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Interpolation by Entire Functions
with Growth Conditions

MYRIAM OUNATES

0. Introduction

Let p: C — [0, +o0o[ be a weight (see Definition 1.1) and let A,(C) be the vec-
tor space of all entire functions satisfying sup,cc| f(2)| < exp(—Bp(z)) < oo for
some constant B > 0. For instance, if p(z) = |z|, then A,(C) is the space of all
entire functions of exponential type.

Following [3], the interpolation problem we are considering is as follows. Let
V = {(z;,m;)}; be a multiplicity variety; that is, suppose {z;}; is a sequence
of complex numbers diverging to oo, |z;| < |zj4+1l, and {m;}; is a sequence of
strictly positive integers. Let {w;}; 0<i<m; be a doubly indexed sequence of com-
plex numbers.

Under what conditions does there exist an entire function f € A,(C) such that

) ,
T 2= w1 vj, Vo<l < I’I’l/?
In other words, if we denote by p the restriction operator defined on A,(C) by
fl(z)
p(f)= {l—'j )
. J,0<l<m;

what is the image of A,(C) by p?
We say that V is an interpolating variety when p(A,(C)) is the space of all
doubly indexed sequences W = {wj;;} satisfying the growth condition

|lwj ;| < Aexp(Bp(z;)) Vj, Y0 <1 <myj,
for certain constants A, B > 0.

We have the following important result.

THEOREM 0.1 [2, Cor. 4.8]. V is an interpolating variety for A,(C) if and only
if, for some constants A, B > 0, the following conditions hold:

(i) forallR > 0, N(O,R) < AP(R) + B;

(i) forall j €N, N(z;,|z;]) < AP(z;) + B.

Here, N(z, r) denotes the integrated counting function of V in the disc of center z
and radius r (see Definition 1.3).
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In [3], Berenstein and Taylor describe the space p(A,(C)) in the case where
there exists a function g € A,(C) such that V = 27 '(0). They used groupings
of the points of V with respect to the connected components of the set {|g(z)| <
eexp(—Bp(z))} for some e, B > 0 and the divided differences with respect to this
grouping.

The main aim of this paper is to determine more explicitly the space p(A,(C))
in the more general case where condition (i) is satisfied. Clearly, (i) holds when V
is not a uniqueness set for A,(C)—that is, when there exists f € A,(C) not iden-
tically equal to zero such that V C £P(0). See [6] and [10] for similar results in
the case where p(z) = |z|*

As in [3] and [6], the divided differences will be important tools. Our condi-
tion will involve the divided differences with respect to the intersections of V with
discs centered at the origin. To be more precise, the main theorem—stated in the
case where all multiplicities equal 1 for simplicity—is as follows.

THEOREM 0.2.  Assume V verifies Theorem 0.1(i). Then W = {w;}; € p(A,(C))
if and only if, for all R > 0,

Z Wi H R/(Zk_Zm)

lzkl<R |2m|<R,m#k

< Aexp(Bp(R)),

where A, B > 0 are positive constants depending only on V and W.

We will denote by A, (V) the space of sequences W = {w;} satisfying the condi-
tion of Theorem 0.2. We will show that in general p(A,(C)) C A »(V) and so we
can consider p: A,(C) — A » (V). In this context, the theorem states that condi-
tion (i) implies the surjectivity of p.

On the other hand, we will prove that condition (i) is actually equivalent to say-
ing that V is not a uniqueness set or, in other words, that it is equivalent to the
noninjectivity of p.

As a corollary of the main theorem, we will find the sufficiency in the geometric
characterization of interpolating varieties given in Theorem 0.1.

The difficult part of the proof of the main theorem is the sufficiency. As in [4;
7; 11], we will follow a Bombieri-Hormander approach based on L%-estimates
of the solution to the d-equation. The scheme will be as follows. The condition
on W gives a smooth interpolating function F with good growth, using a parti-
tion of unity and Newton polynomials (see Lemma 2.5). Then we are led to solve
the equation: du = —9F with L2-estimates, using Hormander’s theorem [8]. To
do so, we must construct a subharmonic function U with a convenient growth
and with prescribed singularities on the points z; (see Lemma 2.6). Following
Bombieri [5], the fact that e~V is not summable near the points {z } forces u to
vanish on the points z;, and we are done by defining the interpolating entire func-
tion by u + F.

NoTtATION. We use A, B, and C to denote positive constants whose actual value
may change from one occurrence to the next. By A(¢) < B(¢) we mean that there
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exists a constant C > 0, not depending on #, such that A(¢) < CB(¢). Weuse A =~
Btomeanthat A < B < A.

The notation D(z r) W111 be used for the Euclidean disk of center z and radius .
We denote 9f = ¥ and 3 f = L. Then Af = 493f denotes the Laplacian of f.

1. Preliminaries and Definitions

DEFINITION 1.1. A subharmonic function p: C — R, is called a weight if, for
some positive constants C,

(a) In(1+ |z]*) < Cp(2),
(b) p(z) = p(zD,
(c) there exists a constant C > 0 such that p(2z) < Cp(2).

Property (c) is referred to as the doubling property of the weight p. It implies that
p(z) = 0O(|z]*) for some « > 0.
Let A(C) be the set of all entire functions. We consider the space

A,(C) ={f € A(C) and, for all z €C,
| f(2)| < Aexp(Bp(z)) for some A > 0, B > 0}.

REMARK 1.2. (i) Property (a) implies that A,(C) contains all polynomials.
(i) Property (c) implies that A,(C) is stable under differentiation.

Here are some examples of weights.

e p(z) =In(1+ [z]?); then A, (C) is the space of all the polynomials.

* p(2) = |z|; then A,(C) is the space of entire functions of exponential type.

* p(2) = |z]* (¢ > 0); then A,(C) is the space of all entire functions of order <

a and of finite type.

Let V = {(zj, mj)}jen be a multiplicity variety. For a function f € A(C), we
will write V = £~'(0) when f vanishes exactly on the points z ; with multiplicity
mjandV C f ~1(0) when f vanishes on the points z; (but possibly elsewhere) with
multiplicity at least equal to ;. We will say that V is a uniqueness set for A,(C)
if there is no function f € A,(C), except the zero function, such that V C f —10).

We now recall definitions of counting functions and integrated counting func-
tions as follows.

DerINITION 1.3, Let V = {(z;,m;)}; be a multiplicity variety. For z € C and

r >0,
n(Zsr)z Z mjs

lz—zjl=r

N(z,r) = /r wdt +n(z,0)Inr
0

= Z m; ln|

O<|z—zjl=r

+n(z,0)Inr.
z—zjl
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An application of Jensen’s formula in the disc D(0, R) shows that, if V is not a
uniqueness set for A,(C), then the following condition holds:

JdJA > 0,3B>0:VR >0, N(O,R) < AP(R) + B. (1)

We will later show that the converse property holds.
By analogy with the spaces A(C) and A,(C), we define the spaces

A(V) ={W ={wj}j 0<1<m; C C}

and
A,(V) = {W = {wj.1}j021<m; CC:

mjfl
Vj. Y lwjil < Aexp(Bp(z))) for some A >0, B > o}.
=0

The space A,(C) can be seen as the union of the Banach spaces
Ar.5(©) = {1 € A©), 117115 := supl f(2) exp(~Bp(2)) < oo
zZ€

and has a structure of an (LF)-space with the topology of the inductive limit. The
analogue holds for A, (V).

REMARK 1.4 (cf. [1, Prop. 2.2.2]). Let f be a functionin A,(C). Then, for some
constants A > O and B > 0,

o
VzeC, Z
k=0

As a consequence of this remark, we see that the restriction map

(k)
% < Aexp(Bp(z2)).

pi AL(C) — AWV).
re (L2

I }j,o<1<mj—1

maps A,(C) into A,(V); in general, however, the space A,(V) is larger than
p(A,(C)). Itis clear that p isinjective if and only if V is auniqueness setfor A, (C).

When p(A,(C)) = A,(V) we say that V is an interpolating variety for A, (C).
As mentioned in the Introduction, Berenstein and Li have given the following geo-
metric characterization of these varieties.

THEOREM 1.5 [2, Cor. 4.8]. V is an interpolating variety for A,(C) if and only
if conditions (1) and

JA>0,3B>0:VjeN, N(zj,|z]) < Ay(z;) + B 2)
hold.
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In this paper we are concerned with determining the subspace p(A,(C)) of A(V')
when condition (1) is verified.

Toany W = {w;}, 0<i<m;—1€ A(V') we associate the sequence of divided dif-
ferences ®(W) = {¢;,} J.0<l<m;—1 defined by induction as follows. First, we es-
tablish the following notation:

q
My(z) =] J(z—z0)™ forall g > 1;
k=1

¢l,l = wyy forall 0 <l <m;—1,

Wq,0 — Pq—l(Zq)

bg0=—7—""—""7,
Hq I(Zq)
P()I(Zq) 1 (1
J)
Wq,1 — Zj 0 (I— j)u (Zq)¢q J
$g1 = for 1<l <my—1,
qfl(zq)
where

mj—1

gqg—1
Pyi(2) = Z( Z ¢z —z))! l_[(z - zf)'”f)

i=1
REMARK 1.6. Actually, P, is the polynomial interpolating the values w;; at the
points z; with multiplicity m; for1 < j < g. Itis the unique polynomial of degree
my+---+my — 1such that
Pq(l)(z )
[
foralll<j<qgand0 </ <m; — 1.

= Wj

ExamMPLEs. (i) Let Wo = {8181, m—1}j,0<1<m;- Using that P;(z) must coincide
with (z — zl)’”l’ll_[{{;lz(z — z;)™ and identifying the coefficient in front of
Mt tmi-itl=l we find that
Pr1=¢12="=d1m-2=0, D1,m—1 =1
and, for0 </ <m; —1(j = 2),
j-1

—(I+1 _
o1, = (21— 2)) (H_)H(Zl —zx) "k

k=2
(ii) In the special case where m; = 1 for all j and W = {w;};, we have

g=> we [[ -z forall j=1
k=1 1<l<j,l#k
To compute the coefficients, we may use that P;(z) must coincide with the La-
grange polynom1a1 7w, [Ti<k<kn ((; zz’“k)) and identify the coefficient in

front of z7/~!
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Let us denote by AP(V) the subspace of A(V') consisting of the elements W €
A(V) such that the following condition holds:

foralln >0, |z;] <2"and 0 < <m; — 1,
. A3)
| s[2" it Fmi-) < A exp(Bp(2")),

where A and B are positive constants depending only on V and W.
We have chosen to use a covering of the complex plane by discs D(0,2"), but
we can replace 2" by any R” with R > 1.

LEMMA 1.7.  Assume that zy = 0. Then condition (1) holds if and only if
Wo = {81, j81,m—1}j,0<1<m; € A, (V).

Proof. Suppose that (1) is verified. Letn € N,0 < |z;] <2",and0 <[] <m; — 1.
By definition, we have

2" J
NO.2M = > mn=—+mhQ") > 1n<2"<'"1+‘“+'"ﬂ ]—[|zk|'"k>
0<z¢l<2" |24l k=2
and

J J
—1—1 - —1—1 -
|¢$j’]| — |Z]|mj H'Zk' mi E 27[(171] )H'Zkl mi
k=2 k=2

< exp(N(0, 2”))2_"(ml+~~+mj,1+[+1)'

We readily obtain the estimate (3), using that N(0,2") < A,(2") + B.
Conversely, let n be an integer. Using the estimate (3) when j > 2 is the num-
ber of distinct points {z;} in D(0,2") and [ = m; — 1, we obtain

J
N(0,2") = 1n(2”<'"1+'“+'”f> ]_[|zk|”“'>

k=2
— 111(2”<m1+'"+mj)|¢j,mj71|) < Ap(2n) + B.

Using this with 2"~! < R < 2" and the doubling property of p, we can deduce
the estimate for N (0, R). O

We define the norm
[Wllp = sup| W], exp(—Bp(2")),
n

where
IW®lly = sup  sup  |gy 27",

|zj]<2" 0<l<m;—1

The space A »(V) can also be seen as an (LF)-space that is an inductive limit of
the Banach spaces

Ay, p(V)={WeAWV), |W|p < oo}
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We are now ready to state the main results.

ProrosITION 1.8.  The restriction operator p maps A,(C) continuously into
A, (V).

PrOPOSITION 1.9.  Under the assumption of condition (1), A »(V) is a subspace
of Ap(V).

ProrosiTION 1.10.  If conditions (1) and (2) are verified, then A,,(V) =A,(V).

THEOREM 1.11.  If condition (1) holds, then
Ap(V) = p(A,(C)).

In otherwords, condition (1) implies thatthe map p: A,(C) — AP(V ) is surjective.

The combination of Proposition 1.10 and Theorem 1.11 shows easily the sufficiency
in Theorem 1.5.
Using the results given so far, we can deduce our next theorem.

THEOREM 1.12.  The following assertions are equivalent.

(i) V is not a uniqueness set for A,(C).
(ii) The map p is not injective.
(iii) V verifies condition (1).
(iv) The sequence Wo = {81, ;61,m,—1}}, 0<l<m; belongs to p(A,(C)).

In particular, Theorem 1.2 shows that condition (1) is equivalent to the existence
of a function f € A,(C) such that V C f ~1(0). Combined with Theorem 1.11, it
shows both that (a) if p is not injective then it is surjective and (b) if the image
contains W then it contains the whole A »(V).

Proof of Theorem 1.12. As mentioned previously, it is clear that (i) is equivalent
to (ii) and that (i) implies (iii).

(iv) implies (i): We have a function f € A,(C) not identically equal to O such
that f(”(zj) =O0forall j # 1and for all 0 </ < m;. The function g defined by
g(z) = (z — z1)™'f(z) belongs to A,(C), thanks to property (i) of the weight p,
and vanishes on every z; with multiplicity at least m;.

(iii) implies (iv): Up to a translation, we may suppose that z; = 0. By Lem-
ma 1.7, we know that W, € A,, (C). By Theorem 1.11, W € p(A,(C)). O

2. Proofs of the Main Results

Proof of Proposition 1.8. We first recall some definitions about the divided differ-
ences and the Newton polynomials. We refer the reader to [1, Chap. 6.2] or [9,
Chap. 6] for more details.
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Let f € A(C) and let xy, ..., x, be distinct points of C. The gth divided differ-
ence of the function f* with respect to the points xi, ..., x, is defined by

q
A"_lf(xl,--.,xq)=2f(zj) ]_[ (xj —x1)7,
j=1

I<k=q,k#j

and the Newton polynomial of f of degree ¢ — 1is
q ' j—1
P(2) =Y AN7fCo,.ox) [ [z =0
j=1 k=0

itis the unique polynomial of degree g — 1 such that P,(z) = f(x;) foralll < j <
g. When x;,1 < j < g, are each one repeated /; times, the divided differences are
defined by

DAy —1
A" T (X0 s XDy ey Xgels ooy Xg—1s Xgyevvs Xg)
— —_— ) — —

I lq,I lq
1 it

= Aqflf(xl,...,x ).
Lt---1y! axf] ~-~8x(l," !
The corresponding Newton polynomial is the unique polynomial of degree
li+---+1; —1suchthat,forall0 < j <gand0 <[/ <[ —1,

PO(xj) = fP(x)).

We have the following estimate.

LEMMA 2.1 [1,Lemma 6.2.9]. Suppose f € A(C), Q is an open set of C,§ > 0,
and xi, ..., xgarein Qo ={z€Q :d(z,2° > §}. Then
2k71
A G x| = S suplF()I
zeQ
Let B > O be fixed and f € A, 5(C).

Let n be a fixed integer. Let |z;] < 2" and 0 < [ < m; — 1. We consider
the divided differences of f with respect to the points zi,...,z;, where each zy,
1 <k < j—1,isrepeated my times and each z; is repeated / times. Let M;; =
my~+ .-+ mj_; + [; then the divided differences are

M.
¢j,l = A ,’]f(Z],...,Z] seees Zj—lseeeslj—1> Zja"',zj)'
N—— ——— ——
mj times mj_| times [+1 times

Using Lemma 2.1 with Q = D(0,2"*2),§ = 2"*!,and k = M, ; + 1, we obtain
pjal < 27" £l g exp(Bp(2"T2)) < 27"Mit|| f|| s exp(B'p(2")).

Hence

le(Hlis <1 fls,

and this concludes the proof of Proposition 1.8. UJ
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Before proceeding with the proofs of the main results, we shall need the following
lemmas.

LEmMA 2.2.  Condition (1) implies that there exist constants A, B > 0 such that,
forall R > 0,

n(0,R) < A,(R) + B.
Proof. Using property (c) of the weight, we have

2R (0, 1)

n(0,R) < 2/ dt <2N(0,2R) < A,2R)+ B < A,(R) + B. [

R

LEmMMA 2.3.  Let W be an element of A(V') and let q be in N*. We suppose that
foralll < j <gq, foralln € N such that |z4| <2", and forall0 <1 <m; —1,

|p; |2 it Fmi-D) < A exp(Bp(2")),

where A and B are positive constants depending only on V and W.
Then there exist constants A, B > 0 depending only on V and W and such that,
foralln eNand |z| <27,

+00 |P(1)(Z)| q
; —— = Aexp(Bp(2") Zl 220t my),
= j:

+00 1—[(1)
> | q]v(z—” < 2(rDmittmg)

1=0
Proof. If |z| < 2"*! thenfor j = 1,...,q and |z — z;| < 2"*? we have
q mj—1
2 b )
R = 3 2 S
j=l 1=0

q
= A CXp(Bp(zn)) Z 22(ml+...+mj)
j=1
and

q
M) = [ Iz — ™ < 20D 0mtma),
j=1

Now for |z| < 2%, if |z — w| < 2 then |w| < 2"*!. By the preceding inequalities
and Cauchy inequalities, for all / > 0 it follows that

IPP@1 1 1 o,

P _ . n (my+---+mj)

S o max [Pl = 5 Aexp(Bp(2") ; 22mktm)),

from which we readily obtain the desired estimate for F,. Using Cauchy estimates

once again for the function I1, yields the second inequality. U
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Proof of Proposition 1.9. We assume that condition (1) holds. Let
W = {wj1}j 0s12m—1 € Ay (V).

Let ¢ > 1 and let n be the integer such that 2"~! < |z4l < 2". We know that
Pq”)(zq)/l! = wy for every 0 </ < m,_;. By Lemma 2.3,

iy =P, <”< Bl d |
Z |wg,i| < Z ——— < Aexp(Bp(2")) ) 270mt ),
— =
By Lemma 2.2, m; + --- +m; < n(0,]z;]) < Ap(z;) + B. Using that g <
n(0,]z4]) < Ap(z4) + B, we obtain
mg—1
D lwgl < Aexp(Bp(2") < Aexp(Bp(z,));
=0

thatis, W € A, (V). O

Proof of Theorem 1.10. We assume that conditions (1) and (2) are fulfilled. We
already have A,(V) C A,(V) by Proposition 1.9. Before proving the reverse in-
clusion, we need the following useful consequences of (1) and (2).

LEMMA 2.4. There exist constants A, B > 0 such that, for all j € N* and all
n € N such that |z;| < 2":

(i) 2" < Alz;|™ exp(Bp(2")) and 2"+ M) < A|z; "™+ M exp(Bp(2"));
(i) |z; I'”f < Aexp(Bp(z)));
(iii) ]_[J 1|ZJ — Zx| ™ < Aexp(Bp(2"))2 " mitmi-n,

Proof. (i) For 0 < |z;| < 2%,

2" 2"
> m;ln .
K41

N(0,2") > Z my In —

o<l |zk|

We readily obtain the result by condition (1).
The second inequality is obtained in the same way after noting that

N(02)>ka1né | _( B )ka
J

(ii) This is a simple consequence of condition (2):

mj ln|Zj| = N(Zj, |Zj|) = Ap(zj) + B.

(iii) This also is a consequence of condition (2):

| j| Iz;1
E myIn ———— E miln ——— = N(z;,|z;|) < A i)+ B.
k p (Zj |Zj|) p(Zj)

0<lzk—z;1<lz;1 12j = 2

Using (i), we deduce that
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j—1
1_[|Zj —zi T < ACXP(BP(Z.,'))|ZJ~|‘('"1+---+mj_1)
k=1

=< AD—nOmite4mi1) exp(Bp(2")). 0

Let W = {wj,l}j,oflimj,l be in A, (V). In order to show that W verifies (3), we
use Lemma 2.3 to show (by induction on ¢ > 1) the following property: For all
n € Nsuch that [z,] < 2" andforall0 </ <m, — 1,

|27 F ) < Aexp(Bp(2")),
where A and B are positive constants depending only on V and W.
Suppose g = 1. Then, for |z;] <2" and 0 <[ <m; — 1, we have
|11l = |wi| < Aexp(Bp(z1))
< Aexp(Bp(z1))27"2" < Aexp(Bp(2")27",
using parts (i) and (ii) of Lemma 2.4.
Now suppose the property holds for 1 < j < g — 1, and let n € N be such that

|z4] < 2". Again we proceed by inductionon/,0 <[ <m, — 1.
Let/ = 0. By Lemmas 2.3 and 2.2, we have

q—1
|Pyoi(zg)] < Aexp(Bp(2") Y 220+ +m)
j=1

< (g — D2¥m+=Fme) < Aexp(Bp(2")).

By Lemma 2.4(iii),
q—1
M1zl = [Jlzg = 2™ < Aexp(Bp(2")2 (=4,
k=1
We deduce that

pg.0l < Aexp(Bp(2"))2 " mt+ma-,

Now suppose the estimate true for 0 < j </ — 1. Using the inequalities from
Lemmas 2.3 and 2.2 yields

-1

m,-"(zy) .
> (l_—j)'d)q,j < Aexp(Bp(2"))
Jj=0 '
and

P(l)
‘ﬂ < Aexp(Bp(2")).

I

As for [ = 0, we use Lemma 2.4(iii) to complete the proof of Theorem 1.10. [J

Proof of Theorem 1.11. We already showed the necessity in Theorem 1.8, so we
now prove the sufficiency.

We assume condition (1). Let W = {wjyl}jyoflfmj,l be an element of AP(V).
Let X be a smooth cutoff function such that X'(x) = 1if |x| < 1and X(x) = 0 if
x| > 4.
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Set X,(z) = X(|z]%/2%") forn € N, pg = Xo, and p,y1 = Xppq — X, Itis
clear that the family {p,}, forms a partition of unity, that the support of X, is con-
tained in the disk |z| < 2"*!, and that the support of p, is contained in the annulus
(2" < |zl <2 forn > 1.

We will denote by g, the number of distinct points z; in D(0,2"); that is,
n = 2jzy1<an 1-

LEMMA 2.5. There exists a C* function F on C such that, for certain constants
A,B > 0:
(i) FO(zp)/I! = w;, forall j eNwith0 <1 <m; — 1;
(i) [F(2)| < Aexp(Bp(2)) forall z € C,;
(iii) oF = 0on D(0,1) and, for any n > 2 and 272 < |z| < 277
qn
0F(2)] < A2 +man) Tz — 24 ™ exp(Bp(2")).
k=1
Proof. We set
F(2) =) pu2(2) Py, (2),
n>2

where
mj—1

q j—1
Py(z) = Z( IZ(; ¢j.1(z — z,,-)’) Bl(z —zi)"k

j=1
This is the Newton polynomial mentioned in Remark 1.6.

(i) Forall j > 1and 0 <[ < m; — 1, if z; is in the support of p,_, then
P(I)(Zj) =I!wj;. Thus

qn
!
F(”(zj) _ Z(Z Clkp:ll_—;c)(zj)k! wj,k)

n>2 “k=0

1 (I—k)
:ZC,"k'ka(Z,on) (Zk):l!wj',[.
k=0 n

(ii) For z > 1, let n > 2 be the integer such that 2"~2 < |z| < 2"~!. Then we
have
F(2) = pu—2(2) Py, (2) + pu1(2) Py, (2)-

Forall 0 < j < g, wehave |z;| <2"and |z — z;| < ontl Using Lemma 2.3,
condition (1), and property (c) of the weight yields

|Fy,(2)| S exp(Bp(2")) < Aexp(Bp(2")) = Aexp(Bp(z)).

The same estimation holds for F,,_, so

|F(2)| < exp(Bp(2)).

(iii) Now, we want to estimate dF. It is clear that F(z) = P;,(z) on D(0,1).
Let |z| > 1 and let n be the integer such that 2"~2 < |z| < 2"~!. Then

IF(2) = 0pn—2(2) Py, (2) + 0pu-1(2) Py, (2).
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Since z is outside the supports of 9X,_3 and 8X,_,, it follows that

qn

OF(2) = =0, 2(2)(Py,,,(2) = Py, (2) = [ [(z = 200™Gu(2),
k=1
where

qn+1

Gu(z) = =X, 2(2) ) H (z—zk>mk<2¢,z(z—z1 )

J=qn+1k=q+1

For k < g,4+1 we have |z — zx| < 2"*2. Hence, using the estimate given by (3)
and then Lemma 2.2, we can show that

dn+l1
|Gu(2)| A exp(Bp(2")2 7" "t ¥an) N " ity
J=qn+1
S exp(Bp(2}1))2—n(l711+"'+WIq”)'
We readily obtain the desired estimate. UJ

While looking for a holomorphic interpolating function of the form f = F + u,
we are led to the 9-problem

ou = —oF,

which we solve using Hérmander’s theorem [8, Thm. 4.2.1].
The interpolation problem is then reduced to the following lemma.

LEMMA 2.6. There exists a subharmonic function U such that, for certain con-
stants A, B > 0:
(i) U(z) ~ m;log|z — z;|* near z;;
(ii) U(z) < Ap(2) + B forall z € C;
(iii) |0F(z)|? exp(=U(z)) < Aexp(B(p(z)) forall z € C.

Admitting this lemma for a moment, we proceed with the proof of the theorem.
_ By HQrmander’s theorem [8, Thm. 4.4.2] we can find a C* function u such that
ou = —JF and, denoting by dA the Lebesgue measure,

/ |u(w)|* exp(=U(w) — Ap(w))
C 1+ |w??

dr(w)
< [ 18P exp(=Uw) = Aptu) drcw.
By property (a) of the weight p, there exists a C > 0 such that
[E exp(—Cp(w)) di(w) < oo.

Thus, using (ii) of the lemma and the estimate on |5F (2)|?, we see that the last in-
tegral is convergent if A is large enough. By condition (iii) we know that, near z;,
exp(—U(w))(w — zj)l is not summable for 0 </ < m; — 1. Hence necessarily
u’(z;) =0forall jand 0 <! < m; —1; asaresult, f(z;)/I! = w}.
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Now we must verify that f has the desired growth. By the mean value inequality,

FACIIDS /D( l)lf(w)ld/\(w)S/D IF(w)Id?»(w)+/ |u(w)| dA(w).

(z,D) D(z,1)

Let us estimate the latter two integrals, which we denote by /; and I,.
For w € D(z,1),

[F(w)| < exp(Bp(w)) < exp(Cp(z2)).
Then
I S exp(Cp(2)).

To estimate I, we use Cauchy—Schwarz inequality,

13 < JiJy,
where
Ji = / lu(w)|* exp(—U(w) — Bp(w)) dr(w),
D(z,1)
Jy = / exp(U(w) + Bp(w)) di(w).
D(z,1)
Then

DS /Iu(w)lzeXp(—U(w) — Bp(w)) d1(w)
C
|u(w)|* exp(=U(w))
~Jc 1+ w[*)?
by property (a) of p as long as B > 0 is chosen large enough.

To estimate J,, we use condition (i) of the lemma and property (b) of the weight
p. Forw e D(z,1),

exp(U(w) + Bp(w)) < exp(Cp(w)) S exp(A,(2)).

We easily deduce that J, < exp(A,(z)) and hence, finally, that ' € A,(C); this
completes the proof of Theorem 1.11. O

di(w) < +o0,

Proof of Lemma 2.6. For the sake of simplicity and up to a homotethy, we may
assume that |z;| > 2 for all z; # 0. In the definition of the following functions
V., we will assume z; # 0; otherwise, we may add the term m In|z| to each V,,.

We set
lz — z;I?
Vi)=Y mjlog |2j ;
0<|zj|=<2"
then
V() =) pn2(2)Va(2).
n>2

First we will show that V verifies (i), (ii), and (iii). Then we estimate AV from
below and add a correcting term W. The subharmonic function U will be of the
formV + W.
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(i) Let | zx| be such that 27! < |z;| < 2™FL. For 2"~! < |z| < 2"*1,

V(Z) = pmfl(Z)Vm+1(Z) + pm(Z)Vl11+2(Z) + pm+1(Z)Vm+3(Z)~

Because the p, form a partition of unity, it is clear that V(z) — my In|z — z4|? is
continuous in a neighborhood of z;. Observe that V is smooth on {|z| < 2} since
we have assumed that all |z;| > 2.

(i) Letn > 2 and 2"~2 < |z| < 2"~. Then

V(2) = pn—2(2)Vu(2) + pu-1(2) V1 1(2).
For all |z;| < 2", we have |z — z;| < 27+ Thus,

n+1
| < N(0,2"*1).

2
Va(z) < Z m; log |

Zi
lzjl<2" J

Finally, we obtain that
V(z) < N(0,2"*) + N(0,2"*%) < p2") 5 p(2)
by condition (1) and property (c) of the weight.

(iii) We have
—V(2) zj zj
= Z m; In 121 + pn41(2) Z m; In L
2 o= |z — zj] ) » |z — z;]
1< n)zl<2n

Note that for all 2" < |z;] < 2"*! we have |z — z;| > 2" — 2" = 2", We

obtain
_V(Z) 211
. ij1n| +hd > om

<= ZJ| 2"<\Z_,‘\§2"+1

q}l
< 1n<z"<ml+'“+’"q"> [Tz~ z;|'”f> +In(Aexp(Bp2")  (4)

j=1
for certain constants A, B > 0, using Lemma 2.2. Finally, combining this inequal-
ity with Lemma 2.5(iii) yields

10F (2)| exp(=V(2)/2) < exp(Bp(2")) S exp(Bp(2)).

Now, in order to obtain a lower bound of the Laplacian, we compute AV (z) as

AV =" p, 2 AV, + 2Re<z 5p,,23Vn) + ) 90pu—2Va-

n>2 n>2

The first sum is positive because every V; is subharmonic.

Let us estimate the second and third sums, which we denote respectively by
B(z) and C(z). Let n > 2 and 2”72 < |z| < 2"!; then, since z is outside the
supports of dX,_3 and dX,_,, we have

B(z) = 2Re[0X,_2(2)d(Vi(z) — Var1(2))],
C(2) = 30X,—2(2) (Vi(2) — Viy1(2))-
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Moreover,
|z — z;|?
Va(2) = Vi1 (2) = Z mj log |—¢2],
2"<\Zj\§2”+1 ZJ
1
V() = Va1 () = > m :
=3
2"<\Zj\§2"+1
and ]
0%, 2D S 570 190X,2(D] S 55,

For z in the support of dX,_» we have |z| < 2", and for 2" < |z;| < 2"*!it
follows that 2"~ < |z — z;| < 2"*2. Therefore,

n(0,2"*1 —n(0,2")

100X,-2(2) (Vi1 (2) — Va(2))| S

22n ’
= 0, 2n+1 _ 0’2,1
|8Xn—2(1)8(vn+](z) — ‘/n(z)l S n( ;2,1 I’l( )
Finally,
AV(2) > _n(O, 2n+l) —n(0,2™) - _n(0,23|Z|) — n(0,2|z])

22n ~ |Z|2

To construct the correcting term W, we begin by putting W(z) = g(23|z|) and

0= [ nosas gw=[ L4
0 o S

The following inequalities are easy to see:

F(t) < (0, 1), g(t)g/ nO.9) 40— NO.s).
0 S

Thus, by condition (1) and property (c),
W(z) = N(0.2[z)) £ p(2%) S p(2).

We must now estimate the Laplacian of W. Let t = 23|z|. Then

1
AW(z) = ;g/(t) +2'(t) = (f (t) — M)

and

t t/4 t
f(t)=/ n(0,s)ds =f n(O,s)ds+/ n(0,s) ds
0 0 /

t/4
< £n(O L) + t(l — l)n(O,t).
— 4 4 4
Therefore,

7o~ <, )—M>—( (Ot)—n< 2))
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and

n(0,23|z]) — n(0,2|z])
|z|? '
Now, the desired function will be of the form
U(z) = V(z) + aW(z),

where « is a sufficiently large positive constant. UJ

AW(2) Z
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