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Normality and Shared Functions of
Holomorphic Functions and Their Derivatives

JIANMING CHANG & MINGLIANG FANG

1. Introduction

Let D be a domain in C and let F be a family of meromorphic functions defined
in D. The family F is said to be normal in D, in the sense of Montel, if each se-
quence {f,} C F contains a subsequence { f,, } that converges, spherically locally
uniformly in D, to a meromorphic function or to oo (see [7; 12; 14]).

Let f and g be meromorphic functions in a domain D in C, and let a and b
be complex numbers. If g(z) = b whenever f(z) = a, we write f(z) = a =
g2)=b.1f f(z) =a = g(z) =band g(z) = b = f(z) = a, we write f(z) =
a<< g(z) =b. If f(z) =a & g(z) = athen we say that f and g share a in D.

Schwick [13] was the first to draw a connection between values shared by func-
tions in F (and their derivatives) and the normality of the family F. Specifically,
he showed that if there exist three distinct complex numbers ay, a,, a3 such that f
and f’ share aj (j =1,2,3) in D for each f € F, then F is normal in D. Pang
and Zalcman [10] extended this result as follows.

THEOREM A. Let F be a family of meromorphic functions in a domain D, and
leta, b, c,d be complex numbers such that ¢ # a andd # b. If for each f € F we
have f(z) =a & f'(z) =band f(z2) = c¢ & f'(z) =d, then F is normal in D.

Chen and Hua proved the following.

THEOREM B ([4], cf. [5; 9]). Let F be a family of holomorphic functions in a
domain D, and let a (# 0) be a finite complex value. If, f, f', and f" share a in
D for each f € F, then F is normal in D.

In this paper, we extend Theorem B as follows.

THEOREM 1. Let F be a family of holomorphic functions in a domain D, and let
a(z) be an analytic function in D such that a’ # a. If, for each f € F, f(2) =
a(z) & f'(z) =a(2) & f"(2) = a(2) and f(2) —a(z) =0 — f(2) —a(z) =
0in D, then F is normal in D.
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Here f(z) —a(z) =0 — f'(z) —a(z) = 0 means: if z is a zero of f(z) — a(z)
with multiplicity n, then z is a zero of f'(z) — a(z) with multiplicity at least n.

Theorem B is an instant corollary of Theorem 1, which yields also our next
result.

COROLLARY 1. Let F be a family of holomorphic functions in a domain D. If,
foreach f €F, f, f', f” have the same fixed points in D, then F is normal in D.

The following two examples show that the conditions a’ # a and f(z) — a(z) =
0 — f'(z) — a(z) = 0in Theorem 1 are necessary.

ExampPLE 1. Let D = {z:|z| < 1} and a(z) = ce® for c a finite value. Let F =
{fx}, where
fn(2) = e +ce”.

Then, for any f € F, it is easy to see that f(z) —a(z) #0, f'(z) —a(z) # 0, and
f"(z) —a(z) # 0. But F is not normal in D.

ExaMPLE2. Let D = {z:|z] < 1},a(z) =z>+2z+2,and F = {f, : n =
2,3,...}, where
fu(2) =nz® + 22+ 27+ 2.

Then, for any f,(z) =nz® +z724+27+2€F,
fo(2) —a(z) =nz,
[1(2) —a(z) = Bn— 1)z
(@) —a(z) = (6n-2~-2)z.

Thus f,(z) —a(z), f,(z) —a(z), and f,(z) — a(z) have the same zeros in D. But
F is not normal in D.

The following example shows that there are normal families that do not satisfy the
conditions of Theorem B yet do satisfy the conditions of our results.

ExampLE3. LetD ={z€C:Re(z) > —3/2}and F ={f, : n=1,2,3,...},
where

i i
fu(2) = Enzz + (n® +ni)z +n® — 5(n3 —2n).

(Here, as usual, i = «/—1.) Then F is normal in D. In fact, f,, — oo locally
uniformly in D as n — co. We may compute

(@ —z= in(z — ni)[z — <—2 +ni — g)],
2 n

fl(z) =z = (=1 +ni)(z — ni),

£/ (2) —z=—(z —ni).

It follows that f,,(z), f,(z), f,'(z) have the same fixed points in D, so the functions
fn satisfy the conditions of Corollary 1.
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However, there does not exist a number a € C such that f,, £, f,’ share a in
D. Let a = x¢ + yoi. Then, for sufficiently large n, f,'(z) = ni # a,butz, =
—1+ yo/n+ (n — xo/n)i € D and so f,(z,) = a. Thus the functions f, do not
satisfy the conditions of Theorem B.

In order to prove Theorem 1, we need the following results.

PROPOSITION 1. Let F be a family of holomorphic functions in a domain D, and
let A(z) # 0 be a zero-free analytic function in D. If for each f € F we have
f(2) =0= f'(z) = A(z) and f'(z) = A(z) = f"(z) = A(z) + A(z) in D,
then F is normal in D.

PROPOSITION 2.  Let F be a family of holomorphic functions in a domain D, and
let A(z) # 0 be an analytic function in D that is not equal to zero identically. If,
foreach f € F,wehave A(z) =0= f(2) =0, f(z) =0<% f'(z) = A(z), and
['(2) = A(z) & f"(2) = A(2) + A'(2) and also f(z) = 0 — f'(z) = A(2),
then F is normal in D.

PROPOSITION 3. Let F be a family of holomorphic functions in a domain D, and
let A(z) # 0 be an analytic function in D that is not equal to zero identically. If,
for each f € F,we have A(z) =0 = f(z) #0and f(z) =0 & f'(z) = A(2)
and f'(z) = A(2) = f"(z) = A(2) + A'(2), then F is normal in D.

2. Some Lemmas

Let f be a nonconstant meromorphic function in Dy = {z : |z| < R} (R < 00).
Throughout this paper we use the basic results and notation of Nevanlinna the-
ory, such as T(r, f), m(r, f), N(r, f), ... (cf. [6; 7; 12; 14]). In particular, S(r, f)
denotes any function satisfying

S, f) =o{T(r, f)}

asr — 400 and possibly outside of a set of finite linear measure, where T'(r, f) is
Nevanlinna’s characteristic function. As usual, the order p(f) of f is defined as

p(f) = limsup M.

r—00 log r

In order to prove our theorems, we require the following results.

LeEmmMmA 1 ([11, Lemma 2]; cf. [15, p. 217]). Let F be a family of meromorphic
Sfunctions in the domain D C C, all of whose zeros have multiplicity at least k,
and suppose there exists an A > 1 such that |f(k)(z)| < A whenever f(z) = 0.
Then, if F is not normal at some point 7o € D, for each 0 < a < k there exist

(a) points z, € D, z,, — Zzo,
(b) functions f, € F, and
(c) positive numbers p, — 0
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such that p,*f,(zn + pul) = gu(£) — g(¢) locally uniformly, where g is a non-
constant meromorphic function in C, all of whose zeros have multiplicity at least
k, such that g*(¢) < g*(0) = kA + 1. In particular, if F is a family of holomor-
phic functions, then g is of exponential type.

Here, as usual, g#(¢) = |g/(2)|/(1 + |g(¢)]?) is the spherical derivative.

LEmMMA 2 ([9]; cf. [3]). Let g be a nonconstant entire function of exponential
npe. If g(z) =0= g'(z) =land g'(z) =1= g"(z) =0, then g'(z) = 1.

LEmMA 3 [7; 14]. Let f be a nonconstant meromorphic function and let k be a

positive integer. Then
f(k)
m(r, —) =S, f);
f
in particular, if f is of finite order then

(k)
m(r, fT) = O(logr).

LEMMA 4 [6, Lemma7.1]. Let ¢1(2), $2(2), ..., $x(2) be n entire functions such
that ¢; — ¢; is nonconstant for i # j. Let g((z), 82(2), ..., 8a(2) be n meromor-
phic functions of finite order such that

p(g) <  min {pe” %), i=12,...,n.
<s<t<n
If
> si(2)e?@ =0,

i=1
then
gl=g2="'=gn=0~

Here and in the sequel, p(g) denotes the order of g.
LEMMA 5. Let g be an entire function whose order is at most 1, and let k be a

positive integer. If g(z) = 0 < g'(z) = 7% and g'(z) = % & g"(2) = kzF 7,
then g(z) = cz k1 ywhere ¢ is a nonzero constant.

Proof. Set
_28"(2) —kg'(2)

(2) 2

(2.1)

Now we consider two cases.
Case 1: ¢ =0. Then zg"(z) — kg'(z) = 0 for any z € C. It follows that
g(2) = cz" 44, (2.2)

where ¢ and d are constants. Thus by g(z) = 0 < g’(z) = z*, we know that d =
0. Hence g(z) = cz**1, where ¢ is a nonzero constant.
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Case 2: ¢ # 0. Then, by the conditions of the lemma, ¢ (z) has only one pos-
sible simple pole z = 0 (if g(0) = 0). Since p(g) < 1, by Lemma 3 we have

I(r,¢) =m(r,¢) + N(r,¢)

<m(r,z) + m(r, %) + m(r, gg”) +logr + O(1)
= O(logr). 2.3)
It follows that
¢(2) = ap7” +a,l_1z”71+~-~+alz+ao+g, 2.4
where «,,, ..., and y are constants and where y = 0 if g(0) # 0.
Set

8l () —kz""]
T g@-
If L = 0 then g(2)[g"(z) — kz¥~1]1 = 0. Thus, by g(z) = 0 & g"(z) — kzk~! =
0 we deduce that g(z) = 0, which is impossible.

Hence L # 0. Since g(z) =0 < g'(z) —zF =0 & ¢g"(2) —kzF1 =0, it
follows that L(z) is an entire function that has only one possible zero z = 0 with
multiplicity s if z = 0 is a zero of g with multiplicity s 4 1. Since p(g) < 1, we
deduce from Lemma 3 that p(L) < 1. Thus we have

L(z) = az’e’*, (2.6)

L(z) (2.5)

where A and a # 0 are constants and where s is a nonnegative integer.
Thus, by (2.5) and (2.6),

g(D[g"(2) — kz" "1 = az’e**[g'(2) — 2"1. 2.7
This together with (2.1) yields

g(Dkg'(2) + ¢(2)g(2) — kz¥] = az*e**[g'(z) — 2*1,
so that
[8'(2) — 2¥1lkg(2) — az* e’ ] = —¢(2)[g(2)]* (2.8)

It follows that kg(z) — az**'e** has only finitely many zeros.
Since g is an entire function and since p(g) < 1, we may assume that

g(z) = %Z”le“ + P(2)e', 2.9)

where P(z) is a polynomial and p is a constant. It is obvious that P(z) # O.
Using (2.9), we obtain

g'(z) = %[}\z”‘ + (s +Dz°1e* + [P'(2) + uP(2)]e". (2.10)

Thus by (2.8)—(2.10) and some calculation, we have

A1(2)e? + Ax(2)e™ T+ A3(2)€* + Ay(2)e =0,
where
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a2
Ai(z) = pzz(”')(b(z) £0,

2a s+1 s+1 K
Ay(z) = TZ P(2)¢p(2) +alrz"™ 4+ (s + Dz 1P(=2),

A3(2) = [P(2)1*¢(2) + kP(2)[P'(2) + uP(2)],
A4(2) = —kz*P(z) #£ 0.

Next we show that A = p = 0. First, by Lemma 4, we know that at least one of
Wy Ay A — i, and 21 — o is zero. And again by Lemma 4 with A; £ 0 and A4 #
0, we see that either (a) A # 0, u #0,and A — u #Qor(b) A = u =0.

In case (a) we have u = 2X. Thus, by Lemma 4 again, we know that A, = 0
and A; = 0.

Hence by (2.4) and A, = 0 we have

20, 2" 4+ 2002 (kA 4 20012+ [K(s + 1) + 2712 =0,
so that

1 1
o, =---=o; =0, 060=—§k)», y:—zk(s+1);£0.
Therefore, (2.4) allows us to obtain
1 k(s +1)
= ——k\ — ;
() 2 2z

together with A3 = 0, this yields

<—%kkz — k(s2+ 1))P(Z) +kz[P'(z) + nP(2)] = 0.

It follows that © = —A /2, which together with u© = 2X gives that A = u =0, a
contradiction. Hence we have proved that A = w = 0. Thus, by (2.9), g(z) is a

polynomial.
By (2.7) and A = 0, we have
g@Mg" () —kz" " = az’[g'(2) — 2*]. (2.11)
By (2.1) and (2.4),
228"(2) —kzg'(z) — (02" 4 -+ gz + ¥)g(z) = 0.
It follows that o, = -+ = o) = @9 = 0 and y # 0, so that g(0) = 0. Thus, by
(2.11), z = O is a zero of g with multiplicity s + 1.
If
g@ =aoz' +aiz" + -, 2.12)

where a(, a; are nonzero constants and / > m are nonnegative integers, then m >
s +1and so! > s + 2. On the other hand, by (2.11) it follows that l = s + 1, a
contradiction.

Hence g(z) = cz!, where ¢ # 0 is a constant and [ is a positive integer. Thus,
by g(z) =0 & g’'(z) = z%, it follows that [ = k + 1. This completes the proof of
Lemma 5. O
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LEMMA 6. Let f(z) be analytic in the disc A = {z : |z| < ro}; let A(z) =
7X@ (2), where k € N and ¢ # 0 is analytic on A: and let a be a complex number
such that |a| < ro. If f(0) #0, f(—a) # 0, (f’/d)a)f:k& # 0,and L,(0) # 0 and
Ff(2) =0 f(2) = Au(2) and f'(2) = Au(2) = ["(2) = Au(2) + A, (2),
where A,(2) = A(z + a), ¢4(2) = ¢(z + a), and

, f'(2) f(2)
Li(2) =[Au(z) — A Ay
(2) = [Au(2) (D] 7 + Au(2) 70
() —AL(2) ,
—2A,0)————+ A s 2.13
(2) 70 — A, 2) + A, (2) (2.13)

then for 0 < r < ro — |a| we have

IL£/(0) — A, (0)] £(0)|
Lo O)2(f D))

T(r, f) < LD[r, f]1+ log (2.14)

where

LDI[r, f]1= 3m<r, f7/> + 2m<r, f7”> + 2m<r, %)

+m(r (f’/¢a)<k>> +m<r (f//d)a)@“) +m<r (f /) )
" S C (flpa)® T () ® — k!

+ m(r [(f7¢a) —(z+ a)k](k)> + m<r (f//d)a)(zk) )
T (fpa) — (24 a)k T (f/¢a) — (24 a)k

1
+ 3m(r, ¢—> +6m(r,A,) +4m(r, A') + 121og 2. (2.15)

a

Proof. Using a standard argument in Nevanlinna’s theory, we have
(7)o 7=w)
f = Aq
. 1 1
= m(r, ?) +m<r, —f’ e +a)k¢a>
m(r,;>+m<r, ! >+2m(r,i>+m<r,£>
I/ a (fda) — (z+ a)* ba f

I 1 Iz
" (r’ (f’/¢a)<k>> o (r’ @ — k!) o (r’ 7)

Fpa)® [(F) — (2 + @) ] |
+m(” 7/éa )J”"(r’ (F/da) — (2 + )k )+2m<’_>

<m<r ! + ! >—|—m<r£)+lo 2+10+i
=" Flba® T e ® — k! " 8T8

(f//qsa)(k)) ( [(f//¢a)—(z+a)k](k)> ( 1)
) ) 2 P =
+m(r o0 )T T g0 —crar )T 0g ) S

IA

IA
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<m<r ;) +m(r (f//¢a><2k>> +m(r (f /9% )
U (a0 ()W " (fd)® — k!

I (f’/%)"‘)) < [<f7¢a>—<z+a>k1<k>)
+’"(r’ f)“"(r’ Figa ) T\ T Flp0 - G ar

1
+2m (r, ¢_> + 4log2. (2.16)

a

Since f’/¢, is holomorphic in A, by Nevanlinna’s first fundamental theorem it
follows that

1 1
’"( (f//¢a><2k>) = T(r’ <f'/¢a><2k>)
=T, (f/¢a)?) +log ———
[(f/ba) ol
= m<r (/7 pa)™ . f - Aa) + log —1
C(fYba) — )k ¢, I(F b))

(f /b)Y )
T(f$a) — (z+a)k

1 1
+m<r,—> +log ————. (2.17)
a (o) 2]

Thus, by (2.16) and (2.17) we have

T(r’f)Zm(r’f)_i_m(r’f,_Aa)_m(r’f/_Aa)
=T ) +T0, f'—A) —m@, [ — Ay)

“r(e3) et ) e
+log| f(O)[ f'(0) — A, (0)]]

) (o) i

FOILf(©0) — A, 0)]
+ log )
(fPa)Zo

<m(@r, f' — Ay +m<r

(2.18)

where
£ (f/ba)@ (f/ba)@
Lbil jl=m < 7) o ( (77 da)® ) o ( RCE k!)
. ( (o) — (2 +a>k1<k>) . ( (f/ o) )
(e =t a)F o) — (4 a)

l (k)
o (,,, (f;%) ) +3m (r, %) +4log2. (2.19)
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Because f(—a) # 0, A,(—a) = 0, and f(z) = 0 & f'(z) = A,(2), we can
see that f'(—a) # 0. Since f(z) =0 < f'(z) = A,(z) and f'(2) = A,(2) =
f"(z) = As(2) + A, (2), it follows that all zeros of f(z) and f'(z) — A,(z) are

simple. Hence we have
1 1
N r,m =N r,? . (220)

FOLf'(0) — A, 0)]
(f19)2
Now let f(zp) = 0. Then, by f(—a) # 0,wehavezp+a # Oandso A,(z¢) =
A(zo+a) # 0. By assumption, f'(z9) = A,(zo) and f"(z0) = Au(z0)+A},(z0).
Thus, near zg:
1'(2)
f(2)

This with (2.18) yields

2.21)

I(r, f) = 2N<r, %) + LD\[r, f]+log

_ Au(20) + [Aa(20) + AL (20)1(z — 20) + OL(z — 20)*]
Aa(20)(z — 20) + 2[Au(20) + AL (z0)1(z — 20)* + O[(z — 20)°]
1 Ay(z0) + A (z0)

T T 24,z OG0

f(2)
f@)

_ Au(z0) + AL (z0) + " (z0)(z — z0) + Ol(z — 20)°]
Aa(20)(z — 20) + 2[Au(20) + AL (z0)1(z — 20)* + O[(z — 20)°]
_ Adzo) +A,Gz0) 1 f"(z0)  [Aa(zo) + Au(z0)]?

Aq(zo) z—z0 Au(zo) 2[A.(z0)]?
+ O(z — z0);
f"(2) — Al (2)
f(2) — Au(2)

_ Aq(20) + [f"(z0) — A%(20)1(z — 20) + Ol(z — z0)?]
Aa(20)(z — 20) + 5[ £"(20) — AL(z0)1(z — 20)* + Ol(z — 20)?]

_ 1 f"(z0) — Al (z0)

-2 2A4(z0)

Hence, by definition of the function L,(z), near zo we have L,(z) = O(z — zo),
and it follows that L,(z¢) = 0. Combining this with the fact that all zeros of f(z)
are simple, we get

+ O(z — zo).

N(r, %) < N(r, %) and N(r,L,) =0. (2.22)

a
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This, together with (2.21) and Nevanlinna’s first fundamental theorem, yields
FOLf(0) — Au(0)]
(/o)

T(r,f) =< 2N<r, Li) + LD[r, f]+1log

a

<2m <r, La> + LDi[r, f1+ log JOLSO — A g?)] . (2.23)
[Lo(O)I*(f"/pa);~
By (2.13), we have
m(r,Ly) < m(r, f7> + m(r, f7> + m(r, %)
+3m(r,A,) + 2m(r, A)) + 4log2. (2.24)
Thus, by (2.23), (2.24), and (2.29) we obtain (2.14) and (2.15). This completes the
proof of Lemma 6. U

LeEmMA 7 [1]. Let U(r) be a nonnegative, increasing function on an interval
[R1, R3] (0 < R) < Ry < +00); let a, b be two positive constants satisfying b >
(a + 2)?; and let

P } +b

—r

whenever Ry <r < p < Rj. Then, for Ry <r < Rj,

U(r) < a{log+ U(p) + log
0

R
U(r) < 2alog R + 2b.
2—r

LeEmMA 8 [8]. Let f(z) be meromorphic in |z| < R. If f(0) # 0, 00 then, for
every positive integer k,

(k) 1
mlr, — <Ck{1+log+log —— +log™
( f ) | f(0)]

1
+ log™ Py +1log® p +logt T(p, f)},
where 0 < r < p < R and Cy is a constant depending only on k.

In the sequel, C; may vary with each occurrence.

3. Proofs

3.1. Proof of Proposition 1

Suppose that F is not normal at some point zo € D. Since D is open, there exists
a positive number § such that {z : |z — zo| < 8} C D. Hence, by Lemma 1 there
exist z, — zo, pn — 0, and f,, € F such that

80(0) = P, fulzn + pul) — 8(0)
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locally uniformly on C, where g is a nonconstant entire function such that g#(¢) <
¢"(0) = max|,_,|<s/2|A(z)| + 1. In particular, g is of exponential type.
We claim that:

(1) g(0) =0= g'(®) = A(zo);
(i) g'(¢) = A(zo) = g"(¢) = 0.

Suppose now that g(¢y) = 0. Then, by Hurwitz’s theorem, there exist points
¢n = &o such that g,(¢,) = pn_lfn(zn + pn¢n) = 0. Thus f,(z, + pp¢y) = 0 and
SO fn/(zn + pncn) = A(Zn + pné‘n)' Hence g:t(gn) = A(Zn + pné‘n) and g/(§0) =
lim, . &,(¢x) = A(zo). This proves (i).

Next we prove (ii). Suppose that g'(¢g) = A(zo). Obviously g'(¢) # A(zo),
for otherwise g*(0) < |g’(0)| = |A(zo)|, which contradicts

#
g0 = max AN+
Hence, by Hurwitz’s theorem there exist points {, — {o such that g, (Z,) =
A(Z,+pPp&n), 80 fn/(zn +0nln) = A(z,+pny) and g,ﬁ/(é'n) = )Onfn//(zn +0n8n) =
Pn [A(Zn + pné‘n) + A/(Zn + pné‘n)]- It follows that g//(CO) = hmn—>oo gy,,/(é‘n) = 07
which proves (ii).

Therefore, Lemma 2 implies that g’({) = A(zo)—a contradiction. Thus, the

proof of Proposition 1 is complete.

3.2. Proof of Proposition 2

Letzp € D. If A(zp) # O then, by Proposition 1, F is normal at zo. Now suppose
that A(zg) = 0. Then there exists a positive number § such that A(z) # 0 for z €
{z:0 < |z—z0|] <68} C D. Hence, again by Proposition 1, F is normal in {z :
0 < |z — zo| < 8}. Without loss of generality, we assume that zg = 0. Let A =
{z : |z| < 8}. Then F is normal in A\ {0}. Let A(z) = z¥¢(z), where k is a posi-
tive integer and ¢ is a zero-free analytic function on A. We shall prove that F is
normal at z = 0, but first we prove three claims as follows.

Cramm 1. Let f € F. Then z = 0 is a zero of f with multiplicity k + 1 and
FEDO) = k! 9(0).

Proof. Indeed, by A(z) =0 = f(z) = 0and A(0) = 0 it follows that £(0) = 0.
Thus f(z) = z'fi(z), where [ is a positive integer and where f|(z) is analytic at
z = 0 and satisfies f1(0) # 0. Hence we have

(@) — A(z) = 27 Ifi(2) + 2] — 2°¢(2). (3.2.0)

Ifl —1# k, thenby f(z) =0 — f'(z) = A(z) we see that min(l — 1,k) > [,
which is impossible.
Thus!/ =k +1, so

f(2) =" fi(2), (3.2.2)
f1(2) — A) = 2"k + 1) fi(2) + 2£](2) — ¢ (2)]. (3.2.3)
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Since f(z) =0 — f'(z) = A(z), we know that (k +1) f1(0) — ¢ (0) = 0. Hence,
by (3.2.2), f*+D(0) = k! ¢(0). This proves Claim 1. O

CLAM 2. Let f € F and let F(z) = z %f(z). Then F(z) is analytic in A and
|F'(z2)| < M whenever F(z) =0 in A, where M = max_.x|¢(2)].

Proof. In fact, by Claim 1 we know that F(z) is analytic in A. Now suppose
F(z0) = 0, so that f(zo) = 0. If zg # O then, by f(zo) = 0, it follows that
f(z0) = A(zo) = z£¢(20). Thus

|F'(z0)| = 125" "(z0) — k2o~ f(z0)| = 16(20)] < M.
If zo = 0 then by Claim 1 we know that, near zo = 0,
2O i k2
= (0]
f(z) = P +0(")
and so $(0)
F(r) = ——= (0] .
(z) = P 24+ 0(z%)
Thus we have |¢ o)
F' =|F'(0)| = <M,
[F'(zo)| = |F(0)] = P
and Claim 2 is proved. O

CLam 3. If {F(z) = 2 *f(2) : f € F}is normal at z = 0, then F is also nor-
mal at z = 0.

Proof. Let { f,} be a sequence in F. Then {F,(z) = z*f,(z)} is normal at z = 0.
By Claim 1, F,(0) = 0. It follows that there exists a subsequence {F,,} of {F,}
such that, in a neighborhood U C A of z = 0, {F,;} converges uniformly to an
analytic function 2(z). Thus f,,(z) = Zanj(Z) converges uniformly to z¥A(z) in
U. Hence F is normal at z = 0, which proves Claim 3. O

Now we prove that F is normal at z = 0. Suppose on the contrary that F is not
normal at z = 0. Then, by Claim 3, the family {F(z) = z7*f(z) : f € F} is not
normal at z = 0. Thus, by Claim 2 and Lemma 1, we can find z, — 0, p, — 07,
and f, € F such that

80(0) = 0, (20 + Pu) T fu(zn + pul) — 20 (3.2.4)

locally uniformly on C, where g is a nonconstant entire function such that g#(¢) <
g0 =M+ 1forM = max . x|¢(z)|. In particular, p(g) < 1.
Without loss of generality, we assume that

lim 2 = ¢ceC = C U {oo). (3.2.5)

n—oo pn

Next we consider two cases.
Case I: ¢ # o0o. Let
ha(©) = 0,5 fulzn + pu). (3.2.6)
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Then (3.2.4) and (3.2.5) yield

k
ha(£) = (c + ;—) 2a(0) = (€ + 0)*g(2) = h(?) (3.2.7)

locally uniformly on C. We claim that:
(i) h(©) =06 1 (@) = p0)(¢ + o)
(i) A'(2) = ¢0) (& + ) & h"(Q) = kp(0)(¢ + )"
(iii) A**D(—c) = k! ¢(0).
Suppose h(Zy) = 0. Obviously, h(¢) # 0. Thus, by Hurwitz’s theorem, there
exist points ¢, — ¢o such that ,,(¢,) = 0, so that f,,(z, + p,¢,) = 0. Then, since
f(2) =0= f'(2) = A(z), it follows that f,(z, + pns) = A(zsn + pn¢s) and so

k
h;(é‘n) = pn_kfn/(zn + pngn) = <§n + f)_n) ¢(Zn + pngn)-

n

Hence
H(5o) = lim h (&) = (o + )" (0).

Thus we have proved that 2(¢) = 0 = K'(Z) = ¢(0)(¢ + ¢)*. On the other
hand, suppose 7'({p) = ¢ (0)(¢o+c)*. Then h'(¢) % ¢ (0)(¢ +c¢)*. For otherwise,
if 1'($) = p(0)(¢ + o)F, then

¢(0)

h() = — 1y 4,
) k+1(§+0) +
where d is a constant. Since h(—c) = 0, we get d = 0. Thus we obtain
h(¢) #(0)

Crof kr1d T

It follows that g#(0) < |g’(0)| = |¢(0)|/(k +1) < M + 1, a contradiction.
Therefore, h'(¢) # ¢(0)(¢ + ¢)*. Hence, by Hurwitz’s theorem there exist
points ¢, — &o such that

g =

k
h;(gn) =¢(z, + pnéﬁ)((n + %) = p;kA(Zn + 0nn),
so that nt(Zn + 0onln) = p,lqchil({n) = A(z, + pn¢s). Then, since f/(Z) = A(z) =
f(z) = 0, it follows that f,(z, + 0x¢,) = 0 and so h,(¢,) = 0. Because h(¢y) =
lim, o0 1,(¢,) = 0, we have proved that 1'(¢) = ¢(0)(¢ + ¢)* = h(¢) = 0.
Thus claim (i) is proved.
Next we prove (ii). Suppose h'({g) = ¢(0)(o + ¢)F; then the foregoing argu-
ment shows that there exist points ¢, — ¢osuchthat £,/ (z,4+0,8n) = A(Zn+0nln)-
As aresult, by f'(z) = A(z) = f"(2) = A(z) + A'(2) we have

fy:/(zn + pn{n) = A(Zn + pn{n) + A/(Zn + pn{n)

=k(zn + pnl) ' B (20 + Puln)

+ (20 + PnC) (D (20 + PuCn) + &' (20 + Pul)].
Hence, by (3.2.6),
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hi@n) = 0, ' (zn + Pnln)

k—1
= k(Cn + Z_n> & (zn + Pnln)

n

Z"L

k
+ pn(é-n + ) [@(zp + pnn) + ¢/(Zn + 0nln)]

n

and so
W'(5o) = lim hyi(5,) = k(Zo + )" '¢(0).

This proves that #'(¢) = ¢(0)(¢ + ¢)* = h"(¢) = k¢ (0)(¢ + )* L.
Suppose now h”() = k¢ (0)(Zo + )L If h"(¢) = k¢ (0)(¢ + ¢)*~!, then

#(0) 1
h(t) = —Z lyd d,,
() k+1(§+c) +dif +ds
where d; and d, are constants. Since #(—c) = 0, we have d, = cd;. Therefore,
h(¢) ¢ (0) 1
= = —C+)+—.
8@ &+ k+ 1({ ) (¢ + )k
Because g is an entire function, it follows that either d; = 0 or k = 1, so that

g'(¢) = ¢(0)/(k +1). Thus g*(0) < [g'0)| = [¢pO)|/(k +1) < M +1,a
contradiction.

Hence /" (¢) # k¢ (0)(¢ +¢)*~!. Thus, by h”(¢o) = k¢ (0)(¢o 4+ ¢)*~! and Hur-
witz’s theorem, there exist points ¢, — o such that

k—1
h;{(é'n) = k(gn + ;_n> ¢(Zn + pngn)

n

k
+ o (cn + ;—) [0z + Puln) + &' (Zn + Puli)]

n

= P;kH[A(Zn + pné-n) + A/(Zn + pné‘n)]
It follows from 2/(¢) = p, ¥ f/(z, + pa) that
fn//(zn + 0nsn) = A(Zp + Pnn) + A/(Zn + 0nln).

As a result, we may use f”(z) = A(z) + A'(z) = f'(z) = A(z) to deduce
Fi(zn + pun) = AZn + pnla), so that by h),(0) = p,*f)(zn + pul) We have

k
h/n(gn) = pn_kA(Zn + 0nln) = ({n + f)_n) @ (2n + Pnln).

n

Consequently,
H(Lo) = lim hy(¢4) = $(0)(%o + )"

Thus we have proved that 47(¢) = k¢ (0)(¢ + ) = W () = ¢(0)(¢ + o).
This, together with 4'(¢) = ¢ (0)(¢ +c)F = h"(¢) = k¢ (0)(¢ +¢)* !, proves (ii).
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Finally, we prove (iii). By Claim 1, £*™9(0) = k! $(0). Thus, using (3.2.6)
yields

hD(—¢) = lim h("“)(_—z")

n—00 pn

= lim f** (zn + p,,(?f”)) = lim £94D0) = k! ¢(0).

n—0oQ n
This proves (iii).

Now let

hic —
g =" =9

#(0)

Then claims (i)—(iii) yield:

(i) H¢) =0 H'(Q) =5

(i) H'(¢) = ¢" & H"(¢) = k¢*
(iii") H*D0) = k!.
Thus, by Lemma 5, it follows that H(¢) = ¢**!/(k 4+ 1). Hence we have h(¢) =
20 (& + 0", so that g(¢) = (¢ + ) *h(Q) = £2 (¢ + ¢). Therefore g*(0) <
lg’(0)]| = |¢p(0)]/(k +1) < M + 1, a contradiction.

Case 2: ¢ = oo. Then z,, # 0 and p,/z, — 0asn — o0. Set

ha(©) = py' 2, fulzn + pal).
Then, by (3.2.4),

k
ha(2) = (1 + f—c) 2a(0) = g(0)

locally uniformly on C. Next, using the same argument as in the proof of Case 1,
we have

(iv) g(¢5) =0= g'(Q) = ¢(0);
V) 8'Q) =¢0) = g"() =0.

Thus, by Lemma 2, g'(¢) = ¢(0). It follows that g#(0) < |g/(0)| = |¢(0)| <
M + 1, a contradiction. Hence F is normal in D and Proposition 2 is proved.

3.3. Proof of Proposition 3

Let zg € D. If A(zp) # O then, by Proposition 1, F is normal at zo. Now sup-
pose A(zg) = 0. Then there exists a positive number § such that A(z) # O for
z€{z:0 < |z—z0] <68} C D. Hence, by Proposition 1, F is normal in {z :
0 < |z — zo| < 8}. Without loss of generality, we assume that zg = 0. Let A =
{z : |z| < 8}. Then F is normal in A\ {0}. Let A(z) = z*¢(z), where k is a posi-
tive integer and ¢ is a zero-free analytic function on A. We shall prove that F is
normal at z = 0.

Suppose on the contrary that F is not normal at z = 0. Then, by Lemma 1 there
exist points z, — 0, positive numbers p, — 0, and functions f, € F such that

8n(§) = fu(zn + pnl) — 8(0) (3.3.D)
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locally uniformly on C, where g is a nonconstant entire function. Without loss of
generality, we assume that

lim 2% = ce€ = C U {oo). (3.3.2)

n—o0o pn

First, we prove that g(¢) is a transcendental entire function. Suppose now that
g is a polynomial. The argument given in the proof of Proposition 1 shows that

g() =0 g'(¢) =0. (3.3.3)

It follows that g(¢) = C(¢ — ¢y)% where C (# 0) is a constant and d > 2 is an
integer.

Let ¢ < 1 be a positive number. Then by (3.3.1) and Hurwitz’s theorem, for
sufficiently large n in D, = {¢ € C : |¢ — ¢o] < &}, gu(¢) has d zero points
¢n,j (j =1,2,...,d) counting multiplicity. Thus we have f,(z, + pnls, ;) = 0.
It follows from A(z) = 0 = f(2) # O and f(z) = 0 = f'(z) = A(z) that
fn/(Zn + 0nln, ) = A(Zn + Pnln,j) # 0. Therefore, by g,ﬁ(é“) = pnfn/(zn + ont)
we see that g/(¢, ;) = PnA(zn + puln,j) 7 0. Hence each ¢, ; is a simple zero
of g,(¢), sothat &, ; # ¢, for1 < j <[ < d. Thus, for sufficiently large n, the
function 4,(¢) = g,(¢) — pn A(z, + p,¢) has at least d distinct zero points in D,.
Obviously, we have

hn(;) = g;;(;) - pnA(Zn + pné-) g g,(g)

uniformly on D,. By Hurwitz’s theorem we then know that g’(¢) has at least d
zero points in D, counting multiplicity. Since we can choose ¢ to be as small as
we like, ¢o is a zero of g’ with multiplicity at least d, which contradicts g'(¢) =
dC(¢ — ¢9)?~". Hence g is a transcendental entire function.

Now we consider four cases.

Case 1. There exist infinitely many {n;} such that
fn,j(znj + pnj C) = A(an + ;Onj;)-

It follows that g,/lj({) = pn;A(Zn; + py;¢). Letting j — 00, we deduce that
g'(¢) = 0, which contradicts that g is transcendental.

Case 2. There exist infinitely many {n;} such that

<fn/-(1)>(2k)

j =0.
¢(Z) Z=an+/)nj§

2k

2k o (L)Qk_i)
Z(l-)fn, (Zn; + Pn;©) 5@ 0,

i=0 z=2n;+Pn;¢

2k (2k—i)
2k\ ki i+ ( 1 > _
Z( i )p”j 8n, @ 6 (2) -

i=0 =2+ pn;§

Thus, we have

so that

e
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Letting j — oo, we deduce that g®*+D(£)/¢(0) = 0, which also contradicts that
g is transcendental.

Case 3. There exist infinitely many {n;} such that

Lnj(an + ;Onjé') =0,

where
N ¢J) 1) (2) (@) —-AQR) |,
L,(2) = [A(2) _A(Z)]fn(z) + A(z) e _ZA(Z)—fn’(Z) ~AG) + A'(2).
Thus we have
(1 kPt p,,_,.;)) 8, 8y ()
P P @ o0 ) & (©) gn(©)
(@) = pu Ay + pnO) k &' (2 + PO\
P e @) — puy A, + P ) (zn,. F ot B(am + Pl ) -

(3.34)

If ¢ # oo, then letting j — oo in (3.3.4) yields
kd© 8@

{+c g g©

It follows that g is a polynomial, a contradiction. If instead ¢ = oo, then let-
ting j — oo in (3.3.4) yields g”(¢)/g(¢) = 0. Hence g again is a polynomial, a
contradiction.

=0.

Case 4. There exist finitely many {n;} such that

fn/j(z”j + pnj {) = A(an + pnjg) or
Ju (P
("’—) =0 or
¢ (2) 2=2n,+pn;¢
Loy(zn, + o, 0) =0,
where L, is defined as in Case 3. For all » we may suppose that fn’,_(z nj T On;§) #
Ay + o0 (f D/ @NE] ., o #0.and Ly (2, + 0,8) £ 0.

Take ¢ € C such that g\(&y) # 0 for j =0,1,2,...,2k + 1. In case ¢ # oo,
choose ¢y to satisfy the additional conditions that o # —c and

k
V4 . / 0.
g (o) fote g (o) #

The argument given previously now shows that, as n — oo:
Pul fu(2n + Pu0) — A(zn + pag0)] = &'(0) # 0, 003

p2k+1(&>(2k) R g (z0)

P 0, ;
"N\ )i T B 7O
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:On_k+2Ln(Zn + png())

—»¢®XQ+¢ﬁ[ﬂ®w—— kg

g&o) Cfot+c g(o)

]750,00, ¢ # 00;

g" (o)
g(%o)

022 Lu(zn + paCo) — ¢(0) # 0,00, ¢ = oo0.

These facts imply that

_ [fn,(zn + 0n0) — A(zn + Pn80)] fulzn + Pnbo) N

Ky 20 £ k)
[Ln(zn + )17 ([, (/D). Z;, 1 puco

0

as n — 090, so that

log|K,| - —o0 asn — 0. 3.3.5)
Forn =1,2,3,..., put

hn(Z) = fn(Zn + pnlo + 2).

Since z,, + pn¢o — 0 as n — oo, it follows that (for sufficiently large n) h, is
defined and holomorphic on |z| < 1/2. Denote

an = Zn + Pubo-

Then, for sufficiently large 1, 7,(0) # 0, hy(—a,) # 0, [A(2)/¢a, (212 # 0,
L,,(0) = L,(a,) #0,and
[7,(0) — Ag,(0)]7,(0) _
(L4, (0)2[h,(2)/a, (D12
as well as h,(z) = 0 & h)(2) = A, (2) and h)(z) = Ay (2) = h)(z) =
Ay (2) + A, (2).
Now applying Lemma 6 to h,(z) withrg = 1/2 and a = a,, using (3.3.5), and

noting that the last four terms in (2.15) are bounded for 0 < r < 1/3, we obtain
that, for sufficiently large n and 0 < r < 1/3,

h/ h// h// _ A/
T(r,h,) < Bm(r, h_Z) +2m (r, ﬁ) +2m (r, —hz — AZ: )

(B ) (B /o, )@
+mG’hwmn>+mG%mwmw)

+m<r (h/$a,) " ) +m<r (hy/¢a, — (2 +an)k)(k)>
" (/e ) — k! C G ba, — (2 an)k

i Gl
’ h;/d’an —(z+ an)k ’
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We know that
ha(0) = g.(S0) — g(%o),

n(0) — A, (0) = p;'gl(L0) — Az + pao) — 00,

mo _ g
¢an(0) on®(2n + Prl0o)

h/ (Z) (k) k <k> () ( 1 )(k_J)
RGN R ol L e
(¢an(z)>z=0 Z J [ n(Z)]z_O ¢a,,(z) 7=0

j=0
(k+1) k=iglith Ly
= p5+1< (o >+Z< ) o )<¢( ))z z,,+p,,<o)
— 00,

so by Lemma 8 we obtain, for0 <r <17 < 1/3,

1 1
T(r,hy) < Ck{l +log™ - +logm ——
r T—7r

h/
+log* T(t,hy,) +log" T(z,h), — A,,) + log® T(‘L’, n )

An

N n (k) . h (k)
+ log T(‘L’,( ") )—i—log T(r,( ”) —k!)
¢an ¢an
h/
+10g+T<t,¢" —(z—i—a,,)k)}
[

1 1
< Ck{l + log* —+ log® — +logt T(t,h,)

W (k)
+log® T(z,h)) + log® T(‘L’, (d)” ) )} (3.3.6)

Observe that T(t, h)) = m(t,h,) < m(z,h,) +m(z,h,/h,) and
¢an ¢an
, ’ (k)
§m<f, ", ) +m<T’M)
¢an h;/‘t)an
% (hy/¢a,) Y
< m(t, hy) +m(z, ¢q,) + m(f’ E) + m(” W>

(3.3.7)

Hence, for 1/4 <r < p < 1/3 with t = (r + p)/2, we can use (3.3.6), (3.3.7),
and Lemma 8 to obtain

1
T(r,h,) < Cy <1 +log™t - +log™ T(,o,hn)>.
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By Lemma 7 it then follows that

1
T<_9hn> = A7
4

where A is a constant independent of n. Thus {f,(z)} is uniformly bounded for
sufficiently large n and |z| < 1/8. However, from p,%fn’(z,, + pno) = g, (o) —
g"(¢o) # 0 we see that f(z) cannot bounded in |z| < 1/8. This is a contradiction,
so the proof is complete.

3.4. Proof of Theorem I

LetG={g=f—a: feF}and A(z) = a(z) —a’(z) # 0. Obviously, G is nor-
mal in D if and only if F is normal in D. It follows from our assumptions that,
forany g € G, we have g(z) =0 & g'(z) = A(z) and g'(2) = A(2) < g"(2) =
A(z) + A'(z) and g(2) = 0 — g'(2) = A(2).

Let zp € D. Now we prove that G is normal at z(. Let {g,} C G be a sequence.

If A(zo) # 0, then there exists a positive number § such that As(zg) = {z€ D :
|z —zo| <8} C Dand A(z) # 0in As(zo). Thus, by Proposition 1, {g,} is nor-
mal in As(zo).

If A(zg) = 0, then there exists a positive number § such that As(zg) = {z€ D :
|z —zol < 8} C Dand A(z) # 0in As(zo) \ {z0}. If {g,} has a subsequence—
say, without loss of generality, itself—such that g,(z¢) = 0, then {g,} is normal
in As(zo) by Proposition 2. If g,(zo) # 0 for all but finitely many of {g,}, then
{gn} is normal in As(z¢) by Proposition 3.

Thus F is normal in D and so Theorem 1 is proved.

3.5. Proof of Corollary 1

By Theorem 1, we need only show that f(z) —z =0 — f’(z) —z =0in D. Let
zo be a zero of f(z) — z in D. Then, since f(z) =z < f'(z) = zand f'(z) =
z & f"(z2) = z, it follows that f(zo) = f'(z0) = f"(z0) = zo. Thus we ob-
tain that

[f@ —2ly =20~ 1 [f() -2, =z0. [f'(2)—zl_,, =z0—L

If zop # 1, then z( is a simple zero of f(z) — z; if z9 = 1, then z is a double
zero of f(z) — z and z( is a multiple zero of f'(z) — z. Consequently, f(z) —z =
0 — f'(z) —z=0in D. Thus F is normal in D by Theorem 1, completing the
proof of Corollary 1.
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