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Vertex Operator Realizations
of Conformal Superalgebras

MicHAEL ROITMAN

Introduction

One of the first origins of vertex algebras was the explicit constructions of rep-
resentations of certain Lie algebras by means of so-called vertex operators. The
first construction of this kind was done by Lepowsky and Wilson [22], who con-
structed a vertex operator representation of the affine algebra A(ID. Their work was
later generalized in [17]. Frenkel and Kac [10] and, independently, Segal [30] con-
structed the basic representations of the simply laced affine Lie algebras using un-
twisted vertex operators (as opposed to the twisted vertex operators of Lepowsky
and Wilson). Later vertex operators were used to construct a large family of mod-
ules for different types of Lie algebras, including all of the affine Kac—Moody
algebras, toroidal algebras, and some other extended affine Lie algebras (see e.g.
[3; 11; 12; 13; 25; 32] and references therein). The advantage of vertex operator
constructions is that they are very explicit. They have yielded many interesting
results for combinatorial identities, modular forms, soliton theory, and so forth.

It seems to be a natural problem to describe all Lie algebras, or at least a large
family of Lie algebras, for which the vertex operator constructions of represen-
tations work. Our first observation is that, in some of the cases just described,
the Lie algebras whose representations are constructed by vertex operators cor-
respond to the conformal algebras introduced by Kac [15; 16]; see also [26; 27;
33]. On the other hand, vertex operators give rise to another algebraic structure,
called vertex algebras, studied extensively in [4; 9; 11; 15], for example. A vertex
operator construction of representations of Lie algebras amounts sometimes to an
embedding of a conformal algebra into a vertex algebra generated by vertex op-
erators, so that the vertex algebra becomes an enveloping vertex algebra of these
conformal algebras.

In the present work we make the first step in describing the Lie algebras that are
representable by vertex operators. We classify the Lie algebras that can be real-
ized by the untwisted vertex operators of Frenkel-Kac—Segal. The vertex algebra
generated by these vertex operators is also called lattice vertex algebra because
its construction depends on a choice of an integer lattice. In fact there is a con-
struction that, for every lattice A with an integer-valued bilinear form (-|-), gives
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a vertex superalgebra V, = @Ae A Vo graded by the lattice A; see [6; 7; 11; 15;
29] and also Section 1.7 of this paper. If A is a simply laced root lattice of a
finite-dimensional simple Lie algebra, then V, is a module over the correspond-
ing affine Kac—Moody algebra. Lattice vertex algebras play an important role in
different areas of mathematics and physics. In particular, the celebrated Moon-
shine vertex algebra V¥ (such that Aut V* is the Monster simple group) is closely
related to the lattice vertex algebra of a certain even unimodular lattice of rank 24,
called the Leech lattice [4; 11].

The property of a conformal algebra £ to be generated by the Frenkel-Kac—
Segal vertex operators means, in precise terms, that £ is a subalgebra of the lattice
vertex algebra V) corresponding to some integer lattice A such that the following
statements hold.

* £ = P, ., £, is homogeneous with respect to the grading by the lattice A.
Here £, = £NV,. Let A = {L € A | £, # 0} be the root system of £.

* |A| < oo. In fact, we can somewhat relax this requirement in the case when A
is semi—positive definite; see Section 4.1.

« £ is stable under the action of the Heisenberg conformal algebra $ C Vj; see
Section 1.7.

In this paper we classify the conformal algebras £ C V, that satisfy these con-
ditions. Some unexpected results occur already in the case when the rank of A is 1
(see Section 4.2). It turns out that, besides well-known realizations of the Clifford
and affine sl, algebras and the less-known realization of the N = 2 simple con-
formal superalgebra (see e.g. [14]), one also has the realization of the conformal
algebra £ (or rather its central extension, J%t) obtained by the Tits—Kantor—Koecher
construction from a certain Jordan conformal triple system J; see Section 2. This
exhausts all possibilities for rank-1 lattices. We extend this result for the lattices
of rank 2 and then generalize the classification for the case of an arbitrary lattice.

We also classify all finite root systems of conformal subalgebras of V, (see
Section 4.5). Most of them occur if A is positive definite. In this case, all such in-
decomposable root systems A are in fact classical Cartan systems of types other
than F4 and G,. However, the corresponding Lie algebras are affine Kac—Moody
only when A is simply laced, and then we are in the situation of [10]. We also ex-
plain what happens if the lattice A is semi—positive definite, and we outline the
relation to the theory of extended affine root systems (EARS; see [1]).

ORGANIZATION OF THE MANUSCRIPT. We start with a review of the theory of
conformal superalgebras, following mainly the lecture notes by Kac [15]; see also
[27]. In Section 1.4 we construct most of the examples of conformal superalgebras
used in the sequel. Then in Sections 1.5 and 1.6 we outline the theory of vertex
algebras, again using [15]; in Section 1.7 we describe the construction of lattice
vertex superalgebras. In Section 2, we review the Tits—Kantor—Koecher construc-
tion and use it to derive the conformal algebra K. Having done that, we review
the so-called boson—fermion correspondence, which is essentially the study of the
lattice vertex algebra V7 corresponding to the lattice Z. Sections 3.1 and 3.2 also
mostly follow [15].
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In Sections 3.3 and 3.4 we explore the structure of V7 as a module over the con-
formal algebra 20 of differential operators on a circle or, equivalently, over the Lie
algebra W, = k(t, p | [t, p] = 1)) of differential operators on a disk. Although
the representation theory of the Lie algebra W = k(t,1, 7!, p | [t, p] = 1)) of dif-
ferential operators on a circle, as well as that of the related vertex algebra W,
has been extensively studied (see e.g. [8; 19]), the representation theory of W,
seems to be mostly unknown.

In Section 4.1 we give a rigorous formulation of the problem and introduce the
necessary definitions. Then, in Section 4.2, we use the foregoing results to study
the subalgebras of V, in the case whenrk A = 1; in Section 4.3, we proceed to the
case when rk A = 2. This allows us (in Section 4.4) to classify the root systems
for the case when the lattice A is positive definite and (in Section 4.5) to describe
all finite root systems. Finally, in Section 4.6 we outline the relation between our
results and the theory of EARS.

Throughout this paper, all spaces and algebras are over a ground field k of char-
acteristic 0.

ACKNOWLEDGMENTS. I am very grateful to Igor Pak for teaching me elements of
the combinatorics used in Sections 3.3 and 3.4. I thank Stephen Berman, Yuly Bil-
lig, Jim Lepowsky, Weiqiang Wang, and Efim Zelmanov for helpful conversations
concerning this work.

1. Conformal and Vertex Algebras

1.1. Formal Series and Conformal Algebras

Let L = L@ L! be aLie superalgebra. Consider the space of formal power series
L[[z*"7]. We will write an element & € L[[z*']] in the form

o= Z a(n)z™ ! am)elL.
nez
Denote L[[z%!]] = LO[[z*']1 @ L'[[z*']] € L[[z*']]. The space L[[z*']] is
endowed with a derivation D = d/dz and a family of bilinear products [7], n €
Z ., given by
n
n . .
(@ B)(m) =Z<i>[a(n—z),ﬂ(m+l)]. )
i=0
We say that a pair of formal series o, 8 € L[[zT']] are local if there is N =
N(a, B) € Z such that

N
Z(—l)"(jiv)[am — i), Bm + )] =0
i=0

for all m,n € Z. In particular, we have a [2] 8 = O for all » > N. Dong’s lemma
[15; 23] states thatif o, B, y € L[[z*'] are three pairwise local formal series, then
a [ B and y are local foralln € Z .
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Let £ C L[[z*']]’ be a subspace of pairwise local formal series closed under D
and under all products 2. Then £ is an example of Lie conformal superalgebra.
Alternatively, we can define a Lie conformal superalgebra axiomatically as ak[D]-
module £ = £° @ £! equipped with a family of products [ (n € Z ) satisfying
the following axioms (see e.g. [15; 27]). For any homogeneous a, b, c € £:

Cl. (locality) a 21b = 0 for n > 0;

C2. (Da) @b = —na b:

C3. D(a[@b) = (Da) b + a2 (Db);
C4. (quasisymmetry)

1.
a@b = —(—1)P@r® Z(_l)n+t ‘—‘D’(b [+ q); (2)
l!
i>0

C5. (conformal Jacoby identity)

(@@b)mc = Z(—l)"(’:)<a<bc>
i=0

— (=P @r®Op [t (a c)). A3)

Here p(a) is the parity of a.
One can prove (see e.g. [15]) that any subspace in L[[z*] of pairwise local
series that is closed under the products (1) and D = d/dz satisfies all these axioms.
We will often use the notation D™ = (—1)" 1, D".

1.2. The Coefficient Algebra

Let 4 be a k[ D]-module. Its space of coefficients U = Coeff Ul is constructed as
follows. Consider the space U Q@ k[z, t~11, where ¢ is an independent variable. We
will write a @ t" = a(n) fora € . Let E = Spang{(Da)(n) +na(n—1) | a e,
n € Z}. Then let

U = Coeff 4 = U ®@ k[r,t ] /E.

There is a homomorphism 4 — U[[z*!]] givenby a — >_, a(n)z™"~". This ho-
momorphism is the universal one among all the representations of 4l by formal
series: if 4 — U'[[z*']] is another k[D]-homomorphism, then there is a unique
homomorphism U — U’ such that the diagram

Ullz*1] — U'[[z*']]
b9

commutes.
If & has a structure of a conformal algebra, then the space U = Coeff U be-
comes a “usual” algebra. The product on U is defined by

la(m),b(n)] = Z(T)(a [idb)(m +n —i).

i>0
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The sum here makes sense owing to the locality of a and b. In this case U is called
the coefficient algebra of 4. 1t still has the universality property mentioned before.

Let £ be a Lie conformal superalgebra, and let L = Coeff £ be its Lie super-
algebra of coefficients. Then L = L_ @ L is a direct sum of subalgebras L_ =
Span{a(n) |ae€ £,n < 0} and L, = Span{a(n) | a € £, n > 0}. The derivation
D is also a derivation of L, acting by D(a(n)) = —na(n —1). We see that L_ and
L are closed under the action of D.

1.3. Conformal Modules

As before, let £ be a Lie conformal superalgebraand let L = Coeff £ = L_@ L,
be its Lie superalgebra of coefficients. Denote by i+ = L ®&kD the extension of
L, by D. A module over £ is by definition a i+-m0dule # such that, for any u €
and a € £, we have a(n)u = 0 for n > 0. One can view U as a k[ D]-module
such that, forany a € £, u € i, and n € Z , there is an action a 1 u € i, so that
the semidirect product £ x i becomes a Lie conformal superalgebra, with 4 as
its abelian ideal.
The space of coefficients U = Coeff 4 becomes a module over L by

a(m)u(n) = Z(T)(a Au)(m +n —i).

i=0
1.4. Examples

1.4.1. AFFINE ALGEBRAS. Let g be an arbitrary Lie superalgebra. Consider the
corresponding loop algebra § = g ® k[z,¢7']. Now, for any a € g, define

a= Zat”z‘j_l eallz,z "1

nez

It is easy to see that any two d, b are local with N(a,b) = 1 and
@b =[a,b].
By Dong’s lemma, the series {@ | a € g} C g[[z,z~']] generate a Lie conformal
superalgebra &. As ak[D]-module, & = k[D] ® g.
In practice we are often interested in central extensions of loop algebras. As-
sume that g has trivial odd part and that g is equipped with an invariant symmetric

bilinear form (-|-). Consider then the Lie algebra Aff(g) = (g @ k[r,77']) ® ke
with the brackets given by

[a(m),b(n)] = [a,bl(m +n) + 6§, _,m(a|b)c.

The algebra Aff(g) is called the affinization of g. It is the coefficient algebra of
a conformal algebra A§f(g) C G[[z,z~']], which is generated by the series @ =
> a(n)z " forae g and c = c(—1) so that Dc = 0 and

al0lb=1(a,b], alb=(alb)c.
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If g is an abelian Lie algebra, then we know that the corresponding Affine al-
gebra Aff(g) is a Heisenberg algebra and that ff(g) is a Heisenberg conformal
algebra. In the physics literature, the series a are sometimes referred to as bosons
in this case.

1.4.2. THE CLIFFORD ALGEBRA. As another example, take g to be a two-dimen-
sional odd linear space spanned over k by g; and g_;. Consider the central exten-
sion Cl = g ® k[t,1™'] @ kc of the corresponding loop algebra with the brackets
given by

[8(m), g—(n)] = pin,—1c, & ==%L;

the rest of the brackets are 0. We let ¢ to be even. The algebra Cl is called the
Clifford Lie superalgebra. It is the coefficient algebra of the conformal Lie super-
algebra €1 C Cll[z,z~ M spanned over k[ D] by y, = g. (¢ = 1) andc = c(—1),
with the products given by y, [0 y_, = c (the rest of the products are 0). The series
Y+ are sometimes called fermions by physicists.

The Clifford algebra Cl is doubly graded: set p(y.(n)) = ¢ and d(y.(n)) =
—n — § fore =+l and n € Z, so we get

a=gpci,. c,= ..

peZ deZ/2

The conformal Clifford algebra €I is also doubly graded such that d(y.) =
p(ye) =¢, p(c) =d(c) =0, and €, ;& g C Clpyprayar—n—1, DEL,a C
Cly a1

1.4.3. THE LIE ALGEBRA OF DIFFERENTIAL OPERATORS. Another example of
conformal algebras is obtained from the Lie algebra of differential operators.

Let A =k(p, tl | [, p] = 1) be the (localization in ¢ of ) the associative Weyl
algebra. Let W = A be the corresponding Lie algebra. It is the coefficient al-
gebra of a Lie conformal algebra 20 C W[]z, z71] that is spanned over k[ D] by
elements

1 Y )
Pm = Z%pmt”z bC Wilz,z ']

neZ

with the multiplication table

m+n—k
Pm pn = < m )pernk

m—k
m+n—k—s ,
— (=D ﬁ( 0 )D“)pmﬂm. “)
s=0

The algebra W has a unique central extension W = W @ kc that is defined by
the 2-cocycle ¢: W x W — k given by

k
mok ongly _ S L
¢ (p™t", p"t") = Smin ki (=1) m'n'<m+n+1>' o)
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The algebra W is usually referred to as W1 (see e.g. [8]). It is the coefficient
algebra of a central extension 20 = 20 @ kc of the conformal Lie algebra 20 that
is defined by the conformal 2-cocycle [2] ¢y : W x W — ke (k € Z 1) given by

¢k(pm, pn) = 8k,m+n+1(_1)mc- (6)

The algebras W and W are graded by setting deg p = degt~! =1, degt = —1,
and degc = 0. The conformal algebras 20 and 2U inherit the gradation from W
and W respectively, so that we have deg(p,,) = m + 1, deg D = 1, and deg k] =
—k—1.

1.4.4. THE VIRASORO CONFORMAL ALGEBRA. Here are all nonzero products in
20 between pg and p;:

P0P0=C, P0P1=po, Po[)1=C,
pildpy=Dp;, pllp =2p, piBlp =—c,
pil9 po=Dpy, pillpo=po, pillpy=—c.

The element pg € il generates a copy of the Heisenberg conformal algebra $ =
Aff(k) C 20, introduced in §1.4.1. Its coefficient algebra H = Coeff §) is the
affinization of the one-dimensional trivial Lie algebra, so we have

[po(m), po(n)] = &, —pnmc.

The element p; € Dl generates the Virasoro conformal algebra Uit C 0. Its
coefficient algebra Vir = Coeff it is spanned by c and p;(m) for m € Z with the
brackets given by

[pi(m), pi(m)] = (m —n)pi(m+n—1) — 8m+n,2(,;1>c'

Together pg and p; span a semidirect product Uit x § C 2.
Note that deg po = 1 and deg p; = 2.

1.4.5. N = 2 SimMpLE LIE CONFORMAL SUPERALGEBRA. A conformal algebra 2{
is said to be of a finite type if it is a finitely generated module over k[ D]. The alge-
bras Vir, €l and Aff(g) for finite-dimensional g defined previously are of a finite
type. All simple and semisimple Lie conformal superalgebras of finite type are
classified by Kac in [14]; see also [5] for the non-super case.

Besides the algebras mentioned already, in the sequel we will need the following
simple finite-type Lie conformal superalgebra, called the N = 2 Lie conformal
superalgebra. It is spanned over k[ D] by two odd elements y_;, 41 and two even
elements v, h. Elements v and & generate (respectively) the Virasoro and Heisen-
berg Lie conformal algebra, so the even part of the N = 2 superalgebra is equal
to Yir x §. The remaining nonzero products between the generators are

vy @y =v+iDh, y, Wy, =h, v@yy = Dy,
vy = 3ym, R0y = £y

Use (2) to derive products in the other order.
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1.5. Vertex Algebras

In order to define vertex algebras, we need to consider the so-called vertex oper-
ators instead of formal power series. Let V = V@ V! be a vector superspace.
Denote by gl(V') the Lie superalgebra of all k-linear operators on V. Consider the
space vo(V) C gl(V)llz, 2711’ of vertex operators on V given by

vo(V) = {Z a(n)z "1 ‘ YveV, a(n)v =0 for n > 0}.
nez
For a(z) € vo(V), denote
()= amz"" and oy ()= amz """
n<0 n>0

Denote also by 1 = 1oy € vo(V) the identity operator such that 1(—1) = Idy;
all other coefficients are 0.

In addition to the products ] (n € Z ) defined by (1), the space of vertex oper-
ators vo(V) has products [@ for n < 0. Define first [=1] by

a(2) [F1B(z) = a_(2)B(2) + B2 a4 (2).

Note that the products of vertex operators here make sense in that, for any v € V,
we have a(n)v = B(n)v =0 forn > 0.
Next, for any n < 0 set

1
a(z)@DB(z) = ———— (D" a(2)) 1 B(2),
(—n —D)!

where D = j—z. It is easy to see that
eEl=«, o211 =Da, 1H« =d_j 0.
It also follows easily from definitions that D is a derivation of all these products:
D[ B) = Da@p + o DB.

We have the following explicit formula for the products: If
@EB)(z) =Y («@pB)(m)z ",
then

(@@ B)(m) = Z(—D””(n " S)oc(s)ﬂ(m +n—s)

— (=])P@p® 2;(_1)5+" (:)ﬁ(m +n —s)a(s).

The notion of locality introduced in Section 1.1 applies also to vertex operators
without any changes. Dong’s lemma holds for vertex operators instead of formal
power series as well.
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A vertex superalgebra is a subspace of vertex operators ¥ C vo(V') such that
10, B e forevery o, B € L and n € Z, and every «, § € U are local to
each other. This definition is due to Li [23]. For an axiomatic definition of vertex
superalgebras that is equivalent to this description, we refer the reader to [4; 7; 9;
11; 15].

For a vertex superalgebra U one can consider the left adjoint action map
Y: U — vo(Y) givenby Y(a)(z) = ), (a )z7"~1. One of the main proper-
ties of vertex superalgebras is that Y is a vertex superalgebra homomorphism; in
particular, Y(a ®b) = Y(a) @Y (D), which is equivalent to the following general-
ization of the conformal Jacoby identity (3):

(a@b)Mc = Z(—l)“"( " >a(bc)
n—s

s<n

— (=DP@OP® N gyt <:>b (aBc) (7)
5>0
forall m,n € Z.
We note that vertex superalgebras are in particular conformal superalgebras.
Moreover, it can be shown that the quasisymmetry identity (2) holds in vertex
superalgebras for all integer n.

1.6. Enveloping Vertex Algebras of a Conformal Algebra

Let again £ be a conformal superalgebra and L = Coeff £ = L_ & L, its co-
efficient Lie superalgebra. Denote by L = L @ kD the extension of L by the
derivation D (see Section 1.2). Consider a homomorphism of conformal super-
algebras p: £ — U of £ into a vertex superalgebra *U. If U is generated as a
vertex superalgebra by p(£) then we call it an enveloping vertex superalgebra
of £.

An L-module (or L-module) U is called a highest weight module if it is gener-
ated as a module over L by a single element # € U such that L u = Du = 0. In
this case, u is called a highest weight vector.

It is well known [15; 26; 27] that the enveloping vertex superalgebra U has the
structure of a highest weight module over L = Coeff £ @ kD with the highest
weight vector 1 defined by a(n)v = p(a) @ v. Ideals of U are L-submodules. If
p1: £ — Uy and p,: £ — U, are two enveloping vertex algebras of £ and if
¥ U, — B, is a vertex algebra homomorphism such that p;y = p,, then ¥
is an L-module homomorphism. Conversely, any highest weight module V over
L with the highest weight vector 1 has a structure of enveloping vertex algebra
of £ with the map p: £ — V given by p(a) = a(—1)1. In this case: a(n)v =
p(a) @ v for a € £; submodules of V are vertex ideals; and, if p: Vi — V, isa
homomorphism of two highest weight L-modules such that p(1) = 1, then p is a
vertex algebra homomorphism.

We also mention the notion of universal (or Verma) highest weight module over
L. Itisdefined by V(L) = Inde]l = U(L) ®u(r,) kll. The action of the deriva-
tion D on L can be naturally extended to the action on V(L), so V(L) becomes an
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L-module. The Verma module is universal in the sense that, for any other highest
weight module U with highest weight vector u, there is unique homomorphism
V(L) — U such that 1 — u. Hence the theorem implies that the enveloping ver-
tex algebra corresponding to the Verma module V(L) is universal in the obvious
sense. It is called the universal enveloping vertex algebra of £.

1.7. Lattice Vertex Algebras

In this section we construct an important example of vertex superalgebras, called
lattice vertex superalgebras. We mostly follow [15], but see also [6; 10; 11; 29].

We start from an integer lattice A of rank £. It comes with an integer-valued bi-
linear form (-|-). Let h = A ®z k, and we extend the form to . Let v: h — bh*
be the usual identification of f with h* by means of this form.

Let $ = 2Aff(h) be the Heisenberg conformal algebra corresponding to the space
h (see §1.4.1), and let H = Aff(h) = Coeff $ be its coefficient Heisenberg alge-
bra. Take some 8 € A and let Vs be the canonical relation representation of H,
that is, a highest weight irreducible H-module generated by the highest weight
vector vg such that 2(0) = (h|B)1d, c = 1d.

It follows from Section 1.6 that V; is an enveloping vertex algebra of $, vy
1. It can be shown that Vg is a module over the vertex algebra V. We define V,
@ﬂe/\ Vg = Vo @ k[A]

Lete: A x A — {£1} be a bimultiplicative map such that

e, ) = (=D “Pe(B, ) ®)

for any o, B € A. We remark that it is enough to check the identity (8) only when
a and S belong to some Z-basis of A; then (8) will follow for general «, 8 by
bimultiplicativity.

Let

l— (£} — A — A — 1

be the extension of A corresponding to the cocycle €. Lete: A — A be a section
of this extension. The extended lattice A acts on the group algebra k[A] of A by
e(@)ef =e(a, e th.

The main result [6; 7; 11; 15] is that there is a vertex superalgebra structure on
V = Vj such thata mlv = a(n)v for any a € § C Vj and v € V, and the products
between the generators v, are defined by

1
v B vp = (0, B)— (D = B(=1)"vasp

_N\K
=s(@.p) Y n<a(ﬂj)> Vot B ©)

keP(m) j>1

where m = —(a|B8) —n —land P(m) = {k = (ki,kp,...) | ki = 0,) ", ik; =
m} is the set of partitions of . -

In particular, v, Mvg = 0 if n > —(«|B); we also have v, vp
e(a, B)vg4p and vavﬁ = e(a, B)a(—1)vy4p. Note that V, [0 Vg C
Vis -
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The even and odd parts of V' are

Vi= P V.. V= P Ve
acA: aeA:
(¢|)e2Z (|)e2Z+1
(respectively). The vertex algebra V is simple if and only if the form (-|-) is non-
degenerate.
Under the left adjoint action map Y : V — vo(V'), the elements v, are mapped
to the so-called vertex operators

Y(vy) = To(2) = e(@)z*YE_(,2) E4 (o, 2),

where
a(n) o
n

Ei(a,2) =epo— evo(V)

nz0

and where the vertex operator z%© € vo(Vy) is defined by

0
2Oy, =D Snew”

nez

We also have
[h(n),e(a)] = 8,,0(c|h)e(a).

Besides the grading by the lattice A, the vertex superalgebra V has another
grading by the group %Z, so that degv, = %(a|oe), dega = 1 for every a € 9,
deg[rl = —n — 1, and deg D = 1. We have the decomposition

Vi= P Vi
de(B1B)/2+2+

Let (o, ...,a¢) and (By, ..., B¢) be dual bases of h (i.e., such that (o;|B;) =
8;j). Then the element w = % Zle a; =1l B; € Vy generates a copy of the Vira-
soro Lie conformal algebra Uit (defined in §1.4.4) such that w [0lv = DV for all
veV,wllv = (degv)v for all homogeneous v € V, w2lw = 0, and w B w = 11

We will identify the Heisenberg conformal algebra ) with its image in V) under
the map h> h(=DIforheh, c— 1.

We remark that the vertex superalgebra structure of V, is quite explicit. A basis
of V} is given by all expressions of the form

aj(n)az(ny)...a;(n))vg, a;,BeN, 0>n; €Z,

and the products of these elements are easily calculated using the formula (9), the
identities

[a(m),vg(n)] = (x| B)vg(m + n), [a(m), B(n)] = (a|B)my,—n

in Coeff V), for o, 8 € A and m,n € Z, and the identities (2) and (7) of vertex
superalgebras.
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2. Jordan Triple Systems and
Tits—-Kantor—-Koecher Construction

2.1. The Tits—Kantor—Koecher Construction

Let L =L_;® Lo ® L be a three-graded Lie algebra such that [L;, L;] C L;4;
wheneveri, j,i+je€{—1,0,1}and[L,L;] = [L_;, L_;] = 0. Assume that Ly =
[L_y,Ly]and Ly N Z(L) = 0, where Z(L) is the center of L. Consider a pair of
trilinear maps

oy Ly x Ly xLi— Ly and ¢_:L_ XL xL_j— L

given by ¢4 (a,b,c) = %[[a,b],c]. The tuple J = {(L_1, L), 94} is known as a
Jordan pair. All Jordan pairs can be obtained in this way. In fact, one can define
Jordan pairs formally by imposing certain axioms on the maps ¢4;. From an ab-
stractly defined Jordan pair J = {(L_;, L), ¢4} one can construct a three-graded
Lie algebra L(J) = L_1® Ly @ L, where Ly = D(J) is the Lie algebra of inner
derivations of J. This is known as the Tits—Kantor—Koecher (TKK) construction
(see [20; 21; 31]). A Jordan pair J is simple if and only if the TKK Lie algebra
L(J) is simple.

A derivation d = (d_,d,) of a Jordan pair J = {(L_i, L), @41} is a pair of
linear mapsd_: L_ — L_andd,: L, — L, such that

d+(p+(a,b,c)) = ¢+(d+(a),b,c) + ¢+(a,dx(b),c) + ¢+(a,b,d+(c)).

As is the case for other algebraic structures, the set of all derivations of J is a Lie
algebra under the usual commutator operation. Leta € L_; and b € L;. It turns
out that d,p, = (¢—(a,b,-),¢+(b,a,-)) is a derivation of J that is known as an
inner derivation. The Lie algebra L can be identified with the set D(J) = {d» |
a€L_y, be L} of all inner derivations of J by d,;, = %[a, b].

There is an important case when L_; = L and ¢ = ¢_; then J is called a Jor-
dan triple system. In terms of the three-graded Lie algebra L = L(J), this means
that there is an involution o : L — L suchthato(L,) = L_, (¢ = #£1) is the iden-
tification of L_; and L;. All Jordan pairs we deal with in this paper are actually
Jordan triple systems.

2.2. Example: Associative Algebras

Here we consider some important examples of Jordan triple systems. Let A be
an associative algebra. We define a triple operation ¢: A x A x A — A by
¢(a,b,c) = %(abc + cba). The TKK Lie algebra L(A) can be identified with a
subalgebra of the Lie algebra gl (A) of 2 x 2 matrices over A modulo the center:

~ —de b gla(A)
LAy = Spank{( a cd) < Z(gh(A))

Here L(A)_; consists of lower triangular matrices, L(A); consists of upper tri-
angular matrices, and L(A) is the space of all diagonal matrices in L(A). Quite
often it happens that L(A) = gl,(A)/Z(gl2(A)).

a,b,c,deA}.
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Now assume that there is an involution or an anti-involution t: A — A on A.
Then both the set A" of r-stable elements and the set A~" of those elements that
change sign under the action of t are closed under the triple operation. The cor-
responding TKK Lie algebra L(A*") can be still represented by 2 x 2 matrices
over A. Consider the case when 7: A — A is an anti-involution. Then

e = [(7 1)

where D C A7) is a Lie subalgebra of A™) generated by all elements of the
form ab for a,b € A*T. We see that D = L(A*%), is precisely the Lie alge-
bra of inner derivations of the Jordan pair (A%, A7), It acts on A*® by x.a =
xa + at(x), where x € D and a € A**. The involution o : L(A*") — L(A*")
acts by (7" ) — (} _/(,)) andsoo|p = —7.

a,be AT xeDC A()},

2.3. The Conformal Algebra R

Now let A = k{(p,1, e, p] = 1) be the localized Weyl algebra, the one we
have dealt with in §1.4.3. It has an anti-involution 7: A — A defined by 7(¢) = ¢
and t(p) = —p. The space J = A7" is a Jordan triple subsystem of A. It is easy
to see that J is simple. Let K = L(J) = J & D(J) & J be the TKK Lie algebra
corresponding to J.

LEMMA 1. The Lie algebra K is the coefficient algebra of a simple conformal
algebra & C K[[z,z7']].

Proof. First we construct the k[D]-module J such that / = Coeff J. The anti-
involution T acts also on the k[D]-module 20 C A[[z,z7!]] that is generated by
the series p,, = >, pm(n)z™" "' € A[[z,z7']]; see §1.4.3. (In fact, 2 has a struc-
ture of an associative conformal algebra; see [16; 27].) We let J = ™" be the
k[D]-submodule of 2 consisting of those elements of 2 that change sign under
the action of 7. We have J = Coeff J.

The Weyl algebra A is spanned by the coefficients p,,(n) = % p"t" form €
Z . and n € Z (see §1.4.3). Therefore, the space J is spanned by the elements

1 1 oo
um(n) = t(pm(n)) - pm(n) - —%Pmtn + (_1)m Z(’il)—.pmltnl

i=0
for all m € Z, and n € Z. Then the series

m

= ) (W) = = p + (=" Y DVpui €3

nez i=0
span J over k[D]. Since u,,(n) + t(u,,(n)) = 0 we have
m + (=D)" > Dy =0
i>0

and so, if m is even, it follows that



404 MICHAEL ROITMAN

Uy = —% 21: DWYu,, ;. (10)
The remaining series {u,, | m € 2Z + 1} form a basis of J over k[D].
Some simple calculations show that the algebra D(J) of inner derivations of
J = A7" is equal to the whole W = A™). Hence J is a module over W, where
the action is given by x.a = xa +at(x) for x € W and a € J. This action induces
the following action of 20 on J:

m+n—k m+n—i ;
Pr(R)uy = ( m )um+n_k = 8ko(=D" Z( )D<’>um+n_,~

i>0 n
(1D
forallm,neZ..

Thus we obtain the TKK conformal algebra & = 8_ @ Ko D R C K[[z,z7'1],
where a k[D]-basis of &) = 20U is given by p,, € W[[z,z ']] form € Z,, a
k[D]-basis of R_; = J is given by u,, € J[[z,z7']] = K_i[[z,z7"]] for m €
27, + 1, and R = J is spanned over k[D] by the basis o(u,,) € K [[z,z7']]
form € 27 + 1. Here 0: & — R is the involution identifying K with K_;.
Since the coefficients of these series span K and are linearly independent, we have
K = Coeff R.

The formula (11) shows that p,, and u, in K[|z, z71] are local, hence so are
pm and o(u,). The series u,, and o(u,) are local as well because the product
K_| x K; — K| is just the associative product in A if we identify K_; = K| =
A" C A and Kjy = A as linear spaces. O

Here is the multiplication table in K. The products of p,, and p, are given by (4),
the products p,, Klu, = p,,(k)u, are given by (11);

pnBou,) = (—D"’“(’"; ”)a(um+n_k>

n

+ (_1)m+n Z(m tn—k- l)D(i)O'(lflernki); (12)

4 m—k
i=0

Uy K o(uy,)

- ((’” L k) - (—1)'"(’” N ”))pm+nk
m m
k i — k | —1 .
R R A s
J,l

REMARK. We see that JJ has every right to be called a conformal Jordan triple
system. We could have defined the conformal triple operation on J; this would be
a family of trilinear maps depending on two integer parameters.

The algebras K and £ have central extensions K=K®kcand & = R ke
(respectively) defined by the 2-cocycles ¢: K x K — kcand ¢;: R x R — kc
(k € Z ) that are given by
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k +
0 (k). 0w (1) = 8k+,,m+n(—1)m(m L 1) ((’”m ”) _ 1),
Ot 0 (10,)) = ak,m+n+1<—1)m<(m;”> - 1). (14)

REMARK. It is possible to show that conformal algebra £ (and even its subalge-
bra 2 x J) is not embeddable into an associative conformal algebra, though it is
finitely generated and has linear locality function (see [28]). It is proved in [28]
that the linearity of locality function is a necessary condition for embedding of a
finitely generated conformal algebra into an associative conformal algebra.

3. Boson-Fermion Correspondence

3.1. Lie Algebras of Matrices

Let gl be the Lie algebra of infinite matrices that have only finitely many nonzero
entries. Denote by E;; the elementary matrix that has the only nonzero entry at
the ith row and jth column. Then we have

[Eij, Exi]l =8k Eil — 8 Eyj.

Let M be the Lie algebra of infinite matrices that have only finitely many nonzero
diagonals. The algebras gl and M are both graded by setting the degree of E;;
equal to j —i.

It is well known [18] that gl, and M have unique central extensions gloc =
gleo ® ke C M = M & kc defined by the 2-cocycle ¢ (A, B) = tr([A, J]B),
where J = ), _, E;; € M. We set degc = 0. The values of ¢ on the elementary
matrices are given by

8i1djk if j<0Oandi >0,
d)(Ei,jaEk,l) = —8,'[5]']{ if i <0 and ] >0, (15)
0 otherwise.

The associative Weyl algebra A = k(t,™', p | [t, p] = 1) is embedded into the
associative algebra of infinite matrices by

t Z Eiis, t7'— Z Eiiy1, pH> —Z(i +DE;in.
i€l i€l i€l
Therefore, the Lie algebra W = A (defined in §1.4.3) is embedded into the Lie
algebra M.

LEMMA 2. The restriction of the 2-cocycle ¢ on W precisely coincides with the
2-cocycle on W given by (5).

Proof. Express the linear generators of W in terms of elementary matrices:

1 mn m i+m
Pm(”)=%P t =(_1) Z( m )Ei,i+m—n‘ (16)

i€Z
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Then, using (15), we obtain by some calculations that

k
6 (Pu(k), pal)) = am+n,k+z<—“m(m +n+ 1)' -

As a consequence, the central extension W of W is embedded into the Lie alge-
bra M.

3.2. The Clifford Vertex Superalgebra

Let €I be the Clifford conformal superalgebra (defined in §1.4.2) and let Cl =
Coeff €[ be its coefficient Lie algebra. Let U = U(Cl)/(c = 1) be the quotient
of the universal enveloping algebra of Cl over the ideal generated by the relation
c=1.

The following lemma is proved by a straightforward computation (see e.g. [13]).

LEMMA 3. Let ejj = y_1()yi(—j—1 €U fori,jeZ. Let
. { —Yi(=j = Dy=(@) ifi=j=0,

eij = .
ejj otherwise.
Then the mapping E;; — e;; defines an embedding of the Lie algebra gl of infi-
nite matrices (see Section 3.1) into U, and the map E;; +— éij, ¢ — 1, defines an
embedding of the Lie algebra gloo into U.

Note that d(é;;) = j —i = deg E;; and p(¢;;) = 0 (see §1.4.2 for notation).
Now consider the universal highest weight module V' over Cl (see Section 1.6).

By definition, V is generated over Cl by a single element 1 such that cl = 1,

Cl.1 =0, and V = U(Cl) ®y(c1,)exc k1. As a linear space, V can be identified

with the Grassman algebra k[y.(n) | ¢ = £1, n < 0], on which c acts as identity,

ye(n) for n < 0 acts by multiplication on the corresponding variable, and if n > 0

then y,(n) acts as an odd derivation. It follows that V' is an irreducible Cl-module.
The module V inherits the double grading from Cl, so we have

v=Pv. V=P V-
pe’ dez/2
Itis easy to see thatif V, ; #Othend — p/2e€Z andd > p?/2. Indeed, let
w = y_1(m) Ay_1(n2) A Ay—i(ng) A yilmi) A yi(ma) A= Ayi(my) €V,
n<n<---<ng<0, mao<mpy<---<m <0,
be;suchthatp(w) =p>0.Then! > pandd(w) > —my—mp—---—m; —1/2 >
p/2.

REMARK. There is an alternative construction of V using semi-infinite wedge
products (see e.g. [13, Chap. 14]). It implies that in fact dimy V), ; = P(d — r%/2),
where P(n) is the classical partition function.

The module V has the structure of an enveloping vertex superalgebra of €I (see
Section 1.6) such that the embedding €[ — V is given by a — a(—1)1. We will
identify €[ with its image in V. We have
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=@V, V=P .
pe2L pe2Z+1

A certain completion U of the algebra U acts on the vertex algebra V—that is,
some infinite sums of the elements of U make sense as operators on V. In par-
ticular, the closure of the algebra gl C U spanned by e;; (see Lemma 3) is the
algebra M C U. It follows also that the algebra W C M acts on V and there is a
map W — vV given by a +— a(—1)1. The following lemma describes the image
of 25 C V (seee.g. [15]).

LEMMA 4. The mapping p,, — v_| y1 defines an embedding of the con-
Sformal algebra 25 into Vy C V.

Proof. Using (16) and Lemma 3, we obtain

o Elypm = Y (—1)m<mrjl>y—1(i)7/1(n—m—l—i)
i<—m—1

- Z(—l)'"(’”n;F ’)m(n —m = 1= D)y-i()

i>0

= (- (’" N ’)ez, Cin = P, O
Now let us apply the construction of Section 1.7 to the lattice A = Z that is gen-
erated by a single vector « such that («|a) = 1. Then formula (9) implies that the
elements vy, € V7 generate a conformal superalgebra isomorphic to the Clifford
algebra €I. As a result we get that the vertex algebra V is canonically isomorphic
to the vertex algebra V7 corresponding to the lattice Z constructed in Section 1.7.
This statement is known as “boson—fermion correspondence”.
Let us describe the image of the algebra 20 in V; in terms of the lattice con-
struction. It could be easily proved that

po=—-a€HCVy, and p;=j3aEla—iDa=w— ;D&

(see Section 1.7) so that p; [0l v = Dv for all v € V. In general, for n > 2 we have
n—2 times
=D" ((n+1 U
=
p TET 5 (--@=2a)Ha--)[Ha

n times

—( --(&&)&m)&>. a7

3.3. Inside the Heisenberg Vertex Algebra

Here we investigate further the embedding 20 C V; of the conformal algebra 0
into the vertex algebra V}y, constructed in Section 3.2.

THEOREM 1. The conformal algebra MW C Vy is a maximal conformal subalge-
bra of Vj.
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By Lemma 3, the space V;) is a module over the Lie algebra gl ~ and, in fact, over
M. For the proof of Theorem 1 we need to study the Q -module structure of Vj.
Recall that the Lie algebra gl has a structure quite similar to the structure of a
Kac—Moody Lie algebra. Let 0 C gl be the maximal toral subalgebra of gl
spanned by all diagonal matrices and c. Let 9’ C 9* be the space of functionals on
0 that take only finitely many nonzero values on E;; fori € Z. Let A; €0’ (i € Z)
be the functional on @ such that A;(Ej;) = 8;; and 1;(c) = 0, and let A € ' be such
that A.(E;;) = Oforall j € Z and A.(c) = 1. The algebra gl is 9-diagonalizable,
and its root vectors are the elements E;;, i # j, whose weights ;; = A; —4; €0’
are called the roots of gloo. If i < j then we call the root A;; positive; otherwise,
we call it negative.
The element

C if j<Oandi >0,
0> Hij = [Eij,Eji] =E; — Ejj + —c if j>0andi <O, (18)
0 otherwise,

is called a coroot. Denote by IT = {A €0’ | A(H;) € Z for all coroots H;;} the set
of all integral weights.

LetU bea ’g\loo-module. It is called d-diagonalizable if U = €D, ., Uy, where
U, ={veU | Hv=A(H)v YH €0}. The module U is called integrable if it is
0-diagonalizable and if all E;; for i # j are locally nilpotent. Finally, U is called
a lowest weight module with lowest weight A € 9’ if (a) it is generated by a single
vector v € U, such that E;;u = 0 when i > j and (b) for any 4 € 0 one has hv =
A(h)v. A lowest weight module U of lowest weight X is integrable if and only if
A eIl and A(H;j) < 0 wheni < j (see [13, Chap. 10]). For a 0-diagonalizable
module U, denote by E(U) = {A €0’ | U,, # 0} the set of weights of U.

The gloo—module Vo is an integrable irreducible lowest weight module gener-
ated by the lowest weight vector vo = 1 of weight A.. Using the general theory
of integrable modules over Kac—-Moody algebras [13], we can easily describe the
set of weights E(Vp). Before doing so, we need a notion from combinatorics
(see [24]).

Let« = (k; > ky > ---) € P(m) be a partition of an integer m and let ' =
(k{ = k} > ---) € P(m) be the dual partition (i.e., corresponding to the transposed
Young diagram). Let [ = I(x) be the number of rectangles at the main diagonal of
the Young diagrams of « and «'. Then the pair of sequences

E=(kiky—Lks—2,...kj—1+1), n=(k —1Lki—2k—3....kj—1)

are called Frobenius coordinates of x. We have
I
>8> >8>0, m>m>->nu=0, Y &+ n=m.

The Frobenius coordinates &, n of « determine the partition « uniquely. We will
write k = (€|n).
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LEMMmA 5. E(Vy) = UmeZ+ E ., where

I(x)
Em = {M(K) =Aic+ Z()\—é/ - )‘n_,-)

j=1

K« = (&ln) GP(m)}~

The homogeneous component Vy ,, of Vy is decomposed into a direct sum of one-
dimensional root spaces

Vo = P Vo, dimVy, =1. (19)

AEE

REMARK. Though this lemma could be proved using only the fact that Vj is the
irreducible lowest weight gloo—module of weight A, in our case the proof is even
simpler: We already know that dim V;) ,, = P(m), so we only have to check that
weights u (k) indeed appear in E(Vp).

We will write /() instead of /() if u = (k) € E(Vp) is the weight of V,, corre-
sponding to a partition « € P(m).

Next we study in greater detail the action of the elementary matrices E;; € gloo
on Vj. Recall [13, Chap. 9] that there is a contravariant form (-|-) on Vj such that
@) =1, VomlVo.n) = 0 for m # n, and (Aulv) = (u|A’v) for any u,v €
Vo and A € M where A’ is the transposed matrix of A; in particular, a(n)’ =
a(—n) for a(n) € H. The following lemma is proved along the same lines as
the analogous result about integrable modules for Kac—Moody algebras (see [13,
Chap. 10]).

LEMMA 6. Let u € Vy , be a homogeneous vector of weight u € (Vy). If
sign(i — j)u(H;;) > 0then 0 # Ejju € Vo, y4s,—1; and (EjjulEjju) = (ulu);
otherwise, Ejju = 0.

Here H;; is given by (18). Note that, by Lemma 5, u(E;;) € {0, £1}.

We now investigate the structure of Vy as a 20-module. By definition (see Sec-
tion 1.3), this i is the same as the action of W+ @ kD on Vj. Since p;(0) acts as D,
the action of 20 on Vo amounts only to the action of the Lie algebra W, = W+ =

k{p,t|t,pl = 1)

LEmMMA 7. (a) Any W,-submodule of 'V, is homogeneous with respect to the root
space decomposition (19).
(b) Let v € V. for some X € &(Vy). Then

W+U = @ V(),u~

ne8(Vo), I(w)=<I(2)

Proof. Recall that V| is a module over the Lie algebra M, which is a central exten-
sion of the Lie algebra M of infinite matrices with finitely many nonzero diagonals,
and that W is embedded in M by formulas (16). Let M, be subalgebra of diago-
nal matrices of M. Since ¢ (Mo, My) = O, it follows that M is a subalgebra of
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M. Any functional from 9’ takes values on M as well, so we have ' C M. Let
Wo = Span{ p,,,(m) | m € Z} be the subalgebra of W consisting of all elements of
degree 0. We have W, C M, under the mapping (16). To prove (a) it is enough to
show that any two different weights A, u € E(Vp) remain different after restric-
tion to Wy. But this follows from the fact that A; for i € Z are linearly independent
on My because A;(p,(m)) = (=)™ ("+m).

For the proof of (b) we note that, by (16), every element p™t" € W, is an in-
finite linear combination of E;; such that either i > 0 or j < 0. Therefore, by
Lemma 6 and (a) we get that if u© € E(Vp) then, for any i, j € Z such that either
i > 0orj <O, the weight u + A; — A; appears in W,'V,,. Every weight A such
that /(A) < I(u) could be obtained by a successive application of this operation,
but no weight of length more than /(14) can be obtained. UJ

In particular, all weights of 2 C V; are of length 1.

Proof of Theorem 1. Let v € Vp \ 20. We have to prove that the conformal alge-
bra generated by v and 20 is the whole V. By Lemma 7 we can assume that v is
homogeneous of some weight © € E(Vp) such that [(n) > 1. The only weight of
degree 4 that is not in H(QAB) iISA_o+A_ 1 Ao — A1 (which is of length 2) and
hence, by Lemma 7(b), Vo4 C Wiv + 0. It is thus enough to prove that Vp is
generated as a conformal algebra by 27 and any element u € Vp 4 \ 2. Take u =
al=3a.

Let £ C Vj be the conformal algebra generated by 90 and u. Assume on the
contrary that £ C V,. Then Lemma 7(b) implies that there is an integer [ > 3
such that E(£) does not contain weights of length /. Let / be the minimal possible
among such integers. Let

w=Ag+t-+ArAszt+trao—A—Az— - —A +Ar€E(D),

I(pw)y=1—1,andletve, C Vo, Letp' = pu+ iy —Agsothatl(u') =1
and hence ©' ¢ E(£). We prove that the projection of u [2lv onto V,, is nonzero
and hence £,/ # 0, arriving at a contradiction.

Using that @ (k) = —t* = =", _, E; ;— and (7) yields

@=la) v = Z((;) (s +2)> 3 EvivoniEy v

s>0 i,jEZL
The only pairs of E;; in this expression that do not kill v and move v to Vs are
E_iEigfor2 <i <1, EioE_;; for =] <i < =2, and E_,oE;; for either
2<i<lor—l<i<-=2 Letw= E_j»E;ov. Using Lemma 6, we find that
E_;Eiov=wforall2 <i <land E; pE_;;v = —wforall -] <i < -2.
Also, E_joE; jv=—E_joE_; _;v. Summing up:

o =£((3)+ () £(0)+(1)-
() () e D
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3.4. Representation Theory of D)l

The technique of Section 3.3 allows us to investigate the 20-module structure of
other spaces V,. This section diverges from the main exposition and will not be
used later in this paper. We assume here that k is an algebraically closed field of
characteristic 0.

Let A = 7Zp be a lattice of rank 1 generated by a single vector 8. As before, let
h=AQk.Let V=V, = @,_, Vig be the corresponding vertex algebra con-
structed in Section 1.7. Take « = B/4/(B]B8) € h. Then (a|a) = 1, and the vertex
operator & = a(—1)1 € V, generates a copy of the Heisenberg conformal algebra
$ and also gi\ies an embedding of 20 in Vj by formulas (17). So Vi becomes a
module over 27 and over W...

If (B B) # 1 then itis not difficult to see that V;g is an irreducible W -module.
In fact, in this case we have W v;g = Vjg. If (B|B) = 1 (in this case A =
7Z) then, as in Section 3.3, we have an action of é\loo on Vig = V;. The mod-
ule V; is an irreducible integrable lowest weight gloo-module of the lowest weight
Ae—Aro—A1—---—Ajqifi>0and A+ A +---+A;ifi <O.

We need to introduce the biased Frobenius coordinates of a partition. Let x =
(ki = ko > --) € P(m) be a partition of an integer m and let k' = (k] >
k) > ---) € P(m) be the dual partition. Denote by /;(x) the number of squares
on the ith diagonal of the Young diagram of «, so that /;(x) = [_;(x"). The biased
Frobenius coordinates of k are sequences

SZ(kl—i,kz—l'—l,...,k[i —i—=1L+1),
n=(kj+i—-Lky+i—=2,....k; ,; —1).
They determine « uniquely, and we will write x = (§|n);.

Let E(V;) C 0’ be the set of weights of the module V;. In analogy with Lemma 5
we have that 2(V;) = Um€Z+ E,.(V:), where
H) Li(k)+i
En(Vi) = {Mi(’() =Ac+ Z)"—E,‘ - Z )‘flj

j=1 j=1

K = (& GP(m)}

is the set of weights appearing in the homogeneous component of V; consisting of
elements of degree m + %i 2. As before, we have dim Vi,u = lforevery u € B(V;).

Both statements (a) and (b) of Lemma 7 remain without changes. In partic-
ular, dimensions of homogeneous components of W, -submodules of V; grow
polynomially.

QUESTION. s it true that all lowest weight W, -modules of polynomial growth

are obtained in this way?

4. Conformal Subalgebras of Lattice Vertex Algebras

4.1. Conformal Subalgebras of Lattice Vertex Superalgebras

Let A be an integer lattice and let V), = @D, ., V) be the lattice vertex superalgebra
constructed in Section 1.7. Recall that V|, contains the Heisenberg conformal
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algebra §), which is spanned over k[ D] by elements of the form hforheh =k®A
and 1. The left regular action of this element is given by Y(h) = D nez h(n)z™" !,
where the operators /(n) define a representation of the Heisenberg algebra H
on Vj.

Let £ C V, be a conformal subalgebra of V,. Assume that £ is homogeneous
with respect to the grading by A; thatis, £ = EBEA £, where £, = £NV,. The
set A = {A e A\ 0| £, # 0} is called the root system of £. We will always as-
sume that A = —A. This happens, for example, if £ is closed under the involution
o : V) — Vj, corresponding to the automorphism A — —X of the lattice A.

We will also assume that £ is closed under the action of the conformal algebra
9. In this case it is easy to show that £ must contain the elements v, for each A €
A. Therefore, the Lie conformal superalgebra £’ C V, generated by the set {v; |
A € A} will be a subalgebra of £ and will be graded by the same root system. It
follows from formula (9) that, for the products in V,, if o, 8 € A are such that k =
(a|B) < 0 then vy [A=T]vg = Fv,, 5 € £ and hence o + B € A.

The following proposition summarizes properties of root systems.

PROPOSITION 1. (a) A set A C A is a root system if and only if the Lie conformal
superalgebra generated by the set {v, | A € A} does not contain any homogeneous
components other than £, for A € A and £y.

(b) If A C A is a root system, then A is closed under the negation . — —\
and under the partial summation:

a,BeA, (@|f) <0 = a+ BeA. (20)

We are mostly interested in the case when the root system A is finite. If A con-
tains a vector A such that (A|1) < 0, then by Proposition 1(b) we have kA € A for
all k = 1,2,.... The following lemma suggests that we should restrict ourselves
to the case when the form (-|-) is semi—positive definite.

LEMMA 8. Let A € A be a set closed under the partial summation (20) such that
A = —A and Spanz A = A.

(a) Assume that the form (-|-) is not semi—positive definite; that is, assume there
exists an a € A such that («|a) < 0. Then there is some § € A such that
$18) < 0.

(b) Assume that the form (-|-) is semi—positive definite but not positive definite.
Then there exists some § € A such that (5|86) = 0.

Proof. Both statements are proved by a standard argument. We shall prove (a);
the proof of (b) is identical. Assume on the contrary that (A|A) > O for every A €
A. Let o € A be such that (¢|er) < 0. Then « could be expressed as a linear
combination & = kjo; + - - - + ko of elements «; € A with integer coefficients.
Since A = —A, we can assume that all k; > 0. Assume that this combination has
minimal ) . k; among all representations of « as a linear combination of the ele-
ments of A. Then, since («;|a;) > 0 for all i and since (¢|a) < 0, we must have
(ajlaj) < O for some i # j. But then o; + o; € A, and we could make the ex-
pression for o with a smaller sum of coefficients. O
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The sections that follow will be dedicated to the classification of finite root sys-
tems. When the bilinear form has a nontrivial kernel, we allow for a bigger class
of root systems. Let Ag = {L € A | (A]A) = 0} C A be the sublattice of isotropic
vectors. Let A = A /A be the positive definite quotient. We will denote the pro-
jection of an element A € A to A by A. A set = € A is called almost finite if £ C
A is finite.

We will adopt the following notation. Let A be a semi—positive definite inte-
ger lattice and let Ay and A be as just described. Let A C A be a root system.
Denote by Ay = A N Ay the set of isotropic roots and by A* = A \ Ay the set
of all real roots. Let A = (A/Ag) \ {0} be the positive definite root system in A
obtained from the projection of A to A.

We also need the following definition. A root system A C A is called decom-
posable if it can be represented as a disjoint union A = A U A, such that, for any
a € Ajand B € Ay, we have a + B ¢ A. Otherwise A is called indecomposable.
By Proposition 1(b), if A = A; L A, is decomposable then (A|A;) = 0 and
the Lie conformal superalgebra £ splits into a direct sum £ = £; & £, such that
[£1, £,] = 0. In the other direction, however, if £ = £, @ £, so that [£, £,] =
0 and if we set A; to be the root system of £;, then even though (A|A;) =0, in
general we have (A} + Az) N A # () unless the form is positive definite.

4.2. Rank-1 Case

Let « € A be a vector in an integer lattice A. Let £ C V, be the conformal super-
algebra generated by v, and v_, in the lattice vertex superalgebra V, (constructed
in Section 1.7). The algebra £ = €, _, £, is graded by the lattice A. We start
with determining all cases when £ does not contain any homogeneous compo-
nents other than £_, > v_,, £p 21, and £, 3 v,.

Clearly, if (¢|) < Othen we cantaken = —(«|a) —1 > Oand get v, M v_, =
V2o € £. Hence all vj, € £ for j € Z. Also, if (a|a) = 0 then all products in £
are zero, so this case is not interesting. Therefore, without a loss of generality we
assume that (¢|a) > 0.

ProposiTION 2. [If (¢|a) = 1 then £ = Cl is the Clifford conformal super-
algebra.

If (a|a) = 2 then £ = AUff(sly) is the affine conformal algebra sh,.

If (¢|a) = 3 then £ is the central extension of the N = 2 simple conformal
superalgebra.

If (a|a) = 4 then £ is the conformal algebra R constructed in Section 2.3.

Finally, if (a|a) = 5 then £ = Vz,.

Proof. First we show that if (¢|a) = 1, 2, 3, or 4 then the conformal algebra £ C
V, generated by v, and v_, is as claimed.

As was remarked at the end of Section 1.7, all calculations in vertex algebra
Vi are very explicit. So we just have to read off the defining relations of con-
formal superalgebras from the formula (9) for the products in V. Of course, the
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case when («|w) is 1 or 2 is well-known. Let us do the most difficult case when
(¢|a) = 4. In this case we can identify Z« with 27 C Z by letting o = 2.

By Lemma 4, the elements p,, = v_; v; € Vp and 1 span a copy of 20 over
k[D] such that the products are given by (4) and (6). Set u,, = v_; vy €
V_, for m > 1. Recall that we then have an involution o : V, — V, induced by
the involution A > —A of the lattice A, so that o (u,,) = v; v €V, We
have to show that the formulas (10)—(14) hold for p,,, u,,, that o (u,,) € Vz and c =
1, and also that u,, (K u, = o(u,,) o (u,) = 0 for all integer m,n > 1 and k > 0.

Let us, for example, check (12). First we note that

vy [ (vy V) = =) (1 [Jvy) + [v_i(s), vi(—n — D]v,
= —8,‘701}](—71 — 1)]1 + ]1(1 —n— 1)1)1

1 n
= —3,'70—'0 v+ 8,‘7,1111.
n!
Using this, we calculate

Pm 6(”11) = (v vp) K (v V1)
= Z (_S B 1>v1(s)v1(k —m—1—=s)vi(—n — Dv;
m

s<—m—1

(=" Z(m’: s)vl(k —m—1—=$)v_1(s)vi(=n — Dy,

s>0
The first sum here is zero because k —m —1— 5 > 0, hence vi(k —m — 1 — )
commutes with v;(—n — 1) and v{(k = m — 1 — s)v; = v; v; = 0. The
second sum gives
(="

n!

o (Do) — <_1)m<’" + ”)vl oL,
m

and (12) follows. The other formulas are checked in the same way. Instead of
checking (10) directly, we note that by Section 3.4 the 95-modules U (Wo)vis
and J are both irreducible highest weight W, -modules corresponding to the same
highest weight; hence they must be isomorphic.
The verification of the conformal cocycle formula (14) is done in the same way.
We are left to show thatif n = (a|«) > 5then £ = V,. Recall from Section 3.2
that we have an embedding MW C Vo given by (17) such that

20; = Spany{p;_1, Dp;—,..., D' "' po} C Vo,

for i > 1, so that ?ZAIL = Vp; for 0 < i < 3. Simple calculations now show that
Vo Vg € QAU,-_l for 1 < i <4 and also {1, pg, p1, p2} C Spang{v_, Vo |
1 < i < 4}. Since 9 is geperated by {ll,po,Apl,pz}, we have that 95 C £.
However, v, vy € Vou \ 204 and so, since 2 is a maximal conformal subal-
gebra in V) by Theorem 1, we must have £ = Vj. O

It follows that all possible finite root systems A of rank 1 are from the follow-
ing list:
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Apir A = {Fa}, (o|la) =2;

Bi: A ={%a}, (@|a) =1;

Ci: A ={xa}, (a|a) =4,
BCy: A = {%a,£2a}, (@|la) =1;

B{: A ={%a}, (a]a) =3.
We will generalize this result for the case of a higher-ranking integer positive def-
inite lattice A and finite root system A € A in Section 4.4 (see Theorem 2).

Of special interest is the case when we take the root system A = {£1,+2} C
Z to be of type BC;. Then the conformal superalgebra £ C V; generated by the
set {vyy, v4o} is isomorphic to an extension of K by the Clifford conformal super-
algebra ¢lsuchthat £°= ¢ , & LoD L» = A and L L, Pl =Cl

We also remark that £ and & are maximal among conformal subalgebras of Vy,
graded by the corresponding root system.

4.3. Rank-2 Case

Consider now two vectors o, § € A, where A is an integer lattice as before. Let V),
be the vertex superalgebra corresponding to A, and let £ C V, be the conformal
superalgebra generated by vi, and vig. Since the generators of £ are homoge-
neous, £ = @, _, £, is graded by A. Let A = {1 € A\ {0} | £, # 0} be the root
system of £. If («¢|B) = 0 then £ = £, @ £, is decomposed into a direct sum of
ideals (£1 = (v+q) and £ = (v4pg)) and A = AU A, for Ay C Za and A, C
7B, so everything is reduced to the case of Section 4.2. Therefore, without a loss
of generality we assume that («¢|8) < 0.
Now we formulate an analogue of Proposition 2 for the case of two vectors.

PROPOSITION 3.  Let A = Za + Zf be an integer lattice of rank 2. Assume that
the conformal superalgebra £ C V) generated by v+, and vig is graded by a
finite or an almost finite root system A C A. Then there are only the following
possibilities:
(1) (ale) = (BIB) =2, (@] p) = —L;
(i) (ela) =2,(BIB) =1, (@|B) = —1;
(iil) (ala) =4, (BIB) =2, (@|B) = -2
(iv) (afa) =(BIB) =1, (@|B) = —1;
V) (ala) = (BIB) =2, (a]p) = =2;
(vi) (e]a) = (BIB) =3, (| p) = —3;
(vii) (a]a) = (BIB) =4, (@|p) = —4
(viil) (ala) =4, (BIB) =1, («|B) = —2.
In cases (1)—(iii), A is positive definite. In (iv)—(viii), A is semi—positive defi-
nite with the kernel of the bilinear form spanned by single vector 8, given by § =
o + B in cases (iv)—(vii) and by § = a + 28 in case (viii). The root system is:

{+a,£B,L£(x + B)} in cases (i), (ii), and (iv);
A =1 {Fa,£8,E£(a+ B),£(x +28)} in case (iii);
{ké,*a + k8, B+ kS | keZ} incases (v)—(viii).
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If AMA) =1or2 forx € A, then £, = K[D]vy; if (A|X) = 3or4thentkyp1 £, =
00. For an isotropic . € A we have that tkyp1 £, = 1,2,3, 00,00 in the cases
(iv)—(viil), respectively. Finally, tkyp1£o = 2,1,00,0,2,4, 00,00 in the cases
(1)—(viii), respectively.

Proof. By Proposition 2, the square lengths of & and 8 could be only 1, 2, 3
or 4. Also, («|B) > —f((ocloz) + (B|B)), because otherwise we would have
(¢ 4+ Bla + B) < 0. So we have only finitely many possibilities. One can eas-
ily check using formulas (9) that every choice of vectors o and § not listed in
(i)—(viii) will give an infinite root system. So it remains to show that in each of
the cases (i)—(viii) the conformal algebra £ generated by {viq, v+g} Will, in fact,
be graded by the corresponding root system A. Let us check this for the most dif-
ficult case (iii). In this case £o =20, d W, is a direct sum of two copies of 27,
corresponding to vectors a and 1 >« + B, so that the subalgebras £, ® 20, L
and £4428 @ QUZ ® S_a 2p of E are isomorphic to the conformal algebra £ con-
structed in Section 2. Then the claim follows from Proposition 2. O

4.4. Case When the Bilinear Form is Positive Definite

THEOREM 2. Assume A is a positive definite integer lattice and A C A is a finite
indecomposable root system of some conformal superalgebra £ = @, A £, C
Vi such that A = — A and £ is generated by the set {v, | A € A}. Then there are
only the following possibilities.
A-D-E: A is a simply laced finite Cartan root system of type A, (n > 1), D,
(n>4),0or E, (n=06,7,8) such that (A|L) = 2 for all roots A € A.
B: A is a finite Cartan root system of type B, (n > 1); the short roots have
square length 1 and the long roots have square length 2. Whenn = 1,
={xl}CA=7Z)
C: A is a finite Cartan root system of type C,, (n > 1); the short roots have
square length 2 and the long roots have square length 4. (Whenn = 1,
={£2}CA=7Z)
BC: A is the union of B, and C, forn > 1.
BY: A is a subset of B, consisting of all the short roots of B, and half of

the long roots: If oy, ...,a, is the basis of A consisting of short roots,
so that (ai|aj) = 0, then all the long roots of A are of the form o; — o
(i #J).

Bl: A={+3}CA=1Z.

We will call a vector of square length 1 short, of square length 2 long, and of square
length 4 extra-long.

Proof. Leta, B € A be a pair of roots. The root system that they generate must be
of one of the types (i)—(iii) from Proposition 3. It follows that the Cartan num-
ber («, ) = 2(«¢|B)/(x|a) is an integer, hence A must lay inside a Cartan root
system ®. Moreover, it follows from the structure of root systems of rank 2 in
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cases (i)—(iii) that @ cannot be of type F4 or G, and the condition for the square
lengths of the root vectors holds.

Next we want to prove that if A is a finite Cartan root system of a type other
than G, and Fj and if the length of roots are as prescribed by the theorem, then
A is indeed the root system of the conformal superalgebra £ C V, generated by
the set {v, | A € A}. If A is a simply laced root system of type A-D-E then £
is the affine Kac—-Moody conformal algebra, as is well known. If A is of type B
then it is equally easy to check that the space £ = @, ., k[D]ve ® H C Vi will
be closed under the products (9), hence it is the desired subalgebra.

Let A be of type C,,. Let«y, ..., «, € A be the basis of A consisting of pairwise
orthogonal extra-long roots. Take £y = QAZTI ®---b QAH,I C Wy, where ?ﬁ]i is the
Weyl conformal algebra spanned by v, @M v_,, (n € Z); see Lemma 4. Take £,,
to be equal to the conformal Jordan triple system constructed in Section 2, so that
the subalgebra £_,, & 20; @& £, is isomorphic to the conformal algebra R. If 8 €
A is a short root then take £ = k[D]uvg. Using calculations of Proposition 3, it
is easy to see that £ = £ ® EBQE A L4 18 closed under the products (9).

Finally, if A is of type BC then the corresponding conformal superalgebra £ is
easily obtained by combining the conformal superalgebras corresponding to the
subsystems of A of types B and C.

So let A be a finite root system, and let & O A be a minimal Cartan root sys-
tem containing A. We prove that if ® is either simply laced or is of type C or BC
then A = ®.

Assume first that @ is simply laced. Let « € @ \ A. Since A spans A over Z,
we can write « as a linear combination of elements of A with integer coefficients.
Leta = ), kioe; (k; € Z, a; € A) be such a linear combination of the minimal
length. Because A = —A, we can assume that all k; > 0. But then, since (¢|a) =
(aila;) = 2, we must have (o;|a;) < 0 for some pair a; # «;; hence o; + «; €
A and we can make the combination shorter, contrary to our assumption. Thus,
A = ®&. The same argument shows that if ® is of type B or BC then A contains
all short roots, and if ® is of type C then A contains all long roots.

Let @ be of type C. Then A contains all long roots of ®. Since ® is a minimal
Cartan root system containing A, the latter must contain at least one extra-long
root . Let B be a long root such that («|8) = —2. Then, by Proposition 3(iii),
A contains the whole root system of type C, generated by « and B, and so the
extra-long root & 4 28 also belongs to A. Continuing this argument, we get that
all extra-long roots lay in A and hence A = .

Assume now that @ is of type B,,. When n = 1 or 2 we refer to Proposition 2
and Proposition 3, so assume thatn > 3. Let oy, ..., o, € A C ® be a basis of A
consisting of pairwise orthogonal short roots. Let ®; be the set of all long roots
in ®; they form a simply laced Cartan root system of type D, (A3 if n = 3). The
root system A must contain some long roots, too. Let A; C &, be the set of long
roots of A; they must form a root system as well. It is not too difficult to see that,
in order for A to be indecomposable, the root system A; must be equal either to
the whole ®; or to {o; —aj | i # j},in which case A, is of type A,,_;. This choice
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of A; is unique up to the action of the Weyl group. Therefore, A is either equal to
® or is of type BY.

Finally, let @ be of type BC,.. Then, by the result of the previous paragraph,
the set A; of long roots must at least contain the set {o; — a; | i # j}. Also, A
must contain at least one extra-long root. So, as in the case of type C, using (iii)
of Proposition 3 yields A = ®. U

If the root system A is of type A-D-E, then the corresponding conformal algebra
£ =@, L C Vi generated by the set {v, | A € A} is the affine Kac—-Moody
conformal algebra and V), is the Frenkel-Kac—Segal construction of its basic rep-
resentation (see [10; 30]). In this case, £ is a central extension of a simple loop
algebra (see §1.4.1). If A is of type C then £ is also a central extension of a sim-
ple conformal algebra, which is a generalization of the algebra £ constructed in
Section 2.3.

4.5. Finite Root Systems

In this section we describe all possible finite root systems. Let A C A be an in-
decomposable root system and assume that |A| < co. As we saw in Section 4.1,
the bilinear form (-|-) on A must be either positive definite or semi—positive def-
inite. Assume that it is semi—positive definite. Let 7: A — A be the projection
of A onto the positive definite lattice A, and let A = 7 (A) \ {0} C A be the
positive definite finite root system obtained from the projection of A (see Sec-
tion 4.1 for definitions). The root system A decomposes into a disjoint union A =
AyU---UA; of indecomposable root systems, each of them must be of one of the
types described in Theorem 2. Denote A; = I AHNA.

If for some A; we have #7 (o) = 1 for all @ € A;, then A decomposes as
A; U (U, 4i A j), which is a contradiction. So we assume that each A; is a semi—
positive definite root system.

LEMMA 9. Let A be an indecomposable semi-positive definite root system such
that A is a positive definite indecomposable root system of type other than B or
BY. Then |A| = co.

Proof. The root system A must contain some isotropic roots for otherwise it would
be positive definite. At least some isotropic root § must be of the form § = o« + S,
where o and 8 are real roots. If A is not of type BC, then o and 8 have square
lengths exceeding 1 and hence we are in the situation of (v), (vi), or (vii) of
Proposition 3; therefore, k6 € A for all integer k and A is infinite. If A is of type
BC, then it might happen that « and 8 have length 1. If this is the case, let &’ and
B’ be real roots such that o’ = 2@ and B’ = 2. Then, by Proposition 3(vii), 8’ =
a’ + B’ is an isotropic root such that k8’ is also a root for all integer k. O

Return now to our finite root system A. The lemma implies that all indecompos-
able components A; of A are of type either B or B®. On the other hand, assume
we are given a positive definite root system A = A;Li--- U A; C A such that all
components A; are of type either B or B®. Let Ag (resp., Ar) be the set of short
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(resp., long) roots of A. There are many degrees of freedom in reconstructing the
finite semi—positive definite root system A. First we choose an arbitrary lattice A
and set A = A @ Ao. Then, in each A; of type B, we choose a subsystem A'; of
type Bo. Denote by Q C Ay be the set of all long roots in A that do not get into
any of the root systems A; or A of type B°. For each a €  we choose an arbi-
trary isotropic vector §(a) € Ag such that 6(«) = —8(—«), and for each short root
B € Ag we choose an arbitrary finite set () C Ao such that () = —2(B) =
¥ (—p). We impose the following restriction: If & € €2 and B is a short root such
that («¢|B) # 0, then §(x) € X (8). Now we set

={B+8|BelAs, (B Ufa+8) | aecQlU(AL\ Q).

We may summarize as follows.

THEOREM 3. Let A C A be a finite indecomposable root system. Then: either
A is positive definite, in which case A is of one of the types described in Theo-
rem 2; or A is semi-positive definite, in which case the positive definite quotient
of A decomposes into a disjoint union A = Ay U --- U A, of finite positive defi-
nite root systems of type either B or B, and A could be reconstructed from A by
the foregoing procedure.

4.6. Connection to Extended Affine Root Systems

In this section we point out the relations with the theory of extended affine root
systems (EARS; see e.g. [1]). By Proposition 3, for any two vectors «, 8 € A such
that («¢|a) # 0, the Cartan number (¢, 8) = 2(«|B)/(¢|a) is an integer. This
already makes A look similar to an EARS. To make the similarity even more com-
plete, we must impose the following indecomposability assumption:

V8 € Ay, Ja € A such that § + a € A*. 2D

It is easy to see that, if a root system A satisfies (21) and Ais indecomposable,
then A lays inside an EARS (as defined in [1, p. 1]. The following theorem shows
that, when there are no short roots, the structure of A is much simpler than the
structure of a general EARS.

THEOREM 4. Assume that A is an indecomposable root system of one of the types
Ay, Dy, E,, B{, or Cy; that is, A does not contain short roots. Assume also that
condition (21) holds. Then, for any § € Ay and « € A we have § + o € A.

The theorem asserts that A is a sublattice in A and that, for any o € A, the whole
equivalence class o + A belongs to A.

Proof. Let £ = @, L« C Va be the conformal superalgebra generated by the
set {vy | @ € A}. We claim that forany 2 € h =k ® A we have h(—1)vs € £5.

Let us first show that the theorem follows from this claim. Let § € Ay and
a € A. If o € A%, then using (3) and (9) yields

(a(=Dvs) vy = F(o|a)vess € L,
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hence o 4+ § € A*. If @ € Ay, take some 8 € A* and then use (3) and (9) as before
to obtain
(B(=Dvs) D (B(—=Dva) = +(BIB)S(—Dvays € L,

hence o + § € Ay.

Let us now prove the claim. The condition (21) assures that any isotropic root
8 € Ay is obtained as a sum § = o + B of two real roots «, 8 € A*. Since A does
not have any short roots, the pair «, 8 must generate a root system of type (v), (vi),
or (vii) of Proposition 3. Then, Proposition 3 implies that ¢ (—1)vs, B(—1)vs € L.

Assume now that A € A* issuchthat A(—1)vs € £5 and u € A* satisfies (M| ) #
0. Then we have

(A (=Dvs) Dv, = £ w)vupa € L,

hence u + 6 € A*. Therefore, the real roots i and u + § form a root system of
type (v), (vi), or (vii) of Proposition 3, so we get that u(—1) vs € £5.

It follows that, for every real root A € A* that is not orthogonal to either « or 8,
we have A(—1)vs € £5; therefore, since A is indecomposable, A(—1)vs € £; for
all A € A*. Condition (21) implies that h = Spany A*, and the claim follows. [J
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