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Functions of Vanishing Mean Oscillation
Associated with Operators and Applications
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L1ANG SONG, CHAOQIANG TAN, & LI1XIN YAN

1. Introduction

Let L be the infinitesimal generator of an analytic semigroup on L2(R") with suit-
able upper bounds on its heat kernels, and suppose L has a bounded holomorphic
functional calculus on L?(R”). In this paper, we introduce and develop a new
function space VMO, of vanishing mean oscillation associated with the opera-
tor L. Using the theory of tent spaces and the Littlewood—Paley theory, we prove
that a Hardy space H, of Auscher, Duong, and McIntosh introduced in [ADMc]
is the dual of our new VMO, « in which L* is the adjoint operator of L. We also
give an equivalent characterization of the space VMO(, in the context of the theory
of tent spaces.

A locally integrable function f on R” is said to be in BMO(R"), the space of
bounded mean oscillation, if

Ifllemo = Sl;lolBI_1 /If(X) — faldx < o0, (1.1)
B

where the supremum is taken over all balls B in R” and where fp stands for the
mean of f over B; that s,

fz = |B|*‘[ f(x)dx.
B

The quotient space of BMO(RR") with this seminorm over the constant functions is
a Banach space. The space of BMO functions was introduced by John and Niren-
berg [JN].

According to Sarason [Sa], a function f of BMO(R") that satisfies the limiting
condition
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lim< sup |B|’1/|f(x) - f3|dx> =0 (1.2)
a—=U\ B:rg<a B

is said to be of vanishing mean oscillation on R". The subspace of BMO(R") con-
sisting of the functions of vanishing mean oscillation is denoted by VMO(R"),
and we endow VMO(R") with the norm of BMO(R"). See [Sa] for several alter-
native characterizations of functions in VMO(R").

The famous result of Fefferman and Stein [FS] identified BMO(R") with the
dual of the Hardy space H I(R™). In [CW, Sec. 4], Coifman and Weiss introduced
a modified version of VMO(R"), denoted by CMO(R"), the space of functions of
the closure in the BMO norm of the space Cy(R") of continuous functions with
compact support. They then proved that the space H'(R") is the dual of CMO(R").
See [B; BCrSi; U] for characterizations of functions in CMO(RR") and relations
among BMO(R"), VMO(R"), CMO(R"), L>*(R"), and local spaces.

Recently, a BMO, (R") space associated with an operator L was introduced and
studied in [DY1]. Roughly speaking, if L is the infinitesimal generator of an ana-
lytic semigroup {e ~"*},~¢ on L? with kernel p,(x, y) (which decays fast enough),
then we can view P, f = e 'L f as an average version of f (at the scale ) and use
the quantity

Py f(x) = / Py (x5, ¥) f(y) dy (1.3)

to replace the mean value fp in our definition (1.1) of the classical BMO space,
where 5 is scaled to the radius of the ball B. We then say that a function f (with
suitable bounds on growth) is in BMO, (R") if

SUP|B|_1/|f(X) — P, f(x)|dx < o0.
B B

In [DY2], Duong and Yan characterized the space of BMO, (R") functions as the
dual of a new Hardy space H ! (R") of Auscher, Duong, and McIntosh [ADMc]
associated with the adjoint operator L* of L. This gives a generalization of the
duality of H'(R") and BMO(R") of Fefferman and Stein [FS]. Indeed, a valid
choice of e~'F is the Poisson integral of f defined by

e VEf(x) = /R =0y, 10,

where p,(x — y) = c,t/(t? + |x — y|>)**+D/2, For this choice of e ', the spaces
H\l/z(]R”) and BMO z (R") coincide with the classical Hardy space and BMO
space, respectively.

This paper continues a line of study in [ADMc; DY1; DY2] to introduce and
develop a new function space VMO_ (R"), of vanishing mean oscillation associ-
ated with operators, that generalizes the classical VMO space. We will say that
a function f of BMO, (R") is in VMO, (R") if it satisfies the limiting conditions
i(f) = y2(f) = y3(f) = 0, where:
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172
y1<f>=;ig%[ sup (IBIIAIf(x)—PzBf(x)Ide> }

B:rp<a

172
y2(f) = lim [ sup (|B|‘1 /B If(x)—PzBf(x)lzdx) }

B:rg>a

1/2
y3(f) = lim [ sup (IBI_1 /If(X) - P,Bf(x)lzdx> }
4= BCB(0,a)¢ B

See Section 3.2. With the choice P,f = p, * f, where p, is the Poisson ker-
nel, the classical space CMO(R") (of Coifman and Weiss) coincides with our
VMO ; (R")) space. We also give an equivalent characterization of VMO, space
in the context of the theory of tent spaces initiated by Coifman, Meyer, and Stein
in [CMS1; CMS2]; see Propositions 3.3 and 3.6.

The main purpose of Section 4 is to prove our main result, Theorem 4.1, which
gives a generalization of Coifman and Weiss’s [CW ] result on the duality of H'(R")
and CMO(R") spaces. We will show that if L has a bounded holomorphic func-
tional calculus on L2 and if the kernel p:(x,y) of the operator P; in (1.3) satisfies
an upper bound of Poisson type, then the dual of our new space VMO, (R") is
the Hardy space H}(R"), where L* denotes the adjoint operator of L. We then
give applications to large classes of differential operators such as the Schrodinger
operators and second-order elliptic operators of divergence form.

Throughout this paper, ¢ will denote (possibly different) constants that are in-
dependent of the essential variables.

2. Preliminaries

2.1. Holomorphic Functional Calculi of Operators

We first give some preliminary definitions of holomorphic functional calculi as in-
troduced by Mclntosh [Mc]. Let 0 < w < v < . We define the closed sector in
the complex plane C as

S, ={z€C: |argz| < w} U {0}

and denote the interior of S,, by S°.
We employ the following subspaces of the space H(S?) of all holomorphic
functions on S:

Hoo(SY) = (b e H(S?) : |Ibllos < 00},
where ||b|s = sup{|b(z)| : z € S?}, and
WS ={y e HSY) : 35 > 0, [Y(2)] < clzl*(1+]z1*) 7"

Let 0 < w < 7. A closed operator L in L?(R") is said to be of type w if o(L) C
S, and if, for each v > w, there exists a constant ¢, such that

(L —=2D)7' <clrl™, A¢gS,.
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If L is of type w and ¥ € W(S?), then we define ¥(L) € L(L?, L?) by

Y(L) = i. / (L —2D) 'y da, 2.0)
27'[1 r

where T is the contour {£ = re™® : r > 0} parameterized clockwise around S,

and @ < 0 < v. Clearly, this integral is absolutely convergent in £(L?, L?), and
it is straightforward to show, using Cauchy’s theorem, that the definition is inde-
pendent of the choice of 8 € (w, v). If, in addition, L is one-to-one and has dense
range and if b € HOO(SS), then b(L) can be defined by

b(L) = [Y(L)]"'(by)(L),

where ¥/(z) = z(1 4+ z)~2. It can be shown that b(L) is a well-defined linear op-
erator in L?(R"). We say that L has a bounded H,, calculus in L? if there exists
¢v,2 > 0 such that b(L) € L(L?, L?) and, for b € Hx(S?),

16D < cv,2[1b]loo-
For a detailed study of operators that have holomorphic functional calculi, see
[Mc].
2.2. Assumptions and Notation

Assume that the operator L, acting on L?(R"), is one-to-one. Suppose L is a lin-
ear operator of type @ on L?(R") with w < 7/2; then L generates a holomorphic
semigroup e, 0 < |Arg(z)| < 7/2 — w. Assume the following two conditions.

AsSUMPTION A.  The holomorphic semigroup e ~*£, [Arg(z)| < /2 — w, is rep-
resented by a kernel p,(x, y) that satisfies an upper bound

[p.(x, V)| < cohyg(x,y)
for x,y e R"; |Arg(z)| < m/2 — 0 for 8 > w, and A, is given by

hi(x, y) = t"/'"s(|x — y'), 2.2)

tl/m

in which m is a fixed positive constant and s is a positive, bounded, decreasing

function satisfying
lim r"*s(r) =0 (2.3)

r—0Q
for some ¢ > 0.

AssuMPTION B.  The operator L has a bounded H.-calculus in L?(R"). That s,
there exists a ¢, » > 0 such that b(L) € L(L?, L?) and, for b € Hy, (S‘?),

16(L) 12,2 < cv2llblloc-

We now give some consequences of Assumptions A and B that will be useful in
the sequel.

First, if {e "%}, is a bounded analytic semigroup on L?(IR") whose kernel
p:(x,y) satisfies the estimate (2.2) then, for all k € N, the time derivatives of p,
satisfy
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0 kpt
ork
for all # > 0 and almost all x, y € R". For each k € N, the function s might depend
on k but always satisfies (2.3). See [O, Thm. 6.17].

Second, L has a bounded Ho,-calculus in L?(R") if and only if, for any nonzero
function ¢ € W(S \?), L satisfies the square function estimate and its reverse,

(x,y)

=) »
tl/m

0o 1 1/2
allfllz (/0 ||1//1(L)f||%; dt> <l fll2, (2.5)

for some 0 < ¢; < ¢y < 00, where V¥, (§) = ¥(t£). Note that different choices of
v > wand ¢ € W(S?) lead to equivalent quadratic norms of f. See [Mc].

As noted in [Mc], positive self-adjoint operators satisfy the quadratic estimate
(2.5). So do normal operators with spectra in a sector as well as maximal accre-
tive operators. For definitions of these classes of operators, we refer the reader
to [Yo].

We now define the class of functions upon which the operators e ~'* act. For
any B > 0, a function f € L2 (R") is said to be a function of B-type if f satisfies

loc

2 1/2
/ de <c < . (2.6)
re 1+ |x|" TP

We denote by Mg the collection of all functions of B-type. If f € Mg, then the
norm of f in My is denoted by

Il fllag = inf{c > 0 : (2.6) holds}.

1

It is easy to see that Mg is a Banach space under the norm || f || o1, . For any given
operator L, we let ® (L) = sup{e > 0 : (2.3) holds} and define

Mo if ®(L) < oo,
Uﬁ:0<,5<00 Mﬂ lf @(L)ZOO.
Note that if L is the Laplacian A on R”, then ®(A) = co. When L = VA, we

have © (VA ) = 1.
For any (x,7) € R" x (0,400) and f € M, we define

e

Pf(x)=e"f(x)= / pe(x, ) f(y)dy (2.7)
RVI
and

d
0, f(x) =tLe " f(x) = / —t<apz(x, y)) f)dy. (2.8

It follows from the estimate (2.4) that the operators P; f and Q, f are well-defined.
Moreover, the operator Q, has the following properties.
(i) For any t1,#, > 0 and almost all x e R",
2
1

d
Qt]Qtz f(x) - t1t2<_

P,
f)(X).
t=t1+12

dr?




534 D. G. DENG, X. T. Duong, L. Song, C. Q. TaN, & L. X. YAN

(ii) The kernel g, (x, y) of Q,n satisfies

lgom(x, V)| < ct"s(|x ; y'), (2.9)

where the function s satisfies condition (2.3).

3. The Spaces VMO,, Associated with Operators

In this section, we assume that L is an operator satisfying assumptions A and B
of Section 2.2. The aim of this section is to introduce and study a new function
space VMO, of vanishing mean oscillation, associated with an operator L, that
generalizes the classical VMO spaces.

3.1. The Function Space BMOy(R")

Following [DY1], we say that f € M is of bounded mean oscillation associated
with an operator L (abbreviated as BMOy) if

Sll;plBl_1 [BIf(X) — Py f(x)ldx = || fllBmo, < 00, 3.D

where the supremum is taken over all balls in R” and where g = rj’ for rp the ra-
dius of the ball B of R". The class of functions of BMO, (R") modulo K; , where

Kp={feM:Pf(x)= f(x)foralmost all x e R" and all r > 0}, (3.2)

is a Banach space with the norm || f|lgmo, defined as in (3.1). We refer to [DY2,
Sec. 6] for a discussion of the dimensions of X', when L is a second-order elliptic
operator of divergence form or a Schrodinger operator.

We now list two important properties of the spaces BMO, (R"). For the proofs,
we refer the reader to Sections 2 and 3 of [DY1].

First, under the extra condition that L satisfies a conservation property of the
semigroup P,(1) = 1forevery ¢ > 0, it can be verified that BMO(R") is a subspace
of BMO, (R"). Moreover, the spaces BMO(R"), BMOA(R"), and BMO /x (R")
coincide, and their norms are equivalent.

Second, we note that a variant of the John—Nirenberg inequality holds for func-
tions in BMOy (R"). That is, there exist positive constants ¢ and ¢, such that, for
every ball B and ¢ > 0,

(x € B:1f(x) = Py f()] > e} < c1|B|exp{—&}.
’ 1/ lemos

This and (3.1) imply that, for any f € BMO,(R") and 1 < p < oo, the norms

1/p
1 1.0, = sgp(wr' / f(x) - Prgf(x)l”dx) (3.3)
B

with different choices of p are all equivalent.
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3.2. The Spaces VMOy, Associated with Operators

Let us introduce a new function space VMO, (R") associated with the semigroup
{E ik } t>0-

DEFINITION 3.1.  We say that a function f € BMO,(R") isin VMO, , the space of
functions of vanishing mean oscillation associated with the semigroup {e ~"%},~.0,
if it satisfies the limiting conditions y;(f) = y2(f) = y3(f) = 0, where

1/2
Vl(f)—hm[ sup <|B| f | f(x) — ,’;'f(x>|2dx> }

B:rp<a

1/2
y2(f) = lim [ sup (|B|—1 /B |f<x>—P;;’f<x>|2dx> }

B:rg>a

172
J/s(f)—hm[ sup <|B|‘l /B If(x)—P,’;’f(x)Fdx) }

BCB(0,a)°
we endow VMO, (R") with the norm of BMO, (R").

Note that if L is the Laplacian A on R”, then it follows that the space VMO (R")
(or VMO x (R")) is equivalent to the space CMO(RR") of Coifman and Weiss (i.e.,
the space of functions of the closure in the BMO norm of the space Co(R") of
continuous functions with compact support), and their norms are equivalent. See
Proposition 3.6.

3.3. Properties of Functions in VMO (R")

In [CMSI1] and [CMS2], the authors introduced and studied a new family of func-
tion spaces called fent spaces. These spaces are useful for the study of a variety
of problems in harmonic analysis. See also [De]. In this paper, we will adopt the
approach of tent spaces to study our new VMO spaces.

3.3.1. Tent Spaces and Applications
We will use ]R'fl to denote the usual upper half-space in R"*!. The notation I'(x) =
{(y,t) e R'fl : |x — y| < t} denotes the standard cone (of aperture 1) with vertex
x € R”. For any closed subset F' C R”, R (F') will be the union of all cones with
vertices in F'; that is, R(F) Uxep F(x) If O is an open subset of R”, then the
“tent” over O, denoted by 0 is given as 0= [R(O)]-.
For any function f(y, ) defined on R"*!, we will denote

1/2
A(f)(x) = (/F( If(y,t)l dydt)
and

1 1/2
C(f)(x) = sup(|B|—‘ /B £ (y, r>|2; dy dr) .

xeB

As in [CMS1], the tent space T4 is defined as the space of functions f such that
A(f) € LP(R") when p < oco. The resulting equivalence classes are then equipped
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with the norm ||f||Tp = |A(f)ll,. When p = oo, the space T, is the class of

functions f for Wthh C(f) € L*°(R") and the norm ||f||Too = 1IC(Hloo-

In what follows, let T, . be the set of all f € T, with compact support in R
We denote by T, the linear subspace of 7, consisting of those functions f that
satisfy the condition

1 172
m(f)=lirrg)[ sup (|B|—1f|f<y,r)|2;dydr) }=0,
a—> B

B:rp<a

and we endow T 2.0 with norm of 7;°. Finally, we denote by Tzfov the closure of
the set 77 _ in 75, and we endow Tszov with the norm of 7.

Let H be the set of all f € T, satisfying the following three conditions:

(i) feTyy; 2
(i) n2(f) =limas yoo[SUPs.ry=a (1B [31F (3,01} dydt) "] = 0;
1/2

(iii) 13(f) = limq. oo[sUps:seca0.0 (1BI7 [31 £ ()P L dy dr)*] = 0.

It can be verified that # is a closed linear subspace of 7°. Note that conditions
(ii) and (iii) are not consequences of (i). To see this, set

1 if (x, t)eU,filR
0 otherwise,

f(){

where Ry = [7-2%73,9.2%73] x [1,2]. It follows from the fact {R;}5° are pair-
wise disjoint, together with ka | f(x,t)|>(1/t) dx dt = 2¥=21n 2, that the function
f(x,1) satisfies condition (i). However, f(x,t) does not satisfy condition (ii)
or (iii).

LEMMA 3.2. Let T2°7°V be defined as before. Then we have

@) (TS5)* =T, and

(b) f € Tchov ifand only if f € H.

Proof. For the proof of (a), we refer to [Wa, Thm. 1.7, p. 542]. Let us prove (b).
Since Tﬁc C H andsince H is a closed linear subspace of 7,°, we have that 7, =

E C H. We now assume that f € H; we want to prove f € T,5,. It follows
from the definition of # that for any n > 0, there exist ag > 0, by > 0, and ¢y >
0 such that

_ 1 _ 1
sup |B| 1f|f(y,r)|2—dydtsn, sup |B| 1[|f(y,l)|2—dydt§r/,
B:rp=<aog B t B:rp>by B t
3.4

and

1
s 1B|” / O PE dydr <. (3.5)
B: BC(B(0,c0))° B t

Let Ky = max(ao_l, by, cp) and define
gy, 1) = f(y, t)X[ye3(0,21(0),;e(zKO—lyz[(O)}(y’ 7).

Obviously, g € TZ%C. We now prove
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I1f = gl7e < en. (3.6)
Let us verify the estimate (3.6) by examining the balls B of R” in three cases.

Case 1: rg < ag orrg > by. From the estimate (3.4), we have

1 1
/Jf(y,r) —g(y, r)|2; dydt < 2[|f<y, r)|2; dydt < 2n|B|.
B B

Case 2: ag <rg <bgand B C B(0,c()°. By the estimate (3.5), we obtain

1 1
/Jf(y,r) —g(y, t>|2; dydt < 2[|f<y, t>|2; dydt < 2n|B|.
B B

Case 3: ag <rg < Myand BN B(0,cq) # @. In this case, it follows from the
definition of g that
|f(y,1)] if yeBandte(0,2K;"),
0 otherwise.

(1) =gy, 0] = {
This gives

1 (2Ko)™! 1
/Jf(w) — gy, 0*=dydt s/ /If(y, DI =dydt.  (3.7)
B t 0 B t

We use B(xpg,rp) to denote B centered with xp and of radius rg. Then there
exists a k € N such that 2¥"'ay < rg < 2%a,. Consider the ball B(xg,2%a).
This ball is contained in the cube Q[xg,2tay] centered at x and of side length
2k+1g,. We then divide this cube Q[xp,2%1ag] into [25!([/n] + 1)]" small
cubes {Qy,, }fv:"l centered at xy, and of equal side length ([\/n ]+ 1)~'ay, where
Ni = 2 ([ /n]+D]" Foranyi = 1,2, ..., N, each of these small cubes Q.
is then contained in the corresponding ball By, with the same center x;, and ra-
dius r = a. Consequently, for the ball B(xp,2%a), there exists a corresponding
collection of balls By,, By,, ..., Bka such that:

(i) each ball By, is of radius ao;

(ii) B(xp,2%a0) € UM, By
(iii) there exists a constant ¢ > 0 independent of k such that N, < ¢2*";
(iv) each point of B(xg,2*ay) is contained in at most a finite number M of the

balls By,, where M is independent of k.

These properties (i)—(iv), together with the estimate (3.4), show that

21 (2Ko)™! 21
[iron = sonniravar= [ [ by
B t 0 UM By, t
Ny 1
<> [ sl dva
i=1 By,

Nk
<cn ) Byl
i=l

<cn|B|.
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Estimate (3.6) follows readily. This proves that f € T, whence the proof of
Lemma 3.2 is complete. ]

3.3.2. A Characterization of VMO (R")
Using Lemma 3.2, we can prove the following proposition.

PROPOSITION 3.3.  Assume that the operator L satisfies Assumptions A and B in
Section 2.2. Then the following conditions are equivalent:

(a) f isin a function in VMOL(R");

(b) feMand Qin(I — Pm) f €155, with | flivmo, ~ 1Qem(I — Pm) fli7se.

Proof. We first prove the implication (a) = (b). Suppose f € VMO, (R"). In
order to prove Qm(I — Pim) f € T, we will prove that there exists a positive
constant ¢ > 0 such that, for any ball B = B(xp,rp),

1 oo
|B|™! f QT = Po) f)[ - dxdi <y 27%8(f.B). (38)
B k=1
where
1
Sk(f.B) = sup (—, / 1F(n) = Pr;f<y>|2dy). (3.9)
B'C2k+1B:rp e[27rp,2rp] |B’| Jpr

Once the estimate (3.8) is proved, Q;m(I — Pim) f € Tzo,ov follows readily. In-
deed, by the condition f € VMO (R"), we have that f € BMO,(R") and then
Sk (f,B) < C||f||123MoL for some constant ¢ > 0. Moreover, for any k € N we
have that

lim sup &8:(f,B) = lim sup &(f,B)
a=Y B:rgp<a A= Birp>a

= lim sup 6 (f,B)
a=00 B:BC B(0,a)°

=0. (3.10)
By estimate (3.8) we have that

1
|B|™! /JQ;m(I - sz)f(x)lz; dx dt
B

ko 00

<) 27%8(f.B)+ ¢ Y 275 fllguo,
k=1 k=kg
ko

<Y 27M8(f.B) + 27" flIyo, -
k=1

Note that if k is large enough then the quantity 27%0¢ || f ||]23MO,_ is sufficiently small.
Fix a ky. We then use the property (3.10) to obtain 11(f) = n2(f) = n3(f) =0,
where {17,~(f)},3=1 of H are defined in Section 3.3.1. This gives Q;m(I — Pm) f €
Tzfov, from which the proof of (b) follows.

We now prove estimate (3.8). Note that

Qm(Z — Pm) = Qm(Z — Pim)(T — Prz"}g) +Om — Pt”‘)Prz”;-
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Hence, (3.8) follows from the estimates (3.11) and (3.12):

IBI‘lﬁIQz»n(I— P)(T — P f(0 1 ddr < ey 2By G
B

k=1

|B|—/|P Qin(T = Pin) f ()| —dxdr<c22 “Si(fB). (312)

k=1

We will prove these two estimates by adapting the argument in [DY2, Lemma
4.6]. Letby = (Z— Przf'g)f)(zg and b, = (Z— Prz”;)fX(ZB)f- From (2.5), we obtain

1 1
/:|Q,m(l' — Po)by(x)}=dx dt < // |Qm(Z — Pm)by(x)|*— dx dt
B 1 R”++1 t

2
S C”bl”LZ(Rn)

=c [ |(Z=Py)f(0)]dx
2B
< c|BIS:(f. B). (3.13)

On the other hand, for any x € B and y € (2¥B)¢, one has |x — y| > c2*rp. By
(2.4), we obtain

tE
m(Z — Pim)b < — |(Z — P» d
|Ql ( t ) 2(x)| _C/RK\ZB (t+|x_y|)n+g|( ZB)f()’)l Yy
00 pr
<c ——————|(Z = P f(Vd
kX—l:/;H‘B\Z"B (t+[x —yphr+e i Iy

e o0
t
cl = 271{(!’!4’6) —n/ I—Pr"’l dv.
< (rB) k§=l: it [ = Py Fldy

(3.14)
For a fixed positive integer k, the same argument as in Case 3 of Lemma 3.2 shows
that for any ball B(xp, 2%rg), k =1,2, ..., there exists a corresponding collection

of balls By, By, ..., Bka such that:

(i) each ball By, is of radius ryp;
(i) B(xp,2%rs) C UM, By,
(iii) there exists a constant ¢ > 0 independent of k such that Ny < c2kn.
(iv) each point of B(xp,2*rg) is contained in at most a finite number M of the
balls By,, where M is independent of k.

Applying these properties (i)—(iv), one obtains
[Qm(Z — Pim)ba(x)]

( > 22 k(n+e) 7}1‘/‘
UNk+l

i=l

s o0 Ni41
r —k(n+e) 1
(L) St S im /|<I P FO)] dy <

k=1 i=1

(Z — Po) f()] dy
B,
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PR 1/2
Sc(;) Y27 sup (|Bki|" Bk|<I—Pr;;>f<y>|2dy>
k=1 i

i:1<i< Niq
< c<i>£ i‘ 27kes 2 (f, B). (3.15)
"B/ WS
Therefore,
1 c > 12 .
//E|Qt,,,(z— P,m)bz(x)lz;dx dt < pr //ézz*f—ldx dt(Zr“ak/ (f,B))
k=1

<c|BIY  27%8(f, B).

k=1
This, together with (3.13), yields estimate (3.11).
Let us prove (3.12). One writes
Py Qun(I = Pin) f(x) = Pon QI — Pogt) () = Py Qun(I — Pyt _ ) ().
Note that, by (2.4), for 0 < ¢ < rp the kernel k; ,, (x, y) of the operator P’z':" Om =
@™/am + rg’))Q(,er,én) satisfies

Kpry (5, )] (t )m i (3.16)
(V)] <c|l — . .
trp Y rg) (rg+|x —y|)r+e

Estimate (3.16) holds for the kernel of the operator P,.én+,m Q;n. We then use the
argument as in (3.14) and (3.16) to show that, for any x € Band 0 < ¢ < rp,

P Qun(I — Py f ()] < c<ri) i (I — Py f(2)] dx

B re (g +|x — yp"te
t m 00
<c(—) 278 B)
<VB) ; ¢

and

t m
Préﬂ_’_tm sz(l — Prz”;;_lm)f(.x) < C<_>

rp

Y 27k 2 (1. B).

0
k=1

From this it follows that

[ | P Qun (I — me>f(x>|2} dx di
B

00 2
< cr;Zmﬁ 121 gy dz(Zﬂ%,l”(f,B))

B k=1

<clBl) 27%8(f. B).

k=1

Estimate (3.12) is then obtained. We have proved estimate (3.8), so the implication
(a) = (b) follows.
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In order to prove the implication (b) = (a), we need the following lemma.

LEmMMA 3.4. Forany f € BMO; and g € H!. N L?, we have the following iden-

tity with constant b,, = 35—6m:

1
1 F(x, t)G(x,t); dx dt, (3.17)
n+

+

FOOg(x) dx = by f

R

where F(x,t) = Qm(Z — Pm) f(x) and G(x,t) = Q. g(x).
Proof. See [DY2, Prop. 5.1]. O

Proof of the implication (b) = (a) of Proposition 3.3 (cont.). First, it follows
from condition (b) together with [DY2, Thm. 3.2] that f € BMO.(R"). On the
other hand, for any g € L? we have (I — Pr*m)g € L2 Also, it follows from [DY2,

Lemma 4.5] that (I — P},)g € H}, and then (I — P%)g € H} N L2 The duality
B B
argument for the L>-space shows that, for any ball B of R",

12
(|B|—1 [0 - Pr;f(x)lzdx>

= sup 1B [ = P fng(o d
Igl,2 gy <1 B
= sup |B|7V? f FU = Ph)g(x)dx|. (3.18)
Il 2 g)<1 R B
We apply Lemma 3.4 to obtain
’ f)U — Pl)g(x)dx
R}l B
1
= b, / Qin(I — Pm) f(x)QFn(I — Pn)g(x)— dx dt
Rr:rl B t
1
< C/ [Qun(l — Pm) OO QFn (I — Pln)g(x)|— dx dt
Rr:rl B t
1
<c | |1Qm(I — Pm)f)|Q7mI — P,*g)g(x)l; dx dt
4B
o0
* * l
+CZ | OQm = Pim) f(OIQu(I — Plw)g(x)|— dx dt
= 2k+1B\2kB B t
o
=Ai+ ) Ax
k=2

Using Holder’s inequality and the square function estimate (2.5), we have
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1/2 00 1 12
A< ( QI — Pn) f()? —dx dt) (/ 197 (I — P,*m)gllﬁ—dt>
i3 0 B !
1 172
< 0||g||z</A|th(1 — P,m)f(x)IZ; dx dr)
iB

1/2 -1 21 /2
< c|B| |4B| A|th(I—Ptm)f(x)| ;dxdt
iB

since [lgll2 < 1.

Let us estimate A; for k = 2,3,.... Using Holder’s inequality again, we
have that
Ay <Dy - Ey,
where

1 1/2
Dy = ( __ _|omU-P m)g(x)IIsz(l — Po) f(x)]* = dxdt>

2k+13\2k3

and

1 1/2
B = ( 1OnU - P,*;m)g(xn;dxdz) .

2k+lB\2kB
Since (Z — P%) =m [” Q%1 ds, we obtain
¥ :

* * B * * 1 B s * 1
Q'W(T — Ph) = m/ 0% Q% —ds = / h(-)w,,s(L )= ds,
B 0 Ky t S

0
where h(x) = mx™(1 + x™)~? and

d*P*
U, (L) f(x) = (1" + s'”)2<72’ sy f)(x).

It follows from estimate (2.4) that the kernel ¥, ;(L*)(x, y) of the operator W, ;(L*)

satisfies
(t+9)°

(t+s+x —yprte’
where ¢ is the positive constant in (2.3). Also, it can be verified that

s . 12ms™(t 4 5)¢ e .
h(;)(l +5) = W < cmin(s?, (s1)¥?).

W, (L") (x,y)| < ¢

Note that for any (x, 1) em \ 2/’<1\9 and (y,s) € I§, we have t + 5 + |x — y| >
c2krg. By estimate (2.4), for (x,t) € 2k+1B \ 2B we have

[ ()@

(s)" (s +1)F 1
f /l?(s+f)2m (S+l—|—|x_y|)n+£|g(y)|;dyds

rp

< c(2¥rg) 0O / ! dsllglluice)
0

< C27k8|2k+lB|71|B|1/2’

1Qin(I = Pr)g(x)| < ¢
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where we used the estimate ||g|l; < |B|"?||gll. < |B|"?. This gives

1 1/2
Dy < ¢27ke/2 g|1/4 (|2k“B|1 /A|th(1 - Ptm)f(x)|2; dx dt) )
2

k+1p

On the other hand, the same argument as before shows that

E2 = (I — P* Licd
= 1Qn( m)g(x)|— dx dt
2k+13\2k3 B t

B tm ts 1 1
EC/A/ / e am LD —lg(WI=dyds—dxdt
w5 Jo Js (s 0P (s lx =yt s

2k+1

< c|24B| (24 rg) O /
0

S C27k£/2|B|1/2.

re B
/ (st)* Vst gl s
0

Therefore,

1 1/2
Ay < cz—k€/2|B|1/2<|2"+IB|—1 /A|Q,m(1 — P,m)f(x)lz; dx dt) .

2k+1p
By (3.18), for any ball B of R" we have

12 00
(|B|1 /|f(x) - Prgf(x)lzdx> =< CZ 27*Noy (f, B),
B k=1

where

1 1/2

or(f, B) = <|2"B|-' /?Isz(I = P f0)I* - dx dr) :
2kB

We then follow the argument as in the proof of the implication (a) = (b) of this

proposition to show that y;(f) = y2(f) = v3(f) = 0, where the {y,-(f)}?:1 are

as defined in Section 3.2 (we omit the details). This proves f € VMO, (R") and

thus the implication (b) = (a) of Proposition 3.3. O

3.3.3. Equivalence of Classical CMO(R") and VMO x (R")
We note that the space VMO(R") is different from CMO(R") of Coifman and
Weiss, the space of functions of the closure in the BMO norm of the space Co(R")
of continuous functions with compact support (cf. [CW, p. 638]). See also [U].
As is well known, VMO(R") ; BMO(R"). For example, the function log|x| be-
longs to BMO(R") but not to VMO(R"). See [B] and [ BCrSi] for relations among
BMO(R"), VMO(R"), CMO(R"), L*(R") and local spaces.

The aim of this section is to show that if L is the Laplacian A on R", then the
space VMO /x (R") (or VMO, (RR")) is equivalent to the space CMO(R"). First,
we have the following proposition.

ProPOSITION 3.5.  The following statements are equivalent.

(a) feCMO(R").

(b) f € B, where B is the subspace of BMO(R") satisfying the following con-
ditions:
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(b1) 1im oo 5upg:ry<a(IBI™" [, f(0) — f5ldx)""> = 0;

(by) limosce SUpgiry=a(1BI™ [l F(x) — fa2dx)"* = 0;
(b3) lim—.oo SUPg:pc p0,0 (1BI ™ [l F(x) — fal?dx)"* = 0.
Here fg = |B|™" [, f(x)dx.

Proof. The proof of the implication (a) = (b) follows from the facts Co(R") C
BB and B is a closed subspace of BMO; thus CMO(R") = Co(R") C B.

For the proof of the implication (b) = (a), we refer to [B, Thm. 7]. See also
[U, Sec. 3, p. 166]. O

ReEMARK. It is well known that, for any f € BMO(R") and a constant K > 1,

|f8 = fkal < c(1 +1log K)|| fllBmoO-

where fp is the mean of f on the ball B. This, together with the properties (b;)—
(bs), shows that the condition (b3) can be replaced by the following weak limiting
condition:

. _ 1/2

(04) limjg oo (1B +al™ [ | F(¥) = faral?dx)* =0
for any ball B of R”, where B +a = {x e R" : x = a + y, y € B}. We omit the
proof.

PROPOSITION 3.6.  The spaces VMO, (R"), VMO z (R"), and CMO(R") coin-
cide, and their norms are equivalent.

Proof. Recall that B is the space in Proposition 3.5. We now assume that ¢ € Cg°
satisfies the conditions
c
x)dx =0 and |+ AV (x)| <€ ———
[W( ) Y]+ [xVi(x)| = A+ x)™e
for some ¢ > 0. We can argue as in Proposition 3.3 to show that f € 5 if and only

ify, % fe Tf"v; we omit the details here. This gives that the spaces VMO (R"),
VMO 5 (R"), and CMO(R") coincide and that their norms are equivalent. O

4. Duality between H} and VMO« (R") Spaces

4.1. Hardy Space H} (R")

We continue with the assumption that L is an operator that satisfies Assumptions
A and B of Section 2.2. Given a function f € L'(R"), the area integral function
S1(f) associated with an operator L is defined by

1 1/2
8L<f)<x>=( f Iszf(y)|2n—+,dydt> . (@.1)
I'(x) t

It follows from Assumption B that the area integral function S, (f) is bounded on
L?*(R™) [Mc]. It then follows from Assumption A that S;(f) is bounded on L?,
1 < p < oo (see [ADMc, Thm. 6]). More specifically, there exist constants cy, c»
such that 0 < ¢; < ¢, < o0 and
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cill fllp = ISL(Hp = c2ll £l 4.2)

forall f € L?,1 < p < oo. By duality, the operator S;-(f) also satisfies estimate
(4.2), where L* is the adjoint operator of L.

The following definition was introduced in [ADMc]. We say that f € L' be-
longs to a Hardy space associated with an operator L, denoted by H}, if S, (f) €
L'. We define its H} norm by

1l = NS -

ReEMARkS. 1. If L is the Laplacian A on R”, then it follows from area integral
characterization of Hardy space using convolution that the classical space H'(R")
and the spaces H X(R”) and H&Z(R”) coincide and that their norms are equiva-
lent. See [FS].

2. Recently, Duong and Yan proved in [DY2] that the dual of a Hardy space
Hi(R”) is the space BMO,«(R") of Section 3.1, where L* is the adjoint oper-
ator of L. This gives a generalization of the duality of H'(R") and BMO(R")
described by Fefferman and Stein [FS].

4.2. Main Theorem and Its Proof

The aim of this section is to prove the following theorem.

THEOREM 4.1. Assume that the operator L satisfies Assumptions A and B of
Section 2.2. Denote by L* the adjoint operator of L. Then the dual space of
VMO, (R") is the space H},(R") in the following sense.

(i) Suppose f € H}.(R"). Then the linear functional £ given by
)= [fglx)dx,
R'I

initially defined on the dense subspace VMO, N L2, has a unique extension
to VMOL(R").

(ii) Conversely, every continuous linear functional £ on the VMO (R") space
can be realized as just described, with f € H}.(R") and

I, = cllell.

In order to prove Theorem 4.1, we need to establish the following two lemmas.
Consider the operator 7, initially defined on T£ . by

o0
1
m(f)(x) = / Om(f(, t))(X); dt. 4.3)
0
Note that, for any compact set K in R”H,

/K P dxdi < CK, pIACHI.

This and estimate (2.5) imply that the integral (4.3) is well-defined and that ;, €
L*for f €Ty .
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LEmMMA 4.2.  The operator my, initially defined on T2’j .» extends to a bounded lin-
ear operator:

(a) from TS to L? if 1 < p < o0;

(b) from T21 to H':

(c) from T;° to BMOy;

(d) from T, to VMO

Proof. For the proofs of (a), (b), and (c), we refer to [DY2, Lemma 4.3]. We now
prove (d). Suppose f € T,5,. Let us prove that 7 (f) € VMOL(R"); then, by
Proposition 3.3, we need only prove Q;n(I — Pum)m(f) € T;5,. We will prove
that there exists a positive constant ¢ > 0 such that, for any ball B = B(xg,rp),

B [ 100 = Pdm (DO dxdr < e 32 Pan(1B) ()
B k=2

where ¢ is the constant in (2.3) and

wi(f, B) = <|2"B|1 /A|f(x,t)|2%dx dt>. 4.5)
2kB

Once estimate (4.4) is established, we can argue as in the proof of Proposition 3.3
to show that Qm(I — Pum)mp(f) € TyS,. We omit the details here.

Let us verify estimate (4.4). Denote W,(L) = Om(I — Pm). Let f1 = fxp3
and f> = fXp)c- One writes

1
IBI“/AIsz(I ~ Pe)m ()P drds
B

2
=) 1B [i\lff(Lm(ﬁ)(x)F; dx dt
i=1 B

=I+1IL
For the term I, using estimate (2.5) and property (a) of this lemma yields

o0
1
I< c|B|—1f ||%(L>m<f1>||iz;dz
0

< c|BI Mm(fll3

—1 2
< <lBI I fxa

1
< et [ 1y dvr
4B t

= cwr(f, B).
We now estimate term I1. Denote by W (L) = Qn(I — Pim)Qgm. It follows from
estimate (2.4) that the kernel k; ,(x, y) of W, (L) satisfies

t"s™ (t +5)¢
(tm + sm)2 ([ + 5+ |x _ yl)n+s

ks, i (X, Yl < ¢

1

< cmin((zs)%/?, 175/%5%/2) ,
(t+s+|x—yhrte

(4.6)
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where £ 1s the constant in (2.3). Observe that for any (x,t) € B and (y,5) €

2K+ \ 2B we have t+ 5+ |x —y| > ¢2*rg. From (4.6) it can be verified that

f g+t 1K, (X, y)| cdyds < ¢ < oo. Using Holder’s inequality and elementary in-
- ;

tegration, we have that there exists a positive constant ¢ such that

2
II< c|B|—1/
B

1
ks, (x, y)f(y,S)X4B( dyds —dx dt
RIH (“4B) !
» 1 1
< c|B| P lks,: 6, S (y, 9)] ;dde;dxdt
(@B)c

e/2
<cZ|B|*// (1) 1F ()P —dyds dx di
2

rip\akp (45 + [x — y[)rte

<c2(2kr3) ‘28BN B! //A(ts)5/2|f(y,s)| —dyds—dxdt

k=2

1
se}jrmﬁu“%r{ﬁAiﬂ»wF—@ds
= 2k+1p S

o0
<c) 27w, B).

k=2

Estimate (4.4) then follows readily. Hence, the proof of Lemma 4.2 is complete.
O

As a consequence of Lemma 4.2, we have the following corollary.
LEMMA 4.3. VMO, N L? is dense in VMO, .

Proof Forany f € VMO, we have Qn(Z — Psm) f € T,,. By the definition of
T, there exists a family of functions {gx(x, s)}x € T2 such that

Qsm(Z — Pom) f — gk (-, 9)llzge — 0.
Define fi = 2% [ Qymgi(-,5)! ds. Then it can be verified that f; € VMO, N
L% Moreover, by Lemma 4.2 we have that
If = fillvmo, = cllQn [ — gk (, )7y,

< cllQun f = gkCos)llrz

—0
as k — oo. This proves Lemma 4.3. UJ
Proof of Theorem 4.1. The proof of (i) follows from Lemma 4.3 and the fact that
the dual of a Hardy space H}.(R") is the space BMO,(R") of Section 3.1, where

L* is the adjoint operator of L.
We now prove (ii). Define

Qp = {h:h(x,t) = Qim(I — Pim)g(x) for some g e VMO.} C T,Y,.
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Note that, for every h(x, ) € T, Y, by Lemma 4.2 we have

R(h)(x) = by / Q,m(h(-,t))(x); dt e VMO,.
0

Therefore, for any £ € (VMO, )" and g € VMO, we have

l(g) =LoRoQum(Z— Pm)g 4.7
for all g € VMO, N L. Furthermore, it follows from Lemma 4.2 that £ o R is a
continuous linear functional on 2; that satisfies

1€ Rllzgs, ¢ < 1€l vmoyy IRz, ~vmo, < cll€]] < oo,

Applying the Hahn—Banach theorem, we can extend £ o R to a continuous lin-
ear functional on 7,,. Note that Lemma 3.2(a) implies that the dual of 7,7, is
equivalent to 7. By restricting attention to £, we can conclude that if £ is a con-
tinuous linear functlonal £ on the space VMO, (R"), then it follows from (4.7) that
there exists a w(x,t) € T21 with ||w||T21 < C||€ o R|| such that

(@) (x) =LoRo Qin(I— Pm)g

1
= / w(x,)Qm(T — Pm)g(x)~—dx dt
R’_l:’l t

Z/ g(x)/oo Q;km(Z_Pttr)UJ(',t)(X)ldl‘dx
R” 0 t

= / g(x) f(x)dx.
Rﬂ

Using Lemma 4.2(b) for the adjoint operator L* of L, we obtain f € H}. and
||f||H1 < c||w||T1 < c||€ o R| < c|£]l. This proves (ii), which completes the
proof of Theorem 4 1. O

4.3. Applications

Assumptions A and B of Section 2.2 are satisfied by large classes of differential
operators. We will list some of them.

1. Let A = A(x) = ((a;,;)(x));,j be an n x n matrix where the coefficients
a;, j are complex-valued L>°(R") functions. Assume that this matrix satisfies the
following elliptic (or “accretivity”) condition:

MEP <ReAf-E=Re) a;j(0)&E, [Allw <A,
i J
for & € C" and for some A, A such that 0 < A < A < oo. We define the second-
order divergence form operator

Lf = —div(AVf),

which we interpret in the usual weak sense via a sesquilinear form.
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Such a complex elliptic operator L has a bounded H,, calculus in LZ(R") [AT].
Note that when A has real entries, or when n = 1,2 in the case of complex en-
tries, the operator L generates an analytic semigroup e ~'* on L?(R") with a kernel
p:(x, y) satisfying a Gaussian upper bound; that is,

Ix—ylz}

4.8)

C
P )] = 25 eXP{—C ;

forx,yeR"and all r > 0.
2.Let0 < Ve LIIOC(R"). The Schrodinger operator with potential V is de-
fined by
L=—-A+V(x) onR"(n>3).

The operator L is a self-adjoint positive definite operator; hence it has a bounded
Hy, calculus in L?(R") [Mc]. From the Feynman—Kac formula it is well known
that the semigroup kernels p,(x, y) associated with e ~*" satisfy the estimates

0 ey <L x =3P
x,y) < expl — .
= POEY) =y TP T T 4

Note that unless V satisfies additional conditions, the heat kernel can be a dis-
continuous function of the space variables and the Holder continuous estimates
may fail to hold (see [Da]).
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