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Pseudo-differential operators of class Sg7

on the Herz-type spaces
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Abstract. In this paper, we show the boundedness of pseudo-differential operators
m

of class Sj"; on the Herz spaces l'(;‘"p and the Herz-type Hardy spaces HK;”).
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1. Introduction

Beurling [3] introduced the space A4(R"™) = Kg(l_l/q)’l(R") with 1 <
q < oo to study convolution algebras, which are now called Beurling algebras
as a special class of the Herz spaces K{P, (See Definition 2.1). The Herz
spaces can be regarded as one of extensions of LP(R™) and the theory of the
Herz space is developed by Feichtinger [9], Herz [15] and Flett [10].

On the other hand, Calderén and Vaillancourt [4] showed that pseudo-
differential operators of class Sg, are bounded on L*(R™). And Miyachi

[22] showed that those of class S()_’g‘l/p_l/zl are bounded from HP(R™) to
LP(R™), (0 < p < o0).

The aim of this paper is to study the boundedness of pseudo-differential
operators of class S, on the Herz spaces and the Herz-type Hardy spaces.
Lu, Yabuta and Yang [21] showed that the operators having a kernel estimate
are bounded from the Herz-type Hardy spaces to the Herz spaces:

Theorem A Let T : Z(R™) — '(R™) be a linear and continuous oper-
ator. Suppose that the distribution kernel of T' coincides in the complement
of the diagonal with a locally integrable function k(z,y) satisfying

. ly|°
EE

|k(2,y) — k(z,0)] <
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when 2|y| < |z| for some 6 € (0,1]. Let 0 < p < o0, 1 < ¢ < o0 and
n(l—1/q) <a<n(l—1/q)+46. If T is bounded on LI(R™), then T is also
bounded from HK P into KJ°P.

If m < —n — 1, pseudo-differential operators of class S{, which is our
target class, satisfies the above condition on kernels. But it is not clear that
those of class S’y with m > —n — 1 satisfies the above condition or not.
The main result in this paper is the following:

Theorem 3.1 Let0 <p <oo, 1 <g<oo,n(l—1/q) <a < oo and
m < —a —n|l/q—1/2|. Suppose that
(i)1<q¢<2,1>n/2,I'>[-m|+n/2+1, or
(ii) 2<qg<oo,l>nfq, ' >[-m—n(1/2—-1/q)] +n/2+ 1.
Then So(1,1) C L (HKSP, K3P).

In Theorem 3.1, if ¢ is close to 1 or 2 then we can take m close to —n/2.
Hence we cannot use Theorem A directly in this case.

We explain more about the Herz spaces and the mapping properties of
pseudo-differential operators on LP(R™) and HP(R™). Feichtinger [9] gave
the different norms of Beurling algebras, which is equivalent to that in Beurl-
ing [3]. And the spaces K, JP(R™) and KgvP(R™) were introduced by Herz
[15]. Flett [10] gave another equivalent norms on ng,p (R™) and KgP(R™).
These spaces are useful in the analysis of mapping properties of impor-
tant operators. For example, Baernstein II and Sawyer [1] showed some
multiplier theorems on HP(R™) by using a norm of the Herz space as the
condition. Many authors studied the boundedness of pseudo-differential op-
erators on the Herz-type Hardy space. For example, Fan and Yang [8] stud-
ied pseudo-differential operators of class 5?70 on the local Herz-type Hardy
spaces hK o P(R™). Also there are many papers which studied several other
operators on the Herz spaces and the Herz-type Hardy spaces, [16], [18], [19],
[20] etc... It is well-known that Calderén and Vaillancourt [4] showed that
pseudo-differential operator of class S§  is bounded on L?(R™). Futhermore,
Miyachi [22] showed that pseudo-differential operator of class S, o 1/p=1/2|
is bounded from HP(R™) to LP(R™), (0 < p < o0), by using the atomic
decomposition and the analytic interpolation theory. Here we remark that
the index —n|1/p — 1/2| is optimal. In the proof of Theorem 3.1, we will
follow the argument in [22]. However, to the best of my knowledge, there
seems no literature mentioning the result of Theorem 3.1.
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We also explain the theory of interpolation for families of quasi-Banach
spaces. Coifman, Cwikel, Rochberg, Sagher and Weiss [6], [5] discussed
the theory of interpolation for families of Banach spaces. This theory is
a natural extension of the interpolation for the pair. Herndndez [12] and
Tabacco Vignati [25], [26] developed the theory for families of quasi-Banach
spaces. In [14], Herndndez and Yang characterized the intermediate spaces
for families of the Herz-type Hardy spaces by using the atomic decomposition
(1 < ¢ < 00) established by Lu and Yang [18].

Finally we explain the structure of this paper. In Section 2, we define the
Herz spaces, the Herz-type Hardy spaces and Hormander’s symbol classes
and recall tools which will be used in this paper. We use Lipschitz classes
on product spaces introduced by Miyachi [22] to describe smoothness of
symbols, as a substitute for Hérmander’s symbol classes. In Section 3, we
will prove the main theorem (Theorem 3.1) by using the tools in Section 2.
Also, we state a result in the non-homogeneous case. In Section 4, first we
will use the characterization of intermediate spaces for couples of the Herz-
type Hardy spaces in [13] and the duality argument to show the boundedness
of pseudo-differential operators on wider spaces.

2. Definitions and Tools

For k € Z, let By = {x € R" | |z| < 2¥}, Cy = Bj\Bx_1. We denote
the characteristic function of E, measurable subset of R, by xg and C} by
Xk- We recall the definitions of the Herz spaces and the Herz-type Hardy
spaces.

Definition 2.1 (Herz space) Let 0 < p, g < oo and a € R. We set
(i) Kg"p(R”) ={fe L]l (R"~{0}) | [f]l o » < 00}: homogeneous Herz
space, where

1/p
Iflge = (S 2lralz,) " and

kEZ

(i) KgP(R™) = {f € L, ,(R") | | fllx,0.r < 00}: non-homogeneous Herz

loc
space, where

1/p
[ Fller = (foB(o,l)liq N Z2k“p|ka||’zq) |

keN
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The usual modifications in the definitions above are made when p = cc.

We take a function ¢ € . such that [¢ dz =1 and set % (f)(z) =
SUp;sq | f * @i ()|, where ¢ (z) = 1/t"p(x/t).

Definition 2.2 (Herz-type Hardy space) Let 0 < p,q < oo and « € R.
We set

(i) HK;’"?’(R”) ={fes|ei(f) € Kg"p}: homogeneous Herz-type
Hardy space,

[z zegr = N0 (Pl ggor,  and

(ii) HKZP(R™) = {f € 7" | @3 (f) € KgP}: non-homogeneous Herz-
type Hardy space,

Il rgr = 1193 (Dl rgr-

The following basic results are well known [13], [17]: Kg,p = K)P =L,
if 0 < p < oo, HKS”’ = HKg’p = HP if 0 < p < oo. The spaces Kg"p
and K P are quasi-Banach spaces, and if p,¢g > 1 then K*P and KP
are Banach spaces. The same is true for HK"? and HK*P. HK P and
HK P are defined independently of the choice of ¢. When 1 < p, ¢ < oo and
a € R, then (Kg"p)* = K;,a’p/ where 1/p+1/p’=1and 1/¢g+1/¢' =1. In
particular, || f||zor = sup {| [g. f(2)g(z)dz| | g € K" with HgH,-{;,a,pf <
1} ifl1 <p, g<ooand —n/qg < a<n(l—1/q). Also K;“’p = HK(‘]LP, if
O<p<oo,l<g<ooand —n/qg<a<n(l—1/q).

For an integer k, P denotes the set of all polynomial functions on R"
of degree not exceeding k. If k is a negative integer, we set P, = 0. We say
fLPyfor feLl , when fPe L' and [ f(z)P(x)dz =0 for all P € Py.

loc»
Let [m] denote the integer part of real nunber m.

Proposition B ([22]) Let 0 <p, ¢ < o0 and —n/q < a < co. Then the
following are dense subspaces of HKP:

(1) Xe={f €|/ L Py} with k> a— (1 - 1/q)],
(i) S ={f € |suppf is a compact subset of R™ . {0}}.

Next, we recall the definition of Hormander’s symbol classes. For & €
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R", we set (§) = (1 +[¢[*)"/2.

Definition 2.3 Let meRand 0 < < p <1. We set
Sms = {p € C®R™ x R") | [9200p(x,£)| < Cap(€)me+IBl for all
multi-indexes o and §}.

For any L € NU {0} and p € S, let |p|7' = max|q /<L SUP, ¢crn
~\8§‘8§p($,§)|(§>_m+9‘0‘|_5|ﬁ|. For p € S5 we define pseudo-differential
operator p(X, D) whose symbol is p:

PN ) = o [ e p( ) f(e)de,

1
(2m)n
for any f € ., where f denotes the Fourier transformation of f.

For m € R and L € NU {0}, we set
Soo(L) = {p € CER" xR") | |9 07p(x,€)| < Cap(€)™, for la+p| < L, }.

It is trivial that (Sgi(L),| - |7') is a Banach space. But we adopt the next
Lipschitz classes on product spaces in the main theorem, an extension of
Hormander’s symbol classes, [22].

We define the Fourier transform of f, a function on R™ x R™, by

Flem = [[ e faydady,

Then, the inverse Fourier transform .%# ~! is given by
1 .
F @) = o [ g mdean,
(2m) R xR®

Let § € C5°(R™) with 6(¢) = {; y E: S, fo=10and 6,() = 0(57) -

9(21 r), for j € N. Then, Z;";OH 1 and suppf; C {£ € R | 2771 <
€] < 27},

Definition 2.4 (Lipschitz classes on product spaces [22]) For m € R and
non-negative integers [, 1, we set
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Sy (0, 1)
_ {p € S ®" x B") | [pllmsr

= sup 22 |0 (y)0k () F [l (y, m)] (=, )<£>_m\<00}-
],zéﬁl}{m

For quasi-Banach spaces X,Y, we write Sg'(l,1") C L(X,Y) if and

only if [|[p(X,D)flly < Clpllmarvlfllx, (p € &, f € X). Also we write
L(X) = L(X, X). Before stating our result, we recall Miyachi’s result [22].

Theorem C ([22]) Let m(p) = —n|1l/p —1/2|. Suppose that
(i)0<p<2,l>n/2,I'>n/p or
(i) 2<p<oo,l>n/p, ' >n/2.

Then Sy'P(1,I') C £ (HP,LP).

Lu and Yang [18] showed the atomic decomposition of Herz-type Hardy
spaces, whose statement is similar to that of Hardy spaces.

Theorem D ([18]) Let0<p<oo,1<g<oo,n(l—1/q) <a < oo, and

s > [a—=n(l—1/q)], s is a integer. Then f € HK}? if and only if there

exist aj € L? and complex numbers \; such that f =3, Aja; in the sence

', suppa; C By, |lajl|e < |By|=*/", [aj(z)zPdz =0, (0 < |B] < s) and
. 1

{\;j}jez € IP. Moreover HfHHK;"p ~ inf (ZjeZ \)\j]p) /.

Later, we will use theorems C and D to prove the main result in the
next section.

3. Pseudo-differential operators on the Herz-type spaces
Here we state the main result.

Theorem 3.1 Let0 <p< oo, 1 <qg<oo, n(l—1/q) <a < oo and
m < —a —nl|l/q—1/2|. Suppose that
(i)1<qg<2,il>n/2,I>[-m]+n/2+1, or
(i) 2<g<oo,l>n/q, ! >[-m—n(1/2—-1/q)] +n/2+1.
Then S§o(L,1) C L (HKSP, K3P).

Proof.  The proof follows the idea of Miyachi [22]. We take p € . (R"xR"™),
f= ZjeZ Aja; € HKP N . First we prove the case 0 < p < 1. Let s be
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an integer sufficiently large. Then we have

Ip(X; D) fll o < > IPIp(X, D)a; e
JEZ

On the other hand, we have

Ip(X, D)a; e = > 2% Ip(X, D)ajxl7o

keZ
Jj+1 00
= > 2"P|p(X, D)axelll. + > 25 |p(X, D)ajxell}.
k=—oc0 k=j+2
= Al + A2.

i+1 i+1
By Theorem C, Ay < Y3721 2%?|p(X, D)ajlh, < Ipll2,0 0 S0l o
2(k=j)ap < [pIl},.; - Tt suffices to prove that Az < |[pll},.; -

we decompose the symbol p by using the above partition of unity {60;}:2, in
&-space:

To estimate As

&) =Y p,8)0:(8) =D pi(x,&) where py(x,€) = p(x,£)0:(S).

t=0
Also, let K(z,y) (K¢(x,y), resp.) be the kernel of the pseudo—differential
operator p(X, D) (py(X,D), resp.): K(z,y) = " Jan €Vep(x, §)dE
(Kt(x7y) = (27.‘.)711 fRn elygpt(x7£)d£7 resp.).

e In the case (i): Let k> j + 2.
We consider the case j < 0. Let v be a multi-index such that |y| = [-m]+1
if K >0, =[-m] if £ < 0. By using vanishing moments of order s we have

1P (2, €)Xkl Lo

T

_ </C / 3 ﬂaﬁlﬁ(x v — Oy)yPa, (y)dy

Bi |g|=s+1 g

q 1/q
d:1:>

q 1/q
daz)
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1/q

< 2it) 3 (/
C

|B]=s+1 k

(/Bj 102 K@, 2 - 99)\\@j(y)\dy>qu)

We use the notation (z) = (1 + |z|>)'/2. By Minkowski’s inequality and
Hoélder’s inequality, we have

lpe(, §)aj Xkl La

, 4 /q 1/q
< 9—ila=s—1) Z (/ </ ‘851(}(30, T — 9y)|qu) dy)
B; \Jcy,

|8=s+1

< 9—jla=s=1)gkn(1/q=1/2)9—k|v|

!

« 3 (/B (/Ck<:c>2|'yl‘6§Kt(1:,x—Hy)lzdm>q,/2dy>l/q.

|Bl=s+1 J

To estimate the integral, we write

Py (2,€) = (&7 pla,€) € 83, (L 1 — 1Y),
Yy () = eTOHEEMATTY ((i€)70,(€)),
gy;y',t(x) = f_l[@by,'y’,t](x)'
Integration by parts gives
(~ila = 89 9] il = 09) = 3 () (X, D a0
v <~y

By Plancherel’s theorem, we get ||gy 4|2 S 2t Ts+147/2) " Therefore an
easy computation and Theorem C yield

</Bf‘ </Ck [(~ite - 8|03 Kol - Hy)\zdx> amd@/) N

2t(m+s+1+n/2)2jn(1—1/q) )

/

S Ipllmae

Now we remark that £k > j + 2, z € C}, and y € B; implies (x — 0y) ~ (z).
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Hence we have

2/q' 1/q
(/ </ <x>2vl|8§Kt(x,x—0y)‘2dx> dy)
B; Ch

< [l g 285N/ 2) 9in(1=1/a)

and
lpe(z, &) ajxr| La

< [pllmy 277 @ s mnA=1/ @) gkn(1/a=1/2) g=klnlgtm+st14n/2) (1)

We also have the following estimate by repeating the above argument with

6 =0:

Hpt(xa E)ank ”Lq
< Pl 277 @AY/ aDgkn(L/a=1/2) g =klvlgtim+n/2), (2)

For each j < 0, there exists t; € N such that 207127 < 1 < 2%2J. Using
estimates (1), (2), we deduce the desired estimate in the following way:

||p(X, D)ankHLq

tjfl oo
<Y Ipe(X, DYagxlle + Y lIpe(X, D)ajxel Lo
t=0 t=t;
tj—1
< Pl l,Q—J'(Ol—s—l—n(l—l/tI))Qk"(l/q—l/Q)Q—kIWI Z gt(m+s+14n/2)
t=0

[l 27O )b (141729 k12| 3 ttmens2)

t=t;

< [Pl 2~ M= (1/2=1/0) gk (1/a=1/2) 9= Flv]

< [pllr 23Ot m=n1/2=1/a) gkn(1/g=1/2) 9=k

Thus, for j <0, Ay = 33,2, 2keP| | p(X, D)ajxkl. S [ Dy
gp(k=d){etm—n(1/2-1/2) < ||p||?

m;l,l "
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Next we consider the case j > 0. In this case, we do not use the vanishing
moment condition or docomposition of symbol. Let v be a multi-index such
that |y| > a+n(1/¢—1/2) + 1.

|p(X, D)a;xk| L

' ) 1/¢ 1/q
< 2‘]“2“(1/‘1—1/2)2—’“'7'(/ </ (@)? MK (2,2 — y))| dfﬂ) dy> :
B; Cr

J

Going throught a similar argument as above, we obtain,

) ) q'/2 1/q '
(/ </ |(=i(z—y))|"| K (2, 2—y)| d$> dy) S lpllmga, 2709
Bj Ck,

Since (x — y) ~ (x), we have

) q'/2 1/q' '
( / ( | @k oy dx) dy) < [Pl 20170,
B]' Ck;

Hence we have
Ip(X, DYajxrllLe S Ipllmap2 7 @0/ ghn(la=1/2)g =kl (3)

Now we write |y| = a+n(1/q —1/2) 4+ e. Then, for j > 0,

[ee]
Ay =) 2"7||p(X, D)a;xll%,

k=j+2
o
SHPH&;”/ Z 27jp(o‘7"(1*1/Q))Qkp(a+n(1/q71/2)f|7|)
k=j+2

(o @]
= plP, Y 27ptkmdegmiplemnQot/oFe) <pp
k=j+2

We remark that [—m] + n/2 + 1 is larger than o + n/q.

e In the case (ii): Let k > j + 2.
We consider the case j < 0. Let v be a multi-index such that |y| = [-m +
n(l/qg—1/2)]+1ifk>0,=[-m+n(l/qg—1/2)] if k£ <O0.
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lp(X, D)a;jxl La

q 1/q

= </ / K(z,z —y)a;(y)dy dx)

¢ | JB;

. d/a \1/d
< g—ila=s—1) Z (/ (/ \8§Kt(x,x—9y)|qu) dy)

|Bl=st1 B RO

, d/a \1/d

< gilams=lg=klyl Z (/ (/ <x>q”|}8§Kt(x,x—Hy)‘qu> dy) .
|8=s1 7 B A C

Since

(~ita = 8 0] il = 09) = 3 () (X, Do)

v <y
where
por(,€) = ()~ p(w,€) € Sy VA1 — o) € L(LY),
Yyt (€) = e WE(Em 2T ((i6)06,(€)),
Gy t(T) = yil[wyﬁ’,t](x)
and
< 2t(m+s+1+n(3/2—2/q))’

195,721l o

as a consequence, we have

</Bj </Ck (|0 K, 9y)\qdm> q//qdy> "

<[Pl 27O/ D gt mt s +140(3/2-2/q))

Therefore we have

(X, D)ajx| La

S|Pl 29 @ smimn =1/ @) g =klylgt(m4n(3/2=2/4)) (4)
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We also have the following estimate by repeating the above argument with

B =0;
Ipe(X, D)ajxpllLe S Ipllmipr2 90 aDg=kRlgitmEn(3/2=2/a) = (5)

Since the above two estimates give |[p(X,D)ajxkllee S |pllmai-

~

2 J(m+a—n(1/a=1/2)9=kIl we conclude As < ||p||?,.; ,, for 5 < 0.
We consider the last case, j > 0. Let |y| > « then we set |y| = a+e. It
is easy to see

Ip(X, D)a;xk| La

. q' /qdy~ 1/4’
< 9—jag—klv| (/ </ <$>ql'ﬂ \K(a:,x _ y)\qu> >
B; Ch

J

and
(—Z(CC - y))’yK(x7 T — y) = p’Y(Xa D)gy($)7
where
po (2, €) = (&)~ p(x,€) € S0 VA1 — ),
Uy (€) = eV (gAY,
gy(z) = 9_1[@%](33)-
We have
q/q 1/q 4
</B (/c (@)K (2,2 — y)\qd‘”) dy) Sl 27D,
J k
that is

lp(X, D)ajxullza S lIpllmp2~? @m0 2=kR, (6)

We obtain the following estimates of Ay without difficulty, A2 < [|pll},.; ;-

As a result, when 0 < p < 1, we get ||p(X, D)fHKg,p < HpHm;l,l/HfHHK;,p.
Finally we consider the case 1 < p < oo. In this case, we use the

following decomposition, and each term can be easily estimated by (1), (4)
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and (6).
i o p\ 1/p
1605 D)l < (027 (30 Wllo(x Dyl ) )
kEZ j=k—1
2 k—2 p\ 1/p
(3 2 (X Wil el ) )
k=—c0 j=—o00
o —1 p\ 1/p
sz (T Wi D) )
k=3 j=—00
i p\ 1/p
(22 ap(zrxjrnp(X,D)ajkam) )
7=0
This completes the proof of theorem. O

We show some results in the non-homogeneous case. We remak that we
can take m to be larger than that of Theorem 3.1 and HK"P C K7 if
0<p<oo,l<g<oo, —c0o<a<-n/gorn(l—1/q) <a< oo [13].

Theorem 3.2 Let 0 <p<o0,1<qg<ooandn(l—-1/q) < a < .
Suppose that

(i)1<q¢g<2,m<-n/2,1l>n/2,' >a+n/qor

(i) 2<g<oo,m< —n(3/2-2/q),l>n/q, ' >a+n/2.

Then Sgo(1,1") C L (K&P).

Proof. Theorem 3.2 has been already proved in the course of the proof of
Theorem 3.1. When we consider non-homogeneous case, we do not need
estimates of the case j < 0 in the proof of Theorem 3.1. We check the case
(i) with 0 < p <1 only.

We write

F@) = f@)xpon@) + Y F@)x@) = filz) =Y Aa;(x)

JEN j=0 j=>0

where fo(x) = f(z)xBoy)(2), fi(z) = fl@)xi(x), (G = 1), A\; =
B[/ £ e and a(z) = it
Hence,
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Ip(X, D) fl5an = IP(X, D) f x0T +2°7[Ip(X, D) fxa L

+ Z 2kap||p(x, D)kaH]IDA
k=2

=A+ B+ C.

The term A is easily estimated as: A < 3772 [ N;[P|[p(X, D)ajxpo,)llh. <
S0 P2 S 1l

Similarly, B < ||f|]’;<(7,p.

Finally, to estimate C' we decompose it into two parts.

C= 22’“‘pllp (X, D) fxullt. < Z?’““”ZIA 1”Ilp(X, D)ajxxll%q

k=2 k=2 7=0
o0 — o

<Y ok Z NP Ilp(X, D)ag x| 22'”” > INIPIlp(X, D)agxll?
k=2 =0 j=k—1

— O+ Co.

By the Li-boundedness of p(X,D), Co < > 1oy Z;‘ik—l |/\j|p2p(k—j)a <
| fl|%a.p. The estimates (3) gives Cy S |[|f[|%ar. Therefore we have
q q

1D(X. D) fllxcor S N1 Fllscor =

Remark 3.1 If n(l —1/q) < «a, then we can take —a — n|l/q — 1/2| as
the order of the symbol in Theorem 3.2.

By using the following Proposition 3.1, the symbol Sg'(l,1") can be
written as Sg'y(L) in the statements of Theorem 3.1 and Theorem 3.2.

Proposition 3.1  For any m € R and nonnegative integers 1,1, there exist
nonnegative integers P, Q such that ||pllm.ir S plB,g, (0 € 7).

Proof. We define (D) =143 " D2 =1—A. Andlet N =[n+1—
m/2]+1, M =N+1, P=(n+1)/2ifn+liseven, = [(n+1)/2]+1if n+1
isodd, @ =n+1"if n+1"is even, = [(n+1")/2] + 1 if n + " is odd. Then
we have
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.7 7210; ()0 ()ply, M) (2, )| = |- 10, (1)0k ()] * p(2, €]

- ‘// ( // (D )20, (y) (D) 2N Hk(n)dydn)

x (u) TP () "N p(z — u, € — v)dudv

< [[ (o [[ 12 3500020, 0 ()i

X CPyQ,M,N’P|71§+Q<f>m<U>_m<u>_2M<v>_2Ndudv

< CP,QvaN‘p’TInginjlzikl/<£>ma (Ja ke Z+7 xvf € Rn) O

4. Interpolations

In this section, by using the interpolation theory for bilinear operators,
we get rid of the condition of @ : n(1 —1/¢q) < a in Theorem 3.1. Further-
more, the duality argument allows us to take negative index a.

First of all, we recall the defintions of interpolation for families of quasi-
Banach spaces, [14]. Let A be the open unit disc in C, and T" the boundary
of A. We put a quasi-Banach space on for each § € T : (B(9), || - | B(s)),
and denote by ¢(#) the constants in the quasi-triangle inequalities. We say
that family {B(0)}ger is an interpolation family of quasi-Banach spaces if
each B(6) is cotinuously embedded in a Hausdorff topological vecter space
U, the function 6 — [|b]| gy is measurable for each b € (g B(0), and log
c(0) € LY(T);U is called the containing space of the given family {B(0)}ger-
We define

- {b € ﬂ B(H)' /Tlog+\|bHB(9)d9 < 00}7

oeT

called the log-intersection space of the given family {B(0)}ger. Let G = G
(A, B(+)) be the space of all the S-valued analytic function of the form

D=3



298 Y. Tsutsui

for which ||gllg = supger [|9(0)|| 5oy < 0o, where m € N, ¢; € NT(A), the
positive Nevalinna class for A ([7]), and b; € 8, j =1,...,m. For any a €
and z € A\, we define

lall. = inf {llgllg | g € G, 9(2) = a}.

If N, denotes the set of functions of § such that |al|, = 0, the completion
B(z) of (8/N.,||-||.) will be called the interpolation space at z of the family
{B(0)}gcr. We also denote B(z) by [B(f)]..

Let 0 < pp < 00, 1 < qo, 1 < o0, n(1 —1/q0) < ap < o0, my <
—ag—n|1/qo—1/2|, my = —n|l/q¢s —1/2|, and 0 < # < 1. Then, we define

1/p(0) = (1 = 0)/po + 0/q1, 1/q(0) = (1 = 0)/q0 + 6/q1, (0) = (1 — 6)awo,
and m(0) = (1 — 0)mg + Om;. Let L be an integer sufficiently large.

Following three equalities, which characterize the intermediate spaces
obtained by the complex method of interpolation for the couples or families,
are well known.

[Se6. (L), Sgg (L)), = Sg?ée)(L) : Pdivérinta and Sommersaro, [24],

[HK;)O’I’O, HKSI"“]O = HK;)‘((;)’]’(G) : Herndndez and Yang, [14],

[K(%O’po, Kgl’ql]e = K;((:))’p(e) : Hernandez and Yang, [13].
Next we consider the following bilinear operator:
T S§S(L) x HEGoP — Koo
or Sy'¢ (L) x HKQ " — K3 (p, f) — p(X, D) f.
Theorem 4.1 In the above situation, if L is sufficiently large, then
170 Digawre S BIE M ggemeo, (0 € SR XRY, [ €
HK;((HG))VP(@))'

Proof. We follow the argument in Theorem 4.4.1 in [2]. For the sake of
convenience, we write

6 - (6),p(0 - (6),p(0
A0 — ngé )(L), Aé — HK;((Q)) p( )’ Ag — K:((O)) p( )7
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(B°(1),BY7),B3(r)) = (S§g(L), HKXoPo Kaopo) if r € Ty, and
(BO( ), Bl( ), B2( ) = (Sg%( ), HKgl’pl,Kg{pl) if 7 € T, where Ty and
Ty are subsets of T so that (0) fTo p%)Pg(T)dT + le p%Pg(T)dT, ﬁe) =
fTo inPg T)dT + le qing T)dr, o) = fTo agPy(T)dr + le a1 Py(7)dr,
m(0) = [, moPo(T)dr + [, m1Ps(r)dr and Py(r) is the Poisson kernel
for evaluation at 6.

Let us be reminded that the space B(f) defines 3, G and N, as was
explained above. We use the notations 8%, G¥ and N* if 8, G and N, is
defined by B(0) = A} (k=0,1,2).

It is not hard to see that N} = {0} for each k. Let ¢ > 0, ap € 3°
and a; € B'. Then there exist fo € G% and f; € G : fy = Zfil wibq,
fi = Z?Ll ¥jcj such that fo(0) = ao, fi1(0) = a1, [ follgo < llaolle +€
and || fillgr < |laille + €, where ¢;, 1; € NT(A) and b; € (% ¢; €
B, Let Cy and C; be constants in the inequalities ||.7 (p, )”KO‘OO ro <
ColplL* I fl g ieowos 17 (0 Dllgern < CUPIL | fllgiore, and we set
9(2) = (Co+ C1) 7 3212, Y8, 0i(2)0j(2) 7 (biscj). Then g(0) = (Co +
C1) ' T (ag,a1), g € G and

=su T ) = su
lgllgz TEI;HQ( N2 = SUD o Co+01

ij

(Z@ biéwxﬂq)

B2(7)

Z%

< sup
TeT

sup
BO(r) T€T

= [lfollgell f1llgr-
)

Hence we have

|7 (a0, a1)lle < (Co + C1)llgllge < (Co + C1)ll follgoll fillgr
< (Co+C1)(llaolle +€)(llarllo + <),

which implies the conclusion [|7 (p, £)|az < |pl7"”[|f]las- O

In particular, we consider the case ¢ = 2 in Theorem 4.1. By elementary
calculation, we obtain

Corollary 4.1 Let0 < p< oo, 1 <qg<o0,0<a, 1—1/g—a/n <
min(1/p,1/q,1/2) and L be an integer sufficiently large. If m < —a —
n|1/q —1/2|, then Sg'y(L) C L (HKJP, KIP).
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Proof. The condition 1 —1/¢ — a/n < min(1/p,1/q,1/2) guarantees that
there exists 0 < 0 <1, 0 < pg < o0 and 1 < gg < oo such that

1/p=(1-0)/po+0/2, 1/q=(1-0)/q +0/2
and n(l—1/q)) < a/(1—0).

This and Theorem 4.1 complete the proof of Corollary 4.1. U

Remark 4.1 If0 < p, ¢ <2and 1 < ¢, then the condition 1-1/¢—a/n <
min(1/p,1/q,1/2) is always satisfied. The range of o in Corollary 4.1 is wider
than that of Theorem 4.1.

Remark 4.2 We remark that the conclusion of Corollary 4.1 holds if the

index L is larger than at least [%”] + [‘%”4—% [1_m?7j?f//§71/2) - 2(01—751/(1) ] +1] +4
if1<q<2 ]+ [0+ slimmamig) T1 +4if2<g<co.

The duality argument gives us the boundedness of S{(L) on the Herz
spaces with o < 0,

Corollary 4.2 Let1l < p, ¢ < 00, 0 < a < n(l-1/qg), 1 —1/q —
a/n < min(1/p,1/q,1/2), and L be an integer sufficiently large. If m <
—a —n|l/q — 1/2| then SF(L) C L (Kq_/a’p,), where 1/p+1/p" =1 and
1/g+1/¢ =1.

Remark 4.3 Let p be in .(R™ x R™) and p* be the adjoint operator of p.
Note that the inequality [p*|7* < |p’?+2([(n+1)/2]+1) holds. Hence, the index
L in Corollary 4.2 must be larger than Lo + 2([(n + 1)/2] 4+ 1) where Ly is
the minimal requirement for L in Corollary 4.1.

Remark 4.4 The author believes that the complex interpolation theorem
for Herz-type Hardy spaces with ¢ < 1 holds. If the interpolation theo-
rem holds, we will be able to obtain the boundedness of pseudo-differential
operators of class S, on the Herz-type Hardy spaces with ¢ < 1.
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