ON THE DERIVATIVE OF A POLYNOMIAL
Ch. Pommerenke

In this note I deal with a problem suggested to me by Professor P. Erdds.

THEOREM 1. Let E be a connected, closed, bounded set of capacity K, and let
f(z) be a polynomial of degree n such that lf(z)l <1 on E. Then, for all z € E,

e n? n?
(1) |t'(@)| <5 < 1.36--.

Proof, Since E is connected, the complement of E consists of one or more
simply connected regions. One of them contains the point at infinity. Let

z=¢(W) =Kw+ Co+ C, W+ oo
be the function (with k real and positive) that maps ]wl > 1 conformally onto this

region. Then Kk is the capacity of E (also called the transfinite diameter or the
outer radius of E). The function

F(w) = w (W) = by + by w ! + ...
is regular in 1 < |w| < =. Since

lim sup ]F(w)] <1,

w|—1

we have |F(w)| <1in |w| > 1, and therefore [3, p. 168]

1-|Fw)

(2) | Fr(w)| <
|wlz - 1

The derivative of F(w) is
F'(w) = -nw 2 L1 (p(wW) + w o (w) £'(¢(w))

= -nw- 1 F(w) + w ¢ "(w) f'(¢(w)) .

Together with (2), this implies the inequality

lorw) £1(6(w)| < n|w|?~1 | F(w)| + lw'_ - (- | Fw)|%).

| w|?
I we take |w| = (n + 1)1/2 (n - 1)"/2 , we obtain (putting « = IF(W)])
)(n—l)/z

lorw) £ (¢(w)| < n (nt i

n/2
- a+-;21-(n-1)(-ll—+—1— /(l—az).

n-1
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The derivative with respect to @ of the right side is

1-

n(n+ 1) (n-1)/2 [

n-l(n+1 1/2 ]
a b
n-1

n n-1

and this quantity is positive because 0 < a < 1. Hence we have

n+ 1)‘“'”/2.

(3) |6'w) 26| < n (555
Since [2, p. 69]
o' > k(1 - |w]™) = 2xm+ 172,

we obtain from (3) (again putting z = ¢(w))

n(n + 1)(n+ 1) (n'l)/2<_g1_2

(@) l£'@)| < =% (223 TR

This holds for all z € C,, where C, is the curve onto which the circle
|wl=@m+ 1)v2(m - 1)-v2

is mapped by z = ¢(w). Since C, contains E in its interior, (4) holds for all z in E.

Remarks. I T, (x) denotes the Tchebysheff polynomial of degree n, then
T(1) = n2, Since the segment [-2, 2] has capacity 1, it follows that the constant
e/2 in Theorem 1 can not be replaced by any constant less than 1/2, for any n. It
is easy to see that (1) need not hold if E is not connected.

COROLLARY. If {(z) = z® + .-+ is a polynomial of degree n and if the set C on
which |£(z)| = 1 is connected, then

2
fY(z)| < S-.
max Il <5

This follows from Theorem 1 and the fact that C has capacity 1 [1, p. 216].

THEOREM 2. Let f(z) = 2™+ --- be a polynomial of degree n, let C be the curve
on which |f(z)| =1, and let L be the length of C. If C is connected, the mean value
of 1(z) on C is at most n; that is,

1§ r@llaal <n,

with equality only for f(z) = zn,

Proof. For f(z) = zn the theorem is trivial. If f(z) # z®, the connectedness of C
implies that L > 27 [4, Theorem 2]. Since w = f(z) maps C onto the unit circle
| w| = 1 described n times, we have

_II:S‘ l£(z)] | dz| =§%E<n.
- ,
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