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Introduction

Schubert [15] declared enumerative geometry to be concerned with all questions
of the following form: How many geometric figures of some type satisfy certain
given conditions? For conditions imposed by general fixed figures, the approach—
then, as now—is to interpret the conditions as subvarieties of a parameter space
of figures, which give cycle classes in the Chow ring of that parameter space.
Then the degree of the product of these cycle classes provides an algebraic count
of the solutions, counting the solutions weighted with certain intersection multi-
plicities. Thus this degree solves the original problem of enumeration—if each
solution occurs with multiplicity 1, that is, if the subvarieties meet transversally at
each point of intersection.

This demonstrates how the validity of the standard approach to enumerative ge-
ometry via multiplying cycle classes in a Chow ring rests upon the following basic
premise in enumerative geometry: General subvarieties of the parameter space
meet transversally at each point of intersection. An intersection number is enu-
merative if this basic premise holds for the corresponding intersection. Kleiman [8]
established this basic premise in characteristic 0, when an algebraic groups acts
transitively on the parameter space. The restriction to characteristic 0 is neces-
sary. General translates of arbitrary subvarieties simply do not meet transversally
in positive characteristic. Kleiman [8] exhibits a subvariety of a grassmannian
that does not meet any translate of a particular codimension-2 Schubert variety
transversally.

However, Kleiman’s example does not arise in an enumerative geometric prob-
lem. In fact, in every known case, general Schubert subvarieties of flag varieties
meet generically transversally (transverse along a dense subset of each compo-
nent) in any characteristic. Thus the question remains: To what extent does this
basic principle of enumerative geometry hold in positive characteristic? Laksov
and Speiser develop a general theory for transversality: they give a condition, using
tangent spaces to families of subvarieties, that implies a general member of a fam-
ily meets any fixed subvariety transversally [9; 10; 11; 25]. By Kleiman’s example,
families of codimension-2 Schubert subvarieties do not satisfy this condition.
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By Theorem E of [17], general Schubert subvarieties of a grassmannian of 2-
planes in a vector space meet transversally in any characteristic. Here, we give an
elementary and characteristic-free proof that general simple (codimension-1 or di-
visorial) Schubert varieties meet transversally when the ambient space is one of
the following: (i) the grassmannian, (ii) the flag manifold for the special linear
group, (iii) the orthogonal grassmannian, or (iv) the space of parameterized ratio-
nal curves of a fixed degree in a grassmannian. These results are rather special in
that they involve only simple Schubert varieties, but such enumerative problems
are in fact quite natural. More importantly, these results suggest that transversality
is ubiquitous in enumerative geometry.

Thus, the corresponding intersection numbers are enumerative for fields of any
characteristic (except characteristic 2 for the orthogonal grassmannian). This in-
cludes some genus-0 Gromov–Witten invariants of the grassmannian, by (iv). For
example, given 12 general 4-planes in 7-dimensional space, there are exactly 462
3-planes that meet all 12. (This number was computed by Schubert [16].) Simi-
larly, given N = 5q+6 general points s1, s2, . . . , sN in P1 and N general 3-planes
K1,K2, . . . , KN in 5-dimensional space, there are exactly F5+5q (the (5 + 5q)th
Fibonacci number) degree-q maps M from P1 to the grassmannian of 2-planes in
5-space satisfying M(si) ∩Ki �= {0} for each i = 1, . . . , N [7; 13].

We use the formalism of [21] to show transversality. Although it was devel-
oped to construct real-number solutions to these enumerative problems, it can also
be used to show transversality. We state our results in Section 1, review the for-
malism of [21] in Section 2, and prove our results in Section 3. In Section 4,
we strengthen the real enumerative geometric results of [19; 20; 21]. Finally, in
Section 5 we show that families of simple Schubert varieties do not satisfy the
condition of Laksov and Speiser.

Although the simple Schubert varieties we study are members of a linear series
of sections of an ample line bundle, the general section is not a Schubert variety and
so standard Bertini-type theorems in positive characteristic do not apply. Our re-
sults, together with the inapplicability of the general theory of Laksov and Speiser,
emphasize the need for new, perhaps less general or more specific, criteria that
imply transversality. For example, is there a Bertini-type theorem for the grass-
mannian concerning intersections with a general codimension-1 Schubert variety?

Similarly, our results and extensive computer calculations (see e.g. [22, Sec.
4.3]) suggest that the classical Schubert calculus of enumerative geometry (and
the quantum Schubert calculus) is enumerative in all characteristics (except char-
acteristic 2 for the orthogonal groups). Specifically, we make the following conjec-
ture, for which we feel there is ample support (from both theoretical and practical
examples).

Conjecture 1. Let K be an algebraically closed field, and let X be a flag vari-
ety for a reductive algebraic group defined over K. If X1, X2, . . . , Xs are Schubert
varieties of X in general position and if the sum of their codimensions equals the
dimension of X, then the intersection
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X1 ∩X2 ∩ · · · ∩Xs

is transverse.

We thank Dan Laksov for his thoughtful and constructive comments on an earlier
version of this manuscript.

1. Statement of Results

Let K be any infinite field. We describe the spaces and simple Schubert varieties
for which we prove transversality.

(i) Let 0 < r < n be integers. Let G(r, n) denote the grassmannian of r-
planes in Kn. An (n− r)-dimensional subspace ((n− r)-plane) K defines a sim-
ple (codimension-1) Schubert subvariety of G(r, n),

�(K) := {H ∈G(r, n) | H ∩K �= {0}}.
(ii) For a sequence r : 0 < r1 < r2 < · · · < rm < n of integers, let F�r be the

variety of m-step flags

E• : E1 ⊂ E2 ⊂ · · · ⊂ Em ⊂ K
n

with dimEi = ri for i = 1, . . . , m. An (n− ri)-plane K defines a simple Schubert
subvariety of F�r

�i(K) := {E• ∈F�r | Eri ∩K �= {0}}.
(iii) Suppose that the characteristic of K is not 2 and that n = 2r + 1 is odd.

Let 〈·, ·〉 be a nondegenerate split symmetric bilinear form on Kn—that is, one for
which there is a basis e1, . . . , en of Kn such that

〈ei, ej〉 =
{

1 if i + j = n+ 1 = 2r + 2,

0 otherwise.
(1.1)

The resulting quadratic form is

q
( ∑

xiei

)
= 2x1x2n−1 + 2x2x2n−2 + · · · + 2xr xr+2 + x 2

r+1. (1.2)

A subspace H of Kn is isotropic if 〈·, ·〉|H ≡ 0, and isotropic subspaces have di-
mension at most r. The orthogonal grassmannian OG(r) is the space of maximal
(dimension-r) isotropic subspaces of (Kn, 〈·, ·〉). This has dimension

(
r+1

2

)
and,

by our choice of the form (1.1), the K-rational points are dense. (This may be de-
duced, for example, from the coordinates for Schubert cells of the orthogonal flag
manifold given in [5, p. 67].) An isotropic r-plane K of Kn defines a simple Schu-
bert subvariety of OG(r) as follows:

�(K) := {H ∈OG(r) | H ∩K �= {0}}.
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(iv) For an integer q ≥ 0, let Mq
r,n be the space of degree-q maps M : P1 →

G(r, n). A point s ∈ P1 and an (n− r)-plane K define a simple (quantum) Schu-
bert subvariety of Mq

r,n,

Z(s,K) := {M ∈Mq
r,n | M(s) ∩K �= {0}}.

Each of these four spaces have more general Schubert varieties. We will prove
the following theorem.

Theorem 1.1. Suppose K is infinite. Let X be either G(r, n), F�r, OG(r), or
Mq

r,n, and suppose that Z ⊂ X is any Schubert variety of X. Then general simple
Schubert varieties Y1, Y2, . . . , YdimZ meet Z transversally on X.

We prove Theorem 1.1 by exhibiting 1-parameter families of simple Schubert va-
rieties having properties which imply that general members of these families in-
tersect transversally. We remark that in each case (except for the classical flag
manifold) there is only one simple Schubert variety, up to the action of the relevant
group (GLn(K), O2n+1(K), or GLn(K) × PGL2(K)). Since we use an action
of the 1-dimensional torus Gm to construct our 1-parameter families, there are in
fact large moduli of different families. The careful reader will notice that in all
arguments (except those for the classical flag manifold) we could dispense with
multiple families and use only one family but with different fibres.

2. The Method of Schubert Induction

We review the method of Schubert induction introduced in [21]. Let Gm be the
group scheme whose K-rational points are the invertible elements K× of K, con-
sidered as a group under multiplication. While this theory holds for families of
subvarieties over any curve, we use Gm as the base for our families. Suppose that
X is a projective variety and that we have a subvariety E ⊂ X × Gm where the
fibres E → Gm are equidimensional, that is, a family E → Gm of subvarieties of
X. Then the scheme-theoretic limit lims→0 E(s) is defined to be the fibre over 0
of the closure Ē of E in X × K. Since Gm is a curve, this fibre has the expected
dimension (see [6, Rem. 9.8.1]).

A Bruhat decomposition of an irreducible variety X defined over a field K is a
finite decomposition

X =
∐
w∈I

X◦
w

satisfying the following conditions.

(1) Each stratum X◦
w is a locally closed irreducible subvariety defined over K.

(2) The closure X◦
w of a stratum is a union of some strata X◦

v .

(3) There is a unique 0-dimensional stratum X ◦̂
0 .

For w ∈ I, define the Schubert variety Xw to be X◦
w. The space X is the top-

dimensional Schubert variety. By condition (2), the intersection Xw ∩ Xv of two
Schubert varieties is a union of some Schubert varieties. The Bruhat order on I
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is the order induced by inclusion of Schubert varieties: u ≤ v if Xu ⊆ Xv. Set
|w| := dimXw.

Let Y → Gm be a family of divisors on X. For s ∈Gm, let Y(s) be the fibre of
Y over the point s. We say that Y respects the Bruhat decomposition if, for every
w ∈ I, the (scheme-theoretic) limit Z := lims→0(Y(s) ∩ Xw) is supported on a
union of Schubert subvarieties Xv of codimension 1 in Xw. Write v ≺Y w when
Xv is the support of a component of the limit scheme Z. This relation generates
a suborder of the Bruhat order and, as we shall explain, the number of solutions
to an enumerative problem given by simple Schubert varieties equals the num-
ber of saturated chains in such a suborder. Our notation for this suborder, ≺Y ,
reflects its dependence on the family Y. A family Y → Gm of divisors of X is
multiplicity-free if it respects the Bruhat decomposition and if each component of
the scheme-theoretic limit Z is reduced at its generic point.

The general fibre Y(s) of such a multiplicity-free family of divisors on X meets
each Schubert varietyXw generically transversally. Indeed, if the general fibre of Y
did not meetXw generically transversally, then every intersection Y(s)∩Xw would
have a nonreduced component. This would imply that lims→0 Y(s) ∩ Xw has a
nonreduced component, violating our assumption that the family Y is multiplicity-
free.

Thus when X is smooth and Y(s) is a general member of the family Y, we have
the formula

[Xw] · [Y(s)] = [Xw ∩ Y(s)] =
∑
v≺Yw

[Xv] (2.1)

in the Chow ring of X. The second equality in (2.1) expresses the rational equiv-
alence of the fibres of the family Y ∩ (Xw × K), and the first equality is a basic
property of any intersection theory—namely, that a generically transverse inter-
section of subvarieties of X represents the product of their cycle classes because
the intersection multiplicities are equal to 1 [4, Rem. 8.2, p. 138].

A collection Y1, . . . ,Y l of families of divisors of X “meets the Bruhat decom-
position of X properly” (or is “in general position with respect to the Bruhat de-
composition” [21]) if for all w ∈ I, for general s1, s2, . . . , sl ∈ Gm, for each 1 ≤
k ≤ l, and for every k-subset {i1, i2, . . . , ik} of {1, 2, . . . , l}, the intersection

Yi1(si1) ∩ Yi2(si2 ) ∩ · · · ∩ Yik (sik ) ∩Xw (2.2)

is proper in that either it is empty or else it has (the expected) dimension |w| − k.

This definition makes sense even if some (or all) of the families Yi happen to be
repeated.

Suppose that we have a collection Y1,Y2, . . . ,Y l (l = dimX) of multiplicity-
free families of divisors of X with each meeting the Bruhat decomposition of X
properly. Recall that 0̂ is the index of the minimal Schubert variety, which is a
single point. For w ∈ I, let deg(w) count the number of (saturated) chains in the
Bruhat order

0̂ ≺1 w1 ≺2 w2 ≺3 · · · ≺k−1 wk−1 ≺k wk = w, (2.3)

where ≺i =≺Yi
and |w| = k. This is the degree of the intersection,
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Y1(s1) ∩ Y2(s2) ∩ · · · ∩ Yk(sk) ∩Xw. (2.4)

A result of [21] asserts that this intersection is free of multiplicities.

Proposition 2.1 [21]. Suppose X has a Bruhat decomposition. Let Y1,Y2, . . . ,

Y l be multiplicity-free families of divisors in X over Gm meeting the Bruhat de-
composition of X properly, and suppose that each respects the Bruhat decompo-
sition. Then, for every 1 ≤ k ≤ l and every w ∈ I with |w| = k, the intersection
(2.4) is transverse for general s1, s2, . . . , sk ∈Gm and has degree deg(w). In par-
ticular, when K is algebraically closed, such an intersection consists of deg(w)

reduced points.

The point of Proposition 2.1is that while we assume only that the intersections (2.2)
have the expected dimension, we are able to conclude that (2.4) is transverse and
to compute the number of solutions without reference to the Chow ring. There is
a simple criterion (Lemma 2.4 of [21]) which implies that a collection of families
meets the Bruhat decomposition properly.

Lemma 2.2. Suppose a varietyX has a Bruhat decomposition. Let Y1,Y2, . . . ,Y l

be a collection of families of divisors of X. If each family Yk → Gm satisfies⋂
s∈Gm

Yk(s) = ∅,

then the collection of families Y1,Y2, . . . ,Y l meets the Bruhat decomposition
properly.

Proof. Here we illustrate the elementary methods of [21].
If the families Y1,Y2, . . . ,Y l do not meet the Bruhat decomposition properly,

then (after possibly reindexing) there exist a w ∈ I, an integer k, and points
s1, s2, . . . , sk ∈Gm such that

Y1(s1) ∩ Y2(s2) ∩ · · · ∩ Yk(sk) ∩Xw (2.5)

has (the expected) dimension of |w|−k ≥ 0; yet for every s ∈Gm, the intersection

Y1(s1) ∩ Y2(s2) ∩ · · · ∩ Yk(sk) ∩ Yk+1(s) ∩Xw

also has dimension |w| − k. But then some component of (2.5) lies in every sub-
variety Yk+1(s), contradicting the assumption of the lemma.

3. Proof of Theorem 1.1

By Proposition 2.1, for each space G(r, n), F�r, OG(r), and Mq
r,n, we need only

construct multiplicity-free families of simple Schubert subvarieties over Gm such
that the entire collection meets the Bruhat decomposition properly. For the space
Mq

r,n of rational curves in a grassmannian, we work in Drinfel′d’s compactifica-
tion Kq

r,n, also called the quantum grassmannian.
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3.1. The Grassmannian

Let e1, e2, . . . , en be an ordered basis for Kn. For a sequence α : 1 ≤ α1 < α2 <

· · · < αr ≤ n, the Schubert variety �α is

�α := {H ∈G(r, n) | dimH ∩ Fαj ≥ j for j = 1, 2, . . . , r},
where Fi is the linear span of e1, e2, . . . , ei . Set �◦

α := �α −{�β | β < α}. Here,
≤ is given by componentwise comparison: α ≤ β if and only if αi ≤ βi for all i.
For example, (1, 3, 5) ≤ (1, 4, 5) ≤ (2, 5, 6), but (1, 4, 5) �≤ (2, 3, 6). Write

(
[n]
r

)
for the resulting partial order on this set of sequences. With these definitions, the
grassmannian G(r, n) has a Bruhat decomposition

G(r, n) =
∐

α∈([n]
r )

�◦
α,

indexed by sequences α ∈ (
[n]
r

)
. For α ∈ (

[n]
r

)
, set |α| = ∑

(αi − i), which is the
dimension of �α. Write β � α when β < α with |β| = |α| − 1.

If H is the row space of an r × n matrix, then the
(
n
r

)
maximal minors of that

matrix are the Plücker coordinates of H. Write these as pα for α ∈ (
[n]
r

)
. These

Plücker coordinates give an embedding of G(r, n) into P(
n
r)−1.

We use the following elementary set-theoretic fact, originally due to Schu-
bert [16]:

�α

⋂
{pα = 0} =

⋃
β�α

�β, (3.1)

and the intersection is generically transverse. This is a consequence of the related
ideal- (or scheme-) theoretic fact, which may be deduced from the combinatorics
of the Plücker ideal of G(r, n). There are, however, very elementary reasons that
intersection (3.1) is as claimed (set-theoretically) and is generically transverse. In-
deed, if we set

K := Span〈ei | i ∈ {1, 2, . . . , n} − {α1, . . . , αr}〉,
then �(K) has equation pα = 0 in the Plücker coordinates, and a simple compu-
tation in local coordinates proves the equality in (3.1) and shows as well that it is
generically transverse. (For a synthetic argument, see [18, Thm. 2.4(2)].)

Proof of Theorem 1.1 for G(r, n). Let K ⊂ Kn be an (n−r)-plane, none of whose
Plücker coordinates vanish. Since no Plücker coordinate vanishes identically on
the grassmannian, such a plane exists because K is infinite. Let Gm act on Kn by
s · ej = sjej for j = 1, . . . , n, and set K(s) := s ·K. Let Y(K) → Gm be the fam-
ily of simple Schubert varieties whose fibre over s ∈ Gm is the Schubert variety
�(K(s)). Recall that �(K(s)) is the set of those r-planes H that have a nontrivial
intersection with the (n− r)-plane K(s).

Theorem 1.1 is a consequence of Proposition 2.1 and the following claim.
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Claim. Let K1,K2, . . . , Kl be (n− r)-planes, each with no vanishing Plücker
coordinates.

(i) Each family Y(Ki) preserves the Bruhat decomposition of G(r, n) and is
multiplicity-free.

(ii) The collection of families Y(K1),Y(K2), . . . ,Y(Kl) meets the Bruhat decom-
position properly.

Proof. Represent Ki as the row space of an (n− r)× n matrix Ki. Then Ki(s) is
represented by the same matrix but with column j multiplied by sj. If an r-plane
H is the row space of an r × n matrix H, then

H ∩Ki(s) �= {0} ⇐⇒ det

[
Ki(s)

H

]
= 0.

Laplace expansion of the determinant along the rows of H gives the equation in
Plücker coordinates for H to lie in �(Ki(s)):

0 =
∑

β∈([n]
r )

pβ kβs
r(n−r)+(n−r+1

2 )−|β|, (3.2)

where kβ is the appropriately signed maximal minor of Ki for the columns that
are complementary to β. Up to a sign, this is a Plücker coordinate of Ki.

If we restrict (3.2) to the Schubert variety �α and divide by the common factor
sr(n−r)+(n−r+1

2 )−|α|, the result is a polynomial with constant term pαkα. Thus, the
limit scheme lims→0(�α ∩�(Ki(s))) is defined in �α by pα = 0 and so, by (3.1),

lim
s→0

(�α ∩�(Ki(s))) =
∑
β�α

�β,

which proves claim (i).
For a fixed H ∈ G(r, n), (3.2) is a nonzero polynomial in s and so there are

finitely many s ∈ Gm with H ∈ �(Ki(s)). In particular,
⋂

s∈Gm
�(Ki(s)) = ∅.

By Lemma 2.2, this implies claim (ii) and thus completes the proof of Theorem 1.1
for G(r, n).

3.2. The Flag Manifold

Fix an ordered basis e1, e2, . . . , en for Kn. Let r : 0 < r1 < r2 < · · · < rm < n be
integers. The flag manifold F�r has a Bruhat decomposition

F�r =
∐

X◦
w,

indexed by those permutations w = w1w2 · · ·wn in the symmetric group Sn on n

letters whose descent set {i | wi > wi+1} is a subset of {r1, r2, . . . , rm}. Here, X◦
w

is a Schubert cell of F�r (see [3, Sec. 9]).
Let Gm act on Kn by s · ej = sjej for j = 1, . . . , n. Suppose K is an (n− ri)-

plane, none of whose Plücker coordinates vanish. For s ∈Gm, set K(s) := s ·K.

Let Y(K) → Gm be the family whose fibre over s ∈Gm is the simple Schubert va-
riety �i(K(s)). (Recall that this is the collection of flags E• whose ri-dimensional
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component Ei has a nontrivial intersection with the (n−ri)-plane K(s).) The pro-
jection F�r → G(ri, n) sends a flag E• ∈ F�r to its ith component Ei ∈ G(ri, n),

and �i(K(s)) is the inverse image of �(K(s)). It is an easy consequence (see
[21, Sec. 2] for details) of the results proven in Section 3.1 that the family Y(K)

preserves the Bruhat decomposition of the flag variety F�r and is multiplicity-
free. (This last fact follows from Monk’s formula [12].) Since the intersection⋂

s∈Gm
�(K(s)) of Schuberet varieties in the grassmannian is empty, we have⋂

s∈Gm
�i(K(s)) = ∅. Hence we conclude that, if we have any i1, i2, . . . , il ∈

{1, 2, . . . , m} and (n − rij )-planes Kj for j = 1, . . . , l, none of whose Plücker
coordinates vanish, then the families Y(K1),Y(K2), . . . ,Y(Kl) meet the Bruhat
decomposition properly.

These facts together establish Theorem 1.1 for the flag manifold F�r.

3.3. The Orthogonal Grassmannian

Suppose that the characteristic of K is not 2 and that n = 2r + 1 is odd. Let
e1, e2, . . . , en be a basis for Kn for which the symmetric bilinear form is as given
by (1.1). The orthogonal grassmannian has a Bruhat decomposition

OG(r) =
∐

X◦
λ,

indexed by decreasing sequences λ of integers n ≥ λ1 > λ2 > · · · > λl > 0.
This decomposition is induced from that of G(r, n) by the inclusion ι: OG(r) ↪→
G(r, n). As before, X◦

λ is a Schubert cell of OG(r).

Let Gm act on Kn by s · ei = siei . This induces an action of Gm on the orthogo-
nal grassmannian, since the quadratic form (1.2) is homogeneous of degree 2n+2
under this action. Given K ∈ OG(r) with no vanishing Plücker coordinates, set
K(s) := s · K and let Y(K) → Gm be the family of simple Schubert varieties
with fibres �(K(s)). Recall that the simple Schubert variety �(K(s)) consists
of those isotropic planes H ∈ OG(r) having a nontrivial intersection with K(s).

Since K(s) is isotropic, it is a subset of its annihilator K(s)⊥, which has dimen-
sion r + 1. Furthermore, K(s) = K(s)⊥ ∩Q, where Q is the quadric of isotropic
points in Kn. It follows that �(K(s)) is the intersection of OG(r) with the simple
Schubert variety �(K(s)⊥) of G(r, n); that is, �(K(s)) = ι−1(�(K(s))). Note
that K(s)⊥ = s ·K⊥, since Gm preserves the quadratic form.

As in Section 3.2 (see [21, Sec. 3]), the results proven for the family �(K(s)⊥)
in Section 3.1 imply the corresponding results for the family Y(K) and for any
collection of such families. (Multiplicity-freeness follows from a cohomological
formula due to Chevalley [2].)

We have thus established Theorem 1.1 for the orthogonal grassmannian OG(r).

3.4. The Space of Rational Curves in the Grassmannian

The space Mq
r,n of degree-q maps M : P1 → G(r, n) is a smooth quasi-projective

variety of dimension qn + r(n− r). The Plücker coordinates of such a map are
homogeneous forms of degree q. Choosing K ⊂ P1, these forms are polynomials
of degree q in the parameter s ∈K. Let zα(a) be the coefficient of sq−a in the αth
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Plücker coordinate of a map M. These coefficients give quantum Plücker coordi-
nates for Mq

r,n, determining the Plücker embedding of Mq
r,n into the projective

space P
(∧p

Km+p ⊗ Kq+1
)
. The closure of Mq

r,n in this embedding is the singu-
lar Drinfel′d compactification or quantum grassmannian Kq

r,n.

Let C q
r,n := {

α(a) | α ∈ (
[n]
r

)
and 0 ≤ a ≤ q

}
be the set of indices of quantum

Plücker coordinates. This set is partially ordered as follows:

α(a) ≤ β(b) ⇐⇒ a ≤ b and αi ≤ βb−a+i for i = 1, 2, . . . , p − b + a.

The quantum Schubert varieties

Zα(a) := {z∈Kq
r,n | zβ(b) = 0 if β(b) �≤ α(a)}

are the Schubert varieties of a Bruhat decomposition of Kq
r,n,

Kq
r,n =

∐
α(a)∈Cq

r,n

Z◦
α(a)

(see [20]). HereZ◦
α(a) is the set of points inZα(a) with nonvanishing coordinate zα(a) .

Let I q
r,n be the ideal of the quantum grassmannian. The ideals of quantum Schu-

bert varieties have a very simple description, which generalizes (3.1).

Proposition 3.1 [24].

(i) The ideal Iα(a) of Zα(a) is I q
r,n + 〈zβ(b) | β(b) �≤ α(a)〉.

(ii) 〈Iα(a) , zα(a)〉 = ⋂
β(b)�α(a) Iβ(b) .

This was established modulo embedded primes of lower dimension (which is suf-
ficient for our purposes) in [13; 14].

Proof of Theorem 1.1 for Mq
r,n. Let K ⊂ Kn be an (n− r)-plane, none of whose

Plücker coordinates vanish. Let Gm act on Kn by s · ei = siei and set K(s) :=
s ·K. Consider the family of simple Schubert varieties of Mq

r,n,

Z(s,K) := {M ∈Mq
r,n | M(sn) ∩K(s) �= {0}}. (3.3)

Let Y(K) → Gm be the family of subvarieties of Kq
r,n whose fibre Z(s,K) over

s ∈Gm is the closure of Z(s,K). As in [20, Sec. 3], expanding the determinantal
equation for M to lie in Z(s,K) gives the linear equation for this fibre:

0 =
∑

α(a)∈Cq
r,n

zα(a)kα s
qn+r(n−r)+(n−r+1

2 )−|α(a)|. (3.4)

As in Section 3.1, the form of this equation and Proposition 3.1 show that
the family Y(K) respects the Bruhat decomposition of Kq

r,n and is multiplicity-
free. Furthermore, given any (n− r)-planes K1,K2, . . . , Kl in Kn, none of whose
Plücker coordinates vanish, the resulting families Y(K1),Y(K2), . . . ,Y(Kl) meet
the Bruhat decomposition properly. Thus general members of these families meet
transversally on the quantum grassmannian Kq

r,n and hence on its dense subset
Mq

r,n. This completes the proof of Theorem 1.1.
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In general, all points of intersection of general members of the families Y(K1),

Y(K2), . . . ,Y(Kdim Mq
r,n
) lie in the space Mq

r,n of curves. An argument given in
[20] uses work of Bertram [1] concerning the quot scheme compactification of
Mq

r,n. This argument is valid here, as the pertinent results of Bertram hold over
arbitrary fields. (See [23] for a survey of this quantum intersection problem.)

4. Some More Reality

In this section we strengthen the results of [19; 20; 21].

Proposition 4.1. Suppose K = R. Let X be one of the spaces G(r, n), F�r,

OG(r), or Mq
r,n. There exist simple Schubert varieties Y1, Y2, . . . , YdimX that meet

transversally in the complexification XC of X, and every point of intersection is
real.

In [19; 20; 21] we constructed families of simple Schubert varieties defined by
subspaces K(s) that osculate a given rational normal curve. Unlike the families
constructed in Section 3, those families respect the Bruhat order only in character-
istic 0. The calculations of Section 3 enable a more flexible choice of subspaces.

An action of the torus R× on a real vector space V of dimension n is general
if V is a direct sum of 1-dimensional eigenspaces, each with a different character.
Given such an action, we say that a linear subspace L ⊂ V is general if none of its
Plücker coordinates vanishes, where we define Plücker coordinates with respect to
a basis of eigenvectors. When n = 2r+1 and V is equipped with a nondegenerate
(split) symmetric bilinear form of signature ±1, we require the form to be homo-
geneous with respect to this action. (We require the form to be split so that OG(r)

has sufficiently many real points.) See (1.1) for an example of such a split form for
the general action s · ei = si · ei . A general action induces actions of the torus on
the spaces G(r, n), F�r, and OG(r). We obtain a torus action on Mq

r,n by having
R× act on the source P1 of the maps via s · [a, b] := [a, sNb] for some integer N.

This action on P1 will be general (and induce a general action on Mq
r,n) when N >

N0, for some N0 (described below) depending upon the given general torus action.

Theorem 4.2. LetV be an n-dimensional real vector space equipped with a gen-
eral action of the torus, and equip P1 with a general action of the torus. Let X be
one of the spaces G(r, n), F�r, OG(r), or Mq

r,n. For any simple Schubert vari-
eties Y1, Y2, . . . , YdimX defined by general linear subspaces of V, there exist real
numbers s1, s2, . . . , sdimX such that the translates s1 · Y1, s2 · Y2, . . . , sdimX · YdimX

meet transversally in the complexification XC of X, and every point of intersection
is real.

There is a second part to Proposition 2.1 of [21], which we shall use for the proof
of this theorem.

Proposition 4.3 [21]. Under the same hypotheses as Proposition 2.1 but with
K = R, there exist points s1, s2, . . . , sl ∈ R such that, for every 1 ≤ k ≤ l and
every w ∈ I with |w| = k, the intersection
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Y1(s1) ∩ Y2(s2) ∩ · · · ∩ Yk(sk) ∩Xw

is transverse, and each of its deg(w) points are real.

Proof of Theorem 4.2. The characters of R× are the monomials si for i an integer.
We use the integer i to represent the character si . Suppose V is an n-dimensional
real vector space equipped with a general action of R×. Assume that e1, e2, . . . , en
is a basis of eigenvectors of V with respective characters i1, i2, . . . , in, where i1 <

i2 < · · · < in. Then the arguments of Sections 3.1, 3.2, and 3.3 remain valid with
this action in place of the action s · ei = siei . This action induces the action on
Plücker coordinates s · pα = sJ(α)pα, where J(α) := ∑

j iαj . The key facts are
that the map α  → J(α) is an order-preserving map from the poset

(
[n]
r

)
to the

integers and that the exponent r(n− r) + (
n−r+1

2

) − |α| of (3.2) is replaced by
ir+1 + · · · + in − J(α). The theorem follows from Proposition 4.3 for the spaces
G(r, n), F�r, and OG(r).

For the space of rational curves Mq
r,n, set N0 := in − i1 + 1 and suppose N >

N0 for the torus action on P1. Thus the action of s ∈ R× on the map M is
given by the map t  → s · [M(sN t)]. On the quantum Plücker coordinates, this
is s · zα(a) = sI(α

(a))zα(a) , where I(α(a)) = Na + J(α). Again the map α(a)  →
I(α(a)) is an order-preserving map from the poset C q

r,n to the integers. The ar-
guments of Section 3.4 extend to this more general action, a key point being
that the exponent qn + r(n− r) + (

n−r+1
2

) − |α(a)| of (3.4) is now replaced by
qN + ir+1 + · · · + in − I(α(a)). Thus the theorem follows for the space Mq

r,n by
Proposition 4.3.

The proof of Proposition 4.3 in [21] (see [20, Sec. 4]) gives further information
about the choice of the points s1, s2, . . . , sl . By “∀s1 " s2 " · · · " sl” we mean

∀s1 > 0 ∃ε2 > 0 such that ∀s2 < ε2 · · · ∃εl > 0 such that ∀sl < εl.

Thus the existential statement “there exist points s1, s2, . . . , sdimX ∈ R” of Theo-
rem 4.2 may be replaced by “∀s1 " s2 " · · · " sdimX”.

5. Not a Determinantal Pair

Laksov and Speiser [9; 10; 11; 25] have developed the notion of a determinantal
family of subvarieties, thereby giving a general criterion for proving that a gen-
eral member of a family meets arbitrary subvarieties transversally. This approach
studies the tangent spaces of members of the family with respect to possible tan-
gent spaces for arbitrary subvarieties. To facilitate applications of their theory,
they give a local condition which implies that a family is determinantal. We show
that this local condition does not hold for families of simple Schubert varieties in
G(r, n) and thus does not hold for the other families of simple Schubert varieties
of Theorem 1.1. This is not implied by Kleiman’s example [8] of a subvariety in a
Grassmannian not meeting any translate of a particular Schubert variety transver-
sally, for his Schubert variety has codimension 2. This emphasizes the need for
new, perhaps less general or more specific, criteria that imply transversality.
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X ×Z Y
p2 ��

p1

��

Y

g

��

X
f

��

π

��

Z

S

Figure 1 Intersection with a family

Let X, Y, Z, and S be smooth equidimensional varieties with π, f, and g the
maps of Figure 1, where π is smooth, g is unramified, and f is flat. The fibres of
X×Z Y → S are the intersections of the fibres of X → S with Y (along the maps
f and g).

Consider the bundles E := p∗
1T(X/S), the pullback of the relative tangent bun-

dle of X → S, and F := p∗
2(g

∗TZ)/TY, the pullback of the conormal bundle of
g. Let

E
α−−→ F

be the map induced by df : T(X/S) → TZ and define ; ⊂ X×Z Y to be the de-
generacy locus of the map α, the set of points where the map α does not have full
rank. This is, in fact, the locus where the intersection is not transverse. Set

ρ := |rankE − rankF | + 1

= dimX ×Z Y − dim S + 1 (when X ×Z Y dominates S).

Then ; is either empty or has codimension at most ρ in X ×Z Y.

Proposition 5.1 [11]. Suppose either that ; = ∅ or else the codimension of ;
in X ×Z Y is equal to ρ. Then there is a nonempty open subset U of S such that,
for s ∈U, either Xs ×Z Y is empty or it is smooth of the expected dimension ρ − 1.

Laksov and Speiser define the family X to be determinantal if,

for every unramified map f : Y → Z from a smooth variety Y,

either ; is empty or else it has codimension ρ in X ×Z Y (with
ρ as defined previously).

(5.1)

This condition is quite strong, as it implies that the general member of the family
X → S meets every unramified map Y → Z from a smooth variety Y transver-
sally. Since enumerative geometry is concerned only with those maps Y → Z that
are “geometrically meaningful” (an admittedly ill-defined class), this condition is
perhaps stronger than needed by enumerative geometry.

Laksov and Speiser introduce a local condition that implies (5.1). Fix z∈Z and
a linear subspace L ⊂ TzZ. For any x ∈ f −1(z), we have the map

Tx(X/S)
αL,x−−−→ TzZ/L. (5.2)
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Set ρL := dimX− dim S + dimL− dimZ+1 and let ;L ⊂ f −1(z) be the locus
of points x, where αL,x has less than maximal rank. Then either ;L = ∅ or else
it has codimension at most ρL. The family X is determinantal at z if, for every
linear subspace L ⊂ TzZ, either ;L = ∅ or else it has codimension ρL in f −1(z).

Proposition 5.2 [11]. If the family X is determinantal at every z∈Z, then is it
determinantal.

Consider the enumerative problem (i) of Section 1 involving simple Schubert va-
rieties of G(r, n). Let l ≥ 1 be an integer, Y := G(r, n), and Z := [G(r, n)]l ,
with the map g : Y → Z the diagonal embedding. Let S := [G(n − r, n)]l , and
set

X := {(K1,K2, . . . , Kl,H1, H2, . . . , Hl)∈ S × Z | dimKi ∩Hi = 1},
which consists of the smooth points in the l-fold product of the universal simple
Schubert variety in G(n− r, n)× G(r, n),

{(K,H )∈G(n− r, n)× G(r, n) | dimK ∩H �= {0}}.
In this case, the maps π and f are just the projections, and the fibre of X ×Y Z

over a point (K1,K2, . . . , Kl) of S is the intersection

�sm(K1) ∩�sm(K2) ∩ · · · ∩�sm(Kl), (5.3)

where �sm(K) consists of the smooth points of �(K).

Theorem 1.1 asserts that, when l = r(n− r) (and hence for all l ≤ r(n− r)),
there exists an open subset U of S consisting of points (K1,K2, . . . , Kl) such that
the intersection (5.3) is nonempty and is transverse at the generic point of each
component. This fact is not implied by the theory of Laksov and Speiser.

Theorem 5.3. If r > 1 and n− r > 1, then the family X is not determinantal at
any z∈Z.

Similar arguments show that transversality in the other enumerative problems of
Theorem 1.1 cannot be obtained from the theory of Laksov and Speiser. For those,
we replace Y by one of F�r, OG(r), or Mq

r,n and then possibly modify X, S,

and Z.

Let V = Kn. If H ∈ G(r, n) then it follows that the tangent space THG(r, n)

equals Hom(H, V/H ). Similarly, if K ∈G(n− r, n) and dimH ∩K = 1, then

TH�(K) = {ϕ ∈Hom(H, V/H ) | ϕ(K ∩H ) ⊂ (H +K)/H }
(see e.g. [18, Sec. 2.9]). If we let v = K∩H ∈P(H ) and? = K+H ∈P∨(V/H ),

a hyperplane containing H, then TH�(K) = τv,?, where

τv,? := {ϕ ∈Hom(H, V/H ) | ϕ(v) ⊂ ?/H }.
The key point is that the set of hyperplanes TH�(K) for K ∈�sm(H ) forms the
proper subvariety of the space P∨(Hom(H, V/H )) consisting of hyperplanes τv,?
for (v,?) ∈ P(H ) × P∨(V/H ). This also implies that the grassmannian hypoth-
esis [10, Thm. 3.3] fails to hold. This set of hyperplanes is a single orbit of the
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stabilizer of H in GL(V ) of dimension n − 2. (Compare with the hypotheses of
[8, Thm. 10].)

Proof of Theorem 5.3. Let z = (K1,K2, . . . , Kl)∈Z. Then

f −1(z) = {(K1,K2, . . . , Kl)∈ S | dimKi ∩Hi = 1} =
l∏

i=1

�sm(Hi),

which has dimension l[r(n− r)−1]. Fix any (v,?)∈P(H )× P∨(V/H ) and set

L := τv,? ×
l∏

i=2

THi
G(r, n).

For x = (K1,K2, . . . , Kl)∈ f −1(z) we have

Tx(X/S) =
l∏

i=1

THi
�(Ki) ⊂

l∏
i=1

THi
G(r, n) = TzZ,

and the map αL,x (5.2) is the composition

Tx(X/S) ↪→ TzZ � TzZ/L & K.

This map drops rank precisely when TH1�(K1)= τv,?, that is, when v∈K1⊂?

(and v = K1 ∩ H1). This defines an open subset �′(v,?) of a Schubert sub-
variety of G(n − r, n) isomorphic to G(n − r − 1, r − 1), which has dimension
(n− r − 1)(r − 1) = r(n− r)− 1− (n− 2). Thus

;L = �′(v,?)×
l∏

i=2

�sm(Ki)

has dimension l[r(n− r)−1]− (n− 2) and hence codimension n− 2 in f −1(z).

However,

ρL = dimX − dim S + dimL− dimZ + 1

= l[r(n− r)− 1],

which exceeds n− 2 for all l > 0 and for all r, n− r > 1.
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