, tla])) = B(b/(1 — %), t[b| /(1 — *))
c B, tp|/(1 —t)) = UL (b,t/(1 - 1))

From this we easily see that ® = ®~! satisfy the conditions (i) and (ii) of
Proposition 4.1. To check the conditions (iii) and (iv) of Proposition 4.1 is
easy.

Finally we shall give a result in the 2-dimensional case. In order to state
the result, we identify R? with the complex number field C by identifying
(x,y) € R? with 2 + iy € C. For open subsets { and Q of R?2 = C, we
say that @ is a conformal mapping of Q onto € if ®(x,y) is a holomorphic
function of z + iy € Q and if the mapping ® : Q@ — Q is a bijection.

The result reads as follows.

Proposition 7.7 If Q and Q are proper open subsets of R? = C and if ®
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is a conformal mapping of Q onto Q, thenQ, Q, T =dq, T = dg, and ®
satisfy the conditions of Theorem 1.6.

In order to prove this proposition, we use the lemmas to be given below.
In these lemmas, we use the letter z to denote a complex variable and write
the complex derivatives as ®'(z) = d®(z)/dz and &) (2) = d*®(z)/dz".
In the first lemma, we shall say that a holomorphic function on a domain
D c Cis univalent in D if the mapping D > z — f(z) is one to one; thus the
conformal mapping and the univalent function are in fact the same thing.

Lemma 7.8  Suppose f is a univalent function on B(0,1) C C and f(0) =
0 and f'(0) =1. Then:

(1) f(B(0,1)) > B(0,1/4);

(2) 21/(L+[2)? = [f(2)] = [2]/(1 = [2])? for all z € B(0,1).

The facts given in the above lemma is well known as the distortion
theorems for univalent functions. For a proof, see, e.g., [H, Theorems 1.2
and 1.3].

Lemma 7.9 Let Q and Qf)e proper open subsets of C and lethD be a con-
formal mapping of Q onto Q. Let zg € Q and wy = P(z0) € Q. Then the
following hold.

dg 4dg
(1) 7 < 19/ (20)] < 72550

(2) If 6 € (0,1), then ®(B(z0,da(20))) D B(wo,4716(1 4 §)~2dg(wp)).

(3) If 6 € (0,1), then ®(B(z0,dda(20))) C B(wo,46(1 — §)2dg(wp)).

(4) If 0 < € < 6 < 1 and k is a positive integer, then, for all z €
B(zp,edq(z0)), we have

4k15 dg (wp)
(1—0)2(6 — )% dalz0)F

@M (2)] <

Proof. We define the function f by

D (20 + da(z0)z) — wo
da(20)®’(20)

flz) = (z € B(0,1)).

This function satisfies the assumptions of Lemma 7.8.
(1) Applying Lemma 7.8 (1) to f, we have
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@(B(Zo, dQ(ZO)) D) B(’wo, 471(19(20)’(1)/(20”)

This implies dg(wo) = 47 do(20)|®’(20)| or, equivalently, the second in-
equality of (1). We obtain the first inequality of (1) by applying the second
one to 1.

(2) Let 6 € (0,1). By the first inequality of Lemma 7.8 (2), we have
|f(2)] = 6(1+6)~2 for |z| = 6. Hence, by Rouché’s theorem, f(B(0,d)) D
B(0,8(1 + 6)~2), which is equivalent to

®(B(20,6da(20))) O B(wo, 5(1+ 6)~2dq(z0)| ' (20)]).-

This and the first inequality of (1) implies the desired result.
(3) Let 6 € (0,1). By the second inequality of Lemma 7.8 (2), we have
f(B(0,6)) € B(0,86(1 — §)~2), which is equivalent to

CI)(B(Zo,(sdQ(Zo))) C B('UJ(),(S(l - 6)_2dQ(Zo>‘(I)/(Zo)D

This and the second inequality of (1) implies the desired result.

(4) Let 0 < € < § < 1. By the second inequality of Lemma 7.8 (2), we
have |f(z)] < 6(1 —6)~2 for |z| = 6. Hence Cauchy’s inequality gives, for
|z| < e,

) £ k(1 =620 - 7"
or, equivalently,
do(20)8 18 (20 + do(20)2)| £ k101 — 8)72(6 — ) *da(20)| P (20)|.

This and the second inequality of (1) give the desired inequality. Lemma
7.9 is proved.

Now we shall prove Proposition 7.7.

Proof of Proposition 7.7. By Proposition 4.2, it is sufficient to show that
00T =do T = dg, and @ satisfy the conditions (i)-(iv) of Proposi-
tion 4.1. The conditions (i) and (ii) follow from Lemma 7.9 (3) and (2),
respectively. The condition (iii) follows from Lemma 7.9 (4). The condition
(iv) follows if we apply Lemma 7.9 (4) to ®~!. This completes the proof of
Proposition 7.7.
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