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THE MCSHANE INTEGRAL IN THE LIMIT

Abstract

We introduce the notion of the McShane integral in the limit for
functions defined on a o-finite outer regular quasi Radon measure space
(S,%,T,u) into Banach space X and we study its relation with the
generalized McShane integral introduced by D. H. Fremlin [2]. It is
shown that if a function from S into X is McShane integrable in the limit
on S and scalarly locally 7-upper McShane bounded for some 7 > 0,
then it is McShane integrable on S. On the other hand, we prove that
if X-valued function is McShane integrable in the limit on S, then it is
McShane integrable on each member of an increasing sequence (S¢)e>1
of measurable sets of finite measure with union S. We also prove a
Beppo Levi’s version Theorem for this new integral.

1 Introduction

In [2], D. H. Fremlin generalized the classical McShane integral to the case of
an arbitrary o-finite outer regular quasi Radon measure space (S, 3, T, u). It
turns out that for any McShane integrable function taking values in Banach
space (X, ].]]), the McShane integral on S can be approximated with respect
to the norm ||.|| by sequence consisting of McShane sums.

In a previous paper [12], we defined a new method of integrability, named weak
McShane integrability, for functions defined on o-finite outer regular quasi
Radon measure space (S, %, 7, u) into a Banach space X; “roughly speaking,
a function f from S into X is weakly McShane integrable on S if all sequences
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consisting of McShane sums of f corresponding to some class of generalized
McShane partitions of S converge to the same limit with respect to the weak
topology.” Then we studied its relation with the Pettis integral, and we proved
that a function from S into X is weakly McShane integrable on each member
of ¥ if and only if it’s Pettis and weakly McShane integrable on S. We also
proved that if a function is weakly McShane integrable on S, then it is Pettis
integrable on each member of an increasing sequence of measurable sets of
finite measure with union S. Moreover, it can be seen from this methods that
for weakly sequentially complet spaces or spaces that do not contain a copy
of ¢, a weakly McShane integrable function on S is is always Pettis integrable.

In the above cited work we also presented an example of a weakly McShane
integrable function but not McShane integrable. The aim of this work is to
introduce a new notion of McShane integrability named McShane integrability
in the limit, which is situated between McShane integrability and weak Mc-
Shane integrability for functions defined on o-finite outer regular quasi Radon
measure space (5,3, 7T, p) into a Banach space X. In this work we investi-
gate the relation that may exist between this new integral and the McShane
integral. More precisely, we seek to determine when a McShane integrable in
the limit function is also McShane integrable. For this purpose, we introduced
the concept of the locally upper McShane boundedness. It used to pass from
McShane integrability in the limit to McShane integrability. This depends
on an exhaustion-type lemma (Lemma 4.1). It is shown that if a function
from S into X is McShane integrable in the limit on S and scalarly locally
T-upper McShane bounded for some 7 > 0, then it is McShane integrable on
S (Theorem 4.1). On the other hand, we prove that if an X-valued function is
McShane integrable in the limit on S, then it is McShane integrable on each
member of an increasing sequence (S¢)¢>1 of measurable sets of finite measure
with union S (Theorem 4.2). In Section 5 we extend a Beppo Levi’s theorem
to the space of McShane integrable in the limit vector-valued functions (The-
orem 5.1). In the case of the McShane integral this theorem is proved by C.
Swartz [13], but only for the functions defined on R. As an application of this
theorem we prove that the space of McShane integrable in the limit functions
equipped with the Pettis norm is not complete.

2 Preliminaries

In the sequel, X stands for a Banach space whose norm is denoted by ||.||, and
X for the topological dual of X. The closed unit ball of X* is denoted by
Bx-. Let (S, X, 1) be a positive measure space. By ¥y we denote the collection
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of all measurable sets of finite measure. for each E € ¥ with u(E) > 0, we
denote X1 (E) = {A C E : u(A) > 0} and denote 1(S) by just F. Lk (u)
we denote the Banach space of all (equivalence classes of) ¥-measurable and
p-integrable real-valued functions on S. A function f : S — X is said to be
scalarly integrable if for every x* € X*, the real-valued function (z*, f) is a
member of L} (u). We say also that f is Dunford integrable. If f : S — X is
a scalarly integrable function, then for each E € 3, there is 23 € X** such
that

@) = [ ) dn

The vector x% is called the Dunford integral of f over E. In the case that
2y € X for all E € X, then f is called Pettis integrable and we write
(Pe)- fEfd,u instead of =73’ to denote the Pettis integral of f over E. The
spaces of (equivalence class of) all Pettis integrable functions forms a normed
linear space under the Pettis (semi) norm

[fllpe = sup /S|<x*,f>|d,u.

JC*EB)(*

If f:S — X is a Pettis integrable function, then the set {(z*, f) : * € Bx~}
is relatively weakly compact in L} (u) (see [9], p. 162).

Definition 2.1. (Definition 246A, [4]). A subset H of Li(u) is uniformly
integrable if for every € > 0 we can find a set F € ¥y and an M > 0 such that

/(|h| — M1g)tdu < e for every h € H,
s

where (|h| — M1g)" := max(|h| — M1g,0).
o Let o € L}, (). Then {h € Li(p) : |h| < ¢} is uniformly integrable.

Definition 2.2. A subset H of Lk (u) is equi-continuous if for every ¢ > 0
there are E' € Xy and a n > 0 such that | [, hdu| < € for every h € # and for
every F' € ¥ with p(FNE) <n.

Note that a subset H of Lk (p) is equi-continuous if and only if
limy, 0 SUPpep | fF hdu| = 0 for every non-increasing sequence (F,),>1 in
> with empty intersection.
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Theorem 2.1. ([4], Theorem 246G). A subset H of Lk (p) is uniformly inte-
grable if and only if

(1) supj,cqy | [, hdp| < oo for every p-atom (in the measure space sense (see
[10], 2111)) A € ¥ and

(2) H is equi-continuous.

Note ([4], Corollary 246I) that in case (S, X, ) is a probability space, (1) and
(2) may be replaced with

lim sup / |h| dp = 0.
A0 heH J{teS:|h(t)| >}

Theorem 2.2. ([/], Theorem 247C). A subset H of Li () is uniformly inte-
grable if and only if it is relatively weakly compact in L (u).

The following well known result ([7], [9]), which is the Pettis analogous of the
classical Vitali convergence theorem, will play a key role in this work. An
alternative proof based on the Eberlein-Smulyan-Grothendieck theorem can
be found in [1].

Theorem 2.3. Let f: S — X be a scalarly integrable function satisfying the

following two conditions:

(1) {{z*, f) : x* € Bx+} is relatively weakly compact in Lk ().
(2) There exists a sequence (f,) of Peltis integrable functions from S into X
such that

n—oo

i [ @) du= [ @ p)dn
E E
for each z* € X* and each E € ¥.

Then f is Pettis integrable.

3 The McShane integral in the limit

In this section, we introduce the concept of the McShane integral in the limit
and we investigate some of its properties. For this purpose, we need to intro-
duce some terminology. Assume that (S,%, ) is a o-finite positive measure
space and T C X a topology on S making (S, 7,X%, 1) a quasi-Radon measure
space which is outer regular, that is, such that

pw(E)=inf{u(G): ECG,GeT} (FeX).
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Recall that if (S,7,%, 1) is any o-finite outer regular quasi Radon measure
space, and A C S is any set (not necessarily measurable), sois (4,ANT, AN
¥, 114). For an extensive study of quasi-Radon measure spaces, the reader
is referred to ([6], Chapter 41). A partial McShane partition is a countable
(may be finite) collection {(E;,t;)}icr, where the E;’s are pairwise disjoint
measurable subsets of S with finite measure and ¢; is a point of S for each
i € 1. A generalized McShane partition of S is an infinite partial McShane
partition {(E;, ¢;) }i>1 such that u(S\UIZ°E;) = 0. A gauge on S is a function
A : S — T such that t € A(¢) for every t € S. For a given A on S, we say that
a partial McShane partition {(E;,t;)}ier is subordinate to A if E; C A(t;) for
every i € I. Let f: 5 — X be a function. We set

i=n

0ulfPc) = 3 ulE)F (1),

i=1

for each infinite partial McShane partition Poo = {(E;, t;) }i>1-

From now on (S, T, X, ) is a o-finite outer regular quasi-Radon measure space.

Definition 3.1. ([2]).
(1) A function f : S — X is McShane integrable (M-integrable for short),
with McShane integral w, if for every € > 0 there is a gauge A : S — T such
that

limsup [0 (f, Poc) — ] <&,

n—oo

for every generalized McShane partition P, of S subordinate to A. We set
w = (M)- [ fdp.

(2) f is M-integrable on a measurable subset E of S, if the function 1gf is
Me-integrable on S. We set (M)- [}, fdu = (M)- [¢1pf dpu.

Remark 3.1. A function f: S — X is M-integrable, with McShane integral
w, if and only if there is a sequence of gauges (A,,) from S into 7 such that

lim sup  limsup |lo,(f, Px) — @] =0,

MO0 P €lloo (Ar,) N300

where II(A,,) denotes the collection of all generalized McShane partitions
of S subordinate to A,,.

Before proceeding further, we list below some basic properties of the McShane
integral that will be needed in this work. They are borrowed from [2].
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Theorem 3.1 ( [2]). Let f: S — X be a function.

(1) If f is M-integrable on S, then the restriction fi4 is M-integrable on S
(with respect to the o-finite outer regular quasi-Radon measure space (A, AN
T,ANX,ua)), for every ACS.

(2) Let E € . Then f is M-integrable on E if and only if fig is M-integrable
on E, and in this case the integrals are equal.

(8) Suppose X = R. Then f is M-integrable, if and only if it is integrable in
the ordinary sense, and the two integrals are equal.

Recall that for compact Radon measure space (S, 7,3, 1), generalized Mc-
Shane partitions can be replaced by finite strict generalized McShane parti-
tions of S (that is, finite partial McShane partitions {(E;, t;)}1<i<p such that

Proposition 3.1 (Proposition 1E, [2]). Suppose that (S, T, X, 1) is a compact
Radon measure space and let f : S — X be a function. Then f is M-integrable
on S, with McShane integral w, if and only if for every € > 0 there is a gauge
A: S — T such that

I3 (B (5) ~wl <=,

for all finite strict generalized McShane partitions (E;,t;)1<i<p of S subordi-
nate to A.

Lemma 3.1 ( The strong Saks-Henstock Lemma). (Lemma 3B, [2]).
Let f : S — X be a function M-integrable on S and € > 0. Then there exists
a gauge A : S — T such that

i=p

swp IS BN - (M) [ fdul <

{(Biti)h<i<p€PIF(A) ;55 Uizl E;

where PII§(A) denotes the collection of all finite partial McShane partitions
of S subordinate to A.

Definition 3.2. (Definition 3.2, [12]). (1) A function f : S — X is said
to be weakly McShane integrable (W M-integrable for short) on S, with weak
McShane integral w, if there is a sequence of gauges (A,,) from S into 7 such
that the following property holds

(¥) lim limsup [{(z*, o,(f, PL)) — (z*,w)| =0,

m—r o0 n—oo
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for every x* € X* and for every sequence (P7) of generalized McShane par-
titions of S adapted to (A,,) (i.e. P2 is subordinate to A,, for each m > 1).

We set w = (WM)- [ f dp.

(2) f is WM-integrable on a measurable subset F of S, if the function 1gf is
W M-integrable on S. We set (WM)- [, fdu := (WM)- [¢1pf dpu.

(3) f is WMe-integrable on ¥, if it is WWM-integrable on every measurable
subset of S.

According to (Proposition 3.2, [12]), () may be replaced with:

lim sup limsup [{(z*, 0, (f, Poo)) — (2", w)| = 0 for all * € X*,

MO P €lloo(As) N—00

where I, (4A,,) denotes the collection of all generalized McShane partitions
of S subordinate to A,,.

Lemma 3.2 ( The weak Saks-Henstock lemma). (Lemma 3.2, [12]).
Let f: 5 — X be a WM-integrable function. Then there exists a sequence
(A,,) of gauges from S into T such that

M0 {(Ey,ti) b <i<pEPIf (A

i=p
lim * i i)) — 5 ) dul =
sup )\(w ,iglu(E )f(ti)) /UE@J fydul =0

for all x* € X*,

where PII¢(A,,) denotes the collection of all finite partial McShane partitions
of S subordinate to A,,.

Now we define our new notion of McShane integrability namely McShane
integrability in the limit:

Definition 3.3. (1) A function f: S — X is said to be McShane intgrable in
the limit (M-integrable in the limit for short) on S, with McShane integral in
the limit o, if for every € > 0 there is a gauge A : S — T such that

limsup |[(z*, 0, (f, Poo)) — (2", )| < &,

n—-+oo
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for all z* € By~ and for every generalized McShane partition P, of S subor-
dinate to A. We set @ := (ML)- [ f dp.

(2) f is M-integrable in the limit on a measurable subset E of S, if the
function 1gf is M-integrable in the limit on S. We set (ML)- [, fdu =
(M[,)— fS 1Ef d,u.

(3) f is M-integrable in the limit on X, if it is M-integrable in the limit on
every measurable subset of S.

The McShane integral in the limit is the concept intermediate between to the
McShane integral and the weak McShane integral:

Proposition 3.2. Let f: S — X be a function. Then, f is M-integrable on
S = [ is M-integrable in the limit on S = f is W.M-integrable on S.

PrROOF. The first implication is obvious. For a proof of the second implication.
Assume that f is M-integrable in the limit on S. Then for each m > 1 there
is a gauge A,, : S — T such that

1
m

sup timsup|(a”,0u(£,Po)) (0", (ML) [ fa] <

Poo€loo (A ) M>400

for all z* € Bx~, where II(A,,) denotes the collection of all generalized
McShane partitions of S subordinate to A,,, by letting m — +00, we conclude
that f is W.M-integrable on S. O

The next theorem provides the linearity properties of the McShane integral in
the limit.

Theorem 3.2. Let f, g: S — X be two functions.
(1) If f and g are M-integrable in the limit on S and a € R, then af + g is
M-integrable in the limit on S, and we have

(ME)-/Sozf—i-gdu:a(/\/lﬂ)-/Sfd,u+(ME)-/Sgdu

(2) if f is M-integrable in the limit on S and if f = g p-p.p, then g is M-
integrable in the limit on S, and we have

(Mﬁ)-/sgdu - (Mﬁ)—/sfdu.
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(3) If f is M-integrable in the limit on E, then it is scalarly integrable on E
(that is, (x*, f) is Lebesgue integrable on E for all 2* € X*), and we have

/(x*,f} dp = <x*,(./\/l£)—/ fduy for all x* € X*.
E E

(4) If f is M-integrable in the limit on X, then is Pettis integrable, and we
have

(ME)-/Efdu = (Pe)-/Efd,u forall E € X.

ProOOF. We will prove (2) only; the rest of the proof is straightforward. Set
0 := f —g. Since 0 := 0 p-a.e., by ([2], Corollary 2G), 6 is M-integrable on
S, therefore M-integrable in the limit on S. In turn, by (1), g = f+ 0 is
M-integrable in the limit on S. O

Proposition 3.3. Let f : S — X be a function. If f is M-integrable in the
limit on S, then for every € > 0, there is a gauge A : S — T such that

limsup | (", o (f, Poo)) — /E (@ f) du| < ¢

n— 00

for all E € 2, for all z* € Bx-, and for every generalized McShane partition
Poo of E subordinate to A.

PROOF. Let € > 0 By theorem 3.2(3) and theorem 3.1(3), there is a gauge A
from S to 7T such that

sup  limsup|(z*, 0n(f, Poo)) — / (@ fydul < &,
Poo €le (A) M—+00 S 2

for all ¥ € Bx«. Let E € ¥. We can then repeat mutatis mutandis the
arguments used in the proof of [2], Theorem 1N) for each function (z*, f),
z* € Bx~ to obtain

(3.3.1) sup limsup (2%, 0 (f, Poo)) = (27, on(f; Qoo))| <
Poo;Qoo EHoo\E(A) n—oo

N ™

On the other hand, as (z*, f)|g is M-integrable (by Theorem 3.2(4) and The-
orem 3.1(2)-(3)) we may select a gauge A from S to 7 (which may depend on
x*) with A(t) C A(t) for all ¢ € S such that

(3.3.2) sup lim sup [{(z*, o (f, Qo)) — / (", f)du| < =
roenoclE(A) n—oo E 2
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Now, by the triangle inequality and the fact that A(¢t) C A(t) for all t € S, we
have

sup  limsup|(*, on(f, Poa)) - /E (@ f) dy]

PooElloe 5 (A) n—00

sup lim sup |<$*70n(f, ’Poo» - <£C*,0n(f, QO°)>|
Poc €llac | 5(A), Qo0 EMac s (A) 1200

b sw s l(0u(Qx)) — [ ) dil
Qoo €lloo|p(A) n—00 E
sup thUPKw*aan(fvPOO» - <x*’an<f’ QOO)>|
Poo,Qoc €lloo | p(A) n—00

o swp limsup (et ou(f, Qo)) — /E (@, f) dyl.

IA

IN

Hence, by (3.3.1) and (3.3.2)

sup T (27,00 Po) = [ (@)l <
Poc€lle | p(A) n—00 E

As a consequence of Proposition 3.3, we have:

Corollary 3.1. Let f : S — X be a function and let F € X. If f is M-
integrable in the limit on S and Pettis integrable on F (that is, 1pf is Pettis
integrable), then fipnp is M-integrable in the limit on ENF for every E € ¥,
and we have

(ML)- JlEnF dp = (Pe)-/E 1pfdu.

ENF

Corollary 3.2. A function f : S — X is M-integrable in the limit on % if
and only if it is M-integrable in the limit on S and Pettis integrable, and the
corresponding integrals are equal.

PROOF. The only “if part” is proved by Theorem 3.2(4). Whereas the “if
part” is a direct consequence of Proposition 3.3 and Corollary 3.1. O

Lemma 3.3 (The Saks-Henstock Lemma in the limit). Let f : S — X be a
function M-integrable in the limit on S and € > 0. Then there exists a gauge
A: S — T such that

sup @, S (B F (1)) — / (@ f)du| < e,

{(Bisti) h1<i<p€PTIf(A) i—1 Uiz E;
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for all 2* € Bx«, where PIl;(A) denotes the collection of all finite partial
McShane partitions of S subordinate to A.

Proor. We will follow the same line of reasoning as in the proof of ([2],
Lemma 2B) with suitable modifications. Let z* € Bx+ and € > 0. By the
hypothesis there exists a gauge A : S — T such that

sup limsup (o (£, Poc)) = ", (ME)- [ fai)] < 5.

POCQHOO(A) n—oo

Let {(Ei7ti)}1§i§p be a member of PHf(A) Let F := Uizzl)El . As <$*, f>\S’\E
is M-integrable (by Theorem 3.1 (3)), we may select a generalized McShane
partition {(F}, u;)}i>1 of S\ E (which may depends on z*) subordinate to A
such that

timsup (2, Y (B () — /S

n—oo

% £
\E

Set
Eeri = FZ and tp+i = U; 7 2 1.

Then {(E;,t;)}i>1 is a generalized McShane partition of S that is subordinate
to A and

1=p 1=p+n
@S u(E) f(t:) — /E W el = S BN F(t) — /S (@*, f) dp
i=1 i=1
- )+ /S e
1=p+n
< et X wE ) - /S (@ f) dy]
S E ) - /S ez

Letting n — 0o, we get
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By taking the supremum over {(E;,t;)}1<i<p € PIIF(A) in this inequality
yields

sup @S (B F (1) — / Gt fdul <e.

{(Bi,ti) }1<i<p€PI;(A) i=1 UiV E:

O

If S is compact the concept of the McShane integral in the limit and the
McShane integral are equivalent:

Corollary 3.3. Suppose that (S,T,%,u) is a compact Radon measure space
and let f : S — X be a function. Then f is M-integrable on S if and only if
it is M-integrable in the limit on S and the two integrals are equal.

PROOF. As consequence of Lemma 3.3 and Proposition 3.1. O

Corollary 3.4. Let f : S — X be a function and Suppose that the set
{{z*, f) : ©* € Bx+} is equi-continuous. Then f is M-integrable on S if and
only if it is M-integrable in the limit on S and the two integrals are equal.

PROOF. Let € > 0. By Saks-Henstock Lemma in the limit (Lemma 3.3), there
is a gauge A : S — T such that

sup |<$*,ZM(Fz)f(Uz)>_/

« 13
_ <.’17 7f> dlj,| S 57
{(Fi,ui)b1<i<p€PIs(A) im1 UisT Fi

for all z* € Bx-. Let E € Y r, by hypothesis, there exists n > 0 such that
N €
sup | [ (2%, f)dpl < 3,
z*€Bx+ JF

for all F' € ¥ with p(E N F) <n (Definition 2.2). Let Pu = {(Ei, i) }i>1 be

fixed generalized McShane partition of S subordinate to A and x* € Bx» and
choose an integer ng > 1 such that u(E N Ui;’f’El) < for all n > ng. Then

sup | (x*, f)dul < € for all n > ng.
v €Bx. JUZTE; 2

According, using Theorem 3.2 (3), we obtain
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(& on(f, Poc)) — (2, (ML)- /S fdu)|

< \<x*,an<f,7>oo>>—/> @+ [ @ f)dyl
=222 VIS B
i=p

< swp @t S aE )~ [ p

{(Fi,us) }1<i<p€PII§(A) i—1 UV F;
+ 1 @yl

Uiz B

6 *

Uiz B

for all n > ng. Taking the supremum over Bx- in the above estimation yields

(1P = (ML) [ Fal <5+ sup | ", £) ] <,

z*€Bxx JULZZE;

i=n

for all n > ng. Consequently,

lim sup o (, Poc) — (ML)- /S fdul < e.

n—-+oo

Thus f is M-integrable on S. O

Corollary 3.5. Let f : S — X a function. On suppose that there is h €
L (p) such that

() [IF @O < A(t) ae.

Then f is M-integrable on S if and only if it is M-integrable in the limit on
S and the two integrals are equal.

PROOF. Assume that f is M-integrable in the limit on S. By the inequality
(xx), the collection {(z*, f) : * € Bx«} is equi-continuous. Then f is M-
integrable on S. ]

Corollary 3.6. Let f: S — X be a function. Then f is M-integrable on S
if and only if it is Pettis integrable and M-integrable in the limit on S, and in
this case the integrals are equal.

PRrROOF. Assume that f is M-integrable in the limit on S and Pettis integrable.
The Pettis integrability of f yields that the set {{z*, f),x* € Bx-} is relatively
compact in L (u) ([9], p. 162). Then it is equi-continuous (Theorem 2.2).
Consequently f is M-integrable on S. O
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Corollary 3.7. A function f:S — X is M-integrable on S if and only if it
is M-integrable in the limit on X.

PROOF. The proof is consequence of Corollaries 3.1 and 3.6. O

In order to pass from McShane integrability in the limit to McShane inte-
grability, we introduce the following new concept of local upper McShane
boundedness.

Definition 3.4. Let 7 > 0. A function f : S — R is said to be locally T-
upper McShane bounded if for each gauge A : S — T and for each £ € ¥,
there is an A € X7 (E) and generalized McShane partition Poo = {(4;, i) }i>1
of A subordinate to A such that

1
——limsupo,(f,Ps) < 7.
M(A) n—+o0 ( )
A function f: S — X is said to be scalarly locally T-upper McShane bounded
if, for each z* € Bx~, (z*, f) is locally T-upper McShane bounded.

The following technical lemma it used to proof the lemma 4.1 with an exhaustion-
type argument.

Lemma 3.4. Let (a;);>1 be a sequence in R and (\;);>1 be a sequence in R
such that Y :_° \; = 1. Then for each € > 0, there is ig > 1 such that

i=n

Gy < T 1= limsupZ)\iai + €.

n—-+oo i—1

ProoOF. Case. 1If limsup,,_, Zii
Case. 2 If limsup,,_, > i1 Aia; < +00. Assume that there exists ¢ > 0

such that

! \ia; = +o0, there is nothing to prove.

a; > 1. for all 1> 1.
Then, by taking n large enough, we obtain

% Aia; > 7“5(§ )\z)
1=1 i=1

Finally, passing to the limsup,, ,, ., in the previous inequality, we get

1=n 1=

— — | S > 1 2) =
Te — € I:Lrgitig;)\laz _rs(ngrfoo;)\i) Te,

=

for which is absurd. O
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4 McShane integrability in the limit versus McShane in-
tegrability

In this section we attempt to determine a relation that may exist between the
McShane integral in the limit and the McShane integral. The smallest class
of functions for which the two integrals are equivalent is the class of scalarly
locally 7-upper McShane bounded functions:

Theorem 4.1. Let f : S — X be a function. If the following two conditions
hold,

(i) f is M-integrable in the limit on S

(ii) f is scalarly locally T-upper McShane bounded for some T > 0,
then f is M-integrable on S and the two integrals are equal.
The proof of Theorem 4.1 involves the following exhaustion type Lemma.

Lemma 4.1. Let f : S — R a function locally T-upper McShane bounded
for some T > 0 and L be a member of X*. Then, given any gauge A :
S — T, there exists a generalized McShane partition Poo = {E;,t;)}i>1 of
L subordinate to A such that

f) <741 foralli>1

PROOF. 1) Case p is finite. The proof is an exhaustion-type argument in the
spirit of [10]. Fixed a gauge A: S — T.
Let A; denote the collection of subsets E € 1 (L) such that there is t € L
for which

ECA(t) and f(t) <7+1.

Since f is locally T-upper McShane bounded, there is A € X7 (L) and gen-
eralized McShane partition Poo = {(A4;,¢;)}i>1 of A subordinate to A such
that

1
—— limsupo,(f,Ps) < 7.
() msupon(f, Pec)

Using lemma 3.4, there is (A,t4) € Ps such that
AC A(tA) and f(tA) <741

Thus the collection .4, is not empty. If there isaset E € Ay with u(S\E) =0,
then we are finished. Otherwise, let [; be the smallest positive integer for which
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there is a set By € Ay with % < w(E1) < p(L). According there is t; € L
such that
FE, C A(tl) and f(tl) <741

Let As denote the collection of subsets E € X1 (L \ E}) such that there is
t € L such that
ECA(t) and f(t) <7+ 1.

Since f is locally T-upper McShane bounded, there is A € X+ (L \ Fy) and
generalized McShane partition P = {(4;,t;)}i>1 of A subordinate to A such
that

—— limsupo,(f,Px) < 7.
() e on(f, Peo)

Applying again Lemma 3.4, there is (A,t4) € Poo such that
ACA(ta) and f(ta) <7+ 1.

Thus the collection A is not empty. If there is a set E € Ay with u(L\ Eq U
E) =0, then we are finished. Otherwise, let 12 be the smallest positive integer
for which there is a set Ey € Ag such that - < u(E2) < pu(L). Thus there
exists ty € L with

FEy C A(tg) and f(tg) <741

Continue in this way. If the process stops in finite numbers of steps then we
are finished. If the process does not stop, then we obtain a countable family
(E;) of pairwise disjoint measurable subsets of L and a sequence (¢;) in L such

that 1
— < u(E;) < p(L), E; C A(t;) and

o~
S

fti)<t+1forall i >1

(I; being the smallest positive integer for which there is E € A; with ll <
u(E) < p(L)).
Set Foo := UIZ°E;. We claim that p(L \ Ex) = 0. Indeed, if u(L\ Ex) > 0,
then the local T-upper McShane boundedness ensures the existence of A € T
contained in L\ F, and ¢ € L such that

ACA(t) and f(t) <7+1.

Since for each positive integer n > 1

. L
Z T p(Ui=1 Ei) < p(L)
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and [, > 1, we can choose an integer n > 1 such that

1 < u(A).

As
ACL\Ey C L\UZ!'E;,

we conclude that A is a member of A,,. This contradicts the definition of [,,.
Thus u(L \ Ex) = 0 as claimed.

2) General case. Let L € 1 and (Ay) be sequence of pairwise disjoint mea-
surable subsets of L such that L = U2, Ay, and pp(Ax) < +oo, for all £ > 1.
As f is locally T-upper McShane bounded, by the first case, for each k > 1,
there is a generalized McShane partition {Ej ;, tx ;) }i>1 of A subordinate to
A such that

flte) <741 forall i>1.

It suffices to verify that
(L N\ URZ° UiZE® Biy) = 0.
By remarking that

URS Ak \ (UEZ° UIS® Egi) C URZ (AR \ UIZP By,

we get
WL\ UZR UZY® Bri) = p(URZ A \ URZT U Eii)
< p(URE(Ar \ U E.i))
k=00

(A \UZ°Eg ;) = 0,

=1

=

since
(A \UZEr) = pya, (Ae \ U= Eyi) = 0 for all k > 1.
O
Proof of Theorem 4.1. By virtue of Corollary 3.4 it suffices to prove that

condition () implies that the set {(z*,f) : #* € Bx-} is equi-continuous.
Indeed, let 2* € Bx~ and a fixed E € ¥T. As (z*,1gf) is integrable, by
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Theorem 3.1 (3) and the strong Saks-Henstock lemma (Lemma 3.1), we may
select a gauge A : S — T such that

sw e S aE e ) - [ e dl < (B,
i=1

{(Fisui)1<icp€PILy 5 (A) i=rp,

where PIIj, . (A) denotes the collection of all finite partial McShane partitions
of E subordinate to A. Now, Lemma 4.1 ensures the existence of a generalized
McShane partition {(A;,t;)};>1 of E subordinate to A such that

(", f(t;)) <7+1 forall i > 1.
Next, because Py, := {(E N A;, ti)}i<i<m € Pl (A) for all m > 1, we get

@ oies. P - [ — L

{(Fi,ui)}1gi§pepnf|E(A) it F

< sup ZM Nef)) - [ @ 1ef) dul < u(E)
U’L
for all m > 1. Whence

/ @ hdp < @ o(lpf, ) + p(E)
ENUIZTA

< sup (o Lef(t)) 3 w(E N A) + u(E)
= i—1

< (r+ Du(ENUZTA) + w(E)

< (r+2u(B),

for every m > 1. As

/E (@* fydu= lim @, f) du,

Mmoo JENUIET A,

(since (UIZT"A;)m is an increasing sequence and p(E \ UZ5°A;) = 0), the
above estimation yields

/E (@ f) dp < (v + 2p(E).

By arbitrariness of * and F , we get

[ Fraul < (7 + D).
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Since this holds for all z* € Bx- and for every E € XF, by virtue of the
remark 2.1 of [12], we conclude that {(z*, f) : 2* € Bx~} is equi-continuous.
The following Theorem presents a decomposition relation between the Mc-
Shane integral in the limit and the McShane integral:

Theorem 4.2. If a function f : S — X is M-integrable in the limit on S,
then there exists an increasing sequence (Sg)g>1 in Xy with union S such that
1s,f is M-integrable on S for each £ > 1.

The proof of Theorem 4.2 involves the following Lemmas.

Lemma 4.2. If f: S — X is a scalarly integrable function, then there exists
an increasing sequence (Se)e>1 in Xy with union S such that {(xz*, 15, f) : 2* €
Bx~} is uniformly integrable for each £ > 1.

PROOF. Since p is o-finite, there is an increasing sequence (Ry)x>1 in 3y such
that S = Up>1Ry. For each k > 1, set

Cr:={te Ry :|f)| <k}

Then (Ck)r>1 is an increasing sequence with union S and p*(Cy) < oo for all
k > 1, where p* stands for the outer measure induced by p. Let Dy € X be
such that Cy C Dy and u(Dy) = p*(Cy). Since (z*, f) is uniformly bounded
on Cy and p*(Cy) = p(Dy), (x*, f) is uniformly bounded almost everywhere
on Dy. Set

Sp:=UltD,  1>1.

Clearly, (S¢)e>1 is a non-decreasing sequence in ¢ with union S. Further, the
function (z*,1s, f) is uniformly bounded almost everywhere for each £ > 1, in
turn {{a*,1g,f) : * € Bx~} is uniformly integrable. O

Lemma 4.3. Let f: S — X be a function and let E € . Then 1gf is M-
integrable in the limit on S if and only if the restriction fg is M-integrable
in the limit on E, and the two integrals are equal.

PROOF. Set g :=1gf. Let € > 0. If g is M-integrable in the limit on S, then
by Proposition 3.3, there exists a gauge A : § — 7T such that

sup  limsup|(z*, oa(g, Poc)) — / (", g) dp| < €
Poo GHoo\E(A) n—o00 E

for all 2* € Bx~ with

[t adn= [ 166t g du= [ @0 dn = @ (M- [ gau)
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where the last equality follows from Theorem 3.2(3). As gjg = f|g, We obtain

sup limsup |{(z*, 0, (f, Pso)) — {x*, (Mﬁ)—/sgduﬂ <e

Poo€lloo| g (A) n—r00

for all 2* € Bx-. Thus fig is M-integrable in the limit on F, with inte-
gral (ML)- [ fipdp = (ML)- [g gdu. Conversely, suppose that fg is M-
integrable in the limit on E and set wg := (ML)- [, fig du. We prove that
g is M-integrable in the limit on S. Applying the Saks-Henstock Lemma in
the limit (Lemma 3.3) to f|g, we way select a gauge (Ag) from E into 7 such
that

(43.1). S R - /

{(Fiui) }h<i<p€PIlf (AR U::pF

=141

(", ) dul < 5

for all z* € Bx~. Now for each n > 1, choose a closed set F,, and an open set
0,, with F,, C £ C O,, such that

1
(4.3.2) wE\ F,) < - and
(4.3.3) (On\ E) < 2~ (e

and define the gauge (A) of from S into 7 by
Alt) = Ag®)NO,ifte Eand n<|f(t)] <n+1
= S\F, ifteS\E.

Let ({(E;,t;)}i>1 be a generalized McShane partition of S subordinate to A
and for each 7 > 1 set

0 otherwise.

Since {(H;,t;)}i>1 is a partial McShane partition of E subordinate to (Ag),
(4.3.1) gives

@ ) - [ s
= Uizt
1=p c
< s oS uE ) - [ e <
{(Fi,ui)h1<i<p€EPTF(AR) im1 UiZT Fi
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for every n > 1. Therefore, by the triangle inequality and the definition of H;,
we find that

@ uEgae) — [
< e Y HEg() — (Y wH (1)

bl o) - [
> wENE)F®)+

{i=1,....,n/t,€E}
k

- > u(E:N )£t + 5

k=1 {i=1,...;n/t: € B, k<|| f(t:) ]| <k+1}

IN

for every n > 1. As E; C A(t;) C Oy for all ¢ > 1 such that ¢; € F and
kE<|f(t:)| < k+ 1, we obtain

1=n

(4.34) [(z°,> u(E)g(ts)) - /UHHK:E*JM/JI

i=1

IN

k=00
> (k+1)u(Ox\ E) +¢ < Zz k,+,
k=

1

for every n > 1. On the other hand, we have

(4.3.5), |/E(x*,f> du—/U_OOH_<x*,f>dm §/E\F (™, f)l dp

1 i

because, for every n > 1

E = [Usiter(ENE) U ese(ENE))
C (UZPH;) U Uis1res\e(ENA%))] = (UZH;) U (E\ F,) C E,

in view of the definition of H; and A. Remarking that (x*, wg) fE fie) dp =
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Jg(@*, f) dp and putting (4.3.4) and (4.3.5) together, we get

@ S uEga(t) ~ @)l < et B~ [
s [ na= [

< e+/ (@, £)] du
E\F,

for every n > 1. As (4.3.1) and the integrability of (z*, f) on E ensure

lim [{(z*, f)|du = 0,
n—00 E\F,
we obtain 4
=N
limsup |(z*, Y~ u(Ei)g(ti)) — (¢*, we)| <e.
Thus g is M-integrable in the limit on .S with integral wg. O

Proof of Theorem 4.2. Let (S;)¢>1 be the sequence given in Lemma 4.2.
By proposition 3.2 and Lemma 3.3 [12] , we can select a sequence (A,,) of
gauges, and a fixed sequence of generalized McShane partitions of S adapted
to (Ap) ({(EF*, ™) }i>1)m>1 such that for any fixed £ > 1, there exists a
strictly increasing sequence (py,)m>1 of positive integers (possibly depending
on /) such that

1=Pm

Jim (o7, S (SN EPOE)E) = [ @

i=1
for all z* € X* and for all £ € ¥. In other words, this equality becomes

1=Pm

i [ @S e = [
i=1 e

m=00 Jg,NE

for all z* € X* and for all £ € ¥. As the functions ZZ’I”" Lpm f(t7) (m > 1)
are obviously Pettis integrable and, by Lemma 4.2, the set {(z*,1g,f) : 2* €
Bx~} is uniformly integrable, it follows from Theorems 2.2 and 2.1 that 1g, f
is Pettis integrable. Therefore, by Corollary 3.1, fi5, is M-integrable in the
limit on Sy. Equivalently 1g, f is M-integrable in the limit on S, in view of
Lemma 4.3. The desired conclusion then follows from Corollary 3.6.
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5 Beppo Levi’s Theorem for the McShane integral in the
limit

In this section we state our Beppo Levi’s version convergence theorem for the
McShane integral in the limit:

Theorem 5.1. Suppose that p is finite. Let (f,,) be a sequence of M-integrable
in the limit functions from S to X such that f = Y "_° f, pointwise on S
and the series Y, <1 || fnllpe is convergent.

Then the series Zn>1(Mﬁ)—fS fndp is convergent, f is M-integrable in the
limit on S and -

n—=—oo

M- [ fdu=3" (ML) [ fuda

n=1

PROOF. Let € > 0, z* € Bx- and F,, = Y.'=7 f;. Since

n=oo

i H(Mﬁ)‘/sfn dpl < Z | fnllPe < o0 (Theorem 3.2 (3)),
n=1

n=1

the series -, (ML)- [ fn dp is (absolutely) convergent by completeness of
X. For convenience, set w = Y "~ (ML)- [¢ fn du. By Theorem 3.2 (1) and
Saks Henstock Lemma in the limit (Lemma 3.3), for each n > 1 we may select
a gauge A, from S to 7 such that

i=p

* * el

6. swp S pEIR) - [ R < S5
{(Emti)}lgiSpePHf(An) i=1 Uz:sz

where PII;(A,,) denotes the collection of all finite partial McShane parti-
tions of S subordinate to A,,. Pick ng > 1 such that 3/~ || fu|p. < §. For
every t € S there exists n(t) > ng such that n > n(t) implies || F,(¢) — f(¢)]| <
So(t), where ¢ is the function in Lemma 7 [13]. Define a gauge A from S to
T by setting A(t) = Ap)(t) N Ay(t), t € S and let P = {(£;, 1) }i>1 be a
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generalized McShane partition of S subordinate to A and m > 1, then

IN

IA

|<m*’am(f7 Poo» - <'T*’w>|

n=o00 t=m n=

S S0 WEM ) — (0, Y (ME)- [ o)

n=1 =1
| WE (& fult)) — (2", £.) du
n=1 i=1 n=1 Y9
ISUST B fult)) — / @ ) du)]
=1 n=1 n=1 UEY‘Ez
| / @t g dal
n—1 JS\UZ"E

i=1 n=1 n=1 *
| [ @ gaanl + Z/ 2 f)ldp
i=1 n=n(t;)+1" Fi =B
Th+To+T5+ Z / v [(@*, fu)l dps,
n=1 Y S\UiZT"E:

with obvious definitions for the T;. First

Ty

IN

IA

i=m

S @ f) (B

1 n=n(t;)+1

N .
Il

i
3

i=m

DDA S St

1 n=n(t;)+1 =1

\/\
ol m

.
Il

by Lemma 7 [13]. Next for estimating Ts, let p, = max{n(t1),...,n(tm)}.
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Then, by inequality (5.1),

T = |3 Fao) — [ @ Fu)did
i=1 2

i

k=pm
P A" P >>—/ (&, Fue) du}]|
k=1 in(t;) E;
k p"n k:anE 1 E
< 313 )= [ Faehdnll < 3 S50 < 5
= i,m(t;) i k=1

Note that the series in T5 converges (absolutely) by the observation above.
Then

-y Z/ s s Y Z/ ) du

i=1 n=n(t;)+1 T*€Bx+ j=1 n=n(t;)

< sup Z Z/ * fa)l dp

T*EBx* j=1 n= no-+1

< o Y JACEA
T*E€EBx* n=ng+1

n=oo

< Z ||an7De <

n=no+1

Consequently, we have

limsup | (&%, o (f, Poo)) — (2" w>|<s+hmsup2/3\ ol du
UL 'YL

m—r o0 m—r 00

Since the series Y -, fs\uiZME [{(x*, fn)| div is dominated term by term by
> ot

convergent series > -, | fn |pe and by the integrability of (z*, f,,) on S we
have -

lim |<‘r*7fn>|d/~‘:03

the dominated convergence theorem for series gives

n=o0oo

lim sup Z /S\w o, ) dp = Z hmbup/S\Uzij. {z*, frn)| dp = 0.

m—r o0 m—r oo
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Thus
limsup [(2*, 0 (f, Poo) — (2", )| <€,

m—r o0

that is f is M-integrable in the limit on S and

ey [ an= fwa- [ g

O

Problem . Let (f,) be a sequence of M-integrable in the limit functions from
S to X such that f(t) = lim, 0 fn(t) exists in X, for the weak (resp. norm)
topology of X, for almost every t € S and the set {(z*, f) : 2* € Bx+} is not
equi-continuous, does it have f to be M-integrable in the limit on S? If the
answer is no, what are the conditions so that f becomes M-integrable in the
limit on S7

As consequence of Theorem 5.1, we have

Corollary 5.1. Suppose that u is finite. Let (f,) be a sequence of M-
integrable in the limit functions from S to X and suppose that f = lim,_, o fn
pointwise on S. If (f) is ||.||pe-Cauchy, then f is M-integrable in the limit
on S and lim, o0 || frn — fllPe = 0.

1

55 and set

PROOF. Pick a subsequence (ny) satisfying ||fn,+1 — foillpe <
9k = fnkJrl - fn;c Then

hm = hm (fre+1 = f1) =fF = fuu
k—>oo —

pointwise and and the series ), <, | gx|/pe is convergent so Theorem 5.1 implies
that f — f,, is M-integrable in the limit on S and

j=k
Jim [\ f, = fllpe = lim || Zlgj ~(f = fa)llpe =0.
J:

Since the same argument can be applied to any subsequence of (f,,), it follows
that

lim || fn — fllpe = 0.
n—00
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Corollary 5.2. Suppose that 1 is finite. Let (Ey,)n>1 be a sequence of disjoint
subsets of Xy, let (xn)n>1 be a sequence in X, and let f : S — X be the
function defined by

f@) = :Z xnlg, (t) (t€5S5).

If the series Y, <, p(En)xy is absolutely convergent, then f is M-integrable
in the limit on S, and

n=oo

(Mﬁ)-/sfdu =Y w(En)zn.

n=1
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