NON-FLAT EMBEDDINGS OF s*-! IN s™

J. C. Cantrell

1. We consider certain embeddings of the (n - 1)-sphere sn-1 in the n-sphere
S™ and will assume in every case that n > 3. It will be assumed that the reader is
familiar with the proofs of Lemma 1 of [4] and Theorems 4 and 5 of [5).

DEFINITION 1. An (n - 1)-spheve S in S™ is flat if the closure of each com-
ponent of S™ - S is a closed n-cell.

DEFINITION 2. Let D be a k-cell in S™, and let p be a point of S™ - D. We
take coovdinates Xi, X3, ***y Xpn_1, Xpn tn E* = 8* - p and say that D is flat in
SM(E™) if theve is a homeomorphism h of E™ onto itself such that h(D) is a unit
cell in the hyperplane x, = X, _1 = *** = Xp4+1 = O.

DEFINITION 3. Let S be arn (n - 1)-spheve in S™, and let G be a component of
S™ - S. We say that S has a local collar in C1 G at p € S if theve exists a neighbor-
hood U of p, relative to S, and a homeomovphism h, carrying U X [0, 1] into Cl G,
such that h(x, 0) = X for each x € U. We say that S is locally flat at p if theve
exists a homeomorphism f, carvying U X [-1, 1] into S?, such that i(x, 0) = x for
each x € U, A similiar definition is given for a locally flat (n - 1)-cell in S?,

CONJECTURE. If D=D; U D), wheve D] and D, ave flat (n - 1)-cells in
S™E™ and Dy N Dy = BdD; N BdD; is a flat (n - 2)-cell, then D is flat in S™(E™).

An (n - 1)-sphere in S? is flat if and only if it is locally flat at each of its points
[3]. Thus, if S is a non-flat (n - 1)-sphere in S®, then there are points at which it
fails to be locally flat, and we denote the set of all such points by E. If S has been
constructed by one of the standard techniques (the horned sphere construction [2],
spinning an (n - 2)-cell, suspending an (n - 2)-sphere, or capping a cylinder over an
(n - 2)-sphere [5]), then E is an uncountable set. In this paper we show that E can-
not consist of a single point (as can happen for n = 3 [1]). Furthermore it is shown
that, if the above conjecture is true, E has no isolated points. Then, since E is
closed, E will have to contain uncountably many points.

2. For each t (0 < t< 1) let A; be the solid ball in E™ centered at the origin
and with radius t. For -1 <t< 1, let

B, = {(xl, eos, xn)lx% + x% + oeee + szi-l + (%, + t)zf_ 1+ t)z} .

We observe that the proof of Lemma 1 of [4] may be applied directly to establish the
following lemma.

LEMMA 1. Let S be an (n - 1)-sphere in S™, p- a point of S, and G a compo-
nent of S™ - S. Suppose that S has a local collar in Cl1 G at each point of S - p and
that h is a homeomovrphism of Bd A, onto S such that h[(0, O, ---, 0, 1)] = p. Then
h can be extended to a homeomorphism of Cl (B; - A;) into C1 G.

Lemma 1 and Theorem 1 of [3] imply the following lemma.

LEMMA 2. Let S, p,and h be as in Lemma 1, and denote the components of
S™ - S by G, H. Suppose that S is locally flat at each point of S - p and that S has
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a local collayr in C1 H at p. Then h can be extended to a homeomovrphism of
Cl (Bl - Al/z) into S"™.

THEOREM 1. If S is as in Lemma 2, then S is flat.

Proof. Let h be a homeomorphism of Cl (B; - Al/z) into S™ such that
h(Bd A;) = 8, h[(0, O, -*-, 0, 1)] = p, and h(Bd A; /;) c H. By Theorem 1 of [5], we
know that Cl1 H is a closed n-cell, and we proceed to show that Cl1 G is a closed
n-cell.

Let L denote the closed segment of the x,-axis from Bd A; /3 to Bd A;, and
assume a combinatorial triangulation of Int A; - A; /, in which Bd A, /3, Bd Aj /4,
and L - (0, O, ---, 0, 1) are polyhedra has been made. We assign to

the triangulation determined by h; and, since each boundary sphere of this annulus
is flat, this triangulation can be extended to a combinatorial triangulation of S™ For
the remainder of this proof S™ will denote the sphere together with the above tri-
angulation.

Let K be the closure of the component of S™ - h(Bd A, /3) which contains S, and
notice that K is a combinatorial n-cell in S™. It was shown in the proof of Theorem
4 of [5] that, if there exists a continuous mapping k of K onto itself such that h(L)
is the only inverse set under k (h(L) can be contracted to a boundary point of K),
then Cl1 G is topologically equivalent to K. It was further shown that, if h(L) is
locally polyhedral at each point different from p, then such a mapping k can be con-
structed. Thus it suffices to construct a homeomorphism f of K onto itself such
that fh(L) is locally polyhedral at each point different from f(p).

Let Mj be the set h(Int A} - Int A, /3) together with the triangulation deter-
mined by h, and for each positive integer i let
t; =h(LN Bd Ai4y).
i+2

Then, if L; is the closed subarc of h(L) from t; to t, and P; (i=1, 2, +-*) is the
closed subarc of h(L) from t; to t;,,, we see that L; is polyhedral in both S™ and
M;, and that P; is polyhedral in M;. Let €7 > 0 be so small that U; (the closure
of the g, -neighborhood of P; - L) does not meet Bd K, Bd G, or h(L) - P,. Then
apply Theorem 2.1 of [6] to obtain an £;-homeomorphism f; of K onto itself and
such that: (1) f; is the identity outside U; and on L; and (2) f; is semi-linear on
p,.

Suppose that i > 1 and that certain homeomorphisms f{;_,, -*-, f;, f; of K onto
K have been constructed so that, if M; is the set f;_; --- 5 f; (M;) together with the
triangulation determined by M; and f;_; --- f5f;, then L; = £; ; -+ £, £, (P;_;) is
polyhedral in both S and M;. If i = 2, let g, > 0 be so small that U, (the closure
of the &,-neighborhood of f;(P, - L,)) does not meet Bd K, Bd G, or

£, h(L) - £;(P5).

For i> 2 let g; > 0 be so small that U; (the closure of the g -neighborhood of
f. 4 - £,(P) - L;) does not meet Bd K,

Bd G, f;_; - fi (L) - £;_3 -+ £;(P341),



NON-FLAT EMBEDDINGS OF s™-! IN s® 361

i-2 i-2 _
U;=1 Uj, or U;=1 £, 4 - fl(Uj). Then apply Theorem 2.1 of [6] to obtain an ¢; -
homeomorphism f; of K onto K such that: (1) f; is the identity outside U; and on
L; and (2) f; is semi-linear on f;_j --- £;(P).

The homeomorphism f of K onto K is then defined by f(x) = lim;_,f; --- £;(x).
Routine verifications show that f has the desired properties, and the proof of
Theorem 1 is complete.

The effect of Theorem 1 is to remove the semi-linear condition in Theorem 4 of
[5]. As was observed in [5], this allows one to remove the semi-linear condition in
Theorem 5 of [5]. Thus, with Lemma 1, we have the following theorem.

THEOREM 2. If S and G ave as in Lemma 1, then C1 G is a closed n- cell.

COROLLARY. If S is an (n - 1)-spheve in ST, p € S, and S is locally flat at
each point of S - p, then S is flat in S™.

Proof. If we denote the components of S® - S by G and H, then Theorem 2 im-
plies that both C1 G and Cl H are closed n-cells.

3. In considering the question of existence of isolated points of E, we would like
to consider a point p € S for which there exists a neighborhood U of p (relative to
S) such that S is locally flat at each point of U - p and to show that S is locally
flat at p. To do this it would suffice to show that for an (n - 1)-cell K in S™ and
p € Int K, K is locally flat at p if K is locally flat at each point of K - p.

Let K be as described above, Eg the half space of E* defined by Xn > 0, and
h a homeomorphism of Bd A; N Ef onto K such that h{(0, 0, -+, 0, 1)] = p. By a
procedure entirely analogous to a proof of Lemma 1, we can establish the following
lemma.

LEMMA 3. Theve is a homeomorphic extensiorn of h which carvies
(By - Int B_; /3) N EJ into S™

LEMMA 4. Let S be a flat (n - 1)-sphere in S™, and let L. be either an (n - 1)-

b

cellinS oran (n - 2)-cellin S. If L. is flat in S, then L is flat in S™.

THEOREM 3. Let K be an (n - 1)-cell in S, and let p be an intevior point of
K. If K is locally flat at each point of k - p, then, if the conjecture is trvue, K is
locally flat at p.

Proof. Let h be the homeomorpmsm given by Lemma 3. Let E]/, be the half
space of E" defined by x,> 1/2, and consider the sets M;, M;,, Sy, S,, D, D,,
where Mj is the n-cell consisting of the part of (B;/; - Int A;) N El /2 determmed
by x, 12> 0, M, is the cell consisting of the part of (B; ]{2 - Int A;) N Es/z deter-
mined by Xn-1 _<_0 Sl = Bd Ml’ SZ— Bd Mz, D1= Sl dAI, and Dz— N Bd AI'

We let f be the restriction of h to S; U S, and observe that, for i =1, 2, f can
be extended into the interior of S; at each point and into the exterior at each point
different from (0, O, «--, 0, 1). Thus, by Theorem 1, £(S;) and f(S,) are flat in S™
Furthermore, it is clear that f(D;) is flat in £(S;), i = 1, 2, and that £f(D;) N £(D,) is
flat in both £(S;) and f(S;). Then, by the conjecture,

f(D;) U £(D,) = £(D; U D,) = £(Bd A; N Ej /;)

is flat in S™ and must be locally flat at p. Hence K is locally flat at p.
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